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Summary. We study the stochastic integral defined by Skorohod in [24] of a
possibly anticipating integrand, as a function of its upper limit, and establish an
extended It6 formula. We also introduce an extension of Stratonovich’s
integral, and establish the associated chain rule. In all the results, the
adaptedness of the integrand is replaced by a certain smoothness requirement.

1. Introduction

In the standard theory of integration, the measurability requirement on the
integrand is essentially less restrictive than the integrability condition, which
imposes a certain bound on its absolute value. One might say that with the It6
stochastic integral, the situation is reversed. Clearly the measurability condition
which prescribes that the integrand should be independent of future increments of
the Brownian integrator, is a very restrictive one. Whereas itis a natural condition in
many situations, where the filtration represents the evolution of the available
information, it is in many cases a limitation which has been felt quite restrictive,
both for developing the theory, as well as in applications of stochastic calculus.

There have been many attempts, in particular during the last twelve years, to
weaken the adaptedness requirement for the integrand of 1t6’s stochastic integral,
such as in the theory of ‘“enlargment of a filtration™, which allows some
anticipativity of the integrand. A completely different approach has been initiated
by Skorohod in 1975 [24]. The two main aspects of Skorohod’s integral are its total
symmetry with respect to time reversal — it generalizes both the It6 forward and the
[t backward integrals — and the fact that no restriction whatsoever is put on the
possible dependence of the integrand upon the future increments of the Brownian
integrator. The price that has to be paid for that generality is some smoothness
requirement upon the integrand, in a sense which will be made precise below. Also,
we are restricted to define the integral in Wiener space, or at least on a space where
the derivation can be defined as in Sect. 2 below. The ideas of Skorohod have been
subsequently developed by Gaveau and Trauber [4] and Nualart and Zakai [16].
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Our aim in this paper is threefold. First, we give intuitive approximations of
Skorohod’s integral, for several classes of integrands. Second, we study some
properties of the process obtained by integrating from 0 to #, and establish a
generalized It formula. Third, we define a “Stratonovich version” of Skorohod’s
integral, and establish a chain rule of Stratonovich type.

After most of this work was completed, we learned the existence of the work of
Sevljakov [22] and Sekiguchi and Shiota [21], as well as that of Ustunel [25]. The
intersection of these papers with our is the generalized It6 formula. While our It6
formula is slightly more general than the others, we feel that our proof is more direct
than that of the first two other papers. On the other hand, our proof, which is very
much like the proof of the usual [t6 formula, is very different from that of Ustunel
[25], which has more a functional analysis flavour.

Let us finally mention that our Stratonovich-Skorohod integral has strong
similarities with some of the other existing generalized stochastic integrals, which
include those of Berger and Mizel [1], Kuo and Russek [10], Ogawa [18] and
Rosinski [20].

Finally, we want to point out that this work owes very much to the previous
works of both authors on the same subject. Therefore, we want to thank Moshe
Zakai and Philip Protter, with whom many ideas which where at the origin of this
paper have been discussed by one of us, and appear in [16, 19].

The paper is organized as follows. In Sect. 2 we define the gradient operator on
Wiener space, and in section three we define Skorohod’s integral. In Sect. 4, we
study some approximations of Skorohod’s integral, and prove additional proper-
ties. In Sect. 5, we study some properties of Skorohod’s integral as a process. In
Sect. 6, we prove the generalized Itd rule. In Sect. 7, we define a “Stratonovich-
Skorohod” integral, and establish a chain rule of Stratonovich type. Section 8 is
concerned with the particular case of what we call the “two-sided integral”, which is
a direct generalization of the work of Pardoux and Protter [19]. Most of the results
have been announced in [15].

2. Definition and Some Properties of the Derivation on Wiener Space

In this section, we define the derivative of functions defined on Wiener space, and
introduce the associated Sobolev spaces. This is part of the machinery which is used
in particular in the Malliavin calculus, see Malliavin [13], Ikeda and Watanabe
[5, 6], Shigekawa [23], Zakai [28]. We refer to Watanabe [26], Kree [11] and Kree
and Kree [12] for other expositions.

Let {W(z), t[0,1]} be a d-dimensional standard Wiener process defined on the
canonical probability space (Q, &, P). That means Q= C([0,1], R?), Pis the Wiener
measure, & is the completion of the Borel g-algebra of Q with respect to P, and
W,(w)=w(t). The Borel g-algebra and the Lebesgue measure on [0,1] will be
denoted, respectively, by % and 4.

Foreach 7€ [0,1] we denote by &, and &, respectively, the g-algebras generated
by the families of random vectors {W(s),0<s<¢} and {W(1)—W(s),1<s=<1},
completed with respect to P.
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Let C°(R¥) be the set of C* functions f:IR*—IR which are bounded and
have bounded derivatives of all orders. A smooth functional will be a random
variable F:Q—IR of the form F=f(W(z),..., W(t,)), where the function
SO x4 Xt L x®) belongs to CR (R and ¢4, ..., 1,€[0,1]. The class of
smooth functionals will be denoted by &.

The derivative of a smooth functional F can be defined as the d-dimensional
stochastic process given by

L)
(D)= 3, T W (0. W) o),

for tef0,1] and j=1,...,d.
The derivative DF can be regarded as a random variable taking values in the

Hilbert space H=L*([0,1]; R?). More generally, the N-th derivative of F, DV F will

be the H®"-valued random variable

) ) n aNf

NF Jlseees JN — - _
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where s¢,...,sye[0,1] and j;,....jx=1,...,d.
We write also D{F for (DF){. Notice that with this notation,

(D Py

.....

(W(ty);...; W(t,)

coincides with the iterated derivative
DiiDi...DiNF.
For any integer N=1 and any real number p> 1 we introduce the seminorm

on ¥
|Fllpx={Flp+ | |DF|as],

where ||. |gs denotes the Hilbert-Schmidt norm in H®", that means,

d
ID"Flas= Y [ (DYP)ninYds, ... dsy.
Jteesin=1 [0,11¥

In case N=1, we will denote by |. || the norm in H.

Then ID, y will denote the Banach space which is the completion of & with
respect to the norm ”FHP-N'

Consider the orthogonal Wiener-Chaos decomposition (see It6 [7]) L*(Q, #, P)

©
= @ H,, and denote by J, the orthogonal projection on H,,.

n=0

Any random variable of H, can be expressed as a multiple 1t6 integral I,(£,) of
some symmetric kernel f,eL*([0,1]"; R™")=H®" i.c., fu(ty,..., Y is sym-
metric in the » variables (¢1,/1), ..., (¢4, j.)-

Then it holds that

Dtj(ln(f;t)):nln—l(.ftz("t)'j)> (21)
(note that Iy(f, (D)) =£())
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and the space ID, ; coincides with the set of square integrable random variables F
such that

E(|DF |fs)= nE(|J FPy<oo.

n=1

The derivation operator D (also called the gradient operator) is a closed linear
operator defined in D, ; and taking values on L*([0,1] x Q; R“).

Notice that our d-dimensional Wiener process can be regarded as a parti-
cular example of a Gaussian orthogonal measure on the measure space
T=[0,1]x {1, ..., d}. In this sense we can use the results of Nualart- Zakai [16].

Following [16], for any square integrable random variable F= Z L(f,) and
any he H we define n=

=% T [nhali0 mo, e2)

n=1 j

provided that the series converges in L*(Q).

We denote by ID,, the domain of D,. Equipped with the norm (|F|3
+||DuF |32, D, is a Hilbert space, and clearly, D, ; =ID, ;. Conversely, if
FeD,, for all he H and the linear map h—D,F defines a square integrable
H-valued random variable, then F belongs to D, ; and D,F'={DF, h}y. From now
on we use the notation #.v to denote the scalar product of u,ve R%

Lemma 2.1. D, is a closed operator and for any FeID, , we have
1
E(D,,F)=E<th(t).dW,>. 2.3)
0

Proof. Suppose that F= )" I(f,) belongs to ID, ;, and put G=1,(g). Then

n=0
d 1
E(DWF)G)=E Z g(n+1)(1n(fn+1(-,t)"jln(g))hj(f)dl>
=m+ D! <{fus1,9 ®RD 20,171, R¥+ 1)

where

(GRA) (B, ... typ 1Yt =g(ty, o b)) 1 (1, 44)

As a consequence, if F,—0 in L2(Q), F,eD, ,, and D, F,—G, in L*(Q), we deduce
that G; =0, and D, is closed. Finally, taking n=0 and G=1 in (2.4) we obtain the
equality (2.3). O

We recall the following fact (see [16], Proposition 2.2) which allows to interpret
the operator D, as a directional derivative.
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Proposition 2.2. Let F be a square integrable random variable. Suppose that the limit

lim 1 (F(w.—i—e f h{(s)ds) —F(co)>

£—~0 &
exists in L*(Q). Then F belongs to D, ;, and this limit coincides with D,F. O
The next result is the chain rule for the derivation.

Proposition 2.3. Let ¢ : R™— R be a continously differentiable function with bounded
partial derivatives. Suppose that F=(F!,...,F™) is a random vector whose com-
ponents belong to D, ;. Then ¢(F)elD, ; and

m

de
D(p(F)—l; axi

(F)DF'. O

A similar differentiation formula is true for the directional derivative D,,.
Let 4 be a Borel subset of [0, 1] and denote by &, the g-algebra generated by the
random vectors

1
W(G)={ 14dW, GcA, Ged.
0

Then we have the following basic result.

Lemma 2.4. Let F be a square integrable random variable.

() If Fis & 4-measurable and he L*([0,1]; R?) vanishes on A, then F belongs to
D, , and D, F=0.

(i) If FeD, ,, then E(F|#,)e D, ; and D(E(F|F ))=E(D,F|/F 4)14(1), a.e.
in [0,1]1x Q.

Proof. 1t suffices to assume d=1 and F=1,(f,), and in this case, the lemma follows
easily from (2.1), (2.2) and the equality

E[In(fn)/g;A]zln(gn)
where g,(t;, ..., 5)=f,(t1, ..., t)14(t) ... 14(2). O
In particular, for any FelID, ; and r <s, we have

D(E(F|Z,v F)=EDF|F,v F), o:(1),
a.e. in [0,1]x Q.

Lemma 2.5. For any p =2, there exists a constant ¢, such that VFeD, ,,
1
E(FP)Sc,(|E(F)P+E | |D1F|"dt>-
0

Proof. 1t follows from Ocone’s version of a well known representation theorem —see
Ocone [17], or Corollary A.2 in the Appendix A - that:

F=E(F) +} E(D.F|%).dW,.

The result then follows from Burkholder and Jensen’s inequalities. O
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Suppose that C'is the operator corresponding to the product by the factor —1/n
on any Wiener-Chaos. From (2.1) it follows easily that the domain of Cis D, , and
E(ICF?)=E(|DF|[%s) for any Fin D, ;.

The following inequalities due to Meyer (see [14], Theorem 2) provide the
equivalence of norms between the powers of the operators D and C:

For any real p > 1 and any integer N 21 there exist positive constants a,, y and
A, v such that

ap, nE(|DVF |fis) S E(CNFIP) < 4, 5 [E(| DVF |Bs) + E(FI))], (2.5)

for any smooth functional F.
We now state a result, whose proof will be given at the end of the next section,
which says that the derivation is a local operator.

Lemma 2.6. Let FelD, ;. Then 1p_o,D,F=0 dt xdP a.e. on [0,1] x Q.

It will be clear from the proof below that the same result is true for D,, he H.
Let us now state:

Definition 2.7. A random variable F'will be said to belong to the class D, ; 1, if there
exists a sequence of measurable subsets of Q:0,1Q a.s. and a sequence
{Fv.keN} =D, such that:

F'kaFk’Qk a.s., YkelN.

In that case, we will say that Fis localized by the sequence {(Qk, F),keN}. 1

Clearly, D, y .. can be defined analogously, for any p>1, NeNN.
Thanks to Lemma 2.6, the following definition is consistent:

Definition 2.8. Let F be an element of D, , ;.. which is localized by a sequence
{(Q, F), ke IN}. We then define DF to be the unique equivalence class of df x 4P
a.e. equal d-dimensional processes which satisfies:

DF|o =DFlo,. O
We can now generalize Proposition 2.3.

Proposition 2.9. Let ¢ : R"—> R be of class C*. Suppose that F=(F',...,F™) is a
random vector whose components belong to D, ; 1,.. Then @(F)eD, 1, and.:

=z 0@ )
D = ',
o(F)=3. 50 (F)DF

Proof. The result follows easily from Definitions 2.7, 2.8 and Proposition 2.3. [T

An immediate corollary of the above is that whenever F,GeD, ; (or only-
IDZ,I,[uc); then FGGDZ,].,IOC and:

D(FG)=FDG+GDF.
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3. Definition of the Skorohod Integral

Letue L*([0,1] x Q; IR?) be a square integrable d-dimensional process. By means of
the Wiener-Chaos decomposition, we can decompose u into an orthogonal series

u= S L. 1), G.1)
m=0

where f,,(S1, ..., 8m, (Y09 i L2([0,1]m 4 RY™T D) is a symmetric function of
the m couples (51,/1), ..., (S jm) fOr each fixed (z,5). Denote by f,, the symmetri-
zation of f,, in the m+1 couples (s;,7;), 1 <i<m, (¢,), that means,

Then, the Skorohod integral of u (see Skorohod [24]) is defined by

W= ILyi(fw), (3.2)
m=0
=Y X [ FulSis e Sy 00 ImddWs . AWind Wi ,
m=0 ji,..., Jm,i=1 [0,1]m*1

provided that this series converges in L*(Q). We will also represent the Skorohod
integral of u by

1
§u,.dw,,
0

and the set of Skorohod integrable processes will be denoted Dom 6.
Note that we are integrating a d-dimensional process with respect to a d-
dimensional Wiener process. The result is a real valued random variable, and

1
| u,.dW,,
0

is a short notation for

wdwi.

[=X g

d
2
i=1

As before, if we consider W as a Gaussian orthogonal measure on
T=[0,1]x {1, ...,d}, this definition can be viewed as a particular case of the
situation considered in Nualart and Zakai [16]. In [4] Gaveau and Trauber have
proved that the Skorohod integral coincides with the dual operator of the derivation
D. More precisely we can state the next result.
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Proposition 3.1. Let ue L*([0,1] x Q; R?). Then u is Skorohod integrable if and only if
there exists a constant ¢ such that

1
E( §u. D,th)
0

Sfor any FeD, ; and, in this case, we have

=c|F.

E(} ",. D,th)=E(F5(u)). 0 (3.3)
0

Formula (3.3) is the general version of the integration by parts formula of
Bismut [2]. Notice that § is a closed operator because dis the adjoint of Dand ID, ; is
dense in L2(9).

Let j=1,...,d be a fixed index. We will say that a one-dimensional process
ue L*([0,1] x Q) is Skorohod integrable with respect to W7 if ue;e Dom &, where
e;=(0,...,1,...,0) (1 being the jth component of this vector). The class of these

1

processes will be denoted by Dom §;, and we will write | u,dW/ or 6;(u) for 6 (ue;).

0]
The random variable J;(u) is determined by the duality formula

E(F8,(w) = E<} u,D{th) ,
0

for all FeD, ;.
If a d-dimensional process u is such that w e Dom, for all j=1,...,d, then
ueDomé and

d
Su)=Y, 6,(u).
j=1
Let us first establish a basic and essential property of the Skorohod integral.
Theorem 3.2. Let ue Dom 6 and FeD, ;. Then

) 1 1 1
| Fu,.dW,=F | u,.dW,—| u,. D,Fdt €X))

0 0 0

in the sense that Fue Dom é if and only if the right hand side of (3.4) is in L*(Q).
Proof. To simplify, suppose d=1. For any smooth functional G=g(W(t,), ...,
W(t,)) in the space &, we have

} E(FutDtG)dz:} E[u,(D,(FG) —GD,F)]dt
0 0

= E[(Fé (W) —} u,D,th) GJ,

and the result follows from Proposition 3.1. [J

The set Dom  is not easy to handle and it is more convenient to deal with
processes belonging to some subset of Dom 6.
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Definition 3.3. Let IL** denote the class of scalar processes ue L?([0,1] x ) such
that u,eID, , for a.a.t and there exists a measurable version of Dy, verifying

E | | |Dgu dsdt< oo .

5

O ey =
© Ly

In terms of the Wiener-Chaos expansion this is equivalent to saying that

21 mm! HmeiZ([())“m+1;IRdm+l) < 0

if u is given by (3.1).
Let IL*? denote the set of processes ue L2([0,1] x Q) such that v, D, , fora.a.t
and there exists a measurable version of D, D,u, verifying

1
EJ
0

Oty

1
{ \D, D, drdsdt < o .
0
This is equivalent to saying that

@0
Y mim—=1m! || f| L2017 Ry < 00,

m=2

if u is given by (3.1).
Finally, IL3* (resp. IL3-?) is defined as the set of d-dimensional processes whose
components are in 12! (resp. in £.2?). 0O

Then, L*' <Dom J; for all j=1,...,d and L3*cDomé.IL** and L3* are
Banach spaces (in fact Hilbert spaces) with the norm

[ =<E 5; |u,]2dt) +<E :j) 3; HDSu,Hstdt)l/z,

where | Dy, | denotes a norm of the matrix (D}uf).
For a process u € IL3* we have the following isometric property (cf. Nualart and
Zakai [16], Proposition 3.1)

1 2 1 11 d
E<j u,.dW,) :E[j lwPde+§§ Y Dju’,jD,fuidsdt]. (3.5)
0 g Q0 0i,

Jj=1

1/2

Note that Skorohod [24] has defined his integral only for integrands in L2,
The next result together with (3.3) and (3.4) will constitute a practical tool in
what follows.

Proposition 3.4. Let ueILy" such that for ali i=1,...,d and for all t a.e. the process
{Dt‘us, 0<s5=<1} belongs to Dom 6 and there is a version of

1
{j Diug.dw,, ogtgl}
0
in L*([0,1)x Q). Then d(u)e D, ,, and

1 1
D:(f us.dWs)zj Diu,. dW, +u. (3.6)
(¢] o]
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Proof. Suppose d=1. Consider a process v e IL**!. Using the isometric property (3.5)
and the integration by parts formula (3.3) we obtain

E(6w)é()) =E<} u,v,dt—l-ff } Dtustv,dsdt)
0 00

1 171
=E(J" uv,dt+§ (I Dtudes)v,dt)
0 o \0

Finally we may conclude by a duality argument because L?! is dense in
LX([0,1]x Q). O

Note that the Proposition applies in particular when ue1L3*. For a proof
of (3.6) using the Wiener-Chaos expansion we refer to Proposition 3.4 of Nualart
and Zakai [16]. Another proof will be given in the next section.

The following L? inequalities will be useful in proving the path continuity of the
indefinite Skorohod integral.

Proposition 3.5. Let ue 1Ly, Then, for any p 22 there exists a positive constant c,

such that
gcp[(f lE(u»lZdz)er (33 |leule2dsdf>l/2
p 0 00

This result is a consequence of Meyer’s inequalities. We refer to Watanabe [26],
for a general proof of the continuity properties of the operator 8. For a sake of
completeness we have included a proof of (3.7) in the Appendix B.

Let us point out that the operator § can be extended to the whole space L*([0,1]
x 2;R%). But (), for u¢ Dom § is no longer a square integrable random variable,
and is rather an element of a Sobolev space with negative index, i.e. a “distribution”
over Wiener space, sce Watanabe [26].

We now turn to the:

] o (.7

1
| u,.dw,
o

Proof of Lemuma 2.6. In order to simplify the notations, let us assume that d=1. For
any &> 0, we define the mappings ¢,, .: R—IR by:

1+x/e if —e<xZ0
Q. (x)=31—x/e if 0=Zx=<e
0 otherwise

b= 1 o0y

It follows from Proposition 2.3 that y,(F)e D, ; and D,y (F) = ¢@,(F) D, F. If now
uell®>' we have:

E[ j D,nps(F)u,dr]=E[¢E(F)5(u)]

IE[} Dr%(F)urdr} SeE(6()) -
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On the other hand, from Lebesgue dominated convergence, as e—0,

1 1
E<¢£(F) | D,Fu,dr)-»E(i(ho} | D,Furdr).
) 0
Then
1
E(l{F=O} § D,Fu,dr>=0, Yuell®!.
0

Since IL*! is dense in L?([0,1] x Q), the result follows. O
We finally state the following definition:

Definition 3.6. We will say that a measurable process u € (Dom §),,. whenever there
exists a sequence {Q, ke N} < F and a sequence {u;, ke N} cDom§ s.t.:
0 QTR a.s.
(il) u=u, on £ a.s.
(iti) S(up)=06(u;) on Q a.s., whenever k </ In that case, we will say that u is
localized by {(Q,u)}. O

We suspect that é is a local operator, and that (iii) follows from (i) and (ii).
In fact, we will show that property of §, when restricted to some subclasses of
Dom § —IL?! being one of them — in the next section.

Definition 3.7. Let u e (Dom d),,. be localized by {(Qk, u)}. We then define 6 (u) as
the unique equivalence class of a.s. equal random variables s.t.:

S(Wla, =g, as. O

Note that é(u) in Definition 3.6 may depend on the localizing sequence

{(Qk: uk)}

4. Approximation of the Skorohod Integral by Riemann Sums,
and Additional Properties

We will show that for several subsets of Dom § one can approximate the Skorohod
integral by Riemann sums.
Let ke L?(0,1). From (2.3) and Proposition 3.1, it follows that #€ Dom §; and
1

8;(h)=[ h(t)dW{, 1 <j<d. Again for he L?(0,1) we denote by #; the element of H
0

given by: h(¢)=(0,...,0,A(),0,...,0) where A(¢) is the i-th component of the
above vector.

Our fundamental tool in the sequel will be the next lemma which, for
convenience of the reader, we first state in dimension one.

Lemma 4.1. (d=1). Let h,keL?(0,1), and FeD,,, GeD,,. Then hF and
kGeDomé,

O0(hFy=F{(h)—-D,F
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and similarly for kG. If F,Ge D, ,nID, ., then:
E[6(hF)o(kG)|=<h,k>E(FG)+ E[D FD,G].

Lemma 4.1. (d>1). Let heL*(0,1) and Fe L>(Q;RY), 5.t. FleD, , V1<i,j<d.
Then hFeDom 6 and :

S(hF)= 3. (F'6(h)—Dy,F) “4.1)
d
E[BRFY]1=1rPE(FP)+ Y E(Dy, F D, FY). (4.2)

If  moreover keL?(0,1) and GeL*>(Q;RY), st G'eD,,, Feb,,,
G'eD, , V1<i,j<d. Then:

E[S(hF)6(kG)|=<h, k> E[F. G+ i E(Dy,F'D,,GY). 4.3)

i,j=1
Proof. Suppose first that F'e &, 1<i<d. For any JeD, ,,

FiDhiJ=Dhi(FiJ) —'JDhiFi . (44)
From (2.3),
E[D,,',(FiJ)] =E[FiJ5;(h)].
Therefore
|E[F.DJ]IZc|J|;

and from Proposition 3.1, hF e Dom é and (4.1) follows from (3.3), (4.4) and (2.3).
By a similar argument, AF'e Dom d;, Yi. Using again (2.3), we obtain:
E[5.(hF*)6,(hFI)] = E[(F'6,(h) — Dy, F*) (F'3;(h) — D, F)]
=k 6;E[(F')*]+ E[Dy, Dy, (F'F’)
—D,,(F' D, F/) =D, (F' D, F*) + Dy, F' D, F']
=|h[?3;E[(F'Y*1+ E(Dy, F' D, F').
(4.2) now follows by summing up with respect to i and j.

Given now
Fle(\D,,,, 1ZiZd,
j

there exists a sequence {Fi,ne N} such that F—F' in D, , , V1</<d It
follows easily from (4.2) and the fact that d is closed that #Fe Dom 6, and (4.1), (4.2)
hold. The proof of (4.3) is similar to that of (4.2). [

For four subsets of L2([0,1] x 2; R?), we are going to construct a sequence
u" e Dom 4, for which the expression for (") follows from Lemma 4.1, and such
thatw—uin L2 ([0,1] x Q; R?). We will then show that {5 («")} is a Cauchy sequence
in L2(£2). This will be done in the three first cases by showing that
lim E(@")é@™)

n,m—> o0
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exists; let us call that limit . Clearly the above implies:
E(6 ") =0 @™))>x~2x+1=0

which gives the Cauchy property. It will then follow from the fact that ¢ is closed
that we Dom ¢ and (i) =lim 6 (¢"). Moreover, in addition to the obvious relation
E&(u)=0 (choose F=1 in (3.3)), we will obtain E[6(u)*]=y.

In order to construct the approximations, we will use a sequence {II",ne N} of
partitions of [0,1], of the form:

0=l0,n<[1’n< e <tn’n=1

such that
"= sup (fg41,n—l)—0 as n—oo0.
0sksn—1

Notice that the convergence (in probability or in L”, p=1) of the approximating
sums to a fixed limit for any sequence of partitions of the above type is equivalent to
the convergence along the set of all partitions when the norm |IT{ tends to zero.
Given ue L*([0,1] x ; R?), we define:

1 tie+ 1,n

U= f uds for 0Zk<n-—1
Devtn—en 1o

and iy ,=a, ,=0.

4.1. The Forward Ité Integral

Suppose ue L*([0,1] x ; R?), and moreover y, is %, measurable ¢ a.e. We then
define:

n—1
u=y U1 e matic 1.0 () 5
k=0
where we suppose here that ¢, ,=k/n.

Clearly, u™>u in L2([0,1]x Q;R%). Indeed, u'"=P,u, where P, is a linear
operator in L*(0,1; I*(Q; R%)) with norm bounded by one, and P,u—u whenever
ue C([0,1], L*(22; R%)). The above convergence then follows. On the other hand,
u,—1 1s 1, , measurable, and from Lemma 2.4 (i), we can apply Lemma 4.1, so that
u"eDomd and:

n—1
W™= 3, 10 W s = Wa)- (4.5)
k=0
Using the adaptedness of u, we obtain:
n—1 m—1
E[o@™ow™)]= Z z E(@— 1,00t m) ks 1w Aistom —lion vV fom) +
k=0 1=0

Finally, it is not hard to show that
1
E[6(u™éu™]—E | |ufd:.
0

In this case, 6(u) is the usual forward 1t6 integral.
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Moreover, if u is a d-dimensional measurable process such that u, is %,
measurable ¢ a.e. and ue L*(0,1;R?) as., then we(Dom 8),,,. This follows from
usual arguments concerning [t6’s integral. d(¢) does not depend on the localizing
sequence {(Qk,uk)}, provided w, is &%, adapted Vk, since o(u) is the limit in
probability of the sequence {d(u"™)}, where u™ is again defined as above.

4.2. The Backward Ité Integral

Suppose now that ue L*([0,1]x Q;R?), and u, is #' measurable a.e. We then

define:
n—1

W'=Y, U1, it sl (F)
k=0
where we suppose again that f, ,=k/n.
For reasons which are very similar to the above ones, #"eDom ¢ and:

n—1
6(“””): Z iik+1,n- (W/tk+ t,n VVtk,n)
k=0

n—1 m—1

E[o@™)you™)]= Z Z E[ﬁk+1,n-ﬁl+i,m](tk+1,nAfl+1,m_lk,nth,m)+
k

=0 I=0

and again we obtain:

E@™oW™)]—E z lu, | dt .

In this case, § () is the backward It6 integral, i.e. the forward 1t6 integral of u; _,
with respect to W, -, — W, ; see Kunita [9], Pardoux and Protter [19].

Finally, if uis a d-dimensional measurable process such that u, is # ‘ adapted a.e.
andue L*(0,1; RY), a.s., then ue (Dom )., and  (u"™)— 5 (u) in probability, where
(u) is defined by any localizing sequence {(2,u,)} s.t. uy is F' adapted Vk.

4.3. The Skorohod Integral of an Element of 13

Let now uelL2:!, according to the definition given in Sect. 3. Let us define two
approximating sequences:
n—1

n_ _
U= Z uk;":[[tk,nstk-!-lan[
k=0

n—1

— ~
u= Z Ur,n 1[tk,mtk+1,n[
k=0

where
U= E(y ol Fyy, v F M)
We have:

Lemma 4.2. «"—u and ti—u in I3,

Proof. The first convergence is immediate. In order to prove the second one, let us
define for each ne N the g-algebra %" of subsets of [0,1] x © generated by the sets
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[fons Tow g pl X Fy , Where 0Sk<n—1 and

Fo €Z,, vFhtn,

@" is the conditional expectation of u given ¢, which respect to the measure 4 x P
on [0,1] x Q. Therefore, in order to establish the convergence in L2([0,1] x 2; R9),
it suffices to show that any square-integrable process ve L*([0,1] x Q) orthogonal to
all the " must be zero. Such a process verifies

[{1,10,dtdP=0
VFEeF, v Fhein

and Ie 1", mzn with I<[t, ,, t,.., ,]. Consequently E{v,/#, v F™* n]=0as.,
tae. in [ ,, 4.y ,)- Since U IT" contains a countable number of intervals, the

above holds true for any &, n s.t. tefty », ty 4y ,1- This clearly implies that y=0 A x P
a.e. The convergence of the derivative follows from the same argument, once we
have used Lemma 2.4. (ii) to compute D,#'. [

The fact that 4" € Dom 0 follows from the same argument as those used above,
and:

n—1

5(12'"): Z ﬁk,n'(u/‘tk+1’n tk n)
k=0

The fact that 2"« Dom 6 follows from Lemma 4.1, using the fact that ue 13!,
and moreover:

n—1 n—1 e+ 1,n tke1,n

8@ =Y, iy Wy, —We) Z f | D, .udsdt
k=0

k=0 tk+1n tk,n te,n tiyn

where D, . u, stands for

1,0
Diu. .

s

Proposition 4.3. Both sequences E(5(u"}d(u™)) and E{(5(#"}6(&F™)) converge, as
n,m— 0, to

1 d te

E [ jupPdi+ ). E||DiuDjuidsdr .

0 Lj=1 00
Proof. For the sake of notational simplicity, let us replace k,n by k and 7, m by 1.
Define

g =Gy Alpay =1,V 1T =24, 10y 100, 144 ])

It follows from (4.3):

n—1 m—1 tet+1 tr4
E@)é@w™]= Z Z [ E (i 17,) + Z EJ DfukD‘qurds]‘

i,j=1 e i

The convergence is immediate from Lemma 4.2. The other sequence is treated
analogously. [J
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Remark 4.4. (i) We have established again the isometric identity (3.5). Note that the
fact that & is a linear map from IL3! into L?(Q) such that E(6(u)) =0 and (3.5) are
satisfied does completely characterize the random variable & (1) for ue IL3'%. Indeed,
it follows from (3.5) that Vu, vell3?,

1 11
E[6)6@)]=E [ u,.v,di+Y | | DiuiDjvidsdt . (4.6)
0 ;700

i,J

For any he H, define for t€[0,1]

X, (h)=exp <} h(s).dWs—%i ]h(s)l%ls) .
Then: ° , °
Xl(h)=1+j X, (Wh(@).dW, .
0

The last integral is a Skorohod integral, since it is an [t6 integral (see Sect. 4.1), and
moreover X. (h)h(.)e L3, Therefore from (4.6), Vuellj!,

1 11t
EBWX\(WI=E [ u, k() X,(h)ydt+ 3 | | Diulli(1)hi(s) X, (h)dsdt .
0 ;00
Then the scalar product in L? () of §(u) with each X, (#) is uniquely determined.
Since {X,(k), he H} is total in I*>(Q), this determines & ().

(i) IfueL?([0,1] x 2; RY)iseither #, adapted or & ‘adapted, then 6 (#") — 8 (u)
in L*(Q) as well, by the same argument as those used above. It is interesting to note
that the same approximating sequence (i") converges to (1), in the three cases
u F, adapted, u # "' adapted, and ue IL3*. Moreover, for any ue I ([0,1] x Q; R?),
if 8(4™) converge in L*(Q), then ue Dom é and é(u) =1lim 6(i7"), since d is a closed
operator. [

We now establish the local property of the Skorohod integral, when restricted
to L3,

Proposition 4.5. Let uc L3 and A€ F such that u(w)=0, dt xdP a.e. on [0,1] x 4.
Then

1

[u,.dW,=0 as.on A .

0
Proof. 1t suffices to show that §(@")=0 a.s. on 4, YnelN, which follows easily
from Lemma 2.6. O

Definition 4.6. Let IL7'%,, denote the class of d-dimensional measurable processes
which have the property that there exists a sequence Q,TQ a.s. and a sequence
{ur, ke N} <IL3!, such that:

U)o, =ulo, a.s., Vk .

We will then say that u is localized by the sequence {(Q;, 1), keN}. O
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It follows from Proposition 4.5 that L3}.=(Doméd),,, and that for
uelly 1, 6(u) does not depend on the localizing sequence {(Q,u)}, provided
wel3!, vk,

We finally study some stability properties of IL'{,. and IL.2-* under composition
with functions.

We will say that a measurable function @ : [0,1] x R*"—IR¢ belongs to class A if
z—>®(t,z) is of class C't a.e., and moreover ®(¢,z) and ®,(¢, z) are bounded on
bounded subsets of [0,1] x IR4",

Proposition 4.7. Let {ui}, 1 <i<m be continuous processes belonging to 1L3:1,., and
®e A. Then v,=D(t,u,) belongs to L.

Proof. For k=1, define
Ak={ sup \utlgk} .

0sts1

For each i, «' is localized by {(@i,u})}. Define Q,=A4nQin...nQ¢. Clearly,
Q1R as. Let f=R¥™—[0,1] be a smooth function with compact support, such
that f(x)=1 whenever |x]<1; and f,(x)=/f(x/k). We define:

0, {0) = (1, u, (1)) £ (1, (1)) .

Clearly v, =v on €, and since @ (1, 2) f,(z) is bounded with bounded derivative with
respect to z, it will follow from the next proposition that v, e L3, [

Proposition 4.8. Let v'e L3, 1 <i<m, and ® € A. Each of the following conditions
implies that v,= ®(t,u,) is an element of W3 :

(1) @ and @, are bounded
(i) Ja=1, p>1and K>0 s.¢.:

(i) |@(2, 2| +12;(1, 2)| S K (1 + 121

1
(ii,) E | ju2*?dt < oo
0

1 /1
(iis) Ef (j |Dgu,\* ds)edt < oo, where 1/p+1/g=1.
o \o

Proof. The fact that ve L*([0,1] x Q; R?) follows from either (i) or (ii;)+ (ii,). The
fact that ¢ a.e. v;eID, ; and

1
E || |D,v,|*dsdt< oo
0

[~

follows easily under condition (i). Under condition (ii), using Proposition 2.9, we
obtain, restricting ourself for simplicity to the case d=1,

m

Z (DZ,,(Z7 ut)DSu;.

i=1

11 11
E | {|DwPdsdt=E | | 2dsdt
00 00

" 1 1
S2PTTKE Y E [ (L4 § Dl dsdr
=1 0 0
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The fact that the last quantity is finite follows readily from Holder’s inequality,
(i) +(i3). O

4.4. Another Class of Skorohod Integrable Processes

In order to simplify the notations, we will restrict ourselves in this subsection to
the case d=1. Let us now indicate our motivation for what follows. Suppose we
have a process u,(x), parametrized by x € R?, which belongs to L ([0,1] x Q) and is
F-adapted, VxeR?. We then can define the forward Itd integral

1

[uw(x)dw, , VxeR?.

0
Suppose now that the resulting random field is a.s. continuous w.r. to x, and let 8
be a p-dimensional random vector. We then can “evaluate the stochastic integral
at x=0", i.e. consider the random variable:

1

gut(x)du/tlx=0 .
A natural question, which was raised to us by P. Priouret is then: under which
conditions is the (non-adapted) process {; ()} Skorohod integrable, and does then
d(u(0)) coincide with the above random variable?

We will now show that provided # is C' in x, and 6 belongs to a certain Sobolev
space, we do not need any smoothness of u(.,.,x) for fixed x, in order for u(8) to
belong to Dom 6, and we will compare o(u(8)) with d(u(x))|x=-

We first suppose that u(z, w, x) is a real valued measurable function defined on
[0,1]x 2 x D, where D is a given open and bounded subset of R?. We make the
following hypotheses:

(H1) (¢, w) - u(t, w, x) is &, progressively measurable, Vx.

(H2) x—u(t, w,x) is of class Ct, V1, w.

Asusual, we will from now on omit the variable cw, and write u(z, x) for u(z, w, x).
We will write u'(¢, x) for the gradient of u with respect to x.

1
(H3) E | sup lu'(t, x)*dt < o0
D

0 xe
1

(H4) 3g>ps.t.g22and E | | (u(t, x)|%+[u'(2, x)|)dtdx < o0
DO

(Recall that p is the dimension of x)
We are finally given a D-valued random vector 0, s.t. §'eID, (, 1 <i<p.
We define as before, assuming again that ¢, ,=k/n:

tie+ 1,n

Gon ()= — " uoyds

k+1,n_zk,n tie,n
for0=k=<n—1, u_y ,{(x)=0, and:
n—1
M?(X)=Z ﬁk_l,n(x)1[tk,nstk+l,n[(t) .

i=0
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It follows from (H2) and (H3) that x—_,(x) is of class C*; we will denote
by #; ,(x) its gradient with respect to x. Let us define

hk=1[tk,n,tk+1,n[ .
Lemma 4.9. Vk<n—1,
ak—l,n(G)EIDZ,hk
and moreover
Dy, (it —1,0(0)) =1 —1,4(0) . Dy, 0,

where means the scalar product between the gradient of u and the vector
(D6, ..., D 0%).

T3 2]

Proof. For simplicity, we drop the indices k, n, and we assume that p=1. Let us first
suppose that €%, which implies that:

8_1[9<w+s§hds)—6(a))}—+Dh6 in L4(Q) .

On the other hand, since u(x) is &,  -measurable Vx,

a<w+s g hds, 9(w+a (j} hds)>=a(w,9<w+e (j; hds>>

and using again (H3), we obtain that

g1 [ﬁ(@)(m—l—s j hds)—ﬁ(@)(w)}—»ﬁ’(B)DhG in L2(Q) ,
0

which implies the lemma in the particular case where 6 ¢ %, In the general case, let
{6} be a sequence in & which converges to 6 in D, ;. Then

(0,)—u@) in L*(Q)
1(0,)D,0,—~u(0)D,0 in L*(Q) .
The result follows from the fact that D, is a closed operator. O

It follows from Lemma 4.1 and Lemma 4.9 that #"(8) e Dom § and, dropping the
index n on the right side, with the convention ¢_; =0:

n—1 vt tk

5(u"((9))=ni (O W, —W)— 2 (=t | | w(s0).D,0dsdr .
k=0 k=0

e In-1

Let us first prove:
Lemma 4.10. The random fields 6(u"(x)) and 6(u(x)) have a.s. continuous modifi-
cations which satisfy :
sup [0(u(x)) —6@"(x)|—=0 in I*(Q) .
xeD
Proof. We use the technique and results in Kunita ([8], Sect. 6). Let ¢ be the index

appearing in (H4). We denote by W%!(D) the usual Sobolev space of real-valued
functions defined on D which, together with their first-order distributional
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derivatives, belong to L%(D). Since ¢>p, it follows that W%1(D)<= C(D), and
moreover Jc¢ s.t. Vfe W(D),

sup |/l Se |/ o
where

p
1 = HfHLq(D)Jr;1 |aflox: | ooy -

(H4) means that ue L4([0,1] x Q; W21(D)), and clearly the same is true for ", and
u'—uin L1([0,1] x Q; W21(D)). Then Lemma 6.4 in Kunita [8] implies that é(u(x))
and §("(x)) have modifications which belong to L1(Q; W%'(D)), and

E(|6@(.)—o@"()[§)~0, as n—oo.
The result follows from Sobolev’s embedding theorem. [J
We can now prove:

Proposition 4.11. §(u"(0)) converges in L*(Q) to

1 1
[ u(t, X)dW,jx—o— | 4'(1,0). D,0d .

0 0

Proof. The convergence of the first term follows from Lemma 4.10. We now
establish the convergence of the second term.

2
§{E [(} |D,0I2dt>2] } Eflu'(t,0) — ") (2, 9)l4]dt}
0 1]

Clearly, the right side tends to zero as n—>c0. [J

} [(u™'(z,8) —u'(t,0)]. D,0dt
0

172

Let us now localize the result which we have just proved.

Proposition 4.12. Suppose u is a real valued measurable function defined on
[0,1]x Q x IR? which satisfies (H1) for any xeR?, (H2) and (H3)-(H4) for any
bounded open subset D in R¥. Let 6 be a d-dimensional random vector s.t. ' € Dy 1 joc,
1£igp.

Then u(6) e (Dom 6),,. and 5(u(0)) can be defined as:

5(u(9))=} u(t, X)dW, oo —} u'(1,0). D,0dt.
0

0

Proof. Let us assume p=1 for notational convenience. In the case where D, ,
and takes values is some bounded open set D, the result follows from Proposition
4.11 and the fact that § is closed. Suppose now that {(€2;, 6;)} localizes 6. For k=1,
let ¢, be a smooth mapping from R into R, such that ¢,(x)=x whenever |x|<k
and @,(x)=0 whenever |x|2k+1. Define Q,=Q; {6,/ =k}, O,=@i(6,). Then
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{ (Qk,'gk)} localizes 6, and moreover 0, takes values in a bounded set. We then know
that:

6(u(B)=8()x=g,—[ w'(t,0,) D, Bidr.

0

It follows from this relation that whenever [/ <k,

6@ (@)lg, =0 @))lg -

The result follows from this, and again our last equality. [

5. The Skorohod Integral as a Process

We will restrict ourselves in this section to integrands belonging to L3, sec
Definition 3.3. Note that if ue L3, resp. L3, 1€[0,1], then ul, 43", resp.
L3 1. We then define the process

t

{j us. dw,, telo, 1]}
¢

by:

t

j us N dI/Vszé(ul[O’,]) .

0

This process is clearly mean-square continuous and then measurable. It does not

have any type of martingale property, for lack of adaptedness. Nevertheless, it has
the following property:

Proposition 5.1. Let uelL2* and 0<s<t<1. Then we have:

) E(y u,.dW,|F.v 9?!) =0

t 2 t d tt
(ii) E[(j u,.dW,) |F v 97‘]=E[j wdr+ Y, ({DiwDividrdeF, v 5«“]
s s i,j=1ss
Proof. For simplicity, we suppose that d=1. We first prove (i). For any Fe D, ,

which is %, v ' measurable, D,F=0 for almost all € [s, ¢]. For such an F, using
Proposition 3.1, we obtain:

t t
E<F§ u,dW,>=E | u,D,Fdr=0.

We now prove (ii). It suffices to prove (ii) for u € IL?2, which we now assume. It then
follows that

t
j u,dW,eD,
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and we can use Proposition 3.4 in order to compute its derivative. Let now F be an
F,v F'-measurable element of &. We then have, using repeatedly Proposition 3.1:

o o] e, o

o[ (i )|
futar|

which proves the result. [

We now give a sufficient condition for the existence of an a.s. continuous
modification:

Theorem 5.2. Let uc 1Ly . Then each one of the following conditions implies that the
process

{i u,. dWy, te[O,i]}
0

has an a.s. continuous modification :
1 r
(i) dp>1 sz sup E[(f HDSu,Hst> }< 0.
tef0,1] (4]

(i) 3p>2 s.t. Ei G I[Dsutllzds)pdt< 0.
0 \0

Proof. Clearly, the process
t
| E@w).dw,
0

has a continuous modification. Let us define »,=u,—FE(u,). Since obviously
D,v,=D,u,, it follows from (3.7) and Hoélder’s inequality that for g =2:

E( q)é“q"’[(if! ‘!Daurnwdr)ﬂ
<c (-9 j E[(f “D,,u,”zda)qlz} ar

1 q/2
<c,(r—5)** sup E[(f “Dau,uzdoc> :l
rel0,1] 0

Clearly, either (i) or (ii) permits us to use Kolmogorov’s lemma in order to conclude
that

t
|v,.dw,

{} v, AWy, te[O,l]}
0

possesses a continuous modification. O
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Let us now prove the same result under slightly different hypotheses. Recall the
Definition 3.3 of the space 1.22.

Theorem 5.3. Let ucl3? satisfy:

1
@ sup [HE(DSu,)H +E] DD, \lzdr:l< "
s,£€]0,1] 0
as well as either
(i) Ip>2 st sup E(julf)< oo
te[0,1]
or

1
(i) 3p>4 s.t. E | julPdt < co.
0

{jus e[o, 1]}

has an a.s. continuous modification.

Then the process

Proof. We assume again for simplicity that d= 1. First note that from Lemma 2.5, (i)
implies that:
sup E(|Du,[*) < 0.
s,t

We have the following decomposition:

t i1
| u,dW,=§ E(u,|F.v FYdW,

+5 ,—E(u,|F,v FHAW,=E+0.

¢ being an ordinary It6 integral, we obtain from Bukholder-Gundy, Hélder and
Jensen’s inequalities,

2t

E(EP)sc,(t—s)®  E | juldr.

It then follows both from (ii) or from (ii") that there exists p>2 and £>0 s.t.:
E(EIP) S cp(t—s)' 7. (.1
On the other hand, from Proposition A.1,

0= { E(Du,/%,v F')dW,dW,

|
!

U ey M'——,H

EO*={ [ E[E(Du,|F, v F*)V]dudr

+E Jﬁ i v(r, B)v(B, r)dBdr
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where
t
v(r, B)=| E(DyD,u,|F,v F')AW,+ E(Dgu,|Fgv F').
[
It then follows from (i) that:
E@*) <c(t—s) (5.2)

The result follows from (5.1) and (5.2), using the same argument as in Pardoux
and Protter ([19], Theorem 4.3). O

We compute next the quadratic variation of the process

t
{j u,. dw,, Og;gl}.
0

Let again {H "} denote a sequence of partitions of [0,1] such that |I1"| -0 as— co, as
defined at the beginning of Sect. 4.

Theorem 5.4. Let ucll). Then V1<i,j<d,

n—1 tx+1 .tk+1 . 1
S| udWi | udWi-d; [ ulds
k=0 i t 0

in probability, as n— co.

Proof. Let us first consider the case i =, and drop the index i. Let u, ve L**. Then:

fe+ 1 2 te+1 2
o)
e tx

e+ 1 2\1/2 te+1 2\1/2
g(EZ(I (us-vadws)) (EZ(I (us+vs>dw;))
k te

k i

E},

=< Hu—UIILZ,l X ”u+vHLz.1.

It follows from this estimate that it suffices to prove the result in case
uell**'nL*([0,1] x Q).
Choosing now v=u" in the last estimate (¥" is defined as in Sect. 4.3), we

conslude that:
te+1 2 T+ 1 2
(f e (1 o)
7% 13

as n— oo. It then remains to consider:

-0

EY

tet 1 2 _ [ te+1 k41 2
z( f u;'dWs) -y {u s ——L— Drusdsdr}

e\ fe % evr — I & eri— % § &

=Z (a%,n +blin _zak,nbk,n)
k
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where
W —_ I,Vt te+1
ak’nz_‘kl__k f u,ds
Lyt~ 4
1 fre+1 e+ 1
bw=—— | | D.ugdsdr
Lev1 =T 4
e+t I+t
Y b, <Y [ | \Dufdsdr
k k e 473

and the last term tends to zero in L}(Q), as n— c0.

n—1 (W W )2 fre+1
2 the+1 1. m2
Qi = (U’ ds .
zk: " kgo lev1— I z{ °

Since (u")> —u? in L2([0,1] x Q), it follows from an obvious modification of the
first part of Lemma C1 (see Appendix C) that:

1
Y ai,~fulds in LYQ).
% 0

1/2 1/2
z ak,nbk,n é(}: ai,n) (Z bl%,n)
k k k

and the latter tends to zero in L'(Q), as n— 0.
The proof for i=j is similar, the only serious difference being the use of the
second part of Lemma C1, instead of its first part. [

Finally

1t follows readily from Proposition 3.4:

Proposition 5.5. Let uelL3?. Then for any 0<a<p<1,

B
{u,.dweb, ,
and:

g 8 _
Dtl j udeSZE D:Mdeg'{"u;l[a’ﬁ]([), ta.ce. D

6. The Ité Formula

The aim of this section is to prove a chain rule which generalizes the 1td formula. For
the sake of clarity, we first state and prove a one-dimensional result. Recall the
Definition 3.3 of IL3-2.

Theorem 6.1. Suppose d=1. Let ®=R>—1R be a continuous function, such that the
derivatives @y, ®,, @, and Dy, exist and are continuous, and moreover let

u be an element of 1.>? s.t. there exists p>4 with

: 11 111
O\ [ \EDu)Pdsdi +E | | [ 1D, Dyuf?drdsdi < oo
Q0

000
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{V:, te[0,11} be a continuous process with a.s. finite variation
belonging to 1>, s.t.
(ii)

11 .

E [ [ (DsV)*dsdt < oo and the mapping 1—D,V; is continuous
00

with values in L*(Q), uniformly with respect to .

Then for any te|0,1], with the notation

t
U= u,dw,
we have the foliowing : ¢

0

z 1 t
+£ P,(Vs, UusdWs+ —5 (f) @y,(Vs, Ui ds

t N
+] (@4 (Vs UDD Vst @4y (Vi U | Dsttrd W, Juds.
0 0
Corollary 6.2, The conclusion of Theorem 6.1 remains valid if, the hypotheses
concerning  remaining unchanged, and assuming that the process {U,, 10,11} isa.s.
continuous, we replace (1) by :

1) uell22AL*([0,1]x )

and (i1) by either

(ii") {V,, t€[0,11} is a continuous process with a.s. finite variation belonging to
IL*!, and s.1. t—D,V, is continuous with values in L*(Q), uniformly with
respect 1o s
or

. v,

(ii") V, is a.s. absolutely continuous, VoeD, | and 7;6]L2’1.

Moreover, we may drop the requirement that {U,} is a.s. continuous, provided we
assume that the derivatives of ® are bounded. [

Remark 6.3. (i) A new term appears in the It6 formula. Note that this term does
cancel when both ¥ and u are &, adapted. Indeed, in that case, D,u, =0 for s>r, and
D, V,=0, since D,V,=0 for s>r, and r—D,V, is continuous.

(ii) The hypotheses under which the chain rule is proved in Sekiguchi and
Shiota [21] are those at the end of our Corollary 6.2. O

Proof of Theorem 6.1. From Lemma 2.5, (i) implies that

1
E [ [ |Dwlrdsdi< o,
3]

O e,

where v, =u, — E(u;), which implies that {U,} has an a.s. continuous modification,
which we will choose from now on. It is easily seen that the hypotheses of the
theorem imply that the Itd formula makes sense; in particular the integrands of the

Skorohod integrals belong to IL%7.
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Using the localization argument, it suffices to establish the Itd formula
for functions @ such that ¢ and the derivatives @;, @,, ®,,, ¢;, are bounded.
Let {II",neN} be a refining sequence of partitions of [0,] of the form
M"={0=t, <t ,<...<t,,=t}, with |II"|=sup (t;+;,—t;)—0, a8 n—0. As
usual, we write ¢; for ¢; .

n—1

oV, U)=0(Vo. U+ 3 [9(Vep > Uy ) =PV, U]
i=0

12

n—1
:dj(VO’ U0)+ Z [(D(VIT,-H’ Uli+1)_¢Vf;" Uliﬂ)]
i=0
n—1
+ Y [0, U, ) -0V, U
i=0

We can write

-1

n—1 n
Z [¢(I/ti+17 Uti+1)_~¢(1/[p Uti+l)]: Z (p;(V’n Uti+x)(1/ti+1_l/ti)>
i=0 i

=0

Bigrt

[t follows easily from the continuity of @/ and that of the processes ¥, and U,
that:

where 7, is a random intermediate point between ¥;, and V;,

n—1 t
z [QD(VtHlv Ut,-+1) _Q(I/tp Uti+1)]_’5 ¢3;(Vs7 Us)dV;s (61)
=0 0
a.s., as n—co.
On the other hand we have

n—1 n—1
L (20, Uy ) =@V, U= 3, 95V, U) (UL, —Ui)
i=0 i=0
1l _
+§ ZO ¢§/y(Vm Ui)(Ut§+1 - Uti)z s
where U, is a random intermediate point between U,and U, _,

It follows immediately from the continuity of @, and the quadratic variation
result (Theorem 5.3), using Lemma C2 in Appendix C that:

n—1 t
Y OV UNWU,,,,, Uy~ &5,(Ve, Uulds, (6.2)
i=0 0

in probability, as n—o0.
Now, from Proposition 3.2 and 5.5 we have
Fiv1 by

OV, U) [ udW,= | &;(V,, U )u,dW,
: W

t

i+

+ [ D3V, Ulugds,
ti
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and
ity

[ D[®,(V,,, U )uyds

Li+ 1 RS

= | @5V, U)D,V,uds+ | &5V, U,)D,U,uds
t; t;

tity ti+1

t
= [ @3V, U)D,Vyuds+ [ @4V, Uy) (I Dsu,dWr)usdx
t;: 0

i

Moreover:
n—1 ti+1

t;
Y § e, U ( | Dsu,dW,) uds
0

i=0 £
t S
— [ &5V, Uy ([ DsurdW,> uds, (6.3)
0 1]

in probability, as n—oo. Indeed,

n—1 t;4y

1 s
Z _f [é)lzl (I/ti: Uti) j DsurdVVr —qj; (Vsa Us) j Dsurdwlr:'usds
i=0 0 0

y y

=

n—1 tij+1 s
IR AAA (5 DsurdW,> wds

i=0 t;

n—1 ti+i

Y | [@;;(Vti, U,) — 5, (Vs, U <j Dsu,dw,ﬂusds
i=0 0

f D dW,

t;

_I_

n—1 Zi+4

AR

t

Jus| ds

5

+sup  sup ug [ Dou,dW,|ds. (6.4)
0

i seltitie1]

¥y

@; (I/z,-’ Ut,-) _QD;y(Vs’ Us)

t
|
0
The mathematical expectation of the first term in (6.4) is bounded by

loglo (5§ ) (£'S "f'§ impavas
0 i=0 4

n—1 ti+1 5 5 172
ey T ID,,DSu,FdrdeS)}

=0 ot 4t

which tends to zero as n— oo, because uelL??, The second summand of (6.4)
converges a.s. to zero by continuity.
Using a similar argument we can prove that

n—1 tj+1
Y, | @5V, U)DV, uds
i=0

t
- | @, (V;, U) D, Viuyds, (6.5)
in probability as n— co. 0
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Indeed, we have

n—1 ti+y

Z § [d)),’,X(V;I’ Uti)‘Ds Vti —@;,’x(l/;, Us)Ds Vs]ust
i=0 t;

#—1 tis1

<loile 3§ 1DV DKl ulds
t
+[sup sup 18V, Un) =25V, Usﬂ [ 1DV luds.
1 selt;, ti+1 0

and we use (i1) to obtain the desired convergence.
It remains finally to show that

n—1 ti+ t
i 80, U W[ @)V, U, (6.6)
i=0 Q

in L*(Q), as n—co.
In fact we will show that
n—1
U Z ¢);(Vvtl:‘ Uti) 1]ti,ti+ 1](s)—->us(15;(Vs, Us)
i=0
as n— oo in IL?!. Obviously the convergence holds in L2([0,1] x Q). Then it suffices
to show

n—1

Do) Y. Py(Vip, U Ly, 1, (9= (Dyu) D5(Vs, U (6.7)
i=0
n—1
g Y DV UDD Vi Dy, 16) =100V, UDD, Y, (6.8)
i=0

n—1 s
Us _ZO ¢}:’y(17t,9 Uti) <_(§)‘ Druod%> 1]ti,ti+ 1](S)

—u, @} (V.. U (j D,uedWe) 6.9
(8]

and

n—1
Us 'Zo Dy (Vi Ut 10,0 () Ly, 12 13 (5)

_)u5¢.\,’,y(VS’ Us)url{r§s} (610)

in L*([0,1 x Q).

(6.7) follows easily from the fact that u e IL?'1. To show (6.8) we first remark that
u, D,V belongs to L2([0,1F x Q). So, by Lebesgue dominated convergence theorem
we have

n—1
Us .ZO (1,5;;([/11’ Uli)Dr Vvsl]ti,ti+1](s)_.)us¢;/x(Vw Us)Dr Vw
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in Z2([0,1]* x ). In addition,
n—1 t;+1 1
EI:Z j j u§¢;’x(tha Ut,-)z [Dr Ki_Der]ZdrdS:(
i= i O
1 12 /n—1 tis) 1 12
§C(E { u‘;ds) (Z I {E(D,V,,~D, I/sl"')drds)
0 i=0 1 ©

which tends to zero as n— o0, from (i1).

The proof of (6.9) is similar. Hypotheses (i) and (ii) imply that u, j D, uydWy
belongs to L2([0,1]* x Q):

11 s 2 1 11 s 4 172
E|[u (f D,ugdW0> dsdré[E(j uﬁds) Iy E(I D,ugde> dsdr:l
00 \0 00 \o

éc[E(} u?ds) {} } E(lDruel“)drdG-;-} } } E(lDCDruel‘l)dCdrdg}le'
’ 90 000

Here we have applied the L? inequality of Proposition 3.5 for p=4. Then, to
complete the proof of (6.9) we have to verify that the following expectation tends
to zero:

]

1 1/2 tiv1 1 s 1/2
?,O<E ju:ds> [ZE i f(jDuedW9> drdsjl |
Q

;0 \g;

E[i j Vo, U)Z(jDugdW9>2drds]

< |3

Using the same L* estimate as above, we deduce that the last factor tends to zero, as
n—o0. (6.10) is immediate and the proof is complete. [

Proof of Corollary 6.2. The proof of the chain rule under the first set of hypotheses
follows exactly the same steps as the proof of the theorem. The L* bound on u
permits to avoid using any fourth order moment.

Once we have the chain rule under this first set of hypotheses, the result will
follow under the second set of hypotheses by a limiting argument (which uses the
fact that the derivatives of @ are bounded, and we have only df and dW, integrals)
once we show that there exists a sequence {u,,ne N} such that each u, satisfies
condition (i),

u,—u in IL2?
and
sup HunHL°°([(>,11x9>< 0.
n

We now construct such a sequence. Let {II"} be a sequence of partitions with
q q
|[II"|—0 as n—oco. We define:
1 fi+1

oh = | uds.

it — 1 t;
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Clearly, vieID, , " L*(Q), and if we define:
n—1 )
U= z U;ll[ti,ii+1[
i=0
v,—u in 22,
Now Vi, n, there exists a sequence {*v}, pe N} in .#, such that:
sup |7v}| z=(2)<
p
Poi—u, in D, ,.
Finally, there exists a sequence of integers {p(n),ne N} such that:
n—1 .
Up= z p(n)U;1[ti,ti+1[

i=0
converges to u in 2.

We now state the multidimensional analogues of Theorem 6.1 and Corollary
6.2. We use below the convention of summation upon repeated indices.

Theorem 6.4. Let @ =RM x R¥ - R be a continuous function, such that the derivatives
by, Dy, By .., D, exist and are continuous for 1 <iSM, 1<j, k<N.

Let {u”;1<i<N,1<j<d} be a set of processes, each of which satisfies (i) in
Theorem 6.1, and {Vi ;1 Si< M} be another set of processes, each of which satisfies
(i) in Theorem 6.1.

t
For te[0,1], we denote by U,={ u,dW, the N-dimensional process defined by
t 0
Ul={uldW{. We then have:
0

t
OV, U)=2(Vo, 0)+[ @, (V;, U)dVi
0

! t
+] @3 (Ve Ui dWi+112 | @5, (V. Usiluds
0 0]

Yyt

t s
+j [@J:,kxl(Vs’ US)DSJI/;+ qj),;kyl(l/s: Us) 5 Dgu,l.hdmhil u';jds. a
0 0

Corollary 6.5. Suppose that the process {U,, 1€[0,11} is a.s. continuous, and we
replace (1) by (i") and (ii) by (ii’) or (") in Theorem 6.4. Then its conclusion remains
true. Moreover, we may drop the requirement that {U,} be continuous, provided we
assume that the derivatives of @ are bounded. [

Remark 6.6. Suppose that the assumptions of Theorem 6.4 or Corollary 6.5 are
satisfied, and moreover that M = N. Let us define:

X, =V+U,.
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It is easily seen that s— D, X, is mean square continuous on [0,1] —{t}, and we then
can define,

(V-ii—X)tz lim (DziXt+s+DtiXt—s)

£—20,e>0

(Vi X)= lim (DtiXt+£ _DtiAX/t—e) .

£>0,e>0

Note that (VL X),=u;".
With these notations, the Itd formula takes the form:

d

o(X)= @(Xo)"‘j (P'(X), dX>+; 21 £<¢”(Xs)(V+X)s>(VE X),pds,

which 1s more concise. [

7. A Stratonovich Type Integral and the Associated Chain Rule

7.1. Definition of the Stratonovich Integrai

Let {H” neN} denote again a sequence of partitions of [0,1], I"={0=1, ,<t; ,
.. <1, ,=1}, with [II"|-0, as n— 0. Let {u;,1€[0,1]} be a d-dimensional

measurable process defined on (2, &, P), s.t. [ |, dt < oo a.s. We then associated to

each {II"} the process: 0
n—1
u": Z uk;"1[lk,n.tk+l,n[
k=0

where again
1 Ik+1,n

fon = ] uds.
tk+1,n—tk,n tie,n

Definition 7.1. A d-dimensional measurable process {u,,7€[0,1]} defined on a
probability space (2, #, P) is said to be Stratonovich integrable if the sequence:
n—1

z Izk,n . (u/tk+ n W;kﬂl)
k=0 . A

converges in probability as n— o0, and if moreover the limit does not depend on the
choice of the sequence of partitions {II"}.
Whenever {u,} is Stratonovich integrable, we denote by

1
jutodVVt
0

the above limit, which will be called the Stratonovich or the Stratonovich-Skorohod
integral of {u,}. O
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Note that, in case d=1, if {X,} is a continuous %, semi-martingale, and
feCY(R) then u,=f(X,) is Stratonovich integrable, and:

1 1 1 1
Jus dW,={ ue. dW+3 | TX)dCE W, (7.1)
0 0 4]

On the other hand, if ¥; is a continuous backward &' semi martingale, and
fe C*(R) then v,=f(Y,) is again Stratonovich integrable, but now:

1 1 1 1
J oyodW,=] v dW,— [ £(X)d<Y, W,. (72)
0 o] 0

Clearly, u, + v, is again Stratonovich integrable, but the correction term between
its Stratonovich and its It integral cannot be expressed in terms of its joint
quadratic variation with W,.

Definition 7.2. A process {u,,te[0,1]} will be said to belong to the class IL3:¢
whenever ueIL3'!, and moreover there exists a neighbourhood V in [0,1F of the
diagonal of [0,1]* such that:

(i) {D,u} has one version for which 7— D,u, is continuous with values in L*(Q)
uniformly with respect to s, on ¥Vn{s<t}.

(i) {Dsu,} has a (possibly different) version for which 1— Dy, is continuous
with values in L?(Q) uniformly with respect to s, on ¥ n{s=1r}.

(iii) esssup E(||Dyu,|*) < o0

eV .
In the ca(sset)cei =1, we delete the index d, as above. [

If uelly¢, then we can define:

d
D} .= lim ) Diu

St S>E j=1

d
D .u= lim ) Dju

S—t,5<t §=1
as elements of L*([0,1] x Q).

Theorem 7.3. Let ueL3:t. Then u is Stratonovich integrable, and
1 1 1
JuedW;=6()+5 [ D .u+D wldr. (1.3)
o] 0

Proof. From the analysis in Sect. 4 (see Proposition 4.3 and its consequences) it
suffices to show that:

n—1 1 et 1,n tkt1,n

{ | D, udsdt

=0 T+t~ len 6, tn

1

1
) { D .u,+D; .u,)dt
0

in probability, as n—co. This follows easily from (i), (i) and (iii) in Definition
72. 0O
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Definition 7.4. A process u will be said to belong to class IL3:¢ 1, whenever ue I3,
and possesses a localizing sequence {(,u),keN} such that u, satisfies the
conditions (i), (ii) and (iii) in Definition 7.2, VkeN. 0O

It is easily seen that Theorem 7.3 still holds true with ue L3¢ 1o

Proposition 7.5. Suppose that u e IL3:L, is mean-square continuous, and satisfies (i), (i)
1

and (iit) in Definition 7.2 with V=[0,1]>. Then | u,o dW, is the L*(Q)-limit, as n— o,

of the sequence: 0

1 n—1
~ Z (utk+uik+1,n)'(mku,n——mk,n)‘
k=0

[\

Proof.
1 n=
’2‘ Z utk+utk+1 (I/V;kn—thk)

1 1 n—1
:jﬂ ':E ké\:o (utk+utk+1)l[tk,tk+1[(t):|_d[/[/t

0

1n 1 fr+1

Z [ (Ds.uy+D.uy,, )ds.
tx

k=0

The hypotheses imply that the sequence

n—1

1
U, :z Z (u1k+utk+ 1) l[tkatk+1[(t)
k=0

converges to u in IL3'!, and moreover:

Z f D,.u, s—>fD .ty dt
k=0 i

=1 tk+1

Y o Ds,utkﬂds—»jDJr u,dt
k=0 1
in mean square. [

In order to compare the correction term between Stratonovich’s and
Skorohod’s integral with the classical one, let us establish:

Theorem 7.6. Suppose u satisfies the hypotheses of Proposition 7.5. Then:

n—1

Z (utk+1n utk,n)'(I/VtkH,n lkn)

k=

—

(D, .u,—D; . u)dt

O ey O

in mean square.
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Proof.

n—1
z (utk+1 —ulk) . (mk+l —I/ka)
k=0

1{n—1 n—1 fr+1
=.§ l: (utk+1 _utk)i[tkstk+1[(t):i'dm+ Z j DS‘(ulkH_utk)dS'
0 |Lk=0 k=0 1t

The first term on the right tends to zero, since:

n—1

Z (utk+1 _utk) 1[tk,tk+ 1[(0_—)0
k=0

in IL3*. The result follows from the last convergences in Proposition 7.5. O

We note that the derivative of  is discontinuous across the diagonal of [0,1] if
and only if the joint quadratic variation of w and W is non zero. This is consistent
with the hypothesis concerning the bounded variation process {V,} is Theorem 6.1.
Moreover, if V, is both %, adapted and of bounded variation, then D, V;=0.

For the comparison of the It6-Stratonovich correction terms, let us consider the
case d=1 for simplicity. We note that

n—1

<”s W>1:hm Z (utk+l,n—utk,n)(I/Vtk+1,n_mk,n)'

n—ow k=0

If uelld?, and u is &, adapted, then D, u,=0, and

1
3 lu, WH = D/ u,dt

1
5 (D, u,+D, u)dt.

N[ >
Oy O g

If now uell®! and is #* adapted, then D" u,=0, and

1
_E {u, Wh = D, u,dt

N =
O iy b O ey bt

(D, w,+D; w)dt.

B o~

From these two relations, we see that (7.3) is in agreement both with (7.1) and
with (7.2).

7.2. Another Class of Stratonovich-Integrable Processes

We now consider the Stratonovich integral of processes of the type introduced in
Sect. 4.4. Again, we restrict ourselves to the case d=1.

Let D be a bounded open subset of IR?, and u:[0,1]xQ2xD—-R be a
measurable function, which satisfies (H1), (H2), (H3) and (H4) in Sect. 4.4, and
moreover :
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(H5)t—u(t,x) and t—u'(t,x) are continuous in L7(€2), uniformly with re-
spect to x.
(H6) There exists a measurable function a: [0,1] x @ x D—IR such that:

n—1

Z (u(zk,n +(x(tk+ 1,n _tk,n)a X) _u(tk,na X)) (I/Vk+1,n - I/V;c,n)

k=0

1
—a [ a(t,x)dt
0

in probability, uniformly with respect to ae[0,1], xeD; for any sequence of
partitions II"={0=1o,<t; ,<... <t,,=1} with |[I"|-0 as n—co.
It is easy to give explicit sufficient conditions for (H6), see e.g. Yor [27].

Proposition 7.7 Let u satisfy (H1) ... (H6) and 0 be a D-valued random vector. Then
{u(t,0),1€[0,1]} is Stratonovich integrable, as well as {u(t, x), 1€ [0,1]}, Vxe D and :

1 1

[ u,0)cdW,=[ u(t,x)odWi|.—,.
0 0

Proof. Note that u(t, x) is clearly Stratonovich integrable,
1 1 1

fu(t,x)dW,=] u(s, x)a’W,-l—1 J a(t, x)dt
0 0 25

1
and from the results in Sect. 4.4 it makes sense to “evaluate | u(z, x)dW, at x=6".

1 0
It then makes sense to evaluate | u(z, x)o dW, at x=0.
Now: 0
n—1 1 tie+ 1
z ( .‘. u(s’e)ds>(I/Vtk+1_VVtk)
k=0 \lk+1 "t 4

-3 (= w00 ) 0, o)

k=0 tk‘tk—l fe—1

£y ( L [u(s,e)—u(rk,e)]ds>(%“—%)

k=0 tk+1 _tk fre

+"§( ! 'j"‘[u(rk,e)—u@,e)]ds)(mm—%)
k=0

e~ le-1 6s
=A,+B,+C,.
From Lemma 4.10,
An“’i u(t, x)dWlx=o

in L2(Q), as n—o0. From (H6) integrated over «€[0,1],
1 1
B,— = [a(t,0)dt
2 0

in probability, as n— oo, It remains to show that C,—0 in probability.
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This will follow from:

sup -0

xeD

n—1 Tk
Z( : §[u(zk,x>—u(s,x)]ds><mk“—W,,)

k=0 tk—lk—l -1

in L2(Q), asn— oo which is a consequence of the fact thatue L4([0,1] x Q ; W*(D))
for a ¢>p (see the proof of Lemma 4.10) and (HS). O

By a localization procedure, we obtain:

Proposition 7.8. The statement of Proposition 7.7 is still true if u and 0 satisfy the
hypotheses of Proposition 4.13, and u satisfies (H5) and (H6) where D is replaced by
IR? and the assumed convergences are uniform for x in any compact subset of R?. [

7.3. The Chain Rule of Stratonovich Type
We first state and prove a one dimensional result.

Theorem 7.9. Suppose d=1. Let @ :R* >R be a continuous function, such that the
derivatives &, @, & and @}, exist and are continuous, and moreover let :

[u be an element of 12> N1LE! s.t. there exists p>4 with
11 111
§ § |E(Du)||Pdsdt +E § § § |D,Dyu,||P drdsdt < oo,
00 000
the process {D;" u,+ D" u,, te[0,1]} belongs to 1.*>>* and moreover .

1
sup E [ |D,(Dgtug+ Dy ugltds < oo

L tel0.1] 0
I {V:,t€[0,11} be a continuous process with a.s. finite variation belonging to
11
(i) | L*', 5.2. E | | (D, V;)*dsdt < oo and the mapping t— D, V; is continuous with
00

values in L*(Q), uniformly with respect to s.

t
Then for any te[0,1], with the notation (7t:j ugo dWy, we have the following :
[¢]
t
4]

t
+j. Q}/:(Vs’ ﬁs)uso dI/Vs
0

Proof.
U=U+7V, where

t
U,=| u,dW,
0

R

-

1 t
=3 | (DS ug+ Dy ug)ds .
o
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So that &(V;, U,)= ®,(V;, ¥,, U,), and we can apply Theorem 6.4., which yields:

t
OV, U)=d(Vo, 0 +[ 2:(Vs, U)dV,
0

+= [ &,(V, U) (D ug+ Dy uy)ds

O ey o

1
2
: ~ 1 -
+§ By(Ve, UuedW, 5 | 03,V Uy ds
0 0
1o 00,1 040,00 | D,
0

-+

N — Oy~

5

j. Ds(Dr+ U, +Dr_ ur)drjl} usds .

0

And it is easily seen that the sum of the four last terms is equal to:
t

§ 2.V, UpuyodW,.

0

Note that (¥, U)u, is in ILg},.. O

We note that both the usual and the new “additional” terms in the [t6 formula
disappear in the Stratonovich chain rule.

We finally state the multi-dimensional version of the Stratonovich chain rule,
using the convention of summation upon repeated indices:

Theorem 7.10. Let ®=RM xR IR be a continuous function, such that the
derivatives @, Dy, Dy i &, exist and are continuous, Jor 1<i<M,
1<), k<.

Let {u;1<i<N, 15j<d} be a set of processes, each of which satisfies (i) in
Theorem 7.9; and {V', 1 <i< M} another set of processes, each of which satisfies (ii)
in Theorem 7.9.

For 1€10,1], we denote by (~],=} u o dW, the N dimensional process defined by
U,i=jt"u§jodﬂfsf. ’
I/IO/e then have:
O, D=0V, 00 +] 24,07, D)

t
+f @, (V,, Oyulicdwi. O
0

8. The Two-Sided Integral

In this section, we specialize our results to a particular class of integrands, and thus
obtain direct generalizations of the results in Pardoux and Protter [19].
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Let @ =[0,1] x R™ x R - R be a measurable function s.t. (x,y)—®(z, x, ) is
of class C't a.e., and moreover d(1, x, y), P+ (¢, x, y) and &, (1, x, y) are bounded on
bounded subsets of [0,1]x R™ x R".

Let {X/},t€[0,1], 1<i< M} be continuous %, adapted processes which belong
to L3:!; and {Y,f, te[0,1], 1 <j< N} be continuous #* adapted processes which
belong to L2,

All the above hypotheses are supposed to hold throughout this section.

It follows from Proposition 4.7 that ¢(., X., Y.) belongs to LZ...

Proposition 8.1. Suppose that {D.X};te[s, 11} and {D'Y,, t€[0,s]} have modifi-
cations which are continuous functions of t with values in L*(Q), uniformly with

respect to 5; 1 <iSM, 1<5jEN, 1£1d
Then, for any sequence {H"} of partitions of [0,11, with |IT"|—0 as n— o0,

1
Z @k( te? tkﬂ) (VVtk“_mk)_’j- ¢(I’Xt9 Yt)dI/Vt
0

in probability, as n— o, where

Qk(xuy):t

T+t

[ &, x,p)dt.
5%

k+1 Ik
Proof. By the usual localization argument, it suffices to consider the case where
X, Yel* and &, @, , @, are bounded, 1 i< M, 1 <j< N, which we suppose
from now on. We also assume for simplicity that d=1.

Define

M - Z @k( ti? lk+1)1[tk !k+1[(t)

u=o( X, Yz) .
Clearly, since
@k( t? tk...‘) iS %katk+l

measurable,

5(u)_ z @k( tres tk-v—l (W;k+1~mk)'

It then suffices to show that ¥"—u in IL**. The convergence in L*([0,1]x Q) is
immediate. It thus remains to show that:

n—1

Z (¢k)x( Ty tk+1)D I[tk tk+1[(l)_’€p ([ "Yt: Y)D X

k=0

Z (@k)y( tr tk+1)D Ytk+11[tk tk+1[(t)_-)® (Z XtaY)D Y

in L?([0,1]* x ). This follows from the hypothesis of the proposition. [I

We now want to see the particular form which takes the Ité formula for a
process of the type @ (¢, X, Y;). For that sake, we need to particularize the situation.
We now suppose that {X,‘, 1<iS M} are continuous %, semi-martingales, and
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{Y/,1<jS N} are continuous #* semi-martingales, with canonical represen-
tations:

Xi=x'+ A+ okdWwk; i=1,....M (8.1)

k

M=
B L = L

1

il

d
Y=y +B/+ Y [ylFdw}; j=1,....N. (8.2)
k=1
We first suppose that 4” and B/ have a.s. bounded variations, {4/} and {ci*} being
F, adapted, {B/} and {y/*} #' adapted. We suppose further that A°, o', B/, 7/* are
elements of IL%! which can be localized by processes having the same adaptedness
property as themselves, and which are bounded together with their derivatives, the
processes which localize 4’ and B/ being continuous with a.s. bounded variation.

We note than, from Lemma 2.4 and Proposition 3.4,

d t
D,’X,":[D,lA,"+a£’+ > j(D,’o;"‘)dVVs"}i{,ét}

k=1 r
d r

D! xf=[D:Bz+yz'+ 5 I(Dr’vi")dWs"Jl{r;ﬂ-
k=1 1t

Proposition 8.2. Let ® = [0,1] x R™ x RY— IR be a continuous function, which is once
continuously differentiabie with respect to t, and twice continuousty differentiable with
respect o x and y. Leit { X} and { Y} be respectively an R™ valued continuous F, semi-
martingale and an RY valued continuous F* semi-martingale of the forms (8.1) and
(8.2), A, B, a, v satisfying the above hypotheses, and moreover:

{DlA};te[s, 1]} and {D{B{;te|0,s]} have modifications which
(H1) | are continuous functions of t which values in L*(Q2), uniformly with
respect to s; 1 <iSM, 1<j<N, 1<i<d.

We then have, VO<s<t<1,

t
O(1, X, Y)=D(s, X, Y)+ | &/(r, X,, Y,)dr

t 1 t
+[ (. X,. ¥,) . dX, +5 § Tr (@40, X,, V) o,0F]dr

t 1 t
+J‘ @;(}"’ Xra K‘) . dY;’ ‘5 jl Tr [¢;y(r> er K‘)yr’y;k]dr -
Proof. For simplicity, let us suppose that N=M =d=1. For the proof, we may and
doassume that @, &/, &, ®;, I, P, are bounded, 4,0, B, y€ IL2'!, these processes
being bounded as well as their derivatives.
Let {II"} denote a sequence of subdivisions of [s, ¢], with |IT"|~0 as n—co.
n—1

(p(l:Xm Yt)—GD(S, Xs: Ys): Z @(ti+}>Xti+1s KHl)_'@(ti; Xt” Ytl)

i=0

n—1
= Z [ds(zi-f-l?XtH.la )/ti+1)*¢(li7Xti+1= Ki+1)]
i=0
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+Z @(tu tiy1? tl+1) ¢(tl7X!1 Y,+1)]
i=0

n—1
+ Z [¢(Ii=th t,+1) Q(tnXt, Y)]

i=0

Zan_‘_ﬂn—i_'))n‘

t
o0, &, (r,X,,Y,)dr as.,as n-o.

n—1

= z @J;(ti’Xt, t,+1)(All+1 i)
i=0

n—1 ti+1
+ Y Lt Xy Y j o, dW,
i=0
123 _
+§ Z ¢)lc,x(ti,Xn tl+1)(Xt,+1 Xti)z
i=0

where X; is a random intermediate point between X, and X

i+1’

n—1 1
z dj (tUXt;’ t,+1) (Ati+1—Ati).—)_§‘ ¢Jé(r> XF7 K‘)dAr a.s.

i=0

and from Lemma C2 in Appendix C,

n—1
Y oLt X Yo, ) Xy, — Xt)%y@ (X, Y)ordr as.
i=0
Define
n—1
U= 2 ¢;(ti7Xt, t1+1)1[[1 t,+1[(r)
i=0

Then from Theorem 3.2:

n—1 ti+1
Z D.(t,X,,, 14, ) j o, dW,= f ulo,dw,.
i=0 1
We then need to check that: w6 —~®.(X, Y)o in 1!, as n— oo which follows
from the hypotheses. y, is treated analogously. [

We note that Proposition 8.2 could be formally deduced from Theorem 6.4,
1

ChOOSing I/vt: (l’ X +At5y +B1 —Bt +§ ydes)a U= (Gta yt)7 and F(xl » X2, XS:yl ayZ)
0

=d(xy, X, +y1, X3 —),). However, in order to apply Theorem 6.4, we would have
needed more hypotheses on the processes. Indeed, and this is the interesting aspect
of the particular case considered in this section, the additional terms in the It
formula of Theorem 6.4 cancel here, and we dont’t need to require the
corresponding regularity.
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Appendix A
The aim of this appendix is to establish:
Proposition A.1. Let GeID, . Then VO=Zs<t<1,
G=E(G/Z, vﬁ‘)—kjt~ EWD.G/F, v F*).dW,.

Choosing s =0 and =1 in Proposition A.1, we obtain Ocone’s representation
theorem as a particular case:

Corollary A.2, Let GeID, . Then:
1
G=E(G)+| E(D,G/#,).dW,.
0

Proofof Proposition A.1. For simplicity, we restrict ourselves to the case d=1. Let us
write the Wiener chaos decomposition of G:

G= 3 In(gm)-
m=0
We then have:
DrG= Z mIm*l(gm("'ar)>

m=1

ED,GIZ,vF)=) ml,_(g,(....," ;)
1
where

m—1
B e (tys oo tme )= T1 1poe(8) -
i=1

Denote by f,.(¢,...,t,) the function obtained by symmetrizing:

hm,tm(zh Tty [m——l) 1[s,t[(tm) .
We then have that:
mfm = 1Am
where

Cs

A, .., 1) el0 1" tie]s, 1]}

i=1

We then have:
t 2]
[ E(D,G|F,v FYAW,= 3, 1,(9n14,)
s m=1

= i Im(gm)- i Im(gmlAmc)

m=0 m=0

—G-EG/F,vFY). O
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Appendix B

In this appendix, we prove the estimate (3.7).
Suppose d=1 and uelL*!. Let G be a polynomial functional. We have

1 1 1
E(G i u,dW,>=E(j u,DtGdt)= [ 'S EGudaDiGdi
0 4]

0 n=

<

) (B.D)

1 1
where —4+-=1.
p

q
Let F be such that CF=G —J,G. Then, using Meyer’s inequalities we have

1 ) 1 2 1/2 1 1/2
J.D.G | d D, FYdi
|:£ <n=0 |/I’l+1 ) t] |:(j).( ) tj|

<e|CFl,=c |6 -106 ], 56,6 ..

q 4

For the first factor of (B.i) we can write

Y, [/n+ 1= —RCu+E(u,),
n=0

C 1
where R denotes the multiplication operator by \/ f4+—.
n

Let {e;(r);0<¢<1} be an orthonormal basis in L2([0,1]). Using Khintchin’s
inequality we obtain

1 pi2 «© 1 2\ p/2
E(j (RCut)zdt) =E< Y (_f RCu,ei(t)dt) >
0

i=1 \0

[*9]

D } RCuse;(1)7;(0)dr

i=1

A

1 p
C,E | o, (B.ii)
0

where {yi((?);OgOg 1,i=1} is a sequence of Rademacher functions.
Now we apply Meyer’s inequality in the form

1 p/2
E(ICFIP) = CPE<§ (D, Fy dt> )
0

which is true for all p=2 and FelD,, (this can be deduced from the opposite
inequality for polynomial functionals, using a duality argument, see Watanabe

[26]).
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As a consequence, and applying again Khintchin’s inequality, we obtain that
(B.i1) is bounded by

)

j=1

2|p/2

C,E do

} Ds[i } (R —Jo)u,ei(t)ri(O)dt]ej(s)ds
0 i 0

=1

O — —

11 p
<C,E H dodg’

} R(Dyu)e;(s)e(t)r(0)r;(0")dtds
0

O ey b

i,j=1

11 p/2
gcw(j i (Dsut)zdsdt> ,
0

0

where R is the multiplication operator by (n +2/n+ 1)/, which is bounded in L.
As usual, C, denotes a constant depending only on p that may be different from
one formula to another one. [

Appendix C

The aim of this Appendix is to extend slightly a lemma due to Follmer [3]. See also
Pardoux and Protter [19].
The processes below are defined on an arbitrary probability space (£, £, Q).

Lemma C.1. Let {W,;,1€10,11} and {V,,1€[0,1]} denote two mutually independent
standard Wiener processes. Let {X,, 1€ [0,1]} denote a measurable process and p > 1.
Suppose that Xe L?(0,1) a.s.
Then

- T+ 1,n 1
Z ( ! j Xsds>(mk+l,n-mk,n)2__)j Xds (C.)
k=0 0

et~ ten i

- 1 b y
Z ( jl Xsds>(VVIk+1,n tk n)(Vtk+1 n I/tk,n)—_)o (C.ll)

tk+1 n tk,n tic,n

in probability, as n— oo, where II"={0=1, ,<t, ,< ... <t, ,=1} satisfies |[1"|—0
as n—r 0.
If moreover Xe LP([0,1] x Q), then the above convergences hold in L1(Q).

Proof. It clearly suffices to show that (C.i) and (C.ii) hold in L'(£2) whenever
XeL?([0,1] x Q). Let us first prove (C.i).
Define
1-1 1 Tivt,1
X'= Z (;—— f Xsds>1[ti,z,ti+1,z[’

i=o \li+1,0 — i1 1,

n—1 fe+1,n
an(X): Z (_—1—_“ f Xsds)(I/VtkH,n_VVtk,n)z’

k=0 lk+1,n _‘tk,n ti,n
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and «,(X") similarly. It follows from Holder’s inequality that if 1/p+1/g=1,

<tk+§l,n py1/p
: leldS>
”/Vtk+ 1,n u/tk,nlzq}lm E z tx,n

(st n—licw)? ! o (tes1n—liw)™?

“an(X) “Ll(.Q) =G, “X”Lp([o,u x Q)+ (C.1ii)

E| Qn(X)lé{E;

It then follows:

1
E OC,,(X) -jl X;dt éE'[xn(X_Xl)’
0o

1 1
+Ela, (X" ~{ Xlds|+E | |X,—X{|ds
0 0

<E H(C+ DX =X oo 1170y -

1
an (XN~ | Xlds
0

1
Clearly, X'— Xin L7([0,1] x ). On the other hand, for fixed /, ,(X*)—{ X!dsin
)

L'(2) as n—o0. Indeed, the convergence in probability is immediate, and a slight
modification in the proof of (C.iii) yields that Vp e 11, p{,

H%(Xz)“m'(fz)é Clp,p) HXZ ”Ll’([(),l] X0y

so that the sequence {e,(X?), n€ N} is uniformly integrable. The result now follows.
The proof of (C.ii) is quite similar. [J

Lemma C.2. Ler
X
X,= 2

denote a two-dimensional continuous process, such that

1
Y (XX )X, X )~ dids (C.iv)
st r 1,n <1} 0

in probability, as n— co, with i,j=1,2; where {a¥, 1€[0,1];1,j=1,2} are measurable
processes s.1.

1
[la¥V|di<oop.s.; i,j=1,2.
0

Let {Y,,t€[0,1]} be a continuous process, and {Y,te[0,11} be measurable
processes which converge a.s. to {Yr} as n— oo, uniformfy with respect to te |0, 1].
Then Vi,je{1,2},

n—1 1
> r (X, X (X, —X )=[ Yalde
k=0 0O

in probability, as n—0; I, j=1, 2.
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Proof. By a classical subsequence argument, it suffices to prove the result under the
hypothesis that the convergence in (C.iv) holds a.s. For simplicity, we write #,
instead of ¢, ,,. Let first {Zt, t€[0, 1]} be a process which is constant on each element
of a finite partition of [0, 1]. Then from (C.iv):

1
Z Ztk( te+1 )( fe+1 thk)_",[ Zta;.jdL (CV)
0

Let now {Zf,1€[0,1]; pe N} be a sequence of processes, each possessing the
properties of {Zt}, s.t. ZP—Y, a.s., uniformly with respect to re[0, 1], as p— oo

tk+1 )( te+1
1/2 ) 1/2
é(zs}épl]ljftn—ztpl)<z ( tk+1—Xl)2) (Z ( lk+1—Xth)2> *
X hm 2 ( )( tk+1_Xli)( fe+1 )
n=cw (k=

1 N\I2 /1 \1p2
§< sup Y, —Z}’i) (j ai‘dl) (j a{’dt) ) (C.vi)
tef0,1] 0 (1]

The result follows from (C.v) and (C.vi). O
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