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Finite volume schemes in industrial codes

Staggered schemes

MAC scheme (e.g. pressure at center, velocities at edges) Harlow and Welsh Patankar,
limited to simple geometries (structured grids) FLUENT, first version.

Ongoing work on unstructured grids.

Mathematical analysis requires small data condition (Nicolaides)

Collocated schemes
all unknowns located in the cell.
Complex 3D geometries, general meshes (SATURNE, FLUENT)

Lack of inf-sup condition, pressure stabilization needed.

Aim :

General non conforming meshes

Stability, accuracy, symmetry for the pure diffusion operator
mathematical proof of convergence of the scheme



Incompressible Navier-Stokes equations in primitive variables

+ Vp+diviu @ u) = f in Q
diva = 0 in €, u = 0 on 902
/ p(x)dx = 0 (to enforce uniqueness of the pressure)
Q

Discretization on general grids

Convection terms :
centred or upwind FV scheme

Pressure gradient :
dual of the discrete FV divergence operator

gradient scheme: “SUCCES” (Scheme Using
Conservativity and Consistency Estimates for
Stabilization)




Approximation of the diffusion terms - the orthogonal case

1/ Discretization of the balance form

/—Au:— Vu-nK=Z—/Vu-nK,a
K 0K occK o

2/ Approximation of the normal
fluxes

\v/ | | UK —uy,

— u-NnNg ~ |O

o 7 d(wKamL)
J

consistency of the numerical fluxes,
needed for the scheme to converge.




FV schemes for general grids or anisotropic problems

Several attempts to build consistent fluxes on non-orthogonal grids
(or to discretize —V - (AVu) = f):
Multi point schemes (Aavatsmark et al., Le Potier)
Discrete duality finite volume schemes (Hermeline, Domelevo, Omnes)
Mimetic finite difference (Brezzi, Lipnikov, Shashkov et al.)

Stabilized gradient schemes (Eymard Gallouet H.)

see FVCAb5 benchmark, organized by RH and Florence Hubert:

http://www.latp.univ-mrs.fr/fvcab/



Construction of a consistent gradient
Mesh: 2 = UK{K € T}, with interfaces {0 € £}.

For known values (ug)geT (Uo)ocg, construct a discrete gradient
V 7u, constant on each cell K.

If w is linear on K, then: u(xs) — u(xkg) = (Vu)k * (Xo¢ — XK)
On a general mesh: vy — ug = Vu - (Xg — Xg)

Reconstruct (V7u) i from these values ?



t t
d (—/ — d ) = |K|Id MF
[ oxxtare) (= [ nix—xi)ldr(0) = |K|Id - (MF)
Proof : For y,z € RY,

/yanxfzz Pose o mdi@) = (| 7o (G2 7] == 7o i)
oK OK 0K

If u is linear on K, (MF) =

KI(V)k = [, (x—xg) - (Vu)gng

= > |o|(xc —xK) - (Vu)gng ,
ceK

Discrete gradient on K:
1

(Vruw) g = — > |o|(uoe —ug) ng,
’K‘ ceK



A stability problem

Uniform rectangular mesh,

1 ( )
= 7 Uit1/25 — Ui-1/25
(Vrwr,, =| ¥
h_y (ui,j-l—l/Q - ui,j—l/Q)
I uip1)0; = u’iﬂvj;_ ~ and u; ;110 = uiﬂj+12+ =
1
= (wit1,; — Ui-1,5)
(VTU)KZ,j == 2]}-%:

Q—hy ( Lj+1 ui,j—l)

Consistent, but unstable... Idea: stabilize by a consistency error



Stable gradient

- 1
Vigu= K| Z lo|(ue — UK)nK,a
| |0’€8K
0776 ~
Ry ou = (uo —ug —Vgu- (o —Tk))
dK,O'

Vru constant in Dy , and Vg ;u = Viu + Rg su Nk 4

Getting rid of interface values

To = ) K a([fa:K, Nou = > i ag{uK and replace ugs by lNsu



Approximate diffusive term
u,v € HF (),
u,v € H7(2) = piecewise constant functions on the grid cells,

V‘v—dam/ VruVude
/Q u v Jo ’]'u ’]’U

Vru constant in Dy , and Vi ;u = Viu + Ry su Nk o

~ 1

Y T > ol(Mou —ug)ng ,
| |O'EgK

AK

dK,a

Rk su = (I_Igu—uK—@Ku- (g —xTK))



Case of “super-admissible” meshes

If: o — g = dg onK o ( triangles, rectangles, parallelepipeds)
with appropriate choice of I, and o

it
/QVT'“’ - Vyvde = Z 7] (urp — uk)(vp — vk) + Z

TEEint dK,G' _|_ dL,O' o€Eext
7,={K,L} T,={K}

ol

UKVK
dK,a'

two points FV scheme: —/ Aur Y Fgsu
& ol

o]

dK,a + dL,a
(Eymard Gallouét H. Handbook of Numerical Analysis, 2000)

(ug —ur,)

with FK,O'U’ =



Diffusive term convergence

Strong consistency of the gradient: for o € C%(Q) N H&(Q), Prp € HT (Q)
s.t. (Pro)rg = p(xk) then Vo Pro — Vi in Lz(ﬂ)d as hr — 0

If ||VTUT||L2(Q)d bounded

/ Vrur(x) - VrPry(x)de — / G - Vy(x)dx as hy — 0
Y Y



Question: 3? we HF(2) ; G =Vuand o= limj__our

Discrete norm:

2 o] o
Wir= Y - uw)?+ Y T ?
o=K|LEEint K,o L,o 0 EExt K,o

o]

2 p
lullir < >, >, ;= (ou—ug)® < ClIVTurllpe g
KeT o€y g



Discrete functional analysis
a/ Estimate on the translations in L1(Q): ||u(- + £) — u”Ll(Rd) < &||lul||py
b/ Discrete Holder ||u(- + &) — u”Ll(Rd) < Céllur|r,T

c/ Kolmogorov th. ~+ convergence of us in L1

2d
d/ Discrete Sobolev ~ estimate in Ld-2 (3D) or L9, g < 400 (2D)

c+d/ == convergence of uy in L? to u

e/ﬂEH(-l)



Hence: u; — u € H(% in L(Q)

+ Weak convergence of Vyu7s to Vu in LQ(Rd)d

U

If /Q 'V.7u|? bounded then /Q U — /Q )



Back to NS: discrete convective terms
u € Hz(Q)? discrete velocity, p € H7 () discrete pressure

Mass conservation:

/Kdiv(u) ~ Y /u-nKﬁ

O-ESK\O- - 7

~ S (u,\,p) =|o|MNou-ng ,+

General convection term:

/dlv(zu) ~ Z /zu nKO

cEE

~ K _21_ ZLCDKL(’UJ, A\, D)




In particular:

/Kdiv(u(i)u) Yy /u(@u-nKU

O—E(C:K\O- = _
) (2)
uy’ + u
~ > Lo (u, A\, p)

Definition of discrete divergence

4
centred choice : %

N

2z if Prp(u, A, p) >0,

upwind choice : :
z1, otherwise



Nonlinear convection term: vector divergence

divg(u,u, \,p) =

with v, centred or upwind.

Essential property :

divy(1,u, )\, p) = 0=

4

1

J

Z Prr(u, \,p)us
0€fk, To={K,L}

u(x) - divs(u, u, \,p)(z)dx = 0

Qu(a:) : divqu(u,u, A, p)(x)dx >0



Choice of the stabilization parameter A\
Brezzi-Pitkaranta (easiest choice for the mathematical analysis)
Ao = m(D,)Ahg (D, = Dk, U Dr )
(more efficient choice in practice)

1. partition C of the mesh

Ao =m(D, )X I GeC 7, C G,
Ao =0

Example of mesh clustering




Approximation of the pressure gradient

JoVp-v= —/pdivv
Q

/ Vip v = —/ pdivd(v), Yv € H7(Q)4
Q Q

1
with : div)-(u) = Trze] Z lo|ll,u - Nk,

| | U€8K97;:{K9L}
(discrete gradient operator is not necessarily consistent in the finite difference sense)

If divy(1,u, A, p) = 0 then — / p(a:)divg-(u) — Z Ao (Px — pL)’
Q c€&,0=K|L



Complete scheme for steady state Navier-Stokes

/Q ( + divr(u,u,\,p) -v—p divOT(fv)) dx

— /Qf .vde, Yo € Hy ()¢

divy(1,u,A\,p) =0

Finite volume for convective terms and “sort of finite volume” scheme
for diffusive terms



Convergence analysis: estimates

1/ Estimate : v = u = Z Ao (PK — pL)2 < C and ||Vzur||(z20) < C,
c€&€,0=K|L
so there exists at least one solution.

There exists a subsequence of discretisations and u € H&(Q)d such that
ur — @ in L?(Q)? and Vrur — Va weakly in (L*(02)%)?

2/ L?*(2) estimate on the pressure using Netas’ lemma

~~ 3 subsequence of discretisations and p € L?(Q2) with / p(x)dx = 0 such that
Q

pr — P weakly in L?(Q)



Passage to the limit in the scheme : as h+ — 0 :

1// Vgu : VyrPredx — 1// Vu : Vede
Y Y
—/ pdiv%—(l, Pry)dx — —/ pdivpdax
Q Q
/ divy(u, u, A, p) - Prode — / div(a Q u) - pdx
Y Y

/diVT(l,u, )\,p)PTgodw—>/ divapdr
Q Q



Numerical results
Analytical solution for the Stokes problem, super-admissible meshes (triangles in 2D),

order 2 for velocity in L?-norm

ordre % for velocity in a discrete H!-norm

order % for pressure in L?-norm

(Proved error estimates for velocity and pressure: order 1 in he L?-norm)



3D code by E. Chénier Natural convection in a cone heated by below

Adiabatic boundary condition on side walls. Cartesian 3D mesh 40 x 40 x 40, truncated
by the cone. Locally refined at the top of the cone. Ra = 10°% and Pr = 0.71

Temperature and velocit
. P . y Temperature at the wall
in @ cross section




Conclusions

Convergent scheme
Efficient scheme for general meshes, allowing complex 3D geometries

SUCCES implemented at IFP for oil reservoir simulations and at IRSN in the ISIS code
(combustion)

Perspectives

Compressible Navier-Stokes equations

Generalized MAC scheme
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