
Numerical experiments with the DDFV
method

F. Hermeline

CEA, centre DAM-Ile de France, DSSI,
Bruyères-le-Châtel, 91297 Arpajon Cedex, France.

e-mail: francois.hermeline@cea.fr

ABSTRACT. We present the numerical results we have obtained with the finite volume method in-
troduced in [HER 98],[HER 00],[HER 03] for approximating diffusion operators with variable
(continuous or discontinuous, linear or non-linear), full tensor coefficients on arbitrary meshes.
In [DEL 05] this type of method has been called Discrete-Duality Finite Volume (DDFV) in or-
der to emphasize that it satisfies a discrete integration by parts.
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1. Presentation of the scheme

The main idea lies in using two different meshes, namely an arbitrary (given) pri-
mal mesh and a dual mesh that is made up from the primal mesh. Here we have chosen
the median dual mesh whose vertices are the centers of gravity of the primal cells and
the middle of the primal sides. The diffusion equation to be dealt with is integrated
both on the cells of the primal mesh and those of the dual mesh while the degrees of
freedom are the values of the unknown function at the centers of gravity of the pri-
mal cells, the middle of the boundary sides and the vertices of the primal mesh. The
method provides symmetric positive definite matrices. Moreover it provides natural,
accurate, a posteriori approximations of both the gradient and the Hessian of the solu-
tion. The approximated gradient is calculated at the middle of the cell sides while the
approximated Hessian is calculated both at the centers of gravity and vertices of the
primal cells. If needed, the approximated gradient can be calculated at the centers of
gravity and vertices of the primal cells (by using a least square method for example).

Convergence analysis have been carried out in [DOM 05],[YUA 07] for the linear
case. Generalizations to non-linear diffusion operators of Leray-Lions type and con-
vergence analysis in this framework have been carried out in [AND 05],[AND 07] and
[BOY 06]. A generalization to Laplace-Beltrami diffusion operators over surfaces has



been carried out in [CAL 08]. 3-D generalizations are proposed in [PIE 05],[COU 06]
and [HER 07].

Besides the requested numerical results, we have provided (if possible) the relative
error in the L2 norm on the Hessian (erhess and ratiohess). Furthermore we have tested
the heterogeneous rotating anisotropy (test 5) with α = 1 and β = 1.e − 12. All the
linear systems are diagonally preconditioned before being solved by the conjugate
gradient method. As a reference mesh we have chosen a 160× 160 square mesh.

Let denote by Ss a primal side, ns its unit normal vector and Ds, Dsp, Dsq its
associated diamond and half diamond cells. As detailed in [HER 03] we obtain ap-
proximations (∇u)sp, (∇u)sq of ∇u in Dsp, Dsq by using:

1) the values ud, ue of u at the vertices of Ss,
2) the value up (uq) of u at the center of gravity of the first (second) primal cell

whose Ss is a side,
3) the value us at the middle of Ss.

For boundary primal sides Ss, us is a degree of freedom of the method. For inte-
rior primal sides Ss, us is an auxiliary degree of freedom calculated so that:

(Kp(∇u)sp).ns = (Kq(∇u)sq).ns
def
= (K∇u)s.ns,

where Kp, Kq are the values of K at the centers of gravity of the cells whose Ss

is a side. If K is continuous we replace Kp and Kq by the value Ks at the middle
of Ss, so we obtain an unique approximation (∇u)s of ∇u in the whole diamond cell
Ds = Dsp ∪ Dsq. Let (∇u)ex

s , (K∇u)ex
s be the exact value of ∇u, K∇u at the

middle of primal sides Ss, we have set:

ergrad =

(
∑

Ds

|Ds||(∇u)s − (∇u)ex
s |2) 1

2

(
∑

Ds

|Ds||(∇u)ex
s |2) 1

2

,

erflm = max
Ss

|(K∇u)s.ns − (K∇u)ex
s .ns|,

ener1 =
∑

Ds

|Ds|(Ks(∇u)s).(∇u)s,

ener2 =
∑

Ss∈∂Ω

|Ss|(K∇u)s.nsus.

Since the previous definition of (∇u)s in the whole Ds presupposes that ∇u is
continuous in Ds, we have not given the value of ergrad for Test 7.
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2. Numerical results

• Test 1.1 Mild anisotropy, u(x, y) = 16x(1 − x)y(1 − y), min = 0, max = 1,
regular triangular meshes

i nunkw nnmat sumflux erl2 ergrad ratiol2 ratiograd
1 109 864 -1.79e-10 2.13e-2 2.33e-2
2 385 3252 -1.89e-11 5.77e-3 5.92e-3 2.07 2.17
3 1441 12564 2.60e-11 1.47e-3 1.48e-3 2.07 2.09
4 5569 49332 7.57e-11 3.68e-4 3.72e-4 2.04 2.05
5 21889 195444 9.47e-11 9.21e-5 9.32e-5 2.02 2.02
6 86785 777972 6.36e-11 2.30e-5 2.33e-5 2.01 2.01
7 345601 3104244 -3.93e-11 5.76e-6 5.82e-6 2.01 2.00

i erhess ratiohess
1 1.56e-1
2 5.42e-2 1.67
3 1.98e-2 1.52
4 7.76e-3 1.39
5 3.25e-3 1.27
6 1.45e-3 1.27
7 6.77e-4 1.10

ocvl2=2.00, ocvgradl2=2.00, ocvhessl2=1.10.

i erflx0 erflx1 erfly0 erfly1 erflm umin umax
1 1.06e-2 1.06e-2 1.06e-2 1.06e-2 1.37e-1 0.0 0.99101
2 2.65e-3 2.65e-3 2.65e-3 2.65e-3 3.83e-2 0.0 0.99785
3 6.63e-4 6.63e-4 6.63e-4 6.63e-4 9.99e-3 0.0 0.99946
4 1.65e-4 1.65e-4 1.65e-4 1.65e-4 2.54e-3 0.0 0.99986
5 4.14e-5 4.14e-5 4.14e-5 4.14e-5 6.42e-4 0.0 0.99997
6 1.03e-5 1.03e-5 1.03e-5 1.03e-5 1.62e-4 0.0 0.99999
7 2.60e-6 2.60e-6 2.60e-6 2.60e-6 4.07e-5 0.0 0.99999

• Test 1.1 Mild anisotropy, u(x, y) = 16x(1 − x)y(1 − y), min = 0, max = 1,
distorted quadrangular meshes (1)

i nunkw nnmat sumflux erl2 ergrad ratiol2 ratiograd
1 681 5707 -5.85e-11 2.04e-2 1.95e-2
2 2517 21820 -2.73e-11 5.16e-3 5.08e-3 2.10 2.06
3 5509 48340 3.90e-11 2.29e-3 2.27e-3 2.07 2.05
4 9657 85264 1.89e-12 1.29e-3 1.28e-3 2.05 2.04
5 14961 132592 -3.38e-12 8.25e-4 8.21e-4 2.04 2.03
6 21421 190324 1.31e-11 5.73e-4 5.71e-4 2.03 2.02
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i erhess ratiohess
1 9.03e-2
2 3.24e-2 1.56
3 1.77e-2 1.54
4 1.15e-2 1.53
5 8.27e-3 1.53
6 6.28e-3 1.52

ocvl2=2.00, ocvgradl2=1.99, ocvhessl2=1.52.

i erflx0 erflx1 erfly0 erfly1 erflm umin umax
1 1.53e-3 1.10e-2 3.87e-3 6.90e-3 1.47e-1 0.0 1.026
2 3.01e-4 2.86e-3 9.34e-4 1.61e-3 6.28e-2 0.0 1.005
3 1.36e-4 1.27e-3 4.13e-4 7.18e-4 3.77e-2 0.0 1.002
4 7.77e-5 7.19e-4 2.32e-4 4.06e-4 2.50e-2 0.0 1.001
5 5.02e-5 4.60e-4 1.48e-4 2.61e-4 1.77e-2 0.0 1.001
6 3.50e-5 3.20e-4 1.03e-4 1.81e-4 1.32e-2 0.0 1.000

• Test 1.1 Mild anisotropy, u(x, y) = 16x(1 − x)y(1 − y), min = 0, max = 1,
distorted quadrangular meshes (2)

i nunkw nnmat sumflux erl2 ergrad ratiol2 ratiograd
1 2377 20587 1.79e-11 5.54e-3 5.29e-3
2 9109 80380 -1.46e-11 1.38e-3 1.34e-3 2.06 2.04
3 20197 179380 -1.65e-11 6.16e-4 5.96e-4 2.03 2.03
4 35641 317584 -1.36e-11 3.46e-4 3.36e-4 2.03 2.02
5 55441 494992 -1.62e-12 2.21e-4 2.15e-4 2.02 2.01
6 79597 711604 -9.66e-12 1.54e-4 1.49e-4 2.02 2.01

i erhess ratiohess
1 4.27e-2
2 1.53e-2 1.52
3 8.37e-3 1.52
4 5.44e-3 1.52
5 3.89e-3 1.52
6 2.95e-3 1.52

ocvl2=1.96, ocvgradl2=1.99, ocvhessl2=1.50.

i erflx0 erflx1 erfly0 erfly1 erflm umin umax
1 4.61e-4 3.33e-3 1.00e-3 1.47e-3 4.42e-2 0.0 1.008
2 1.12e-4 8.39e-4 2.45e-4 3.68e-4 1.17e-2 0.0 1.002
3 4.99e-5 3.73e-4 1.08e-4 1.64e-4 5.25e-3 0.0 1.001
4 2.81e-5 2.10e-4 6.11e-5 9.21e-5 3.03e-3 0.0 1.000
5 1.79e-5 1.34e-4 3.91e-5 5.89e-5 2.03e-3 0.0 1.000
6 1.24e-5 9.34e-5 2.71e-5 4.09e-5 1.46e-3 0.0 1.000
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• Test 1.2 Mild anisotropy, u(x, y) = sin((1 − x)(1 − y)) + (1 − x)3(1 − y)2,
min = 0, max = 1 + sin 1 = 1.84147, regular triangular meshes

i nunkw nnmat sumflux erl2 ergrad ratiol2 ratiograd
1 109 864 -2.20e-10 2.65e-3 7.93e-3
2 385 3252 -8.63e-10 6.55e-4 2.22e-3 2.21 2.01
3 1441 12564 -6.95e-10 1.65e-4 6.11e-4 2.09 1.95
4 5569 49332 -8.17e-9 4.14e-5 1.66e-4 2.04 1.93
5 21889 195444 -9.93e-9 1.04e-5 4.44e-5 2.02 1.92
6 86785 777972 3.09e-8 2.59e-6 1.18e-5 2.01 1.92
7 345601 3104244 3.76e-8 6.47e-7 3.12e-6 2.00 1.92

i erhess ratiohess
1 8.13e-2
2 3.19e-2 1.48
3 1.39e-2 1.26
4 6.61e-3 1.10
5 3.34e-3 0.99
6 1.73e-3 0.95
7 9.11e-4 0.93

ocvl2=2.00, ocvgradl2=1.92, ocvhessl2=0.92.

i erflx0 erflx1 erfly0 erfly1 erflm umin umax
1 4.08e-3 4.86e-3 5.36e-3 1.60e-2 4.83e-2 0.0 1.84147
2 1.20e-3 1.32e-3 2.03e-3 5.13e-3 2.47e-2 0.0 1.84147
3 3.51e-4 3.37e-4 6.69e-4 1.57e-3 1.30e-2 0.0 1.84147
4 1.08e-4 8.48e-5 2.11e-4 4.74e-4 6.75e-3 0.0 1.84147
5 2.82e-5 2.14e-5 6.35e-5 1.37e-4 3.44e-3 0.0 1.84147
6 7.79e-6 5.33e-6 1.85e-5 3.87e-5 1.73e-3 0.0 1.84147
7 2.07e-6 1.34e-6 5.42e-6 1.09e-5 8.73e-4 0.0 1.84147

• Test 1.2 Mild anisotropy, u(x, y) = sin((1 − x)(1 − y)) + (1 − x)3(1 − y)2,
min = 0, max = 1 + sin 1 = 1.84147, nonconforming refined rectangular
meshes

i nunkw nnmat sumflux erl2 ergrad ratiol2 ratiograd
1 121 929 -1.67e-10 7.83e-3 2.57e-2
2 401 3304 -8.58e-10 1.94e-3 8.96e-3 2.33 1.76
3 1441 12376 3.86e-10 4.84e-4 3.10e-3 2.16 1.66
4 5441 47800 8.43e-9 1.21e-4 1.08e-3 2.08 1.59
5 21121 187768 9.12e-9 3.04e-5 3.77e-4 2.04 1.55
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i erhess ratiohess
1 1.49e-1
2 1.08e-1 0.54
3 8.00e-2 0.47
4 5.86e-2 0.47
5 4.24e-2 0.47

ocvl2=1.99, ocvgradl2=1.52, ocvhessl2=0.47.

i erflx0 erflx1 erfly0 erfly1 erflm umin umax
1 7.58e-3 1.26e-3 9.86e-4 1.44e-2 1.27e-1 0.0 1.84147
2 1.23e-3 1.01e-4 9.57e-5 6.70e-3 6.90e-2 0.0 1.84147
3 1.30e-4 1.41e-5 4.51e-5 2.50e-3 3.59e-2 0.0 1.84147
4 1.29e-5 3.30e-6 2.07e-5 8.34e-4 1.84e-2 0.0 1.84147
5 1.48e-5 6.49e-7 7.54e-6 2.61e-4 9.37e-3 0.0 1.84147

• Test 2 Numerical locking, u(x, y) = sin(2πx)e−2π
√

1

δ
y, δ = 105,

min = −1, max = 1, regular triangular meshes

i nunkw nnmat sumflux erl2 ergrad ratiol2 ratiograd
1 109 864 -7.09e+1 7.19e-1 5.27e-1
2 385 3252 -3.25e+0 5.92e-1 5.34e-1 0.31 -0.02
3 1441 12564 -1.53e+1 5.12e-1 3.93e-1 0.22 0.44
4 5569 49332 2.88e+0 4.36e-1 2.69e-1 0.23 0.54
5 21889 195444 1.18e+0 2.85e-1 1.07e-1 0.62 1.33
6 86785 777972 -7.92e-1 8.10e-2 3.60e-2 1.81 1.57
7 345601 3104244 -6.50e-7 1.19e-4 3.14e-4 9.44 6.84

i erflx0 erflx1 fluy0 fluy1 erflm umin umax
1 5.34e-3 1.89e-3 -1.07e+2 -5.35e+1 6.80e-1 -0.47 0.77
2 6.92e-4 1.12e-3 1.00e+0 -2.14e+0 1.24e+0 -0.42 1.05
3 2.16e-5 2.57e-5 3.42e+0 -1.58e+1 8.31e-1 -0.64 0.89
4 2.84e-5 1.25e-4 5.02e+0 7.68e-1 6.34e-1 -0.75 9.12
5 9.03e-7 1.29e-6 -1.85e-1 -1.11e+0 2.50e-1 -0.74 1.12
6 7.49e-7 2.65e-7 6.47e-3 9.74e-1 1.72e-1 -0.93 1.03
7 2.50e-10 2.52e-10 1.16e-7 -1.59e-7 7.16e-3 -1.00 1.00
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• Test 2 Numerical locking, u(x, y) = sin(2πx)e−2π
√

1

δ
y, δ = 106,

min = −1, max = 1, regular triangular meshes

i nunkw nnmat sumflux erl2 ergrad ratiol2 ratiograd
1 109 864 4.67e+1 9.24e-1 9.20e-1
2 385 3252 -1.17e+1 7.99e-1 9.41e-1 0.23 -0.02
3 1441 12564 -3.32e+1 7.06e-1 7.13e-1 0.18 0.39
4 5569 49332 -6.21e-1 5.52e-1 4.61e-1 0.36 0.62
5 21889 195444 1.40e+0 4.56e-1 3.07e-1 0.28 0.59
6 86785 777972 3.31e-1 3.79e-1 2.18e-1 0.27 0.49
7 345601 3104244 7.72e-1 2.64e-1 7.60e-2 0.52 1.52

i erflx0 erflx1 fluy0 fluy1 erflm umin umax
1 9.74e-3 4.19e-3 4.23e+1 1.18e+2 1.20e+0 -0.33 0.71
2 9.54e-4 1.06e-3 -3.58e-1 -1.06e+2 1.47e+0 -0.21 0.91
3 1.09e-4 1.86e-4 9.75e-1 -2.27e+1 1.77e+0 -0.35 0.67
4 6.59e-9 4.61e-4 5.72e+1 2.19e+0 8.18e-1 -0.60 0.87
5 4.87e-6 7.01e-6 -1.36e+0 -6.76e+0 8.13e-1 -0.74 0.86
6 2.63e-6 3.98e-6 1.15e+0 -1.25e+0 5.36e-1 -0.70 0.97
7 7.33e-8 1.72e-7 -8.00e-2 7.83e-1 1.64e-1 -0.78 1.11

• Test 3 Oblique flow, min = 0, max = 1, uniform rectangular meshes

Figure 1. Solutions for the oblique flow: mesh2_i for i=2,3,4 and reference mesh
(from left to right).

i nunkw nnmat sumflux umin umax
1 57 403 4.99e-16 -4.72e-3 1.00472
2 177 1387 2.38e-10 -5.63e-2 1.05634
3 609 5083 2.41e-10 -1.52e-2 1.01528
4 2241 19387 1.95e-10 -1.82e-2 1.01824
5 8577 75643 2.76e-10 -1.07e-3 1.00106

ref 52161 465595 8.74e-10 -5.96e-8 1.00000
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Figure 2. Solutions for the vertical fault: coarse non conforming rectangular mesh
(left) and reference mesh (right).

i flux0 flux1 fluy0 fluy1
1 -1.82e-1 1.82e-1 -1.21e-1 1.21e-1
2 -1.91e-1 1.91e-1 -1.03e-1 1.03e-1
3 -1.94e-1 1.94e-1 -9.83e-2 9.83e-2
4 -1.94e-1 1.94e-1 -9.79e-2 9.79e-2
5 -1.93e-1 1.93e-1 -9.82e-2 9.82e-2

ref -1.93e-1 1.93e-1 -9.85e-2 9.85e-2

i ener1 ener2 eren
1 2.14e-1 2.36e-1 9.46e-2
2 2.46e-1 2.68e-1 8.03e-2
3 2.40e-1 2.43e-1 1.01e-2
4 2.42e-1 2.44e-1 7.52e-3
5 2.42e-1 2.42e-1 9.52e-4

ref 2.42e-1 2.42e-1 1.91e-5

• Test 4 Vertical fault, min = 0., max = 1., non conforming rectangular mesh

i nunkw nnmat sumflux umin umax
1 282 2278 7.60e-9 0.0 1.0

ref 52161 465595 3.15e-8 0.0 1.0

i flux0 flux1 fluy0 fluy1
1 -4.00e+1 4.18e+1 -1.81e+0 9.08e-4

ref -4.20e+1 4.43e+1 -2.35e+0 7.97e-4

i ener1 ener2 eren
1 4.93e+1 4.06e+1 1.75e-1

ref 4.38e+1 4.31e+1 1.64e-2
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• Test 5 Heterogeneous rotating anisotropy,
u(x, y) = sin(πx) sin(πy), α = 1, β = 10−3, min = 0, max = 1 , uniform
rectangular meshes

i nunkw nnmat sumflux erl2 ergrad ratiol2 ratiograd
1 57 403 3.21e-10 4.83e-2 5.86e-2
2 177 1387 3.65e-11 1.11e-2 1.83e-2 2.59 2.05
3 609 5083 2.02e-12 2.68e-3 5.14e-3 2.30 2.05
4 2241 19387 7.62e-12 6.62e-4 1.39e-3 2.14 2.00
5 8577 75643 -8.70e-13 1.65e-4 3.68e-4 2.07 1.98
6 33537 298747 1.56e-13 4.12e-5 9.64e-5 2.03 1.97
7 132609 1187323 3.37e-14 1.03e-5 2.50e-5 2.02 1.96
8 527361 4733947 -3.62e-13 2.58e-6 6.47e-6 2.00 1.96
9 2103297 18905083 -3.74e-13 6.44e-7 1.67e-6 2.00 1.96

i erhess ratiohess
1 2.29e-1
2 9.33e-2 1.58
3 3.88e-2 1.42
4 1.68e-2 1.28
5 7.65e-3 1.17
6 3.61e-3 1.10
7 1.75e-3 1.05
8 8.63e-4 1.03
9 4.28e-4 1.01

ocvl2=2.00, ocvgradl2=1.95, ocvhessl2=1.01.

i erflx0 erflx1 erfly0 erfly1 erflm umin umax
1 1.25e-1 4.48e-2 1.25e-1 4.48e-2 4.73e-1 0.0 1.01089
2 4.07e-2 1.04e-2 4.07e-2 1.04e-2 2.37e-1 0.0 1.00473
3 1.24e-2 2.56e-3 1.24e-2 2.56e-3 1.19e-1 0.0 1.00158
4 3.67e-3 6.35e-4 3.67e-3 6.35e-4 5.95e-2 0.0 1.00045
5 1.06e-3 1.58e-4 1.06e-3 1.58e-4 2.97e-2 0.0 1.00012
6 2.98e-4 3.90e-5 2.98e-4 3.95e-5 1.49e-2 0.0 1.00003
7 8.33e-5 9.40e-6 8.33e-5 9.88e-6 7.43e-3 0.0 1.00000
8 2.30e-5 2.02e-6 2.30e-5 2.50e-6 3.71e-3 0.0 1.00000
9 6.30e-6 1.75e-7 6.30e-6 6.55e-7 1.36e-3 0.0 1.00000
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• Test 5 Heterogeneous rotating anisotropy,
u(x, y) = sin(πx) sin(πy), α = 1, β = 10−12, min = 0, max = 1 , uniform
rectangular meshes

i nunkw nnmat sumflux erl2 ergrad ratiol2 ratiograd
1 57 403 2.10e-11 4.84e-2 5.88e-2
2 177 1387 5.80e-11 1.11e-2 1.85e-2 2.59 2.03
3 609 5083 2.66e-11 2.69e-3 5.33e-3 2.30 2.02
4 2241 19387 -3.34e-12 6.64e-4 1.47e-3 2.14 1.97
5 8577 75643 3.11e-12 1.66e-4 4.00e-4 2.07 1.94
6 33537 298747 7.85e-13 4.14e-5 1.07e-4 2.03 1.93
7 132609 1187323 -4.91e-12 1.03e-5 2.87e-5 2.02 1.92
8 527361 4733947 -1.85e-11 2.59e-6 7.60e-6 2.01 1.92
9 2103297 18905083 -3.75e-11 6.47e-7 2.00e-6 2.00 1.93

i erhess ratiohess
1 2.29e-1
2 9.42e-2 1.57
3 4.02e-2 1.37
4 1.80e-2 1.23
5 8.48e-3 1.12
6 4.10e-3 1.06
7 2.01e-3 1.03
8 1.00e-3 1.01
9 4.97e-4 1.01

ocvl2=2.00, ocvgradl2=1.92, ocvhessl2=1.00.

i erflx0 erflx1 erfly0 erfly1 erflm umin umax
1 1.25e-1 4.10e-2 1.25e-1 4.10e-2 4.74e-1 0.0 1.01062
2 4.07e-2 6.63e-3 4.07e-2 6.63e-2 2.38e-1 0.0 1.00450
3 1.24e-2 1.22e-3 1.24e-2 1.22e-3 1.19e-1 0.0 1.00149
4 3.67e-3 3.15e-3 3.67e-3 3.15e-3 5.96e-2 0.0 1.00011
5 1.06e-3 3.64e-3 1.06e-3 3.64e-3 2.98e-2 0.0 1.00003
6 2.98e-4 3.76e-3 2.98e-4 3.76e-3 1.49e-2 0.0 1.00000
7 8.33e-5 3.80e-3 8.33e-5 3.80e-3 7.45e-3 0.0 1.00000
8 2.30e-5 3.80e-3 2.30e-5 3.80e-3 3.72e-3 0.0 1.00000
9 6.30e-6 3.80e-3 6.30e-6 3.80e-3 1.35e-3 0.0 1.00000

• Test 6 Oblique drain, min = −1.2, max = 0, conforming and non-conforming
coarse oblique mesh

nunkw nnmat sumflux erl2 ergrad
514 4237 2.26e-9 1.21e-8 1.61e-7
574 4777 -9.02e-9 9.25e-9 1.72e-7
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erflx0 erflx1 erfly0 rfly1 erflm umin umax
1.82e-8 1.80e-8 1.70e-8 1.07e-8 9.52e-7 -1.20 0
6.40e-8 6.27e-8 1.30e-8 2.01e-8 1.24e-6 -1.20 0

• Test 7 Oblique barrier, min = −5.575, max = 0.575, conforming and
non-conforming coarse oblique mesh

nunkw nnmat sumflux erl2 ergrad
514 4237 -6.01e-9 6.53e-8
574 4777 - 3.08e-9 6.00e-8

erflx0 erflx1 erfly0 erfly1 erflm umin umax
1.02e-7 6.68e-8 4.31e-8 3.00e-8 1.82e-6 -5.575 0.57499
7.42e-8 3.13e-8 1.09e-9 1.42e-8 2.02e-6 -5.575 0.57499

• Test 8 Perturbed parallelograms, min = 0., perturbed parallelogram mesh

nunkw nnmat sumflux umin umax
309 2503 -1.32e-10 -1.61e-3 8.99e-2

flux0 flux1 fluy0 fluy1
2.45e-10 -1.83e-10 4.80e-1 5.11e-1

The discrete (cell-centered) solution is :
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• Test 9 Anisotropy with wells, min = 0., max = 1., square uniform grid

i nunkw nnmat sumflux umin umax
1 309 2503 2.38e-5 -1.03e-1 1.100e+0

ref 52161 465595 -1.82e-11 -1.47e-3 1.001e+0

The discrete (cell-centered) solution is :
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3. Comments on the scheme

The proposed method provides satisfactory results except for test 2 for which the
conjugate gradient method does not converge (no attempt has been made to optimize
the preconditioner). Note that it generally does not satisfy the discrete maximum
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principle for anisotropic diffusion coefficients and/or distorted meshes (like numerous
other methods).

Thanks to the previous numerical experiments, our method seems to be second-
order accurate in the L2 norm, almost second-order accurate in the H1 norm and
first-order accurate in the H2 norm, except for the non-conforming meshes for which
it remains second-order accurate in the L2 norm but is only 1.5-order accurate in the
H1 norm and 0.5-order accurate in the H2 norm. Other numerical experiments with
various type of distorted meshes confirm these observations. However using highly
distorted meshes for solving highly anisotropic diffusion equations can deteriorate the
convergence properties.
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