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The problem of density estimation on R is considered. Adopting the maxiset point of view, we
focus on performance of adaptive procedures. Any rule which consists in neglecting the wavelet
empirical coefficients smaller than a sequence of thresholds v, will be called an elitist rule. We
prove that for such a procedure the maximal space for the rate vn?, with 0 < a < 1, is always
contained in the intersection of a Besov space and a weak Besov space. With no assumption
on compactness of the support of the density goal f, we show that the hard thresholding rule
is the best procedure among elitist rules when taking the classical choice of thresholds vy, =
ur/mn~1log(n), with u > 0. Then, we point out the significance of data-driven thresholds in
density estimation by comparing the maxiset of the hard thresholding rule with the one of Juditsky
and Lambert-Lacroix’s procedure.
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1. Introduction

For recent years, nonparametric estimation methods have given a renewal of in-
terest in minimax theory, particularly, in the problem of density estimation, which
consists in providing methods to estimate a density f from independent realiza-
tions X1, ..., X,,. This basic problem has been extensively studied in the literature
on nonparametric estimation and various methods and approaches proposed by
Devroye [6] and Silverman [23].

Donoho, Johnstone, Kerkyacharian and Picard [9] and Cohen, De Vore, Kerky-
acharian and Picard [4] studied the performance of the hard thresholding estimator.
Assuming that the density f can be decomposed in a wavelet basis, this procedure
reconstructs the target density f by only keeping the empirical coefficients which
are greater than a specific value (threshold). This procedure has been proved to be

(©2006 by Allerton Press, Inc. Authorization to photocopy individual items for internal or
personal use, or the internal or personal use of specific clients, is granted by Allerton Press, Inc.
for libraries and other users registered with the Copyright Clearance Center (CCC) Transactional
Reporting Service, provided that the base fee of $50.00 per copy is paid directly to CCC, 222
Rosewood Drive, Danvers, MA 01923.

1
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very significant when dealing with the estimation of compactly supported densities.
In particular, Donoho et al. [9] have shown that this adaptive procedure attains the
minimax rate of convergence over Besov spaces (up to a logarithmic term). What
is relevant in the paper of Cohen et al. [4] is that a new way of measuring the
performance of statistical procedures has been proposed. It consists in investigat-
ing the maximal space (or maziset), where the procedure attains a given rate of
convergence. This new approach appears more optimistic than the minimax one,
since it provides a functional set which is directly connected with the procedure. By
assuming that the density f is compactly supported, Cohen et al. [4] proved that
the maxiset associated with the hard thresholding procedure was the intersection of
a Besov space and a weak Besov space. In this paper, we prove that the hypothesis
of compactness of the support of f can be discarded.

Recently, Juditsky and Lambert-Lacroix [13] proposed a new adaptive procedure
for density estimation on R when dealing with Holder spaces. In their procedure,
they propose to use a data-driven threshold to estimate the density function. A
natural question arises here: In the maxiset context, is it relevant to replace the
usual threshold by a data-driven one? In this paper we give an answer to this
question, underlining the limits of usual thresholding rules in the maxiset sense.

Consequently our goal is threefold. We refer to any procedure, where the small
empirical coefficients are neglected, as an elitist rule and prove that the maxiset of
such a procedure is always contained in a Besov space. In other words, we exhibit
conditions on procedures ensuring that their maxiset is contained in the intersec-
tion of a Besov space and a weak Besov space. Secondly, with no assumption about
compactness of the density to be estimated, we prove that the hard thresholding
procedure is the best procedure among elitist ones, since its maxiset is the largest one
among those of elitist rules (ideal maxiset). Thirdly, under the maxiset approach,
we compare this last procedure with the data-driven thresholding procedure pro-
vided by Juditsky and Lambert-Lacroix. Thanks to this, we succeed in pointing
out the significance of the choice of data-driven thresholds in density estimation
by proving that the maxiset of Juditsky and Lambert-Lacroix’s procedure is larger
than any elitist rule’s one.

The paper is organized as follows. Section 2 recalls the problem of density
estimation on R and defines the basic tools we shall need in the study. In Section 3,
we define the maxiset point of view and the functional spaces often arising when
dealing with this approach. In Section 4, we prove that the hard thresholding rule
is the best procedure among elitist rules. Section 5 deals with the data-driven
thresholds. We prove that the maxiset associated with the procedure of Juditsky
and Lambert-Lacroix [13] is larger than any elitist rule’s one. Finally, Section 6
contains the proofs of technical lemmas.

2. Density Estimation Model

We consider the problem of estimating an unknown density function f. Let
X1,..., X, be n independent copies of a random variable X with density f with
respect to the Lebesgue measure on R. Instead of the local estimation setting as in
Farrell [10, 11], Parzen [20], and Wahba [24], we choose to consider here the global
estimation setting as Bretagnolle and Huber [3]. This paper aims at measuring the
performance of estimators in a theoretical way.
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To begin, let (¢, v, b, 1;) be compactly supported functions of Lo (R) and denote
for all k € Z and all z € R, ¢_1x(z) = ¢(z — k), (resp. Y_1x(z) = d(z — k)) and
for all j € N, ¢ji(z) = 21/21/)(2]1" — k) (vesp. ¥jp(x) = 202427z — k).

Suppose that:

o {¢jr;j > —1;k € Z} and {Ll;jk;j > —1;k € Z} constitute a biorthogonal
pair of wavelet bases of La(R).
e The reconstruction wavelet 1; is CV*! for some N € N.
e The wavelet ¥ is orthogonal to any polynomial of degree less than N.
e ¢(z) =1{—% <z < 1} and support(y)) C [ 2, Z[ for some m € N*.
The feature of this particular basis which is intensively used throughout the
paper, is that there exists v > 0 such that |[¢)(x)| > v on the support of 1. Some
most popular examples of such bases are given in Daubechies [5] and Donoho and

Johnstone [7].
Suppose now that f can be represented as

FO =0 Bintir(t),

j>—1kez
where Vj > —1 for all k € Z:
o b= [ SOt
Ik
° jk:{meR;—% < (2jv1)x—k< %}

Remark 2.1. As for each (j, k), the support of ;5 is contained in I, we can
easily prove that for every j > —1 and every x € R,

(2.1) #{k; v € Ij} <m.

Moreover, 1 m; and 1¥; p,;» have disjoint supports. Thus

(2.2) ijk = Z ij,mi+l < Z / f(z)dx =m.
k =1 i =1

In the sequel, we shall denote:

Ijk

° 0} :/1 fOvh () dt — B3,  Vji>-1, VkeZ,
Jjk

j—1
o fi=>_> Butu, Vji>-1

l=—1keZ

3. Maxiset Point of View
In this paper, we consider the maxiset approach to measure the performance of
estimators. This new approach was introduced by Cohen et al. [4] and consists in
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finding the maximal space (maxiset), where a fixed procedure f achieves a given rate
of convergence r,. In the following subsection, we introduce the maxiset notation.

3.1. MAXISET NOTATION. For a loss function p, we denote by

MS(f,p,rn) = {f; sup roto(f, f) < oo}

the maxiset associated with the procedure f and the rate r,,.

Let us remark that the maxiset point of view is more optimistic than the minimax
one, since it provides the strong connection between an estimation procedure and
a functional space.

3.2. FUNCTIONAL SPACES. In this subsection, we introduce the sequence
spaces often arising when dealing with the maxiset approach (see Cohen et al. [4]
and Kerkyacharian and Picard [17, 18]).

Definition 3.1. Let 0 < s < N+ 1 and 1 < p,q < oo. We say that a density f
of L,(R) belongs to the Besov space B, , if and only if

(21675498 15 5> 1) €1,

Remark 3.1. It is clear, using the definition above, that a density f belongs to
B? . if and only if

D,

(3.1) sup 277D "2/ N "3, P < oo,
k

JeN i>J

The Besov spaces are of statistical interest, since they model important forms
of spatial inhomogeneity. These spaces have been proved to play a prominent role
when dealing with the maxiset approach. Indeed, Kerkyacharian and Picard [16]
have proved that the maximal space, where any linear procedure attains the rate of
convergence n P/ (1425) for the L,-risk, p > 2, is contained in the Besov space B, .
Let us recall that the scale of Besov spaces includes the Holder spaces (C* = B3, )
and the Hilbert-Sobolev spaces (H5 = B3 ,).

Definition 3.2. Let 0 < r < p < co. We say that f belongs to the weak Besov
space W (r,p) if and only if

sup A" 37 29570 1] > A} < oo,

A>0 i>—1 P

which is equivalent to (see Cohen al. [4])

sup AP Y 2B N 3 P1{|B] < A} < 0.

A>0 ST .

These spaces naturally appear when studying the maximal spaces of thresholding
rules (see Cohen al. [4] and Kerkyacharian and Picard [17, 18]). Weak Besov spaces
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constitute a large class of functions since, using Markov’s inequality, it is easy to

prove that for r < p, the Besov space B;, C W(r,p) when s > 2= — 1. Under
the maxiset approach, we prove in Section 4 that weak Besov spaces are directly

connected with a large family of procedures called elitist rules.

Definition 3.3. Let 0 < r < p < co. We say that f belongs to the space
W*(r,p) if and only if

apy ¥ 20 {0 5] o
J

A0 S .

which is equivalent to (see Kerkyacharian and Picard [17])

sup A" P E : 9i(§-1) E :|5jk|p1{|ﬂjk| < )\} < 0.
, Ojk
j>-1 k J

A>0

Note that W (r,p) and W*(r,p) are natural spaces to measure the sparsity of
a sequence by controlling the proportion of nonnegligible §;;’s. In Section 5, we
illustrate the strong link between the spaces W*(r,p) and procedures based on
data-driven thresholds.

Definition 3.4. We say that a function f belongs to the space x(r,p) if and
only if

sup A" P Z 27(5-1) Z 1Bjk|P1{p;r < \?} < o0.
A>0 Pt 3

These functional spaces constitute a large family of functions. To be more
precise, consider the following proposition dealing with embeddings of functional
spaces.

Proposition 3.1. Forany 0 < a <1 and any 1 < p < 0o, we have the following
inclusions of spaces:
Byl nW((1 = a)p,p) C By N x((1 - a)p,p),

(32) /2 a/2
By'e NWo((1—a)p,p) C Byl Nx((1—a)p,p).

Moreover, if ap > 2, then

(3-3) Byl NW((1—a)p,p) C By2 N Wo((1—a)p,p).

Proof. Here and later, C' represents any constant we need and can be different
from one line to another.

Denote Ky = ||@]loo V ||¥]loo- Let A > 0 and let u be the integer such that
2u < 2\ < 2,

Clearly, if \? > 2;’%, then for any f that belongs to Bg/o%

S 2GS B P {p < NP < Y 207D N VB[P < OAeP
K o

jz-1 jz-1
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Suppose now that A\? < Since for any (j,k), |Bjx| < K27/?pi, we have

2K2 :
for any j < u:
pik SA° = |G| < Ky

and
o2, > 2jll2pjk - QjKip?k = 2jpjk(l/2 - Kipjk) > 2j711/2pjk.

So, if f belongs to W((1 — a)p,p) (resp. W*((1 — «)p,p)), then

> 21 Z 1Bk P1{pjr < A*}

j=>-1

< Z?“Ll Z Bl Hpje < A%+ Y 2D Z Bl

j<u j>u

<C Z 2/(5-1 Z B[P 1{|Bs1| < KyA}+C27 5% < CA?,

j=-—1

resp.,

Z 29(5—1) Z|5jk|p1{ij < A%}

j>—1
< ZQJ(L” Z BilP1{pje < A} 4+ 2GETD Y TP
j<u ji>u k
u—1
<C ) 2’(L1)Zlﬁmlp1{lﬁgkl < K297y} + C2 8w
_/——1
2K,
<c ¥ v B0 D 1L < V2Ky s} + 28w < oo,

j=-—1

We conclude that f € x((1 — a)p,p). So (3.2) is satisfied. Now, (3.3) is clearly
satisfied since for every 1 < p < oo and every « such that ap > 2, it is easy to
prove that f € BZO,‘,{,% = sup, , 0k <o0o. [

4. Ideal Maxiset for Elitist Rules
Here we focus on the maxiset performance of adaptive procedures (i.e., those
which do not depend on the parameter a).

4.1. DEFINITION OF IDEAL MAXISET. Let us introduce the definition of the
ideal maxiset of a family of procedures.

Definition 4.1. Let p be a loss function, r,, a rate, and M,, a family of estimation
procedures. We say that the functional space V is the ideal maziset of the family
M., for the rate r, if the two following properties hold:

1. Vf e My, MS(f,p,rn)CV,
2. 3f* € My, MS(f*,p,rn) =V.
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In the next subsection, we provide the ideal maxiset of a large family of proce-
dures, namely, the elitist rules, which consist in discarding small empirical coeffi-
cients in the reconstruction of the target density f.

4.2. DEFINITION OF ELITIST RULES. Fix r > 0. Let (v(n))nen+ be a
decreasing sequence of strictly positive real numbers tending to zero as n — oo.
Denote j, the integer such that 2/» < v(n)~" < 2'*J» and let E,, be a sequence
of statistical experiments such that for any f we can estimate §;;, by Bjk for any j
and any k.

Let us consider the sub-family }'],( of keep-or-kill procedures defined by:

]:;( - {f(') - Z ijkﬁjki/;jk('% wjr € {0,1} measurable}.

J<in k

Definition 4.2. We say that f € ]—'}( is an elitist rule if and only if for any j and
any k € Z,
|5gk| < v(n) — Wjk = 0.

This definition means that the ’small’ coefficients will be neglected.

In the sequel, the choice of the loss function will be the Besov norm. A possible
alternative could be to use the L,-norm, but this choice leads to technical difficulties
avoided by choosing the Besov norm.

4.3. UPPER BOUND FOR MAXISETS OF ELITIST RULES. The goal of this
subsection is to prove that the maximal space, where any elitist rule attains the
rate of convergence v(n)®P, is contained in the intersection of a Besov space and a
weak Besov space. We have the following theorem:

Theorem 4.1. Let f be an elitist rule. Then, for any 1 < p < oo,

supv(n) PE||f — fllg <oo = feBLLNW((L-a)p.p),

that is to say, using the maxiset notation,

(4.1) MS(f, ]| 1, 0(n)?) € BRL AW((1 - a)p.p).

Proof. Fix 1 < p < oo and let f be such that sup,,-, v(n) =P E||f — f[|%, < co.
On the one hand, for all n > 1, we have: 1

> 2GRN g P
k

J2in

<E Y PEDN B = Bplfwpn = BT+ Y PG Y g
i<in R iZin "

=E|lf - flgy < Co(n)or < C27 .

From (3.1), it follows that f € BS‘,/OZ.
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On the other hand, since

vin ~ ~
110l < 250} < 85— Bt = 111U > o},
we have
J(5—1) P v(n)
> PETUNBPLL B < 5
jz—1 k
i(e2_ U(n) (2 _
< X Pl < U X2 S g
J<Jn k JZjn k
< > PED N B — Btz = 11{IBje] > ()}
J<Jn k
IIEL) WM
J2in k
= PGS B = B l{w = BT+ Y 2B 8
J<in k JZin k

=E|f - fllgy < Coln).

As v, tends to 0 when n goes to +00, we conclude that f € W((1 —a)p,p). O

In the next subsection, we aim at proving that the space B;Y,{)g NW((1—a)p,p)
is the i¢deal maziset of the family of elitist rules when dealing with a fixed rate vy,?.
Let us note that, according to Theorem 4.1, it suffices to provide an elitist rule
having this functional space as the maxiset to conclude that this particular set is
the ideal one.

4.4. IDEAL ELITIST RULE. We decompose the study into two parts. In the
first one, we recall the main result about maxisets of Cohen et al. [4] when dealing
with estimation for compactly supported densities (see Theorem 4.2). In the second
one, we extend it to noncompactly supported densities (see Theorem 4.4). The final
outcome of this section is proving that the hard thresholding rule, which is clearly
an elitist rule, is optimal in the maxiset sense among the family of elitist rules. In

the sequel, we suppose that v(n) = p M, for some p > 0 and that r = 2.

n

4.4.1. Compactly supported densities. Cohen et al. [4] have studied the maximal
space of hard thresholding rules. They obtained the following result:

Theorem 4.2 (Cohen et al. [4]). For any a > 0, let I = [—a,a], and let j, be

the integer such that 29 < bg"(n) < 2dntl

Denote Bjk = % St ¥ik(X:) and consider the following hard thresholding esti-
mator:

(4.2) fu = Z Zéjk1{|3jk| > [ log(n) }i)jlw

—_ n
J<jin k
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where 1 is a large enough constant. We have for any 1 < p < oco:

(4.3) MS (fus |l - 117, 057) = Byle N W (1 = a)p, p).

_The proof of this theorem uses the unconditional nature of the wavelet basis
{Yjr; 5 > —1; k € Z}. In the same way, it would be easy to prove the following
similar result.

Theorem 4.3. Let 1 < p < co. Under the same assumptions and definitions as
in Theorem 4.2, we get for any 1 < p < oo:

(4.4) MS (oIl gy ,05?) = B2 W (1 = )p,p).

Thus, using Theorem 4.1, we conclude that Bg@ NW((1— a)p,p) is the ideal
mazxiset of the family of elitist rules. Moreover, we can conclude that the hard
thresholding procedure is optimal in the maxiset sense within the family of elitist
rules dealing with compactly supported functions.

A natural question arises here: Is the hard thresholding procedure still optimal
within this class of rules, without assuming compact support of the target density f7
The answer is YES. We shall prove it in the next subsection.

4.4.2. Noncompactly supported densities. Let us introduce the following quanti-
ties:

2
p v
n="7—|1A57— )1 ;
*m Kw<A2Kw> 0g(n)

® N = ZI{XZ S Ijk}7
=1

. 1 <
® Bk = -~ 2%%()(1‘)
The following theorem can be viewed as a generalization of Theorem 4.3 when
dealing with density estimation on R.
Theorem 4.4. Let 0 < a <1 and 1 <p < 0o be such that ap > 2. If p is large

enough, then

(4.5) MS(fu |l 5y s 0i?) = By2 N W (1= a)p,p)-

From Theorem 4.1 and Theorem 4.4, we deduce an immediate corollary:

Corollary 4.1. Let 0 < a <1 and 1 < p < oo be such that ap > 2. The ideal
maziset of elitist rules for the rate voP is Bg,é% NW((1—a)p,p). Moreover, the hard
thresholding rule is the best elitist procedure in the maziset sense.
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Proof of Theorem 4.4. “C” 1t suffices to apply Theorem 4.1.

“O” Let f € B;i‘,éi NW((1 — a)p,p). The Besov-risk of fu can be decomposed
as follows:

E|f. - f||%3,p =E Z /(51 Z Bk — Bir1{|Bjx| > Un}|p
j<j71, k

+11f = fin

Izjsg,p =Ag+ A;.

Since f € Bﬁg, from (3.1)

A . log(n ap/2
A= 1S = £y, SENF, - flly < Canerr? < o 2B T

n

Ap can be decomposed into two parts:

Ag=E Y 2ED N85 — B l{|Bjkl > va}]”

3<in k
=E > G N 83 P1{|Bk] < vn}
3<in k
+E Y 20 18— BulP{1Bn] > va} = Ag + A
J<Jn k
Now,
Ag=E > 2GS 8P 1{| 3] < va)
J<in k
=E > 2G5 PUIB5] < vnd 118l < 200} + 11| > 204}]
J<in k

= A1 + Aga-
Using the definition of W ((1 — a)p, p),

Agy =E Y 26U 8 P1{|Bk] < vn}1{|B5| < 200}
k

J<Jn

. . log(n) ap/2
< Do PED I8P LI < 20} < C(200)7 < O ~
k

— n
I1<Jn
We need the following lemma:

Lemma 4.1. Let 1 < p < co. For any vy > 0, there exists p(y) < oo and C < o0
such that for any —1 < j < j, and any k € Z,

log(n)) <

nYy

P(/éjk — Bjk| > p

The proof is clear by using the Bernstein inequality. [
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Choosing v > £, one gets for u large enough:

=B 30 2ED S < v 110 > 20,)

J<jn
i(5—1) P ¥ log(n) ol
< <Z2 Z\ﬁm By (1 = Bl > va) < Cn™7 < O == .
3<dn

Let us now consider the following lemma:

Lemma 4.2. For any j < j, and any k, |/3’jk\ > v, = Ny > M.
The proof is given in the Appendix.

We can decompose A, into three parts:

Ag=E Y 20 “”Zlﬁyk— BixP1{|Bs| > va}

J<in

=E ) 25D Z By = BinP1{1B8] > vn}1{ne > mn}

J<in

=B 3 2SI = ] > L > may1{p < 5}

J<in

+E Z2J<T1>Zw]kfﬂjk\pl{w>vn}1{n]k>mn}1{p]k .y

J<in
X [1{\ﬂjk\ < ?n} + 1{|ﬁjk| > f”
= Ag1 + Agz + Ags-
To bound Ay,, Agy and Ay, we introduce two lemmas.

Lemma 4.3. For any v > 0 there exists u = p(y) < oo such that for any j, k
and any n large enough:

Dik . 2m
Pr(nje <mn) < ﬁ if pjk = nn’

Pjk . m
Ps(njr > my,) < # if ik < 2—;

This lemma is a generalization of Lemma 7 of Juditsky and Lambert-Lacroix [13].
Its proof is given in the Appendix.

Lemma 4.4. Let 1 < p < oco. Then:

R 2jp'k p '
1. E|Bjk — Bjk|* < C(;) if pik > —,
5 ) 27\ " ) 1
2. E|Bjr — Bir|™? < C(rﬁ) npjk  if pik < -

R 27\ P
3. E|Bjr — Bjx|* < C(n) Djk-

The proof is given in the Appendix.
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Using Lemma 4.3, Lemma 4.4 (3), and the Cauchy—Schwarz inequality, we have
for u large enough:

=B 3 P30 1B - BBl > vl > a1 {p < 5}

2n
J<jn
. R m,
<E Z 23(5-1) Z 1Bir — BjrlP1{n;r > mn}l{pjk < %}
1<Jn k
p_ M,
< Z 9i(5 UZEI/QW & — Bil? i 1/2 (njp, > mn)l{pjk < %}
3<jn
2] p/2 log(n) ap/2
i(5—1)
< p ] ()™
3<in

The last inequality is due to (2.2) and requires to choose v > 2(p — 1).
Using the Cauchy—Schwarz inequality, Lemma 4.1 with v > 2p — 1, and
Lemma 4.4 (3), one gets:

Ap=E ) 267D Z 1Bik — BirlP1{|Bj| > vn}l{\ﬁgﬂ < *}

J<jn
my,
x 1{n;z > mn}l{pjk o }
p_ m,

<E ) 2/ 1)2 1B —ﬁgk\pl{lﬁgk Bk > = } {pjk > %}

J<jn

1 2 Up, M
I1<Jn
oo (2N
<C> 23(2—1)() Y i < O,
n
§<n B

Finally, from Lemma 4.4 (1), we have:

A;)IB =E ; 2d(8-1) zk: |ﬁjk = BjklPHnjx > mn}l{ka omn }
J<in

1|3l > w1 {18l > 3}

DI f—l)Zijk — BjilP 1{ka > 2—}1{Iﬁjk| > %"}

J<Jn
B 2. p/2 . )
Z 08 (224) oz {3
= p/z > Gy Zl{\ﬂjk\ > —} < Cv2P

J<Jjn

The last inequalities use the fact that sup; , 2’ pjr < oo for any f € BO‘@) (with
ap > 2).
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Consequently, looking at the bounds for Ag and Ay, we conclude that
sup v, P E || fu — fllgo < oc.
n>1 PP

So f € MS(fu,|l- 5o svp?). O

Until now, we have focused on nonrandom thresholds. In particular, we have
proved that the hard thresholding estimator is the best procedure among elitist ones,
in terms of the maxiset approach. It is of interest to answer the following question:
Do there exist adaptive procedures which outperform hard thresholding rules in
the maxiset sense? Once again, the answer is YES, by considering data-driven
thresholds (see Birgé and Massart [2], Donoho and Johnstone [8], Juditsky [12],
and Juditsky and Lambert-Lacroix [13]). This will be proved in the next section.

5. On the Significance of Data-Driven Thresholds

The aim of this section is to prove the significance of data-driven thresholds, in
the context of estimating compactly or noncompactly supported densities.

We study the maxiset associated with the data-driven thresholding procedure
described by Juditsky and Lambert-Lacroix [13]. Here, the decision to keep or
to kill empirical coefficients ﬁjk is taken by comparing them to their standard
deviation. We prove that the maxiset associated with this particular data-driven
thresholding procedure is larger than the ideal maxiset of elitist rules. We shall

denote:
n

. log(n) . . R 1 .
® Yjk =M 75 )ij = Un0jk, Where 6%, = - > W (X:) = B3,
i=1
. v log(n) _
Vik = K Ojk = Un0jk-

Consider the data-driven thresholding estimator defined by Juditsky and Lam-
bert-Lacroix [13]:

Gt
Fa®) =7 BBkl > A3 (0),
j=—1kezZ
3 "’L "’L+1
with 270 < T < 20+

Theorem 5.1. Let 0 < a <1 and 1 <p < oo be such that oap > 2. If p is large
enough, then

(5.1) MS(fu || Iy 05P) = B2 0W* (1~ a)p.p).
Combined with (3.3) of Proposition 3.1, this theorem proves that the maxiset

associated with the data-driven thresholding estimator f,, is larger than the maxiset
of any elitist estimator f built with a nonrandom threshold.
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Proof of Theorem 5.1. “C” Fix 1 < p < oo and let f be such that

n ap/2 B
su E|f, — fl% < oo.
sup (o) BN - 1,

On the one hand, with the same arguments as in the proof of Theorem 4.1, for all
n > 1, we have:

z_1) log(n) ap/2 o ap
22] Z|61k|p<]E”fn f” SC <0272,

n
J2in

It follows that f € B(’g)
On the other hand, for any n > 1 we have,

SR DENCEHINERS S
J<Jn
=> 2’(“”Z|ﬁ]k|p1{lﬁjkl <5

F<in
(2— Vik Mn
= 3 24 i < 5 1o < )
J<Jjn k

1/2 2
+1{2 _p]k_2K2}—‘r1{p]k>2K2}:|:Bo+Bl+BQ.

Let us introduce the following lemma.

Lemma 5.1. For any j < jn, any k and any n large enough, |ﬁjk\ > Yk =
Njk > My

The proof of this lemma is given in the Appendix.
To bound By, we use Lemma 4.3 with v > § and Lemma 5.1:

1 5 Sl < 2o < 2]

3<jn
<3 2 o < 5}
I1<Jn
—E Y 25D Z \5jk|P1{p]k < }[1{an <mn}+ 1{nje > ma}]
I<Jn
<E ) 2067 Z Bk P1{njx < m,}
I<Jn
2, m
- 3 PN 2 mon e < 2}

p_ Pjk
<Efa—Flig + D20y 165l o
k

j<j7L
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1og(n))‘”’/2_

n

SE|fo—flgg, +Cn77 < C<

To bound Bj, let us consider the following lemma:

Lemma 5.2. Fiz v > 0. There exists p = p(y) < oo such that

o log(n) . log(n) < Pik,
1. if pj > oK, — then Py <’ka > [ - <o
P if log(n) _ forn I h, th
. moreover, 1 . i or n targe enou en
) 2K¢ n S Pik > 2K3) q an,
@ By (e — el > 28 ) < 22t
FA\ Yk — Vik 5 ) S T
A ’ij 2pjk
0 (15— ol > ) < 2

Proof. This lemma is a simple generalization of Proposition 1 in Juditsky and
Lambert-Lacroix [13]. The proof is omitted, since it uses similar arguments to those
used by therein. [

Since | B[ 1{18jx] < %} < 1856 — By 1{|Bjx| > 4jx}, by using Lemma 5.2 (2(a))
with v > £, one gets:

Z 2J(271)Z‘5]k|171{|/3jk‘ < 'ij} { 5 - < Djk = 2;{ }

2
J<Jn P

<E Y 2 1>Z|ﬁjk|p1{|ﬁ]kl 74}[ G S

J<jn

2

’Y]k} {mn v }

1{ > M o
1B > ] omn —pﬂ’“—zK};

<E 3 20 (|5 - Bpdliiul > )l
J<in k
2
P VAT < < S}
+ 1Bl 1 {7 < B T2 < < 2K

<Efy - f”%gm + Z 29051 Z |Bjn|”
o

J<Jn

L2
ol B << 25}
ap/2
<CKlogn(n)) P . Z2j(2 ijkv,pgk}

J<Jn

e Klog(n))am N n”] - C<10g(n))ap/2'

n n




16 F. Autin

Now, using the fact that sup, . 2jpjk < oo and 0% < 2’ K7, pjk,

2

Z i (% 7_1)Z|/6Jk|p1{|ﬁJk| < ik } {p]k > 2;{2}

§<in
3(2-1) P ik v
<02 POV Y r{ian < e > g )
3<Jn
=Cvh Yy 2j(g71)2|0'k|p1{|ﬂ'k| < M}l{P k> i }
n‘ ‘ J J = 4 J 2K2
J<Jn k
<o 3 2 1 {l < B> Sz}
J J = 4 J 2K2
J<in
< CoP 2151 N7 (27 p )P/21 ik v?
o 3 PO S @ a6 < S e > 5z )
3<in
ap/2
<C(1og( )) .
n

Consequently, the bounds for B;, 0 < i < 2, show that f € W*((1 — a)p, p).

“O” Let f € BO‘/2 NW*((1 — a)p,p). The Besov-risk of f,, can be decomposed
as follows:

_ i(2_q P A ~ p
Ellfn—fllgy =E > Y6 )zk: |85 = Bix L UBskl > A3} +11F = f. o

J<jn
=Cy + C4.
Using similar arguments as in the proof of Theorem 4.4, since f € Boi{)%,
log(n)\ “*/?
Cr=f = fi. Iy gc( gTE )) .

For n large enough, using Lemma 5.1, we can decompose Cy as follows:

=E ) 2/ "“Z Bix — Bin1{1Bx| > 451}

J<Jn
<E ) 2067 Z Bk [P {njx < my,}
J<Jn
+E Y 23(”1 181185l > A} — Bix|"Unge = ma}
J<Jjn k
=C,+C,.

Since f € Bf,i/o?c NW((1—a)p,p), f € x(1—-a)p,p). So, by using Lemma 4.3
with v > £, one gets

C(; =K Z 2j(g_1) Z |ﬁjk|p1{njk < mn}
k

j<jn



Maaziset for Density Estimation on R 17

—E 3PS Ibne < mn}[ {oe <2} 1fpy > 2 }]

J<jn
p_ 2m,
<E Y 276G Z|ﬁjk|1”1{ }
J<jn
P an
+ Z 2(5-1) Z|ﬁjk|pp(njk < mn)l{pjk z— }
I1<Jn
1
<c(MH)™ s £ e 1l
J<in
1 ap/2 1 ap/2
oY o < o)™
n n

We have the following decomposition for Cj :
Co =E > 28 UN3,1{|3] > A5} — BinlP1{nje > mn}
J<in k
=E Y 2G5 1{I8k] > Agi} — Bil " UHnje > ma}
J<in k

< 1o < B2} e 1o = 22} = i+

Now, since |B]k1{|ﬁjk| > Ain} = Bkl < 1Bk — Bjrl + 1Bjx], Cgy can be decomposed
into Cyy; + Cypq, with

Cons =E Z 2571 Z Bk — BielP1{njp, > mn}l{p]k <5, }

J<Jjn

C’012 =E Z 2571 Z B[P 1{njk > mn}l{P;k < 7}

2
J<Jjn

Using again Lemma 4.3 with v > 2p — 1, Lemma 4.4 (3) and 4.4 (2), we get

C(/)Ill =E Z 2j(£71 Z |ﬂjk - ﬁjk|p1{njk > mn}l{pﬂc < 7}

2n
J<Jjn
L m
= ;? DZ]El/Qlﬂk—ﬂgk\Q”P/ (n; n)l{pjk<27:}
I<In
jin(E—1) 1 ap/2
j(2-1) p]k 2Jn13 Og(n)
<;2 Z( ) <C —7 <c(——
I<In

and

" D mn
Corz =E Z 20371 Z |BiklP1{nj, > mn}l{ij; < %}

j<j’”. k
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(2-1) log(n) | *"*
< XN o< 5 e} <o(=Em)

J<jn

The last inequality uses the fact that f € x((1 — a)p,p).
We decompose Cp, into two parts:

Coon =B 3 2570 3 1 1Bl >} - BlPL{ne = ma) 1 ps > S

J<jn

=E ) G Z 1B {185 > 4k} — Binl"1{njn = my}
i<in P
2 2

14 14 " 7
P{“k>2Kﬂ}+l{wl<p*QKQ}]:C@1+C@T

Let us now consider this new lemma:

Lemma 5.3. There exists a constant C < oo such that, for any A > 0,

. . A 1 1
B 1{[Bjk| > Yjr}—Bjrl < C(|ﬁjk—5jk|+“ Ogrgn))ﬂﬁjkll{%k - Ogrfn) }
and

351018581 > 56} — B3sl? < (18 — B2 {1 — el > 22

o+ min(| el 750)" ) + 1B3el1{ 5 >

37k }
2

Proof. This lemma is proved in Juditsky and Lambert-Lacroix [13]. O

Using Lemma 5.2 with v > § and Lemma 5.3, one gets for x large enough:

2

Jn—
Cpay =E Z 27(5-1) Z |ﬁ]k1{|5jk| > ik} — 5jk| {n;, = mn}l{pjk > K2 }
Jj=-1 ¥
]n_l 10 ( )
<oy vEYE 150 = B + 2
j=—1
) log(n v?
+ |ﬁjk|”1{%‘k > p 771( )}] 1{p7k > 2K7 }
Jn—1 . p .
p_ 27pir \ 2 logP(n)  297/2 v?
< 2i(3-1) ZEik Los \n)
CJ;1 ; K n > " np " ny 1{pjk g QKQ}

SC{<1>S+ Ing(n)+n7] SC(IOg(n)>QP/2.

n np n
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Using again Lemma 5.3,

Jn—
0022 =E Z 2951 Z ’5Jk1{|57k| > 'Y?lc} B]k‘ 1{”]19 > mn}

j=—1
2 " 7" 1"
X 1{% < Pjk < 2K2 } C (Coag1 + Cozzz + Coza3)-

Using the Cauchy—Schwarz inequality, Lemma 4.4 (1), and Lemma 5.2 with v >
3p + 2, we get

n—1 5

" j Wk n v
Coomn =E Y 29 DZWM —5yk|p1{|ﬁgk Bjkl > -5~ }1{ 5, S Pik S 2K2}
j=—1
= 27p; g
p_ k k
<K 2123 I)Z( j > EM(W]k 5gk|> ;)
iz
v? 27n(5-1) log(n)\ “*/?
{2 f<KT— <K ;
ERETE TR ()
Jn—1
Cozaz = E Z 2705 me 1Bjkl, vik)? {7 < Pjk }
j=——1
Jn—1
<E ) 26 1)Z|ﬁjk|p1{|ﬁjk| < Yk}
j=-—1
_ log(n)\ **/?
+E§ZW212bﬁumu>%u<o(%§§ .
j=—1

These inequalities are obtained using the fact that f € W*((1 — a)p, p).
Finally, using Lemma 5.2,

.771_1 2

D _ YVik n v
00223 =K ];12] Y Z |ﬁ]k|p1{%k > 4}1{ o = < Pjk = 2K2 }
= (% ik v?
£_1 ] n
<J;127 ZW’“' ]pf(m’“ ikl > 3 )1{2 *pf’“*ﬂ(?}
Jn—1 Dik 1/2
j(5-1) Par
<CJ;12 2 Z<22p]k> 'n,'Yl{ m _p]k_ 2K2}
Jn(p—1) ap/2
<02 SC(@Wﬂ> .
nYy n

Consequently, looking at the bounds of Cy and C4, we deduce that
sup v P E |1 f ~ £y < .

We conclude that f € MS(fn,]l - ”BO ,0oP). O
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Concluding remarks

Adopting the maxiset point of view for the problem of density estimation, we ex-
tended the maxiset result of Cohen et al. [4] to the case of noncompactly supported
densities. What is more, we proved that if the usual hard thresholding procedure
has the best maxiset performance within the family of elitist rules, there is a way
to construct other procedures with larger maxisets, by using random thresholds.
An example of such a procedure is the Juditsky and Lambert-Lacroix’s [13] one.

The maxiset approach is quite interesting, since it allows us to discriminate in a
theoretical way between procedures which can have the same minimax performance.
According to this new approach, the larger is the maxiset of a procedure, the better
is the procedure.

Some other examples of procedures which outperform the hard thresholding
procedure in the maxiset sense are given in [1]. In particular, this author succeeds in
proving that procedures which threshold empirical coefficients by blocks often have
better maxiset performance than procedures which threshold empirical coefficients
term-by-term.

6. Appendix
Proof of Lemma 4.2. We have

Z 22K, 1{X; € I}
7._1

log( ) |ﬁ]k| = ’Z¢]k

n
— — K, ,1{X; e I; i ) In
n ; log(n) P { € Jk} (Slnce J<J )

1 n
Z o Kona.
log(n) """
Finally, one gets
N log(n
il >y — > folog(n). O

Proof of Lemma 4.3. Step 1: Suppose that np;, > 2plog(n). Since Tij =

2,2
nVary(1{X1 € Lix}) = npjr(l — pjr), then 277 < p?ogg:;). Using the Bernstein

inequality, we have,
n
P (njk < plog(n)) =Py (npjk — Nk > Npjk — plog(n)) <Py (npjk —nj > §pjk)

2,2 2,2
Pk n"Pik
Sexp(—8 ; ”P?k )Sexp<—8n2p2k( 1 +1))
( ik ) jk\2plog(n) 6n

Pjk
< exp(—Kplog(n)) =n” "7 < .

The last inequality is obtained by taking p such that Kp > 1+ ~.
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Step 2: Suppose now that m% < np;i < 2plog(n)
equality, we get

Pf(njx > plog(n))

. Using the Bernstein in-

log(n
=Py (njx — npj, > plog(n) — np;1) < Py (njk — NPjk = plos( )>

2
2 2 2 2
p~log(n p~log(n
< exp <_ 2 ;Elo)g(n) ) < exp <_ (pIZg(n) )
8(rf + ) 8(npji + 25)
<exp (— Kplog(n)) = n—Kp < Pik

n"/
The last inequality requires that p satisfies Kp > 2(1 4 7).

Step 8: Consider the case np;, < 'y+1 Using simple bounds on the tails of the

binomial distribution (see inequality 1 on p. 482 in Shorack and Wellner [22]), we
get

1 — Djk n—
Py (nji > plog(n)) < T o On ( (n+i)p)jk Coph(l—pjn)" 2
GRS

n°pj, < "’Pik _ Djk 0
- (n+Dpjr) = prt+2 v
2(1 — %) n n

Proof of Lemma 4.4. Parts 1 and 2: By the Rosenthal inequality, for any j, k

2p
(ﬁjkl - ﬁ]k? 2p = ( Z'ﬁb]k ﬁ]k)
S % [Z]E (1 (Xi) 5jlc (Z]E (Vje(X ﬁjk)2>p]
i=1

C
< %(DO + Dy),

where
Do = >"E (¥x(X:) = Bjx) ™ < Cn(E (7 (X1) + (B)*)
=1
< On(2%pji + (21/%p;1)?P) < C27Pnpyy,,
Dy = (3B (0an(X) - Bin)°)” = (ZVar din(%))"

< (ZE (%Q'k(Xz')))p < OnP(2pji)P < C2P (npyi )P

Now, if npjr > 1, then np;r < (np;x)?. So

]E(Bjk — Bir)* < C(W>p~

n



22 F. Autin
If npji < 1, then np;i > (npjx)?. So
« 5 27\ P
E (Bjr — Bjx)" < Cnpji (712) .

Finally, part 3 is just a consequence of parts 1 and 2. [

Proof of Lemma 5.1. Suppose that ¥, < |Bjk|~ Then,

log log(n) N A log( )
s Z%k B B = (P

By using bounds on the left- and right-hand sides, one gets for n large enough:

1
:U/2 Og( )2]1/ njr < 2/6]2k

And since n|B;1| < 29/2Kynjg,
*v?log(n) < 2K;np.

Finally, one gets

. 120°
1Bik] > Vi = njr > S log(n). O
2K}
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