L' solutions to the stationary Boltzmann equation
in a slab.

Leif Arkeryd * & Anne Nouri. T#

Résumé. On considére I’équation de Boltzmann stationnaire en
une dimension d’espace et trois dimensions de vitesse, pour des
conditions aux limites de réflexion maxwellienne diffuse. On mon-
tre D’existence d’une solution appartenant a L', en utilisant le
terme de production d’entropie et un changement de variables
d’espace classique.

Abstract. The stationary Boltzmann equation for pseudo-maxwellian
and hard forces is considered in the slab. An L' existence theorem is proven
in the case of diffuse reflection boundary conditions. The method of proof
is based on properties of the entropy dissipation term. The approach is
simplified by a classical transformation of the space variable resulting in a
homogeneous equation of degree one. The case of given indata is also briefly
discussed.

1 Introduction.

Consider the stationary Boltzmann equation in a slab of length L

;—xf(x,v) = Q(f, f)(z,v), z €[0,L], ve R (1.1)
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The nonnegative function f(x,v) represents the density of a rarefied gas at
position x and velocity v, with & the velocity component in the slab direction.
The boundary conditions are of diffuse reflection type,

70,0 = M) [ €110, € >0,
&£'<0
F(L,v) = ML(U)/ ¢ (L), € <0, (1.2)
£'>0

where My and Mp, are given normalized half-space maxwellians M;(v) =
v\2

il
L 217 € {0,L}. The collision operator @ is the classical Boltzmann

2712 ¢
operator with angular cut-off

QUN@ = [ [ Bu—v.wlr - 1 dwdo.

= Q+(f7f) - Q_(f7f)7

where Q7 is the gain part and Q~ the loss part of the collision term, and
where

[ :f(CC,’U*), f,:f(x’vl)’ f,* :f(CC,’U;),
V=0 — (v —v,ww, V=04 (V- v, w)w.

Here, (v — vs,w) denotes the Euclidean inner product in IR3. Let w be
represented by the polar angle 6 (with polar axis along v — v,) and the
azimuthal angle ¢. The function B(v — v,,w) is the kernel of the collision
operator @, and for convenience taken as | v — v, |? b(6), with

0<B<2, belLl0,2m), b)) >c>0, ae.

Let us first recall that in the case of the time-dependent Boltzmann equation

ft(t,CE,’U)—F’U'me(t,x,U) :Q(faf)(taxav)a te]RJra era UGIR?),

where Q is a subset of IR?, the Cauchy problem has been studied intensely,
most important being the time-dependent existence proof by R.DiPerna and
P.L.Lions [17], based on the use of the averaging technique and new solution
concepts. For a survey and references to the time-dependent problem, see
[13].

In this paper we focus on solutions to the stationary Boltzmann equation in
the slab under diffuse reflection boundary conditions. Stationary solutions
are of interest as candidates for the time asymptotics of evolutionary prob-
lems (cf [10], [5]). They also appear naturally in the resolution of boundary



layer problems, when studying hydrodynamical limits of time-dependent so-
lutions. However, stationary solutions cannot be obtained directly by the
techniques so far used in the time-dependent case, since for the latter natural
bounds on mass, energy and entropy provide an initial mathematical frame-
work, whereas in the stationary case only bounds on flows of mass,energy,
and entropy through the boundary are easily available. Instead our tech-
nique is based on a systematic use of suitable parts of the entropy dissipation
term with its natural bounds. The range of applicability of this idea for ki-
netic equations goes well beyond the present problem.

A number of results are known concerning the cases of the non-linear sta-
tionary Boltzmann equation close to equilibrium, and solutions of the cor-
responding linearized equation. There, more general techniques - such as
contraction mapping based ones - can be utilized. So e.g. in an IR" setting,
the solvability of boundary value problems for the Boltzmann equation in
situations close to equilibrium is studied in [18], [19], [21], [33]. Stationary
problems in small domains for the non-linear Boltzmann equation are stud-
ied in [28], [22]. The unique solvability of internal stationary problems for
the Boltzmann equation at large Knudsen numbers is established in [26].
Existence and uniqueness of stationary solutions for the linearized Boltz-
mann equation in a bounded domain are proven in [25], and for the linear
Boltzmann equation uniqueness in [29], [31], and existence in [12] and oth-
ers. A classification of the well-posedness of some boundary value problems
for the linearized Boltzmann equation is made in [16]. For discrete velocity
models, in particular the Broadwell model, there are a number of stationary
results in two dimensions, among them [8], [9], [14],[15].

Moreover, existence results far from equilibrium have been obtained for the
stationary nonlinear Povzner equation in a bounded region in IR™ (see [6]).
The Povzner collision operator ([30]) is a modified Boltzmann operator with
a ’smearing’ process for the pair collisions, whereas in the derivation of the
Boltzmann collision operator, each separate collision between two molecules
occurs at one point in space.

In the slab case mathematical results on boundary value problems with large
indata for the BGK equation are presented in [32], and for the Boltzmann
equation in a measure setting in [1], [11] and in an L' setting in [4] for cases
of pseudo-maxwellian and soft forces. In the paper [4] a criterium is derived
for obtaining weak L' compactness from the boundedness of the entropy
dissipation term. It allows an existence proof for a weak L' solution to the
Boltzmann equation in the slab when the collision kernel is truncated for
small velocities. In the present paper we use the entropy dissipation term



also to get rid of such truncations, and prove an existence result for the
genuine stationary Boltzmann equation with pseudo-maxwellian and hard
forces in the slab .
Let us conclude this introduction by detailing our results and methods of
proofs. First recall the exponential, mild and weak solution concepts in the
stationary context.

Definition 1.1 f is an exponential solution to the stationary Boltzmann
problem (1.1-2), if f € LY([0,L] x R3), v € L}, ([0, L] x IR?), and if for
almost all (z,v) in [0, L] x IR3,

Fa) = Mow)(f,_1€/10.0)a)e

— ffl v(z+7E€,v)dT
3

+ / ~ [l varreod ok (1 py @y s v)ds, €0,

MI&

flawo) = Muo)( [ €r(Lanane Ve

£'>0

+/ S g (f, o+ sgv)ds, €<

Here v is the collision frequency defined by
v(z,v) = / B(v — vy, w) f(x, vy)dwdv,.
R3 JS?

Definition 1.2 f is a mild solution to the stationary Boltzmann problem
(1.1-2), if f € LY([0, L] x IR®), and for almost all (z,v) in [0,L] x IR3,

fla) = o) [ 1€ SO0 + ¢ [TQU Nz €50

f(x,v):ML(v)/ Ef(L,v")d ——/ (f, z,v)dz, &<O.
£'>0
Here the integrals for QT and Q~ are assumed to exist separately.

Definition 1.3 f is a weak solution to the stationary Boltzmann problem
(1.1-2), i f € IN(0, L) x %), Q*(,f) and Q(f, ) € L (10, 1] x {v €
IR3;| £ |> 0}), and for every test function ¢ € C}([0,L] x IR3), such that ¢
vanishes in a neighbourhood of £ =0, and on {(0,v); & < 0}U{(L,v);& > 0},

/ /. (€192 + QU 1)) v)dodv = /£<O|£|ML<v>so<L,v>dv /£  Ef (L

- | eMo@)e.v)de [ €] £(0.0)de
>0 £<0



Remark. This weak form is stronger than the mild and exponential ones.

In the paper [6] the main equation, quadratic and of Povzner type in IR", is
shown to be equivalent to a similar one but homogeneous of degree one via
a transform of the space variables and involving the mass. An analogous
transform involving the mass density instead of the mass was first used in
radiative transfer and boundary layer studies, and later in the mid 1950
ies introduced by M. Krook [23] into gas kinetics for the BGK equation.
It was recently applied by C. Cercignani [11] for measure solutions to the
Boltzmann equation for pseudo-maxwellian forces in a slab. Under this
transform the Boltzmann equation in the slab transforms as follows. Set

y(z) = /j /11«23 - f(z,v4)dwdv,dz.

Let = [r1, 9] be the image of [0, L] under this transformation. Then, with
F(y,v) = f(x,v), the equation (1.1) becomes
¢ 9 py.v) = Imxs: BEW, V)E(y, vy)dwdv.
Jmsxs2 F(y, vi)dwdu,

dy
Jrsx g2 BF(y,vs)dwdu,

—F
() Jmssg2 F(y, vi)dwdo,

yeQ, wvelR? (1.3)

and (1.2) becomes
F(r1,0) = Mo(v)/ 1| F(r,o)do!, € >0,
£'<0

F(rg,v) = Mp(v) /5'>0 E'F(rg,v")dv', €<0. (1.4)

Any nonzero solution of (1.1-2) generates via the transform a solution to a
problem of type (1.3-4). In that sense the problem (1.3-4) is a generalization
of the problem (1.1-2). Reciprocally, let a slab of length L and a positive
constant M be given. Choose (r1,72) such that ro —r; = M | S? |. If the
problem (1.3-4) has a solution F satisfying

79 dy
. NS 15
|, Tru.om o
then define the function y(z) by

y(@) dz 2



where

k

B 1 /7’2 dz
L S?| )y [F(z0)dv’
and define the function f by
f(z,v) = kF(y(z),v), ze€l0,L], ve IR’

Then y maps [0, L] into [r1, 2], f is a solution to (1.1-2), and the total mass
of fis

r Ty —T1
/0 [ f(ﬂ?,’())d(ﬂd’l) = m =M.

Remark. In contrast to the Povzner equation, it is not obvious in the Boltz-
mann equation case how to extend the transform in a useful way from one
to several space dimensions. On the other hand, the existence problem for
(1.1-2) - in this paper solved with the above transform - can alternatively be
solved via a direct approach without the transform, instead using a certain
coupling between mass and boundary flow (see [7]).

The main result of this paper is the following.

Theorem 1.1 Given a slab of length L, 8 € [0,2[ in the collision kernel,
and a positive constant M, there is a weak solution to the stationary problem
(1.1-2) with [ Ks(v) f(z,v)dzdv = M for Kg(v) = (14 | v |)®.

Remark. S. Mischler observed in [27] that in the context of boundary

conditions for the Boltzmann equation in n dimensions, the biting lemma
of Brook and Chacon can be used to obtain (1.2) instead of earlier weaker
alternatives (cf [20], [2], [3]). In our one dimensional case the biting lemma
is not needed. Instead (1.2) follows directly via weak compactness from a
control of entropy outflow.
The theorem holds with an analogous proof for velocities in IR™, n > 2.
It will be clear from the proofs that problems with given indata boundary
conditions can also be treated by the methods of this paper (no singular
boundary measure coming up there). The maxwellians in (1.2) can be re-
placed by other reentry profiles under suitable conditions on the functions
replacing the maxwellians. A number of generalizations of B which take
ve R n>2 and —n < < 2, such as cases of b(f) > 0 a.e., or B not of
the product form | v — v, |® b(6), can also be analyzed straightforwardly by
the same approach.



The second section of the paper is devoted to a crucial construction of ap-
proximated solutions to the transformed problem with a modified asym-
metric collision operator. The proofs are carried out with the transformed
slab for convenience equal to [—1, 1] throughout the paper. The asymmetry
introduced in the collision operator allows monotonicity arguments which
lead to uniqueness of the approximate solution. In the third section the
symmetry of the collision operator is reintroduced. The weak compactness
in L'([—1,1] x IR?) utilized for this step, is obtained by using the trans-
formed representation to get pointwise bounds for the collision frequency,
and by controlling the approximate solutions inside [—1,1] x IR? by their
values at the outgoing boundary. In the last two sections some remaining
truncations in the collision operator are removed. A certain convergence in
measure plays an important role. Such information is mainly extracted from
the geometry of the collision process and uniform estimates for the entropy
dissipation term. Throughout the paper, various constants are denoted by
the letter ¢, sometimes with indices.

2 Approximate solutions to the transformed prob-
lem.

Let r > 0, u > 0, and (j,m) € IN? with % < r be given. The aim of this
section is to construct via strong L' compactness and fixed point arguments,
solutions f™*7"™ to the following approximation of the transformed problem

of 1 ) .
58_1; a ff(xy U*)dv*dw /X (U,U*7W)Bu (U,U*7w)
f erBl];ml_ii (-%',?}*)dv*dw
7 (z,0) 7 (z,v))dv.dw — f i |
S T Fdvadeo

(z,v) € [-1,1] x IR3,
Jerco 161 f(=1,0")dv
Joco | € T (=100 + Jers & f(1,0")dv""
f§/>o §'f(L0)dv’
Jorco 1§ TF(=10)d0 + [ersg € f(1,0")dv"

This problem is normalized in order that the total inflow through the bound-
ary be one. Here, x" is a C§° function with range [0,1] invariant under the

f(_lvv) = MO(U)

£>0,

f(1,v) = ML (v)

€<0.(2.1)



collision transformation .J, where
J(v,w,vs) = (v, —w,v),
with x" also invariant under the exchange of v and v,, and such that
X' (v w) =1 if min(| €] & 1€ L&) >
X (0,00 0) = 0 if maz(| €], & |1 € 1,1 € ) <=

The modified collision kernel Bﬂ’m is a positive C* function approximating
1

mazx(;, min(B, p)), when

v? +v? < X5 and |

2’ | v — vy | wl> o
and |ﬁ <1 , and [v — vy > —
Bﬂ’m(v,v*,w) =0, if v*+ 02> /4,
v—0 1 v—0
or ||v—7@:| |<%, or ||—71):| w|>1—%,
or |v—wu| < % (2.2)

The truncation x" and the boundedness of the collision kernel by p will be
removed only at the very end of the proof in Section 5, and the truncation
with m will be removed together with j in Section 3. So we shall in this
seption skip the indices r in x", p and m in Bf;m = BJ, and write friHm =
f7. Let mollifiers in the z-variable be defined by ¢ (x) := kp(kz), where

1
¢ € C3°(R), support ¢ C (—1,1), ¢ >0, / o(x)dr = 1.
-1

Let K x [0,1] be the closed and convex subset of L'((—1,1) x IR?) x [0, 1],
where

K:={feL'((-1,1) x R?); 0< f(z,v) <¢€,
/f(m,v)dv > co, a.e.x € (—1,1)},

where ¢ = %6_2(“+1)min(f§>1 Mo(v)dv, [¢._y Mp(v)dv). For a > 0 and
k > 0 given and j sufficiently large, let T be the map defined on K x [0, 1]



by T(f,6) = (F,0), where (F,0) is the solution to

or ! _F [ * o
F - = B N N\doud

F WEL ,
_ Bl « ) dvdw, , -1,1 :
ff*@k(x,v*)dv*dw/x 1+%0_k(:6,v) vedw, (z,v) € ( ) x IR

F(—1,v) = 0My(v), € >0, F(1,v) = (1—0)My(v), £ <0,
o= [ 1E1PCLuan([ €1 FCLd s [ 6P v (23)

Denote by

[xB’ 1_{’& (2, vy)dvydw
J

I f * pr(z, ve)dvedw

Lemma 2.1 There is a positive lower bound cy for [ F(x,v)dv, with cg
independent of x € (—1,1), 0 < a <1, and of (f,0) € K x [0,1].

vi(z,v) ==

Proof of Lemma 2.1. It follows from the exponential form of (2.3) and the
boundedness from above of v; by p, that
_ (+2)(p+1) (A==z)(p+1)

F(z,v) > 0Mp(v)e € ,¢6>0, F(z,o)>(1—-0)Mr(v)e ¢ , £<0.

Then, uniformly in z € (—1,1),

F(z,v)dv > e 200 [ My(v)dv + (1 — 6) My, (v)dv]
IR3 £>1 £<—1
> co. O

For (f,0) € K x [0,1], one solution F' of (2.3) is obtained as the strong
L' limit of the nonnegative monotone sequence (F'), bounded from above,

defined by F? = 0 and

8Fl+1 1 . Fl f*‘ﬂk
Fl+1 _ / B N fron , o
a +¢ Ox J f* pr(x, vy)dvdw X 14 %l(x’v )1 n f*j% (7, v, )dvsdw

(z,v:)dvedw, (z,v) € (=1,1) x R?,

— Fi / BjM
I f * pp(z,ve)dvedw 1+ %@

FHH(=1,0) = 0Mp(v), £ >0, FFH(10) = (1 - 0)My(v), £ <0.

There is uniqueness of the solution to (2.3). Otherwise, if there were an-
other solution G, then multiplying the equation for the difference F' — G by



sign(F — G) and integrating with respect to (x,v) one obtains after some
computations that

a/ | F— G| (z,v)dzdv < 0.
(—1,1)xIR3

Consequently, F' = G. Moreover, by Lemma 2.1, T" maps K X [0, 1] into
itself.

Let us prove that T is continuous for the strong topology of L' x [0,1]. Let
(f1,0;) converge to (f,6) and write (Fj, 8;) := T(f1,6;) and (F,0) := T(f,0).
By the uniqueness of the solution of (2.3), it is enough to prove that there
is a subsequence of (Fj,#;) converging to (F,f). By the strong L' con-
vergence of (f1) to f and the condition [ fi(x,v)dv > ¢y, the bounded

1 1
nce (———————) converges in L ——F— . For it-
sequence ffz*m ) dds ) converges to T Fron (e duwds’ or a suit

able subsequence let Gy := sup,,>; fm, g = infy,>1 fm, B1 1= sup,,>; Om,
v = inf,,>; 0;, with (Gy) decreasingly converging to f, (g;) increasingly
converging to f, () decreasingly converging to 6 and (v;) increasingly con-
verging to 6. Let (5;) and(s;) be the sequences of solutions to

oSG = o i | P D e
_fGl * wk(il, Uy ) dvsdw /XBj 1g+ ’”ﬁf’— (@, v v, duo,
as; + 5% = TG @k(i,v*)dv*dw /XBj - j:l% (m,v’)%(aﬂ,v;)dv*dw
e @k(;l, vy )dvydw /XBj%( v )dvde,

( €, ) (_171) X R?’a

Sl(—l,?}) = ﬂlMo(U), § > O, Sl(l,?}) = (1 — ’yl)ML(U),
si(=1Lv) =nMo(v), £ >0, s(1,v) = (1~ F)ML(v),

(S;) is a non-increasing sequence, and (s;) is a non-decreasing sequence.
Moreover,

s1<F < 5. (2.4)

10

£ <0,
€ <0.



But (5;) decreasingly converges in L' to some S and(s;) increasingly con-
verges in L' to some s which are solutions to

o5 1 S I *or
— = j N Sxer oy
o 5633 f f(x> U*)dv*dw /XB 1+ ? (:C, v ) (x’ U*)dv*dw

1+ Lree

J
S WEL ,
_ Bl « ) dvdw, , 1,1 :
ff(x,v*)d’l)*dw/x 1+f_*‘|0_k(x’v) Usaw ('I ’U)E( )XR

J

S(—1,v) = 0Mp(v), £ >0, S(l,v)=(1—-6)Mr(v), £ <0,

and
Os 1 ;S [ e
— = B’ N D)dv.d
s+ 5095 [ f(z,vy)dvedw /X 1+ f(:c,v )1 + f*]gek (@, v, )dv.dw

S . f*%pk ,
_ Bl « ) dvdw, , 1,1 :
ff(ﬂ:,v*)dv*dw/x 1+f_*;&(:c,v)v w, (x,v) €( ) x IR

s(—1,v) = 0Mp(v), £ >0, s(l,v)=(1—-60)Mr(v), £ <O.

By the uniqueness of the solution to such systems, S = s = F. It follows
from (2.4) that (F}) converges to F.

Let us prove that 7' is compact for the strong topology of L. Let (f;,6;) be
a bounded sequence in L' x [0,1] and (F},6;) = T(f;,6;). F; can be written
in exponential form F; = Gy + H;, where for £ > 0,

Gi(z,v) = 0, Mp(v)

0 f*cp 1+x
- BJ l k T47E,05 ) dvs dwdr—o 11
e f,_ fflwpk(ac-kf.ﬁ v*)dv*dw‘[X + ] ( & *) ¢
)

and

0 1
H p—
l(x7 U) /_H,Tx f fl * (pk(gj + 85’ ’U*)dv*dw

fxBj fl;f(’; (z4+7&,v4)dvs dwdT
14152k
Fi

as— f ffl

[

and similarly for £ < 0. The sequence (G) is strongly compact because of
the convolution of f; with 5. Namely, we can pick a subsequence so that

I fi % prpdv, as well as [ xB; J{—lfl‘%dv*dw are strongly convergent. For the

J

*QL (x+7-§ vx ) dvx dw

fi* (
fz*sok
1+55

x—l— s&,v ) T + 8&, v, )dvydwds,

11



same reason, for proving the strong compactness of (H;), it is enough to
prove it for

B Ju* or ’
Ki(z,v) := /XB] = (z V') (z,v,)dv.dw.
) 9 fo* s Uk
1+ L4+ 55

The argument is similar to the corresponding one in the limit when k tends
to infinity on next page, where details are given.

So, T is a continuous and compact map from the closed and convex subset
K x [0,1] of L' x [0,1] into itself. It follows from the Schauder theorem that
T has a fixed point F*7 solution to

aFkie 4 ¢

8Fk7] « 1 / J Fk7j7a , Fk7j7a * SOIC
1

f FFEao s ppdu,dw :
J

ka’j’O‘ * L,Okd?)*du) 1+ MP_IC
J

. , ' FRae( =1 0")dv'
P ) Joco | €1 FP97(-1,1/)

+ Fk,.j,oz (ﬂj,'U )1 + Fk,j,oz*@k
J

(2

)dv,dw

(z,v4)dvedw, (z,v) € (—1,1) x IR,

Jerso g FRI(1,0)do!
Jerco | €| FRI(=1,0")dV" + [eroo & FRI(1,0")dv

Fk’j’o‘(l, v) = Mp(v)

Keeping o and j fixed, let us write F¥5® = F* and study the passage to
the limit when k tends to infinity. The sequence of mappings
Fk * Pk

_— ke IN
Foror (z,v4), ,

(x> U*) -
is uniformly bounded by j, hence is weakly compact in L'. Moreover,
0 Fk * Pk 1

( )
ox FFkxpp FFExpp\2
L+ =2 (14 %)
k

1 . F
—aFF / / BI —u

J
Fk * Pk
HTW(.%' — y, vl )dvedwor (y)dy
J
(@ —y,v) Pl g
/ ka: * (Pk r—y v*)dv*dw /XBJ 14 Fhgy, (m - y,v*)dv*dwgpk(y)dy).
J

12

Jerco | € | FRI(=1,0")dv" + [¢r0 &' FF3(1,0")dv

€0,

d,,§<0.

(2.5)



Here the right-hand side is uniformly bounded with respect to z, v, k, hence
weakly compact in L. Using the first equation in (2.5), and that B/ € C},
it follows that

. Fk
/XBJ(U,U*’W) *Sok

k

(2, vy)dvydw (2.6)

is strongly compact in L'((—1,1) x IR3). Analogously, ([ F¥ ey (z, w)dwdw)
is strongly compact in L'((—1,1)). Finally let us recall the argument from
[24] that

. Fk Fk*cp
+ — 7 / k
Q; (z,v) : /XB (v,v*,w)1+ﬂ(x,v)1+ Freor
J J

(x,v))dv.dw

is strongly compact in L!. For § > 0, let ps be a mollifier in the v-variable.
There is a function R € L' such that for any 6§ > 0, a subsequence of
(Qz % pg) strongly converges in L' to R  ps. Indeed,

QZ * ps(x,v) = /Qz(x,w)pg(v — w)dw

: F*k FFk
= /XB] (W, Wy, w) - FTk (z,w') - ;kfkk (z,w,)ps(v — w)dwdw, dw,
J

so that, by the change of variables (w,w,) — (w',w.,),

Qf = pste.v) = [ ([ xBI(w.w.)- e () o0 0/ )
J
Fk
= (2, w)dw.
1+ £
As above for (2.6), up to subsequences,
: F* 5 gy
/XBJ (w,w*,w)m(az,w*)pg(v — w)dw,dw
J
strongly converges in L' to some
/XBj(w, Wy, w)EF(z,w,) ps(v — w')dw,dw,
and
A . F*
XB? (w, wy, w)F (z, wy) ps(v — w')dw,dw x,w)dw
1+ £

13



strongly converges in L' to some function
/(/ B (w, wy, w)F(z,w,)ps (v — w')dw,dw)G(z, w)dw.
Hence (Qz * ps) converges in L' to R * ps, for any § > 0, where
R(z,v) == /XBj(w,w*,w)ﬁ’(ﬂ:,wi)G(m,w')dw*dw.
Let us prove that Q: * p5 — Q,Jg tends to zero in L' when § tends to zero,

uniformly with respect to k. If § denotes the Fourier transform of a function
g(x,v) with respect to the variable v, then for any z € (—1,1),

1 QF +ps = QF Paqmy= [ 1QF @) P (1= ps(©)d
= [1Qk e P11 -pwe) | de

< /Iw | Qf (2.6) P11 - ploe) | de

b5 [ QL@ P gt

< /Iw | Qf (2.6) P11 - p(o¢) | de

bz 1 D@ oy

But Dsz satisfies

F
1+ L

Fl o
[p2y T4 Beer [r2< c. (2.7)
J

I Du@ N2 (mey< el

(cf [24], [34]), so that % | DuQi ||%2(]R%) tends to zero when A tends to
infinity. Finally, for any A,

. A 2 N 2 _
i [ Q) 11— pl0) P dg =0

since p(0) = 1, p is uniformly continuous on | £ |< 1, and
[ 1Qf(z,€) |? dé < c. This ends the proof of the strong L!-compactness of
@)
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Writing (2.5) in exponential form implies that, for £ > 0,

1+ac

; Fk*cp
BJ k Vs ) dvy dwd:
f 1+x ka*ipk(x+T§ Vs ) dvs dw fX Fk’“ﬂk (:B+T£ U*) O AT

FF(z,v) = HkMo(v) 7

0 .k *Pk
0 asjfs fF’“wk(z+r§ vn ) dvs de [ xB’ L Frro (478,04 )dvadwdr .
T ’ QF (x + s&,v)ds
e
Jecol€1FF(=10)dv
e colel FR(=Lv)dv+ [ €F*(10)dv
SO converges up to a subsequence Then, from the strong compactness of

Here (0) := ( ) is a bounded sequence of [0, 1],

*
/F’f * (T, vy )dvedw), /B U, Vs, W F,:fl;k (7, v4)dvydw),
J
and (@), as well as the boundedness from above of ———L1—— it

ka*apk(m,v*)dv* ’
follows that (") strongly converges in L! to some F. Passing to the limit
when k tends to infinity in (2.5) implies that F':= F'*J is a solution to

aFO‘J 1 . FOé,j Fa’j
FCV,] - / B]i / - ’ d *d
: +£ fFa’J(xav*)dU*dw 14+ F“;’J (CC,’U )1 N F;é,j (CC,’U*) Vi AW
F o
_ j B \
fFO"j(x,U*)dv*dw /XB 14 F.C;Vj (a:,v*)dv*dw, (x,v) c ( 1, 1) x IR3,

Jorco |81 FHI (=1, 0")d’

FI(—1,v) = My(v : : . £>0,
( ) of )f5/<0 | & | Fod(—=1,v")dv’ ‘|‘f5/>0 g Fi(1,0")d'
, Jerso EF>I(1,0")dv'
F 15/0 ML : y 5 < 0.
(o) = ML) e Fad(—1, ool + Jormg € F (1, 0)d7
(2.8)

The passage to the limit in (2.8) when « tends to zero is similar, and implies
that the limit F of F®J is a solution to (2.1), which was the aim of the
present section.

Remark. The construction so far also holds for 2 C IR™.

The solution F of (2.1) depends on the parameters j,7,u, F = F7"*. The
following lemma gives an estimate of its boundary fluxes independent of j
and r.

15



Lemma 2.2 Let F = FJ"" denote a solution to the approzimate problem
(2.1). Set

p(1)i= [ eF(Lupdn, p(-1)= [ €] F(-Lu)d
>0 £<0
_ p(1) o(—1) e — P
R e N R e Y
Then

Min(o(1),0(—1)) > ¢1 >0,
with ¢1 only depending on M;, i € {0, L} but not on j,r.

Proof of Lemma 2.2. (1) + o(—1) = 1, so one of them is bigger than or
equal to 1, say o(—1) > 1. From the exponential form

p(1) :/ EF(10)do > o(—1) [ €™ & Mo(v)do
>0 £>0

1
> e EMo(v)dv = ¢} > 0.

2 e>1
Moreover, integrating (2.1) on (—1,1) x IR? implies, by Green’s formula
p(1) +p(=1) < 1.

Hence o(1) > ¢}. Then
1) = [ IEIF(-Lodv=o(t) [ €] €M)
£<0 £<0

> e /£<1 | €| Mp(v)dv = ¢;.

a

3 Reintroduction of the gain-loss symmetry.

In this section the asymmetry between the gain and the loss terms will be
removed by taking the limit j — oco. The smoothness of XTB{;m was needed
in Section 2 for the Radon transform argument in the proof of (2.7). That
smoothness will now be removed from Bf;m and x" by keeping r and p fixed,
but letting XTB{;m converge to max(%,min(B,,u)) times the characteristic
function for the set where x" equals one, when m = j — co. We start with
a j(= m)-independent estimate of the &-flux of F7.

16



Lemma 3.1 If FV is a solution to (2.1), then

/ EF(z,v)dv < ¢p, a.a. z€(—1,1), jeIN. (3.1)
|¢|>r

Proof of Lemma 3.1. Multiplying (2.1) by 1 and | v |? respectively, and
integrating it over (—1,1) x IR? implies that

P+ [ |§IF(-Lodu <1, (3.2)
§>0 £<0

and
/ £l Fj(l,v)dv—i—/ 1€l v 2 FI(=1,0)dv
>0 £<0
<[ JeleP Faoms [ el PP
_ aj(1)/ 1€l v 2 ML(v)dv+0j(—1)/ 1o 2 My(v)dv < c.(3.3)
£<0 >0

By the exponential representation of F7, for | £ [>r

Fi(z,v) < ¢, Fi(1,0), £€>0, Fl(z,v)<cFi(-1,v), £<0,
with ¢, independent of j. But

Fi(£1,0) < FI(£1,0) | € | (1+ | v )
so (3.2-3) imply (3.1).0

Lemma 3.2 The sequence of solutions (F7) to (2.1) is weakly precompact
in L'((—1,1) x IR3).

Proof of Lemma 3.2. Let us prove that [!, [ FilogF(x,v)dzdv is uniformly
in j bounded from above. By the truncation x”,

1 ) )
/ / FllogF? (x,v)dzdv =
—1Jjgl<r—7

/1 / ) Moy (v)o? (—1)log(My(v)o? (—1))dzdv
-1 0<£§r77

1 A |
+L1 /r+§<£§0 My (v)o? (1)log(Mp,(v)o? (1))dzdv < ¢,

17



since 0 < ¢/(—=1) < 1and 0 < ¢/(1) < 1. Take j > % By Lemma 3.1,

(Jigjzr_2 FI(z,v)dzdv) is uniformly bounded from above. Denote by
- J

[ xB7 lf;j (z, vy )dvdw
j I

j —
Vi@, v) J Fi(z,v,)dvedw

It follows from the exponential form of (2.1) that

17_1‘ .
Fi(z,v) < Fi(1,p)edo & V@+meadr o 0y e (L1,1) x R, € >0,

o

Fi(z,0) < Fi(—1,0)efo & V@rmeodr oy e (L1 1) x R, € <0.

Hence, for j large enough
1 . .
/ / FllogF’ (z,v)dxdv =
—1Jjg[zr—3

o . o .
/ &( F]logF](1+s£,v)ds)dv+/ | €| (/ FllogF’(—1+ s&,v)ds)dv
£>rf;1. £<fr+;1 %

_2
€
8 , .
< B[ eFudvt [ €| F (-1 0)d)
r £>r7% £<fr+;1
4 . . . .
—i——e%[/ EF7logF?(1,v)dv —i—/ | €| FllogF? (—1,v)dv].(3.4)
r E>r—1 E<—r+3
By (3.1), the first two terms to the right are uniformly in j bounded. As
for the last two terms, the following estimates are chosen also with a view

to next lemma.

Denote by
S 1 1 N FYJ
e(F7,F7) = = . B’ —(z, v —(z, V]

( ) 4 J(“1,1)x RO x 52 fFJ(:v,v*)dv*de (1+ %( )1 + %( )

Fi Fi lf;—] (z,0") fj:_] (z,v))
— -(x,v) - (z, vy ) )l0g—=2 ! dxdvdv,dw.

L+5 0 1+ o (@) S (s v)

J J

Multiplying (2.1) by loglf;j and integrating over (—1,1) x IR? implies
KR
A . Fi Fi

| 1€1FlogFy — (1 + “)log(1 + =) (=1 v)do

£<0 J J

18



. . Fi Fi o
+/ E(F/logF? — j(1+ —)log(1 + —))(1.e)dv + e(F/. FY)
£>0

A , Fi Fi
= [ &(FllogFT — j(1 + “=)log(1 + —))(~1,v)dv
£>0 J J

. . b Fi
+/ | €] (FilogF? — §(1 + —)log(1 + —))(1,v)dv
£<0 ] 7

1 B’ (F7)? Fi Fi

- : : : )0log—————(xz,v)drdvdv,dw(3.5
j/fFJ(:c,v*)dv*dw(14_%)(96’”)1+%(m’v )OgH_%(x v)drdvdv,dw(3.5)
Then the two first terms of the right-hand side are bounded because

0<o/(=1) <1and0<0’(1) < 1. Moreover, with log~x := logz, if z < 1,

log~x := 0 otherwise, then for the third term

1 xB’ (F7)2 Fi Fi
T j ; ; «)l0g—— (2, v)dzdvdv,d
]/fF](aj’fU*)d/U*dw(1_{_%)(1.7/0)1_'_%(xafu)091+%(1' U) TAVAVy AW
1 B i )2 Fi
< _'/ ; X ~(z, v4) () - | log™ - | (z,v)dzdvdv,dw
J JFi(z0) <515 fFJ($aU*)dU*dw1+% 1+% 14_%
1 xB7 } j o
< = : Fi(2,0)——— (2, v, ) dedvdvdw < ¢j77,
T e Jri@r <L [ Fi(z,v,)dv.dw (CE,U)1+ %(gﬂ’v Jdzdvdv,dw < ¢j” 7

It follows from this, that (3.5) becomes

. . FYJ Fi o
/ €| (FilogF? — j(1+ “)log(1 + =) + e(F/, F9) < c. (3.6)
a0~ J J
Here
0 ={(—-1,v), £<0}tU{(1,v), £ >0}.
But

3 t t
Ztlnt—j(l—l—;)ln(l—i—;)zo, J>16, j>J, te (). (3.7)

Since FV is bounded by j* for j large enough, it follows from (3.6) that

| V€1 FitogFl 4 e(F9, F) < logJ €| FI
90— 90—, Fi<]

. . FJ FJ

4 €] [FilogF? — j(14 ~—)log(1 + ~—)](x, v)dedo
00—, Fie[J,j] J J

+4e(F7, F7)
A , Fi Fi

<c—4 | & | [FlogF? — j(1 4+ —)log(1 + —)](z, v)dzdv.

00—, Fi<J J J
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Also,

_/ . ‘g‘FJZOQFjS—/ | €| FllogF?
00—, Fi<J 90— Fi<1

= [ L IEIF logR 4 [ €| F [ logF |
N~ ,Fi<e™v I~ ,e v <Fi1

2 )
<2 ety [ e <e
€ Jon— o0~
by (3.3). Moreover,

_ Fi Fi
Lo el =gl + =)
00—, Fi<J J
. Fi FJ
= ST F (14 —)log[(1 + —)
00—, Fi<J J J

7]
. FJ , .
</ 1P+ <2 (E|Fi<e, j>1
o0~ ,Fi<J J 00—, Fi<J
Consequently,
/ | €| FilogF? + e(F7,F7) < c. (3.8)
on—

Hence, the remaining term of the right-hand side of (3.4) is uniformly
bounded from above, thus also the entropy of (F7). From here the desired
precompactness holds, since the mass is uniformly bounded from above (cf.
(3.1)), and the contribution to the integral from large velocities can be made
arbitrarily small by using a comparison with outgoing boundary values. This
ends the proof of Lemma 3.2.0

1

j_FI n_FJ_ /
Lemma 3.3 The sequence (fFJ'(:v,v*)dv*dw Js2 5 ms XxB v (x,v )1+ — (z, v})dwdv,)

J

is weakly precompact in L'((—1,1) x IR3).

Proof of Lemma 3.3. The weak L' precompactness of

FJ

(@ (), 0) = (P o))

[xB’ lfj - (x, vedvdw)

follows from the weak precompactness of (FV). Then the weak L' precom-
pactness of (Qj(Fj )), the corresponding gain terms, is a consequence of the
weak L' precompactness of (Q; (F 7)) and the boundedness from above of
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(e(F7,F7)), which is a consequence of (3.8). O

We are now in a position to remove the asymmetry between the gain and
the loss term by taking the limit 7 — oo. It is enough to consider the weak
formulation of (2.1); for F7 and test functions ¢ € C}([~1,1] x IR3),

/ fﬁFj(x,v)dxdv
(-1,1)xR3 0%

“ B ) )
- —(z,v —(z, 0]
(—1,1)x IR6 x S2 fFJdv*de 1+% 1+ £

J
Fi

FJ
14+ £

:/ £FjC(1,v)dv—/ EFIC(—1,v)dv

£>0 £<0

+oi(1) / €M (0)C(1,v)dv — o7 (—1) / EMo(v)C(=1,v)dv.  (3.9)
£<0 £>0

—Fi(z,v)

(z,v4))¢(z, v)drdvdvu, dw

First,
1 . FI Fi
li - B , ! :
jortoo (—1,1)x RO x 52 fFJ(x,v*)dv*de 1+ % (@, )1 + %
1 .y A
li A BIFJ "NFI ! drdvdv,d
A o TE (@ on)dvnde < (@, v') F (z,v,)¢ (@, v)dedvdv, dw,

(2, v,)¢ (2, v)drdvdv,dw =

by the weak L'-compactness of (F7). Then, by the change of variables
(v, 04) = (v, 07),
1
/(1,1)><1R6><S2 [ Fi(x,vy)dvedw
1
/(1,1)><1R5><52 [ Fi(x,vy)dvedw

B FI (z,v")F7 (z,v.)¢ (@, v)dzdvdv, dw =

B FI(z,v)FI(z,v,)((x,v")dzdvdv, dw.

(F7), as well as ({‘98%) are weakly compact in L!'((—1,1) x IR?) by Lemmas
3.2-3. Consequently, ([ps F7(z,v,)((x,v")dv.dw) is compact in L((—1,1) x
IR?) and converges (for a subsequence) to [ps F(x,vs)¢(x,v')dvsdw, where
F is a weak L' limit of (F7). Hence

1 - .
li : BIF! (z,v)F (z,v, Ndzdvdv,dw =
A S s TFI @ on)dvnde (@, ) (z, v, )¢ (2, V") dzdvdv, dw

XBF(x,v)F (z,v:)((z,v")drdvdv.dw.

/(—1,1)x1RG x52 [ F(x,v,)dvedw
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Moreover, (v F7) converges weakly (for a subsequence) to (y*F), since (F7)
and ({%) are weakly compact in L'((—1,1) x IR3). Here y*FJ denote the
traces of F/ on

o0 = {(_177})7 §> 0} U {(177})7 §< 0}7

and on 02~ defined above. Hence we can pass to the limit when j — +o0
in (3.9) and obtain

ac 1
% P, v)dedy +
/(1,1)><1R3£8$ (@, v)dadv (—1,)xRx 52 [ F(x,vy)dv,dw

—F(JU,v)F(uU,v*))C(ulc,v)dwdvdv*dw:/5 {FC(l,v)dv—/5 EFC(—1,v)dv
>0 <0

XB(F(z,v")F(x,v.)

t+o(1) /g _ EML)(1,v)dv = o(=1) /5 | EM ()¢ (1, v)d,

which means that F' := F™* is a weak solution to the stationary transformed
problem

oF™H 1 1
= r — 1 — T ! T !
or fFTvM(ﬂc,v*)dv*de mam(u,mm(B(v v ) ) (EH (@, ) FHE (@, )

—F"H(z,0) FP (z,0,))dvogdw,  (z,v) € (—1,1) x IR3(3.10)
F"H(—1,v) = My(v)o(-1), £ >0, F"*(1,v) = Mp(v)o(1l), £ <O.

§

Integrating (3.10) on (—1,1) x IR3 implies that
/ EFTH(—1,v)dv +/ €| Fr(L,v)do = 1, (3.11)
>0 £<0

so that the boundary conditions satisfied by F™* are indeed

Fri(—1,v) — Mo(v)/ L& | PR (=1, ), € >0,
£'<0

Fri(1,0) = My (v) / EFR(L ) dy!, € < 0. (3.12)

&'>0
And so the aim of this section has been achieved, to obtain a solution for an
approximate equation with gain and loss terms of the same type, with the

truncation x” a characteristic function, and with total inflow one through
the boundary.
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4 Removal of the small velocity truncation; some
preparatory lemmas.

In the previous section solutions F™# to (3.10-12) were obtained correspond-
ing to the approximations involving x" and B,,. Writing F" := F"#, we shall
in this section make some necessary preparations to remove the small veloc-
ity truncation x”, while keeping 1 < u fixed. As in the previous section we
start with some estimates independent of the relevant parameter, here 7.

Lemma 4.1 There are ¢ > 0, ¢ > 0, and for § > 0, constants cs > 0 and
cs > 0, such that uniformly with respect to r

/£2Fr(a:,v)dv <e me(=11), (4.1)

F'(z,v) >¢s, x € (=1,1), | &[> 0,] v < /Fr(x,v)dv >¢, xe(—1,1),

S N

/ | v |2 F"(z,v)dzdv < c;.
|§1>6

Proof of Lemma 4.1 (4.1) follows from Green’s formula. By the expo-
nential form of (3.10), and by Lemma 2.2,

_(O+o)p 2u

FT(:C”U) > FT(—L’U)G ¢ >e o MO(U)O-T(_l) > Cs, 5 > 6>| v |§

A—z)p 2p

Fr(z,v) > Fr(Lv)e & >e $ Mw)o"(1) >, €< —6|v|< 5

Hence
/Fr(x,v)dv > ¢,

for some ¢ independent of r. Then

0
/ | v |> F"(x,v)dzdv :/ £lv|? , (14 s€,v)dsdv
€1=6 £>6 —%

0
b [ Aello P [Pt sevdsde
£<—6 %

2 2u
<—626L %&
— 9

2 2 pre
(L>65|v| F(l,v)dv+/§<_6|£||v| Fr(=1,0)dv) < et
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the last step by using (3.3). O
JFrom (4.1), it follows that for any d,

sup F"(z,v)dv < —2 (4.2)
z€(—1,1),r>0/[§|>6 0

iJFrom Lemma 4.1 it also follows that the contribution to this integral from
large v's, uniformly in r can be made arbitrarily small. Also for | £ |> 4§, by
the exponential form

F'(z,v) <csF"(Lv), £ >0, F'(z,v) <csF"(—1,v), £ < —0.

By a change of variables,

1
/ F"logF" (x,v)dzdv =
|§1>4
/ 5/2FrlogFr 1+ s€, )dsdv—l—/ |£|/ F"logF" (=1 + s§,v)dsdv
>0 =
3

<ol er@od+ [ 161 F (=10
£>0 £E<—46

—i—@s[/ EF"logF" (1,v)dv +/ | €] F'logF" (—1,v)dv] < ¢s
>0 £<—6

with ¢s independent of r. In the last step we used Green’s formula applied to
(3.10) successively multiplied by 1 and logF" and integrated on (—1,1) x IR3.
Using Lemma 4.1, it follows that

1
/ F" | logF" | (z,v)dzxdv < cs.
|€1>0

Hence

Lemma 4.2 For 6 > 0, the family (F")o<r<r, is weakly precompact in
LY(=1,1) x {v € R%[ £ |> 6}).

Take (r;) with lim;j_o r; = 0, so that F"7 converges weakly in L1((—1,1) x
{v € R3] £ |> 6}) to F for each § > 0. Write FV := F"i xJ := x"i. We
shall next prove the

Lemma 4.3

/Qi )(z,v)dv < o0, sup/Q (F7)(z,v)dv < oo for a.e. x € (—1,1).
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Proof of Lemma 4.3. Assume that, given n > 0, there is jy € IV such that
for all j € IN,j > jo,

meas{z € (—1, 1);/ Fi(z,v)dv > j3} < g (4.3)

1

(The property (4.3) of (F7) is proved on next page.) Since the QT (F)
integrals are equal, we discuss the Q(F) case. The Qj[(F 7) case follows
from the same proof. Suppose that for some n > 0, [ Q™ (F)(z,v)dv = oo
on S C [-1,1] with | S |> n > 0. Then there is a subset S; C S with
| S1 |= 2 such that lims_o féSlélS% F(z,v)dv = oo, uniformly with respect

to z € S1. Hence there is a sequence (dx) with limy_. dx = 0 such that

/ F(z,v)dv >k, x€S). (4.4)
5k§|£|§%

Multiplying (3.10) by logF7 and integrating it on (—1,1) x IR3 implies

1 1 ) ‘ A ‘ |
/*1 J Fi(x, ve)dvedw /XJB(FJ (z,v)F7 (z,v,) — F7(x,0")F? (x,0)))

Fie, v)Fi (2, 0.)
Fi (v ) i , L)

/{FjlogFj(—l,v)dv — /§FjlogFj(1,v)dv.

dzdvdv.dw <

log

But for all j
/gFjlogFj(—l,v)dv
< EFilog™ FI(—1,v)dv + (/ £M0logM0(v)dv)/ | & | FI(=1,0")dv'
£<0 £>0 £'<0
H([ eMo@n)( [ 1€ 1P (-10)dv)log [ €| FI(-10)d < c(d.5)
£>0 £'<0 £'<0

since fo | € | FI(=1,0")dv' € [0,1]. Similarly, — [ €FilogF(1,v)dv is
uniformly in 7 bounded. Hence uniformly with respect to j,

1 1 ‘ ‘ A ‘ |
/’1 J Fi(z, v,)dv,dw /XJB(FJ (2,0) F? (z,v:) — F (2,0") F? (2, v)))

Fi(z,v)FI (z, v,
(z,0) (CC,’U/) dzdvdv.dw < ¢ < 00.(4.6)

l . _
I Fi (@, ') FI (3,0
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The collision frequency is bounded by g, so Lemma 4.2 implies the same
compactness for the loss term (Q~ (F7)) as for (F7). That together with the
bound (4.6) implies this compactness property for (Q*(F7)). From Egoroff’s
theorem and a Cantor diagonalization argument, there is a subset Sy C 57,
with | Sp |= 7 such that for all £ € IV and uniformly with respect to z € S,

lim F’(z,v)dv = / F(z,v)dv.
5k<|£|§%

j— 00 1
J 5k<\5\S]~0

By (4.4) this contradicts (4.3) for k > jo.

Let us prove (4.3) by contradiction. If (4.3) does not hold, there is n > 0
and a subsequence of (F7), still denoted by (F7), such that | S; |> %, where

Sji={x e (-1, 1);/ Fi(z,v)dv > j3}.

1
jgl<?

By (4.6), there is a subset S of S, with | S% |> 3§, such that
Fie, 0)Fi (2, 0,)
FI(z, 0" ) FI (2, v})

< c/Fj(x,v*)dv*dw < 20/ (@, v)dv,. (4.7)
l€1<5

dvdv,.dw

/ X B(FI (2, 0)FI (2, 0.) — F (2,0 ) F/ (2, )log

The last inequality holds for j large enough, since by Lemma 4.1 and the
definition of Sj,

/ Fj(x,v)dv§0j2§j3§/ Fi(x,v)dv, x € 9.
€[> l€1<5

Let us estimate from above the right-hand side of

X Y;

1= : + : ,
f\g\g% F](x’v)dv f|£|§]1 F](CC,’U)dU

T € S;,
where

X;= , Fi(z,v)dv, Y;= , Fi(z,v)dv.
e1< 2 Jol<ss el<2 ol 53

pi=\n*+ ¢ v=({n,0).

Here
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Either X; < 42, and then

X
- < -
f\é\ﬁ% Fi(z,v)dv — j

—_

Or X; > 42, and then

-2

Fi(z,v)dv > =52

N |

/|§|371-7|P|§j%,Fj(a:,v)21_16j%
Given v, let

Vii={v, € 11%3;1—10 <& 1< 1, pe |<100,] p— py |> 10}
By Lemma 4.1,

Fj(x,v*) >c, v, €V

Then, from the geometry of the velocities involved, and from f| ¢>1 F7 (z,v)dv <

¢, given v with F/(z,v) > 1—6]3, it holds for v, in a half volume of V, and
given (v,v,) for w in a subset U;(v,v,) of S? with measure a small fixed
fraction of the measure of S?, that

€[> 1, [&]>1, F(z,0)) <¢ Fl(z,0)) <é

It follows for some ¢ > 0, for v, v, € Vi, w € U;(v, v4), for j large, and with
¢ independent of v, v,,w, j, that
CFj(,I,’U) gFj(x,v)Fj(x,v*)—F](x,v) (x,v:k)’
] J
File ) F (w0 | o

Fi(z,0)Fi(z,v) =
By (4.7), in this case,
J
Jet<1 st o 5% F (&0 . .
c ;.
Jeizs B2 (z,v)dv Zlogj T

Moreover,

1 . z
/|£|§;1.,|p|§j§,Ff(m,v)gi i3
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Hence for z € S;-
Xj C
. <=
f\&\S% Fi(z,v)dv ~ logj

Let us bound Y} from above. By Lemma 4.1,

. 1
FJ(%”*)ZC, ‘U* ’S 107 ‘g*’Z E

For (v, v,) such that | £ |< %, | p|> j%, vy € Vi, we have | v — v, [> cj% for

j large. Hence, for a set 2 of1 w with a srlnall fixed fraction of the total area
of S2, it holds that | ¢ |> ¢j3, | £, |> ¢j3. From

/ L Fi(z,v)dv <
l¢]>cj3 j

it follows that

| o

)

[N

| o

/ ) L FI (0" FI (2, 0] dvdv, dw <
ETEN AR ]

IS

Hence

cl/ ) n Fi(z,v)dv g/ ) 3 B, F!(x,v) F? (2, v,)dvdv.dw
ri<[¢|<5.lpl=43 ri<IE[<5,lp[253 e Vi, weR

= Kcz/ ! , BiF (2,0 F (z, 0,)dv' dv,
€125 3,1k >l
2 . . . . F](.%' ?})Fj(.%' ?}*)
(i ] i N / ) )
+logK/B](F (z,v)F(x,ve) — F? (x,0")F (x’v*))logFj(x,v’)Fj(x,v;)dvdv*dw

CgK C3
j3  logK Jig<2

< Fi(z,v)dv.
Then, for some ¢ > 0 independent of j,
Xj Y} V”j 1 1 K 1

, + : <e(g+t=-+—=+—=7+7—%)
f\é\ﬁyl- Fi(z,v)dv f|§|§71_ Fi(z,v)dv 33 7 logj j% logK

1:

Choosing K large enough, this gives a contradiction for j large. O
Remark. We have proven that for any n > 0, there is jg € IN such that for
all j € IN, j > jo, (4.3) holds.

Lemma 4.4 Given n > 0, there is jo such that for j > jo and outside a

j-dependent set in x of measure less than n, f‘p‘»\ FI(z,v)dv converges to
zero when A — 400, uniformly with respect to x and j.
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Proof of Lemma 4.4. It follows from the geometry of the velocities involved
and the inequality

B i ©
Jo 161 Pl < 575,

that for each (v, v,) with p > A > 10, and v, in
1
‘/* = {’U* € Rsﬂ | 5* |2 1_05 | Vx |§ 10}5

there is a subset of w € $% with measure (say) 155 | 5% | such that
cp<|v|<el ] ep<|ull<el ]

Moreover,

FJ(CU,U*)ZC, |£* > —

Hence for r; <| £ |< €A,

cFI(x,v) < FI(z,v)FI (x,v,) < KBj(v — v, w)FI (z, ") FI (2, 0]
. . , : Fi(x,v)FI(z,v,)
Bj(v — vy, w)(FI (z,0) F! (2, v,) — F (2,0")F (, v;))logFj @ (wl)

+—
logK
Let us integrate this inequality on the above set of (v, v,,w), so that

. cy“j cK C . . . . .
/|p|>)\ F](.%'7’l})d1) S T + )\4—ﬁ + lOgK /X]Bj(F](.%'7’l})Fj(.%’7’l}*) - F](m,v')Fj(m,v;))

Fi(e,v)Fi(x,v,)
Fi(ar, o) i, L)

dvdv,dw.

log

Given 1 > 0, by (4.3) there is jy such that for j > jo, outside of a set in x
of measure ¢, it holds that

/Fj(x,v)dv < cjg + 58
By (4.6),

/XJB(FJ‘(;C,U)FJ‘(;C,U*) — FI (2,0 ) FI (2,0)

J J
logF (z,v)F (m,v,i)

J
Fj(x,v/)Fj(x,v*)dvdv*dw < ¢y /F (z,v)dv
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outside of a set of measure (say) %’ so that

~ cr; cK cy(cid +33)
FJ dv < =L nvJo 70
/|p|>>\ (@, v)dv < N Tt logK

for x outside of a set of measure 7. Choosing K so that 11( is small enough
and then taking A so that 3= 5 is small enough, implies that f| IS Fi(z,v)dv
tends to zero uniformly outside of j—dependent sets of measure bounded by
n. 0o

Lemma 4.5 Given A > 0 and n > 0, there is jo such that for j > jo and
outside of a j-dependent set in x of measure less than n, f\p\<>\ €|<2 Fi(z,v)dv

converges to zero when i — +o0o, uniformly with respect to x and j.

Proof of Lemma 4.5. Given n > 0, 0 < € < % and z, j, either

/ le(x,v)dv§62<e,
o< €< 5

or

FI(z,v)dv > €.
lpl<A e <t ’

In the latter case

2

, €
/ . - 'F](x,v)dv§2—<e,
Pl SN JEI< T I (2 0) S 5 K

and

[\

€

Fi(z,v)dv > 5

/Iplﬁkvlﬁlﬁ%,Fj(LvP

2
e .
1
- 4u>\27r

For each (z,v) such that FJ(z,v) > 4;%1', take v, in

*:—{v*GIR?’ <\§*]<1]p*\<100\p p« |> 10}.

Then Fj(x,v*) > ¢ > 0 for v, € V. Given v we may take v, in a half
volume of V, and w in a subset of S? of measure (say) 155 | S? |, so that
vV =v—(v—v,w)w and v, = v, + (v — vy, w)w satisfy

& >1, 1€ =1, Fi(z,0) <é Fl(x,0)) <G,
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with ¢ independent of j. Hence, for such z, v, v, and w,
Fi(z,v) < cF(z,v)FI(z,v,)

Fi(z,v)Fi (x,,)
Fi(, o) i (2, 0L)’

< =By (0 — v, ) (B (2, 0) Y (2,0.) — Y (2,0 P9 (1,0 )log
0g1

if | £ |> ;. Since the integral

m / B0 — vayw) (F (2, 0) F (2, 02) — F9 (0, o)) ¥ (2,00,
l095j(x’v)Fj($aU*

)

: dvdv,dw
(, v") F7 (2, v})

is bounded outside of a set of measure Z in z, it follows using (4.3) that
outside of a set of measure %n in x,

A 3 -2
/ Fi(a,v)do < Qo £%) @ o
lpl<A 1<t logi i

for i large enough. O

5 Proof of the main theorem.

In this section the small velocity truncation will first be removed while keep-
ing 0 < pu fixed. The bounds from below of the approximations by their
boundary values imply that the condition (1.5) holds in the limit, and that
the function y(x) from (1.6) is well defined. This will prove Theorem 1.1 in
the pseudo-maxwellian case, i.e. when S = 0. In a final step the general-
ization to hard forces will be treated, using generalizations of the previous
approach.

Lemma 5.1 There is a subsequence of (F7) that converges to a weak solu-
tion of

oF 1

5% - [ Fdv.dw

1
/mam(—,min(B(v — Vs, w), W) (F'F™ — FF*)dv,dw,
o
F(_lav) = COMO(U)/ ’ g/ ‘ F(_lav/)du/7 5 >0,
£'<0

F(1,v0) = e, My, (v) /@O SRV, € <0,
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with ¢cg > 1, ¢, > 1, and
/ §F(—1,v)dv+/ €] F(1,v)dv = 1.
§>0 £<0
Remark. This proves Theorem 1.1 in the pseudo-maxwellian case.

Proof of Lemma 5.1. Let ¢ be a test function vanishing for | £ |< ¢ and
for | v [> %. By Lemma 4.2, there is a measurable function F, such that
(F7) weakly converges to F in L'([-1,1] x {v € IR3;| ¢ |> 6}). Hence
Sy xms fFjg—i(x,v)dxdv converges to [(_j 1) s §Fg—‘£(x,v)dxdv when j

tends to infinity. Let us prove that [ Q; (F' N (z,v)drdv converges to
J Q™ (F)p(z,v)dzdv when j tends to infinity. (Qjc(FJ)) are weakly compact
in LY([-1,1] x {v € R3] £ |> 6}), since 0 < Q™ (FY) < cFY,

, . 92 A o L FIipd
TF) < KQ7 (F? : / IB,(FIFJ — FI' FI)] *dv.d

and the integral of the entropy dissipation term is bounded uniformly with
respect to j. Consequently for any @ > 0 and A > 0

/If Seln X! Bu(v — vi,w) F7 (2, v, ) dvsdw
*| 206 | 0x >
and

/ FI(x,v,)dv,dw
|§*|Zav|ﬂ*\§>\

converge strongly in L!([—1,1]x {v € IR?;| v |[< ¢}), hence uniformly outside
of certain arbitrarily small sets, to

/ B(v — vy, w)F (2, v, )dvydw
|€x ]2 0] px | <A

and

/ F(x,vy)dvedw
|§*|Zav|ﬂ*\§>\

respectively, when j tends to infinity. By Lemmas 4.4 and 4.5, uniformly
with respect to j > jo and | v [< ¢,

/ X! Bu(v — vy, w) FI (2, v, ) dvsdw
|§«]<ax
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and
/ FI(z,v,)dvedw
|f*|§0€

tend to zero in measure when « tends to zero, and
/ X Bu(v — 04, w) FI (2, 0,) vy dw
[p«|>A
and
/ FI(2,v,)dvadw
[+ >

tend to zero in measure when A tends to infinity, uniformly with respect to
j and | v |< ¢. Together with the weak L'((—1,1) x {v € IR3;| £ |> §})
compactness of (F7), this implies that

/Q;(Fj)go(x, v)dzdv

converges to [ Q™ (F)¢(x,v)dxdv when j — oco. Performing the change of
variables (v,v,) — (v/,v)) in fQj(Fj)ap(x,v)dxdv, and using similar argu-
ments, we obtain that ( [ Qj(Fj)go(x, v)dxdv) converges to [ QT (F)e(x,v)dzdv
when j tends to infinity. Finally, using the arguments leading up to F™*
satisfying (3.11-12) together with Lemma 4.4, we may conclude that F' sat-
isfies (3.11). For (3.12) we also notice that (4.5) and convexity imply that
the present weak limits F7 satisfy

/ €| F7 log™ F7(—1,v)dv + EF7 log™ FI(1,v)dv < c,

£<0 £>0

uniformly in j. It follows that (y*F7) converges weakly (for a subsequence)
to 7T F, so that (3.12) holds. O

Proof of Theorem 1.1 for hard forces.

The solution procedure in the pseudo-maxwellian case can be applied in the
same way to prove the existence of a solution to

oF+ 1 , /
¢ or J Ky (ve) Fr(, vy ) dos [/BM(U_UMW)FM(HU,U VFH(z,vy,)

—F“(ﬂ:,v)/Bﬂ(v — Vs, w) FH(z, vy )dvedw] (5.1)

with boundary conditions (1.7) and

¢FP(—1,v)d +/ 1€ | FP(1,v)dv = 1.
§>0 £<0
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Here, K, (v) := min(u, (1+ | v |)?). We shall prove Theorem 1.1 in the hard
force case by passing to the limit in this equation when p tends to infinity.
Similarly to the corresponding proof in Lemma 4.1, uniformly in pu

/Ku(v*)F“(x,v*)dv* >c¢>0.

For any ¢ > 0, the family (F*),>,, is weakly precompact in LY((-1,1)x{v €
IR3; | £]>6,|v|< 3}). Indeed,

_ p

T

so that
Fh(e,0) < P (Lv), €30, |vl<s,

FF(z,v) < csFH(—1,v), £< =6, |v]|< %,
and

FFlogF*(z,v) < csF*logF*(1,v) + csloges F*(1,v), &£ >0, |v]|< %,

FH(z,v) < csF*logF*(—1,v) + csloges F*(—1,v), &< -6, |v|< %

The weak precompactness of (F*) implies by (5.2) the weak precompact-
ness of (Q,, (F*)) in L'((=1,1) x {v € R%| & |> 6, v |< 11). But the
entropy dissipation estimate (4.6) holds in this case uniformly in g with
J Ku(ve) F*(z, v, )dv, as denominator,

: B, (F¥ FF — FrEm)] FﬂlF’y/dd dw)dx <
/(fKM(U*)FM(x,’U*)d’U*/ N( * *) og F“F,,lf VAV (U) T < C.

Also, for k > 2,

1 W gk

P FH F;
B, (FF FF — FREM] dvsdw.
g PR P oy | B #)log v

Qi (F") < kQ,, (F")

Hence (Q} (F™)) is weakly precompact in L'((=1,1) x {v € R*| £ |> 0,

| v|< §}). And so (f FF(x,v)dv),>,, is compact in L'(—1,1) for any test
function ¢ vanishing on | £ [< § and | v |> %

To end the proof, the following three lemmas will be needed.
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Lemma 5.2 Given n > 0, there are ug, jo and constants cg and ¢, such
that for p > po,

meas{z € (—1, 1);/ K, (v)F*(z,v)dv > cojoe’} < n.

1

Proof of Lemma 5.2. By the exponential form of (5.1), there is a constant ¢
such that

- 1
Fi(e,v) < FP(Lo)%, €> 1 ul< 101,
J
. 1
FF(z,v) < FH(=1,v)e!¢, €< —=, |v]|< 101 (5.3)
J

We shall prove Lemma 5.2 for ¢ = 2¢ by contradiction. If the lemma does
not hold, then for some 7 > 0 there are sequences (B;)jen, and (F7)jecmn,
(11j)jenv such that lim; . p1j = o0, FV = FFi, B; = By, , and (S})jen with
| Sj |> n, where

Sj={x e (-1,1); ) K;(v)F? (z,v)dv > jei}.
l€1<

Recall that
/£2Fj(:v,v)dv <e, jEN, ze(-1,1). (5.4)
This implies that

/ K;(v)F! (z,v)dv < cjel®. (5.5)
|€]>5,p<100

Also, by the exponential form of (5.1),

A A 1
F](CC,’U*) > ClF](—l,’U*), §u > E, | Vx |§ 10,

. . 1
F](x,v*) > ClF](l,U*), &« < _1_0’ | U |§ 10.

For (say) p > 100, and v, such that | & |>

w € 5? of measure (say) 145 | S? | such that

[~ &~ v

&, | vs |< 10, there is a set of
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Then

Kj(0)F (z,0) < caKj(v)F (w,0) F (z, v.)
<esh(| &7 + | € 1P)FI (2,0 F (2,0))
— z,v)Fi(z,v I (x,v" ) F? (z,v)))lo 9 (a, 0) P (2, v,)
b By (P )P ) = P! ) o) o g s

For z in half of S},

/B F(z,0)F (z,0,) = F/ (2,0 ) F (2,0 ))loggj(x O @, )d v, dw

(, v") FI (z, )
< c/K (x,v)dvdw.
Hence
/ K;(v)F (z,v)dv
>100
< kes( Fj(a:,v)dv)(/ €1 i, 0)de) + -2 /K v)do.
€21 g1 logk
(5.6)
Choose k so that 2z < < 1. For the above z-es, it follows from (5.5) and
(5.6) that
/K (2, v)dv < K v)FI(z, v)dv+k07+2/K FI(z,v)dv + cgjel,
l€l<5
so that
/K I (x,v)dv < 2 K;(v)F?(z,v)dv + cojel® < 3 K;(v)F? (2,v)dv,
l€1<5 l€l<3

by the definition of S;. From here the proof follows the lines of the proof of
(4.3) in Lemma 4.3, and using a variant of (5.6) for Y;. Again the assumption
| Sj |> n for j € IN leads to a contradiction. This completes the proof of
the lemma. O

Lemma 5.3 Given ¢ > 0 and n > 0, there is ug such that for p > po and
outside a p-dependent set in x of measure less than 1,

/I - B, FH(x,v,)dv,dw
Px

tends to zero when A — oo, uniformly with respect to | v |< ¢, x and p > po.
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Proof of Lemma 5.3. For | v |[< ¢, Bu(v — vy) is of the same magnitude
as K,(vy). Then the proof of Lemma 5.3 follows the lines of the proof of
Lemma 4.4. O

Lemma 5.4 Givenc > 0,A >0, andn > 0, there is ug such that for u > g
and outside a p-dependent set in x of measure less than n,

/ ) B, FF(z,v,)dv,dw
|P*‘S>\,‘£*‘S;

tends to zero when j — oo, uniformly with respect to | v |< ¢, x and p > po.

Proof of Lemma 5.4. The proof follows the lines of the proof of Lemma 4.5,
after noticing that

1
BM(U_U*vw)SCb(6)7 ’U‘S G ‘p* ‘S A, ‘f* ’S ;7 = po- O

End of proof for hard forces. Using the weak L' compactness of (F#n),
(QF(F#n)), (5.4), and Lemma 5.3, it follows for some sequence j, tend-
ing to +o00 with n, that

/ B, F' (x,v)dv, — BF(z,v,)dv,
o <A 4|25 x| SN 6|25
in L'((=1,1) x {v € IR3;| v |< ¢}) for ¢ > 0. This convergence, together
with the results from Lemma 5.2-4, imply that for | v |< ¢,
J B, F' (2, vy)dv,dw J BF(x,v,)dv.dw
— (S CO)7
J K, (v ) Frn (v )dv, [ K(vi) F(x,v,)do,

in measure on [—1, 1] when n — oo. Together with the weak compactness in
LY([-1,1] x {v € R3;| £|>6,| v |[< }}), the convergence in measure implies
that if ¢ is a test function in C*([—1,1], L°(IR?)) vanishing for | £ |< § and
for | v [> 1 then

/Q;(F"”)gp(m,v)dxdv — /Q_(F)gp(x,v)dxdv, n — 00.

The above argument holds for a subsequence of (u,) if, instead of B,,,, we
use p(x,v") By, throughout. And so for a subsequence of (uy,),

/QI(F“")@(m,v)dxdv — /Q+(F)g0(x,v)dxdv, n — 00.
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As in the pseudo-maxwellian case, we may conclude that F' satisfies (3.11-
12). This implies that F' is a weak solution to the stationary Boltzmann
equation with maxwellian diffuse reflection boundary conditions in the hard
force case (for test functions having compact support and vanish for £ small).
That in turn implies that F' is a mild solution. On the other hand, the in-
tegrability properties of Q*(F, F) in the above weak solutions, are stronger
than what is required for a mild solution. Hence the present solutions are
somewhat stronger than mild solutions.O
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