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Finite volume schemes in industrial codes

Staggered schemes

MAC scheme (e.g. pressure at center, velocities at edges) Harlow and Welsh Patankar,
limited to simple geometries (structured grids) FLUENT, first version.

Ongoing work on unstructured grids.

Mathematical analysis requires small data condition (Nicolaides)

Collocated schemes

all unknowns located in the cell.

Complex 3D geometries, general meshes (SATURNE, FLUENT)

Lack of inf-sup condition, pressure stabilization needed.

Aim :
General non conforming meshes
Stability, accuracy, symmetry for the pure diffusion operator
mathematical proof of convergence of the scheme



Incompressible Navier-Stokes equations in primitive variables

−ν∆ū + ∇p̄ + div(ū ⊗ ū) = f in Ω

divū = 0 in Ω, ū = 0 on ∂Ω∫
Ω

p̄(x)dx = 0 (to enforce uniqueness of the pressure)

Discretization on general grids

Convection terms :
centred or upwind FV scheme

Pressure gradient :
dual of the discrete FV divergence operator

viscous terms :
gradient scheme: “SUCCES” (Scheme Using
Conservativity and Consistency Estimates for
Stabilization)



Approximation of the diffusion terms - the orthogonal case

1/ Discretization of the balance form∫
K

−∆u = −
∫

∂K
∇u · nK =

∑
σ∈K

−
∫

σ
∇u · nK,σ

2/ Approximation of the normal

fluxes

−
∫

σ
∇u · nK,σ ≈ |σ|

uK − uL

d(xK, xL)
⇓

consistency of the numerical fluxes,

needed for the scheme to converge.

K
L dK,σ

xK

|σ|
xL

σ = K|L
nK,σ



FV schemes for general grids or anisotropic problems

Several attempts to build consistent fluxes on non-orthogonal grids

(or to discretize −∇ · (A∇u) = f):

Multi point schemes (Aavatsmark et al., Le Potier)

Discrete duality finite volume schemes (Hermeline, Domelevo, Omnes)

Mimetic finite difference (Brezzi, Lipnikov, Shashkov et al.)

Stabilized gradient schemes (Eymard Gallouet H.)

...

see FVCA5 benchmark, organized by RH and Florence Hubert:

http://www.latp.univ-mrs.fr/fvca5/



Construction of a consistent gradient

Mesh: Ω = ∪K{K ∈ T }, with interfaces {σ ∈ E}.

For known values (uK)K∈T (uσ)σ∈E , construct a discrete gradient

∇T u, constant on each cell K.

If u is linear on K, then: u(xσ) − u(xK) = (∇u)K · (xσ − xK)

On a general mesh: uσ − uK ≈ ∇u · (xσ − xK)

Reconstruct (∇T u)K from these values ?



∫
∂K

nKxtdγ(x)
(
=

∫
∂K

nK(x− xK)tdγ(x)
)

= |K|Id (MF)

Proof : For y, z ∈ Rd,∫
∂K

yt nK xt z =

∫
∂K

[z · x y] · nKdγ(x) =

∫
∂K

∇ · [(x · z) y] = y · z |K|.

If u is linear on K, (MF) =⇒

|K|(∇u)K =
∫
∂K

(x− xK) · (∇u)KnK

=
∑

σ∈K

|σ|(xσ − xK) · (∇u)KnK,σ

Discrete gradient on K:

(∇̃T u)K =
1

|K|
∑

σ∈K

|σ|(uσ − uK) nK,σ



A stability problem

Uniform rectangular mesh,

(∇̃T u)Ki,j
=


1

hx

(
ui+1/2,j − ui−1/2,j

)
1

hy

(
ui,j+1/2 − ui,j−1/2

)


If ui+1/2,j =
ui+1,j + ui,j

2
and ui,j+1/2 =

ui,j+1 + ui,j

2

(∇̃T u)Ki,j
=


1

2hx

(
ui+1,j − ui−1,j

)
1

2hy

(
ui,j+1 − ui,j−1

)


Consistent, but unstable... Idea: stabilize by a consistency error



Stable gradient

∇̃Ku =
1

|K|
∑

σ∈EK

|σ|(uσ − uK)nK,σ

RK,σu =
αK

dK,σ

(
uσ− uK −∇̃Ku · (xσ−xK))

∇T u constant in DK,σ and ∇K,σu = ∇̃Ku + RK,σu nK,σ

Getting rid of interface values

xσ =
∑

K aK
σ xK, Πσu =

∑
K aK

σ uK and replace uσ by Πσu



Approximate diffusive term

ū, v̄ ∈ H1
0(Ω),

u, v ∈ HT (Ω) = piecewise constant functions on the grid cells,∫
Ω
∇ū∇v̄dx ≈

∫
Ω
∇T u∇T vdx

∇T u constant in DK,σ and ∇K,σu = ∇̃Ku + RK,σu nK,σ

∇̃Ku =
1

|K|
∑

σ∈EK

|σ|(Πσu− uK)nK,σ

RK,σu =
αK

dK,σ

(
Πσu− uK − ∇̃Ku · (xσ − xK))



Case of “super-admissible”meshes

If: xσ − xK = dK,σnK,σ ( triangles, rectangles, parallelepipeds)

with appropriate choice of Πσ and αK

�∫
Ω

∇T u · ∇T vdx =
∑
σ∈Eint

Tσ={K,L}

|σ|
dK,σ + dL,σ

(uL − uK)(vL − vK) +
∑
σ∈Eext

Tσ={K}

|σ|
dK,σ

uKvK

two points FV scheme: −
∫
K

∆u ≈
∑

σ∈EK

FK,σu

with FK,σu =
|σ|

dK,σ + dL,σ
(uK − uL)

(Eymard Gallouët H. Handbook of Numerical Analysis, 2000)



Diffusive term convergence

Strong consistency of the gradient: for ϕ ∈ C2(Ω) ∩ H1
0(Ω), PT ϕ ∈ HT (Ω)

s.t. (PT ϕ)K = ϕ(xK) then ∇T PT ϕ → ∇ϕ in L2(Ω)d as hT → 0

Consequence : If ‖∇T uT ‖L2(Ω)d bounded

∫
Ω

∇T uT (x) · ∇T PT ϕ(x)dx →
∫
Ω

G · ∇ϕ(x)dx as hT → 0



Question: ∃ ? u ∈ H1
0(Ω) ; G = ∇u and ū = limhT→0 uT

Discrete norm:

‖u‖21,T =
∑

σ=K|L∈Eint

|σ|
dK,σ + dL,σ

(uK − uL)2 +
∑

σ∈Eext

|σ|
dK,σ

(uK)2.

‖u‖2
1,T ≤

∑
K∈T

∑
σ∈EK

|σ|
dK,σ

(Πσu − uK)2 ≤ C‖∇T uT ‖2
L2(Ω)d



Discrete functional analysis

a/ Estimate on the translations in L1(Ω): ‖u(· + ξ) − u‖L1(Rd) ≤ ξ‖u‖BV

b/ Discrete Hölder ‖u(· + ξ) − u‖L1(Rd) ≤ Cξ‖uT ‖1,T

c/ Kolmogorov th.  convergence of uT in L1

d/ Discrete Sobolev estimate in L
2d

d−2 (3D) or Lq, q < +∞ (2D)

c+d/ =⇒ convergence of uT in L2 to ū

e/ ū ∈ H1
0



Hence: uT → ū ∈ H1
0 in L(Ω)

+ Weak convergence of ∇T uT to ∇ū in L2(Rd)d

⇓

If
∫
Ω
|∇T u|2 bounded then

∫
Ω
∇T u∇T PT ϕ →

∫
Ω
∇u∇ϕ.



Back to NS: discrete convective terms

u ∈ HT (Ω)d discrete velocity, p ∈ HT (Ω) discrete pressure

Mass conservation:∫
K

div(u) ≈
∑

σ∈EK

∫
σ

u · nK,σ︸ ︷︷ ︸
≈ ΦKL(u, λ, p) =| σ | Πσu · nK,σ + λK|L(pK − pL)

General convection term:∫
K

div(zu)  
∑

σ∈EK

∫
σ

zu · nK,σ︸ ︷︷ ︸
≈

zK + zL

2
ΦKL(u, λ, p)



In particular:∫
K

div(u(i)u)  
∑

σ∈EK

∫
σ

u(i)u · nK,σ︸ ︷︷ ︸ (1)

≈
u
(i)
K + u

(i)
L

2
ΦKL(u, λ, p) (2)

Definition of discrete divergence

divK(z, u, λ, p) =
1

|K|
∑

σ∈EK ,Tσ={K,L}
ΦKL(u, λ, p)zσ

zσ =


centred choice : zK+zL

2

upwind choice :

zK if ΦKL(u, λ, p) ≥ 0,

zL otherwise



Nonlinear convection term: vector divergence

divK(u, u, λ, p) =
1

|K|
∑

σ∈EK ,Tσ={K,L}
ΦKL(u, λ, p)uσ

with uσ centred or upwind.

Essential property :

divT (1, u, λ, p) = 0⇒


∫
Ω

u(x) · divc
T (u, u, λ, p)(x)dx = 0∫

Ω
u(x) · divup

T (u, u, λ, p)(x)dx ≥ 0



Choice of the stabilization parameter λ

Brezzi-Pitkäranta (easiest choice for the mathematical analysis)

λσ = m(Dσ)λhα
T (Dσ = DK,σ ∪ DL,σ)

Stabilization by clusters (more efficient choice in practice)

1. partition C of the mesh

2.
λσ = m(Dσ)λ if ∃ G ∈ Cwith Tσ ⊂ G,
λσ = 0 otherwise.

Example of mesh clustering



Approximation of the pressure gradient∫
Ω∇p · v = −

∫
Ω

pdivv

∫
Ω
∇̂T p · v = −

∫
Ω

pdiv0
T (v), ∀v ∈ HT (Ω)d

with : div0
T (u) =

1

|K|
∑

σ∈EK,Tσ={K,L}

|σ|Πσu · nK,σ

(discrete gradient operator is not necessarily consistent in the finite difference sense)

If divT (1, u, λ, p) = 0 then −
∫

Ω

p(x)div0
T (u) =

∑
σ∈Eint,σ=K|L

λσ(pK − pL)2



Complete scheme for steady state Navier-Stokes

∫
Ω

(
ν∇T u : ∇T v + divT (u, u, λ, p) · v − p div0

T (v)
)
dx

=
∫
Ω

f · vdx, ∀v ∈ HT (Ω)d

divT (1, u, λ, p) = 0

Finite volume for convective terms and “sort of finite volume” scheme

for diffusive terms



Convergence analysis: estimates

1/ Estimate : v = u ⇒
∑

σ∈Eint,σ=K|L

λσ(pK − pL)2 ≤ C and ‖∇T uT ‖(L2(Ω)d)d ≤ C,

so there exists at least one solution.

There exists a subsequence of discretisations and ū ∈ H1
0(Ω)d such that

uT → ū in L2(Ω)d and ∇T uT → ∇ū weakly in (L2(Ω)d)d

2/ L2(Ω) estimate on the pressure using Nečas’ lemma

 ∃ subsequence of discretisations and p̄ ∈ L2(Ω) with

∫
Ω

p̄(x)dx = 0 such that

pT → p̄ weakly in L2(Ω)

Is ū, p̄ a weak solution to NS ?



Passage to the limit in the scheme : as hT → 0 :

ν

∫
Ω

∇T u : ∇T PT ϕdx → ν

∫
Ω

∇ū : ∇ϕdx

−
∫
Ω

pdiv0
T (1, PT ϕ)dx → −

∫
Ω

p̄divϕdx

∫
Ω

divT (u, u, λ, p) · PT ϕdx →
∫
Ω

div(ū ⊗ ū) · ϕdx

∫
Ω

divT (1, u, λ, p)PT ϕdx →
∫
Ω

divūϕdx



Numerical results

Analytical solution for the Stokes problem, super-admissible meshes (triangles in 2D),

order 2 for velocity in L2-norm

ordre 3
2

for velocity in a discrete H1-norm

order 3
2

for pressure in L2-norm

(Proved error estimates for velocity and pressure: order 1 in he L2-norm)



3D code by E. Chénier Natural convection in a cone heated by below

Adiabatic boundary condition on side walls. Cartesian 3D mesh 40×40×40, truncated
by the cone. Locally refined at the top of the cone. Ra = 106 and Pr = 0.71

Temperature and velocity
in a cross section

Temperature at the wall



Conclusions

Convergent scheme

Efficient scheme for general meshes, allowing complex 3D geometries

SUCCES implemented at IFP for oil reservoir simulations and at IRSN in the ISIS code
(combustion)

Perspectives

Compressible Navier-Stokes equations

Generalized MAC scheme



Thanks

Collaboration with

E. Chénier, R. Eymard, T. Gallouët, F. Hubert, J.-C. Latché.


