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1. Introduction

In many cases, researchers are interested in gathering information from two populations in order
to compare the parameters of subpopulations. In that setting, tests of significance are useful statistical
tools for detecting a difference between parameters of two subpopulations. Related application
fields are numerous. Some examples are genetics, neuronal data analysis, medicine, biology, physics,
chemistry, and social sciences, among other fields.

The comparison between the means of the populations is usually carried out by using t-statistic
and leads to the well known Student’s t-test or Welch's t-test (see [15]). These t-tests are popular
because of their ease of use and their good performances. Moreover they are robust in the sense that
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they still perform well when the components are not exactly Gaussian, provided that the sizes of the
samples are large enough. Nevertheless, these testing methods require one to know the label of each
observation, that is to say the subpopulation that it is associated with. Unfortunately, researchers
sometimes do not get this information. Indeed, one can imagine some cases where the labels of
data are erroneous or uncertain. To give an example of such a situation with lack of information, we
consider two populations - people living in New York and in California - restricted to the people that
take the bus/trolleybus or walk to go to work. Focusing on the people that take the bus/trolleybus
to go to work, we are interested in checking whether the travel time of people living in New YorKk is
significantly different from that of people living in California or not. A sample of people from each
state — New York or California - is available but the means of transportation (the label) associated
with each data is not. This key example will be studied in detail later in this article.

We can describe two other general situations where there is also a lack of information could be
very useful. The first one is the confidentiality of statistics collected by national statistics offices
such as the Office for National Statistics [10], abbreviated as O.N.S., in the United Kingdom or the
Institut National de la Statistique et des Etudes Economiques [4], abbreviated as I.N.S.E.E., in France.
This privacy is ensured by the law and any disclosure of data is only possible if the data are made
anonymous. It usually means that only aggregated data are released. For example, in France, most
statistics concerning households are gathered in a statistical unit called IRIS. Each IRIS is between
1500 and 5000 households. Therefore for research or commercial purposes, one must rely on one’s
own customized survey in order to get the relevant variables at the microdata level, this costs time
and money. The mixture model with varying mixing weights which is described in Section 2 can help
to extract information from a large survey recording a few variables of interest. Another example is
the formal system of time accounts for Melbourne developed by Ironmonger [5,6]. Statistical data are
collected from several information systems such as the Automated Ticketing System, the Australian
Bureau of Statistics or the Victorian Activity and Travel Survey. All these databases cannot be directly
matched but they might share some objective information such as gender or age. These variables can
help to extract information from two databases that could not be matched otherwise.

We want to address the problem of testing the means of two subpopulations when the labels of data
are uncertain. More precisely, we first propose to show that this testing problem can be reformulated
as a problem of testing with two samples of independent mixture variables. In our study of real data,
we shall assume that the mixing weights are known. It means that the proportions of people walking
or using the bus/trolleybus to work in each state (New York and California) are known, with respect to
an auxiliary variable (age for instance). Then, we provide a testing procedure which takes into account
this information on populations and we discuss its performance.

The testing procedure we propose is directly inspired from ideas in [1]. In this previous work, a
nonparametric procedure was proposed to test whether the densities of two independent samples of
independent random variables had the same mixture components or not. The value of the test statistic
requires, in some sense, the mixing weight operators of the samples to be inverted (see Definition 1)
as a preliminary step. This testing procedure was proved to be powerful since it is minimax over Besov
spaces (more details are given in paragraph 3.1 in [1]). Here we show that a testing procedure that
incorporates combinatory ideas - provided that the mixing weights are known - is more relevant than
a procedure based on classification.

This paper is organized as follows. In Section 2 we present the mixture model we are interested
in. We explain the connection between the testing problem for data with unknown labels and the
problem of testing the expected value of the components involved in the mixture model. In Section 3,
we present three testing procedures and give some theoretical results. The first procedure is called
the Oracle Procedure and is based on Welch’s t-test when the labels of data are exactly known. Of
course this procedure is not tractable for the testing problem with missing labels but it will be used
as a benchmark to assess the loss of performance of the other testing procedures. The second testing
procedure we present is the Expert Procedure, it also uses Welch’s t-test. Each observation is assigned
the label corresponding to the largest a priori probability. The third and last procedure is the Mixing
Procedure and uses combinatory properties. Section 4 deals with numerical experiments to point
out the good performance of the Mixing Procedure - the one we suggest — compared to the Expert
Procedure and to assess the loss of performance due to the mixing effect compared to the Oracle
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Procedure. An application to real data is also presented whereas a conclusion with open problems
is postponed in Section 5. Finally, the technical lemmas and the proposition used to prove our main
theoretical result (see Theorem 1) together with their proofs can be found in the Appendix.

2. Model description and hypothesis testing problem

2.1. Mixture models with varying mixing weights

Let X4, ..., X, be independent random variables such that, for any 1 < i < n, the density of X; on
R, denoted by fxi, is a mixture density with M (M > 2) components pq, ..., py and M non-negative
mixing weights wq (i), ..., oy (i), i.e.

M M
i =) oudps with Y w,() = 1.
u=1 u=1

We also introduce the labels attached to X, ..., X;, denoted by uy, ..., u,. This point of view is
one interpretation of mixture models among others (see Section 1.4 in [9]). The main difference lies
in considering varying mixing weights in our model. This point is very important (see [1]) and first
appeared in [7] to the best of our knowledge.

Similarly to the sample Xi, ..., X,, we consider a sample of independent random variables
Y1, ..., Y, suchthat, forany 1 <i < n, the density of Y; on R, denoted by f, o is a mixture density with

M (M > 2) components p’, ..., p,, and M non-negative mixing weights ] (i), ..., @, (i), i.e.

M M
f =Y @, (p, with > () = 1.
u=1 u=1

We also introduce the labels attached to Yy, ..., Y;, denoted by v4, .. ., v, and we assume that this
second sample is independent from the first one.

If © denotes the transpose operator, the mixture model we have just introduced can be rewritten
in a simpler way as follows:

f,=20p and f,=2,p, (1)
where

_fX:t X]""’fxn)’ fY:t(fyl’-~~’fyn)r
_p:t(plv'~'7pM)’ p/:t(p/l”"’p;w)'
- 2 = @uD))iw> 2y = (@, D), -

Definition 1. The n x M-matrices §2, and £2, involved in the model (1) are called the mixing weight
operators.

Definition 2. Any mixture model (1) such that £2, and £2, are full rank matrices is called a mixture
model with varying mixing weights.

2.2. Example of modeling with a mixture model for M = 2

Let us illustrate this theoretical set-up with the example cited in the introduction. The random
variables X1, ..., X, correspond to the travel time of people in the State of New York and the random
variables Yq, ..., Y, to the travel time of people in the State of California. The labels are the means
of transportation to go to work and can be either Bus/trolleybus (label 1) or Walked (label 2). The last
step to complete the description of the mixture model is to compute the mixing weights for each
observation. In each state the mixing weights strongly depend on the age (over 21 or under 20 years
old (abbreviated y.o0.)). Table 1 illustrates this fact.

This table should be read as follows. If we consider observation i, the mixing weights are

o (w1(i), wy(i)) = (0.5193, 0.4807) if the person is over 21 y.o. and lives in New York,
o (w1(i), wy(i)) = (0.3465, 0.6535) if the person is under 20 y.o. and lives in New York,
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Table 1
Population weights (and sizes) with respect to age.

Bus/trolleybus ~ Walked

New York over 21 y.o. 51.93%(4313)  48.07%(3993)
New York under 20 y.0o.  34.65% (306) 65.35% (577)

California over 21 y.o. 57.4% (4479) 42.6% (3324)
California under 20y.o.  42.77% (497) 57.23% (665)

o (w;(i), w,(i)) = (0.4260, 0.5740) if the person is over 21 y.o. and lives in California,
o (w)(i), w,(i)) = (0.4277,0.5723) if the person is under 20 y.o. and lives in California.

The reader can legitimately wonder why the age is assumed to be known and not the means of
transportation to work. One can think of at least two good reasons. The first one is an a priori reason.
The survey would be rather lengthy if all necessary variables were included. Therefore the survey is
restricted to a small set of informative variables strongly linked with the variables of interest which
are unavailable. Moreover these informative variables can be chosen to be as objective as possible
and thus easily recordable. This can be called planned missing values (see [3]). The other reason is
an a posteriori one. During the data analysis of a survey, researchers are often confronted with new
hypotheses to test. In many situations, the relevant variables have not been recorded. Researchers
have to plan a new survey which includes these new variables in order to check these hypotheses.
This leads to a waste of time and money.

The problem of testing the means from data with undefined labels can be associated with the
testing problem (2) in the mixture model (1). Indeed, it corresponds to the problem of testing the
means when the labels of data are unavailable: the only information on the X;’s label (resp. Y;’s label)
is the prior probability w; (i) (resp. w(i)) forevery l € {1, ..., M}.

2.3. Hypothesis testing problem

We recall that two data samples X = ‘(Xq,...,X,) and Y = (Y;, ..., Y,) are available. For a
chosen label I € {1,..., M}, we are interested in testing whether the components p; and p; have
the same expected value or not. We want to address this problem in a general context. Therefore
we assume that the variances o and o, of the components p, and p] are unknown whatever
ueil,...,M}is.

We denote by m; and m; the expected value of the components that we are focusing on. The testing
problem is divided into two hypotheses:

null hypothesis J#, : m; = my,

(2)

alternative hypothesis #; : m; # m;.

We recall that to solve the testing problem (2) means to describe a decision rule (or test) A € {0, 1}
which relies on the value of a measurable function T (test statistic) of X;, ..., X,and Yy, ..., Y, only.
As usual, A = 1 will mean deciding #¢; whereas A = 0 will mean deciding #,.

3. Description of the testing procedures

In this section we introduce three testing procedures.

3.1. Oracle test: A,

The first testing procedure we present is called the Oracle test. This is a two-step procedure. The
first step consists in recovering the true labels of the data. The second step is the application of Welch’s
t-test to data with label I in order to decide whether m; and m; are equal or not. This test cannot be used
in our context as the true labels are unknown. Nevertheless it will be used as a benchmark when we
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compare the performances of the other testing procedures. It corresponds to the procedure proposed
by an oracle in the statistical sense: any statistician having information on labels.

Here we describe in detail the Oracle Procedure. Let us denote
n

Ny, = Z Hu; =1} and nj, = Zl{vi =1},
i=1

i=1

1 <& - 1 &
X0 = — 3 X1fy=1) and 70 = HTZYiI{Ui:l},

Lo i=1 Lo i=1

o 1 _
6ty = — > X — X"y 1w =1},

Lo i=1

1 <& -
A2 2 : - y(Dy2 R
GI,O = a 2 (Yl YO ) I{Ul = l}
The Oracle test A, is based on the test statistic T, defined as follows

vO _ vO
Xo' —Y
o KW

Lo 2
Ny o n,

Under the null hypothesis, the asymptotic distribution of T, is known to be the Standard Gaussian one,
namely -~ (0, 1). Hence, A, = 1{T, > q,} is a test with asymptotic type I errorequaltor(0 < r < 1),
where g, is the quantile of order 1 — % of the Standard Gaussian distribution.

3.2. Expert test: A,

The testing procedure we describe now relies on classification and is called the Expert test. It is
a two-step procedure. The first step consists in assigning label | to any data X; such that w_ (i) =
max(wy();u € {1,...,M}) = (i) and to any data Y; such that o (i) := max(w,(i);u €
{1,...,M}) = o(i). The second step consists in using Welch’s t-test on the two subsamples of data
that have been assigned label I in order to check whether m; and m; are different or not. Note that it

means that Welch’s t-test is applied to data having potentially wrong labels.
Put

-, =YL Yo () =w@®}andn =371, o () = ()},
_ X0 = = Y X o, () = o),

- v0 = 7 L Yit{el () = oy},

- 62 = L YL 06— X0 o () = @)

- 62 =LY (v — Y2 {ol () = o] ()).

lLe l’l/_
’ Le
The Expert test A, is based on the test statistic T, defined as follows
() o
X —v0
AN

7
Me nl,e

T, :=

Then, the decision rule is defined as A, = 1{T, > q;}.
3.3, Mixing test: Ap

The last testing procedure we propose is based on ideas from [1]. It relies on combinatory methods

and suggests to invert, in some sense, the mixing weight operators. Let us describe this new testing
procedure in detail.
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Forany (i,u) € {1,...,n} x {1, ..., M}, we define

M
a,()) = ———= ) (D" yPa (), (3)
(i)
1 M
a,() = —————< Y (=D W), 4
L () det(%mygy);( )"y W (i) (4)

where y® and y " are respectively the minor (u, k) of the matrix +*£2, £2, and of the matrix ‘£, 2, .
The quantities a, (i) and a, (i) are called the inverse mixing weights of the mixture model (1).
Following Maiboroda [8] or Pokhyl’ko [12], we have

1< 1<
- E a,(Nw, (i) =1 and - E a,(Dw, (@) =0, Vu, Vv £ u.
n i=1 n i=1

Any couple of parameters (mu, m;) can be estimated by the method of moments. The involved
estimators (ﬁlu, n%) are defined as follows:

A oA 1 v I v :
(i, M) = (E Zau(z)Xi, - Za;(z)Yi) :
i=1 i=1

The Mixing test A, is based on the test statistic T,,, defined as
iy —
Ty = ——, (5)
(O

n

where ¥ is the estimated variance of iy — m, that is

n 2

M 2 M
ﬁ/ﬁf) = nlz Z 012 (1) (Xi - Z Wy (i)mu> + a;z () <Yi B Z a); (l)ﬁ?'/l>
u=1 u=1

i=1

Remark 1. The random variable 1y, (resp. i7)) is a good estimator of m; (resp. m;) because it is unbiased
and consistent (see Lemma 4). Hence if the distance between 1, and 1, is large, the rejection of the
null hypothesis #, will be more likely. This idea motivates the choice of the test statistic T,,, we defined
above.

Under the null hypothesis #,, the asymptotic distribution of T, is known, according to the
following theorem.

Theorem 1. Assume that
- the components within the mixture model (1) have moments at least of order 4,
- the mixing weights of the mixture model (1) are such that the sequence of the smallest eigenvalue k;, of
the matrices 1'2, 2, and 1'2, 2, (n € N*) satisfies

lim nk, = +o0, (6)
n—-—+4oo

- the inverse mixing weights of the mixture model (1) are such that

max(a?(i); 1 <i<n max(a?@(@);1<i<n
lir+n (l(n) — )= lir_P (I,S) S )=0. (7)
n——+00 . n—-+00 .
> ai(i) > ai (i)
i=1 i=1

Then, under the null hypothesis J¢;, the asymptotic distribution of T, is the Standard Gaussian one, i.e.
Ty = N (0, 1). (8)

Hence, A, = 1{T,;, > q,} is a test with asymptotic type ] errorequaltor (0 <r < 1).
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Remark 2. A wide range of mixing weights of the mixture model (1) satisfy conditions (6) and (7).
Examples of such mixing weights for M = 2 are given in (15) of Section 4.

Proof. Because of the independence of the two samples and the fact that under the null hypothesis
o, m; = my, it is sufficient, in order to prove Theorem 1, that
121 1 (DX;j—my

\/ Zl 1a1 (')<Xl Zu 1wu(l)mu>
Ly 101(1)Yz m;

\/ Zl lal (l) Yz Zu:1 wu(i)ﬁlw

These two results of convergence can be proved in the same way. Therefore we focus on the first one
which can be rewritten as follows:

n M
Yo ai) (Xi -2 wu(i)mu>
i=1 u=1

2
\/Z a (l) ( 21 wu(l)mu)

Denote, forany 1 <i <n,

n M 2
BY = al()E (xi —~ Zwu(i)mu) : (9)
i=1 u=1

_ 5 w50, 1),

~ 5 N0, D).

£ N, ).

2
n M
BY = ai (i) (Xi - Zwu(i)mu> : (10)
i=1 u=1
From Proposition 1, we have

n M
Z a (i) (Xi - Z wu(i)mu)
i=1

u=1

V/BY

In the following, we prove that the same kind of result holds when the parameter B,(f) is replaced by
the estimator B,(f). In other words, the result we want to prove is the following:

£ N(0,1). (11)

n M
> (Xi - wu(i)mu)
i=1 u=1

B

From Slutsky’s theorem, it suffices to prove that the estimator Bf,l) of B,(f) is consistent. We propose to
divide the proof of this consistency into two steps. First we prove

£ N0, 1). (12)

n M 2
Z alz(i) (Xi - Z wu(i)mu)
Proba

=1 u=1 2. (13)

By

The second step consists in replacing my, ..., my by consistent estimators my, ..., my and in
checking that the convergence in probability still holds.

From this point on, we need one more assumption, that is to say the existence of the fourth order
moment forany p,, 1 <u < M.
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We start with the first step. We apply Bienayme-Chebyshev’s inequality and we have forany ¢ > 0,

n M 2 \
P> aa) (x,- - Zwu(i)mu> —BY| > B¢
i=1 u=1 /

i=1

n M 2
< (BVg)~2 Z aj(iyVar (xi — Z a)u(i)mu>
u=1

IA

(BYe)? max(af (); 1 <i<n) Y ar()E[(X; — EX))*]

=1
max(a;(i); 1 <i<n) s, B
= : 0) (BY) Zazz(l) C(1,....pm) &2
n i=1
- max(aj (i); 1 < i < n)
- B(l)
n

) ([min(auz; 1<u< M)]_1 C(p1,....pw) s_2>

max(a’(i); 1 <i <n)

> ai ()
i=1

([min(auz; 1<u<M]” Cor....pm) 8_2) .

The last inequalities are entailed by Lemmas 3 and 2. The constant C(pq, ..., py) is given in (18).
The right-hand side of the last inequality is a product of two terms. The left one tends to O when n
goes to infinity because of Assumption (7). The right one is a constant that depends only on ¢ and the

parameters of p,, 1 < u < M. When considering the limit to infinity with respect to n, we conclude
that property (13) holds.

We end by proving the second step. We have
n M 2
pNAC (Xi -y wu<i)mu>
i=1 u=1
n M 2 n M
— Z a? (i) (x,- — Z a)u(i)mu> +2 Z a? (i) (xi — Z a)u(i)mu>
i=1 u=1 i=1 u=1
M n M 2
x (Z oy (i) (m, — n%u)) + ) ar(i (Z oy () (m, — ﬁw) :
u=1 i=1

u=1

The first term is exactly the one appearing in the first step when divided by B,(f) and also converges
to 1 in probability. Now we can turn to the second term. Cauchy-Schwarz’s inequality and Jensen’s
inequality entail that

n M M
NAO! (x,- - wu(omu) (Z @, (1) (my — mu)) '
i=1 u=1

u=1

n

u=1 i=

n M 2 M
< | > a0 (xf - Zwua)mu) X . >
i=1

\ u=1

(my, — ﬁlu)zalz (D) wy (i)
1

IA

n M 2 M n
> ak (xi - Zwua)mu) x| Y (my =2 Y al ).
i=1 \ u=1 i=1

u=1
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When it is divided by the square root of B,(f), the first term of the right-hand side of the last
inequality converges to 1 in probability due to (13). Lemma 2 entails that

n
> ai) < BY [minX 1<u<m)] .
i=1

Hence the second term of the right-hand side of the inequality converges to 0 in probability when
divided by the square root of Bf,l) because of the consistency of the estimators 11, given in Lemma 4.
We can proceed in the same way in order to prove that the third term converges to 0 in probability
when divided by BY".

So, we have just proved that

Sl
B;(1) Proba

B (14)
5

We conclude that the exact variance B,(f) can be replaced by the consistent estimator BS) in order to
obtain the result of convergence (11). In other words, the property (12) holds. O

4. Numerical experiments

In this section we perform numerical experiments and we discuss the performance of the Mixing
test A,,. For the sake of simplicity, we focus on the case M = 2 and we are interested in the testing
problem (2) with | = 1. Nevertheless the same kind of experiments could be conducted with any
M > 2andanyl e {1,...,M}.

We expect the performance of the test A, to be superior to that of the test A,, that is to say a
smaller type Il error when the type I error is chosen to be r = 0.05. Without loss of generality, we
suppose that n is even.

We consider the Gaussian setting and we assume in this section that the mixing weight operators
$2, and £2, have the following form:

o 1—«o o 1—ao

o 1—« o 1—«
QX = 1—/8 ﬂ aﬂd QY - 1—ﬁ/ ﬁ/ )

1-8 B 1- f
where 0.5n data from X (resp. Y) correspond to the pair of mixing weights («, 1—a) (resp. (¢/, 1—a’))

and the other 0.5n data from X (resp. Y) correspond to the pair of mixing weights (1 — 8, B) (resp.
(1—p', B)). Suppose now that £2, and 2, are full rank matrices,i.e.c + 8 # land o’ + ' # 1.

/

Remark 3. The reader can easily check that the properties (6) and (7) are fulfilled when the mixing
weight operators 2, and £2, satisfy (15).

4.1. Numerical performance of the mixing test

From Paragraphs 4.1.1 to 4.1.3 we suppose that « = 8 and that o’ = B’ for the sake of simplicity.

4.1.1. Mixing test versus expert test

In this paragraph we motivate the use of the Mixing test A,,. For any value of («, ') € ]%, 1[2,

the performance of the Expert test can be bad even if the numbers of observations n is large.

o If the two components have equal expected values, A, can detect a difference between these
components (wrong decision) whereas our test does not. For instance, suppose that m; = m]

and that m) is far away from (1 — &)~ (( — &')m; + (1 — a)m,). Since E <_e(])) +E (?é”),
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Fig. 1. Expert test (Exp-[§]) vs. mixing test (Mix) according to §.

Table 2
Proportion of correct decisions given by A,.

n 500 1000 2000 3000 4000 5000 6000
A, 0146 0242 0438 059 0718 0.810 0.879

the Expert test A, is a bad choice since the event {T, > 1.96} also holds with high probability for
n large enough. Hence, the wrong decision #¢; may often be taken.
An example of such a situation is given here in the case where « = «’ = 0.9. Consider the testing
problem (2) and suppose o7 = 0; = 0, = 0, = 1,my = m| = 0,my, = 1and m, = m, + 4. For
r = 0.05 and several values of n and §, we give the proportion of wrong decisions #¢; in Fig. 1. The
results are based on 40 000 samples.
Note that the proportion of wrong decisions given by A, increases as n grows and can be quite large
if m/, is sufficiently far away from m,. Most of the time, the expert detects a difference between the
components m; and m’ although there is none in that context. Comparatively, the proportion of
wrong decisions given by A, is around 0.05. On Fig. 1, the type I error for the Mixing test is plotted
only for § = 3 as they are all around the value 0.05 whatever § is.

e The Expert test A, can also fail to detect a difference between two components with different
expected values whereas our test does not. For instance, suppose that m; # m’ and

my~ (1—a')™! (ocml + (1 —a)ymy —a'm).

Since E(X;) =~ E(Y;), forany 1 < i < 0.5n, using A, to detect the difference between m; and
m] is a very bad choice. Indeed, according to the law of large numbers, with high probability -

that increases as n goes up — )_(e(]) and \_/e(l) are very close to each other. It implies that the event
{T. < 1.96} holds with high probability. The correct decision #; is taken only in 5% of the cases.
An example of such a situation is given here in the case « = o’ = 0.9. Consider the testing problem
(2) and suppose that oy = 0; = 0, = 0, = 1,m; = 0, mj; = 0.1, my = 1and m}, = 2. For
r = 0.05 and several values of n and 40 000 repetitions of A,, we give the proportion of correct
decisions given by A, in Table 2.

As expected, the proportion of correct decisions given by A, increases as n grows. But this is not
the case for the proportion of correct decisions given by A, which is always around 0.05. Most of
the time, the expert is unable to detect the difference between the two components in that context.

Finally we conclude that it is much better to choose the Mixing test A,, for the problem we are
interested in. Indeed we have seen above that the Expert test suffers from severe drawbacks in some
cases that we are unable to recognize in advance.

4.1.2. Mixing test versus Oracle test

In this paragraph we compare the empirical power of A, to that of the Oracle test A,. We take
r = 0.05 and the same parameters as in the last example. We recall that the empirical power of any
test A corresponds to the numerical evaluation of the probability to correctly decide #¢;, according
to A.
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Table 3
Empirical powers of A, and Ap,.
Test n

500 1000 2000 3000 4000 5000 6000
Ao 0200 0349 0.609 0783 0886 0.942 0973
Am 0.149 0.245 0427 0585 0.704 0.798 0.868

—a—Mix-[0.4]
—o—Mix-[0.3]]
——Mix-[0.2]| _|
——Mix-[0.1]

Proportion of correct decisions
=)
()]
T

1 1
0.6 0.65 0.7 0.75 0.8

Value of o = o’

1
0.85

Fig. 2. Empirical power Mix-[8] of the mixing test according to §.

1
09
0.8
0.7+
0.6 -
0.5
0.4
0.3
0.2
0.1

Proportion of correct decisions

—0—(0.75,0.75)-Mix
—4—(0.80,0.70)-Mix| —
—v—(0.85,0.65)-Mix

100

1 1 1 1 1 1 1
150 200 250 300 350 400 450

Sample size n

1
500

1
550 600

Fig. 3. Empirical power («, «’)-Mix of the mixing test according to («, «’).
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According to Table 3 we remark that the larger n is, the better the powers of A, and A,,. Moreover
we note that the empirical power of the Mixing test is smaller than that of the Oracle test but not too

far.

In Fig. 2 we give the empirical power of A,, measured for samples of size n = 1000 in the case
wherem; =0,m; =46, my;=1, m, =2ando; =0; =0, =0, = 1.
Looking at Fig. 2, we can make two statements:

e the proportion of correct decisions depends on the intrinsic difficulty of the problem. Indeed the

larger the absolute value of the difference § := m} — my, the easier the problem of detection and

so the more powerful the test,
e it appears than the larger the degree of certainty o the better the power of A,,. This point is
discussed in a more general context in the next paragraph.

4.1.3. Comparisons on the performance of A, for varying values of («, a’)

As previously discussed, we expect that the higher the degree of certainty of the expert, the better
the performance of the test A,,. This statement is highlighted here when we consider the same
parameters of components as before, § = 0.5 and several choices of the pair («, «’). For each choice
of (a, '), the empirical power of our test A, i.e. the proportion of correct detections of a difference
between m; and m], is given in Fig. 3.
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Table 4
Description of the population.
NY CA
Total 9189 8935
Over 21y.0. 90.39% (8306)  87.04% (7803)
Under 20 y.o. 9.61% (883) 12.96% (1162)
Walked 49.73% (4570)  44.5% (3989)

Bus/trolleybus  50.27% (4619)  55.5% (4979)

The interpretation of the results presented in Fig. 3 points in the same direction as in [1]: the larger
the smallest eigenvalue of both matrices 152, 2, and 12 £, namely k,, the better the power of

the Mixing test A,,. Note that the larger the minimum between « €]3, 1[ and o’ €]3, 1], the larger
k.. Indeed, we have

1\2
k, =2 (min(oe, a) — 5) )

4.1.4. Brief conclusion

Let us summarize the main facts observed in the numerical experiments. First, in some cases the
Expert test can be completely wrong because of the overall design, that is to say the link between
the means of the components and the mixing weights. This is a serious issue for the Expert test. The
results can become even worse as the sample size increases. The test adapted to the varying mixing
weights that we propose does not suffer from this drawback. The second fact is the good behavior
of our test compared to the Oracle test. Although the power is smaller, it is quite satisfactory. The
last important fact which has already been stressed by Autin and Pouet [1] is the effect of the mixing

weights. It is known a priori thanks to the smallest eigenvalue of the operators %t.Qx £, and %tQY Q,.
This point is very important as the statistician can act in order to counter this effect, e.g. he can
improve the accuracy of the expert system which gives the mixing weights or increase the sample
sizes.

4.2. Application to real data

In this section we apply our methodology to real data and we discuss the results. The real case
exemplifies the whole methodology:

e identify the variable of interest and the auxiliary variable,
e model the problem and therefore compute the mixing weights according to the data,
e compute the inverse mixing weights,

e compute the test statistics and the associated p-value.

4.2.1. Description of the data

We have selected data from the US Census Bureau website, more precisely PUMS 2006 (see US
Census Bureau [14]). We are interested in comparing the travel time of people living either in the
State of New York (abbreviated as NY) or in the State of California (abbreviated as CA). Two means of
transportation have been retained: Bus/trolleybus and Walked. We have also retained a variable related
to age as it will be useful for the mixture model with varying mixing weights. This variable records
the fact that a person is over 21 years old or under 20 years old.

Here are a few facts to roughly describe the PUMS sample. Table 4 gives one level information.

In Table 5 we compute the mean and the standard deviation (in parentheses) of the travel time
according to the means of transportation to work.

As it can be seen in Table 5 there might be no difference between New York and California.
Nevertheless if the means of transportation is unavailable, it will be perilous to decide considering
the whole sample without any other information. Indeed as shown in Table 4, the difference between
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Table 5
One-way analysis of the travel time (in minutes).

Walked Bus/trolleybus ~ Walked and bus/trolleybus

NY 1225(12.18) 47.26(28.79) 29.85(28.23)
CA  11.23(12.23) 45.12(28.84) 30.04 (28.49)

Table 6
Decisions for Bus/trolleybus.

Decisionn = 1000  p-value

Oracle test Not rejected 0.24

Expert test Not rejected 0.42

Mixing test ~ Not rejected 0.11
Table 7

Decisions for Walked.

Decisionn = 1000  p-value

Oracle test Not rejected 0.23
Expert test Rejected 0.04
Mixing test ~ Not rejected 0.48

New York and California is decreased because of the structure of the populations (fewer people under
20 years old in New York).

4.2.2. Methodology

We assume in the following that the information about the means of transportation (the labels) is
unavailable at the microdata level. The age variable is assumed to be the only auxiliary information
available at the microdata level. It allows us to compute the mixing weights in the mixture
model (1).

For comparison purposes we have applied the three testing procedures.

According to the notation introduced in (15) and to Table 1, we have

(a, B) = (0.5193,0.6535) (&, B') = (0.574, 0.5723). (16)

The samples are drawn according to the following sampling scheme: 500 persons over 21 years old
and 500 persons under 20 years old are randomly sampled in each state (n = 1000).

We have applied the three testing procedures with the threshold value g. = 1.96 (r = 0.05):
Oracle test, Expert test and Mixing test.

First we test the equality of the expected values when the means of transportation to work is
Bus/trolleybus (1abel 1) in Table 6. In this case, the other means of transportation, Walked, is considered
as a nuisance parameter.

Next we reverse the set-up. We test the equality of the expected values when the means of
transportation to work is Walked (label 2) in Table 7. Now the other means of transportation
Bus/trolleybus is now a nuisance parameter.

4.2.3. Atough situation

Here we are also interested in comparing the travel time of people living either in the State of
Pennsylvania (abbreviated as PA) or in the State of Illinois (abbreviated as IL). Data also come from the
US Census Bureau [14]. Two means of transportation to work have been retained: Bus/trolleybus and
Railroad. We have also retained the gender variable as it will be useful to compute the varying mixing
weights of the mixture model. As will be seen, this situation is much more involved compared to the
one in the previous section.
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Table 8
Description of the population.
PA IL
Total 1769 2899
Men 432%(764)  48.2%(1398)
Women 56.8%(1005) 51.8%(1501)
Bus/trolleybus  80.4%(1423)  58.4%(1692)
Railroad 19.6% (346) 41.6%(1207)
Table 9
Mixing weights.
Bus/trolleybus  Railroad
PA men 74.6% (570) 25.4% (194)
PAwomen  84.9%(853) 15.1%(152)
IL men 50.8% (710) 49.2% (688)
IL women 65.4% (982) 34.6% (519)
Table 10
One-way analysis of the travel time (in minutes).
Bus/trolleybus  Railroad Bus/trolleybus and railroad
Pennsylvania  42.6 (31.05) 59.8 (35.8) 46(32.7)
Mllinois 41.8 (26.4) 63.1(25.7) 50.7(28.2)
Table 11

Decisions for Bus/trolleybus.

Decisionn = 1000  p-value

Oracle test Not rejected 0.81
Experttest  Not rejected 0.0001
Mixing test ~ Not rejected 0.14

Here are a few facts to roughly describe the PUMS sample. Table 8 gives one level information.
The mixing weights depend on the gender as illustrated in Table 9.
According to the notation introduced in (15) and Table 9, we have

(a, B) = (0.746,0.151) (o, B') = (0.508, 0.346). (17)

In Table 10 we compute the mean and the standard deviation (in parentheses) of the travel time
according to the categorical variable means of transportation to work.

The difference between the travel times is increased if we consider the entire population. This is
due to its structure. As there are more men and women who use the railroad in Illinois, the average
of the travel time is increased. This is reversed in Pennsylvania.

In Table 11 we test the equality of the expected values when the means of transportation to work
is Bus/trolleybus. We use the threshold value g, = 1.96 (r = 0.05).

In Table 12 we reverse the set-up and we test the equality of the averages when the means of
transportation to work is Railroad. We use the threshold value g, = 1.96 (r = 0.05).

5. Conclusion and open questions

From our point of view, one of the most interesting features of the varying mixing weight model
is its practical applicability. It is a versatile model which can be used in many situations with missing
microdata but aggregated information. We point out that the confidentiality of statistics is such a
situation. The application to real data provided above exemplifies the modeling.
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Table 12
Decisions for Railroad.

Decisionn = 1000  p-value

Oracle test Not rejected 0.12
Expert test Unavailable Unavailable
Mixing test ~ Not rejected 0.08

The second take-away message is the excellent performance of the Mixing test we propose. It can
be guessed a priori thanks to the smallest eigenvalue of operators involved in the mixture model. This
good performance is proved both theoretically and numerically.

To conclude let us state that this work can be easily extended to mixture models in a nonparametric
setting, when using the testing procedure proposed by Butucea and Tribouley [2], the Oracle test, and
the one given by Autin and Pouet [1], the Mixing test.

An interesting extension which should be considered in the future is the case of mixing weights
with errors. This arises when the mixing weights are computed from a model with estimated
parameters or from the experts’ evaluation. In this case the matrices £2x and 2y are random.
Preliminary but unpublished simulation results tend to indicate that moderate errors have a small
effect. An open question is to exactly evaluate the effect of this uncertainty about the mixing weights.
This problem certainly involves the study of random matrices and their properties. For example, it
would be interesting to evaluate the numerical performance of the Mixing test if the mixing weights
were computed with a logistic regression model.

Another interesting topic for future research is the comparison between the mixture model with
varying mixing weights and imputation techniques which are popular in missing data (e.g. [13]).
Indeed imputation techniques have been developed to handle missing data and this is also exactly
what the mixture model with varying mixing weights does. Numerical comparisons between the
Mixing test and multiple imputation are surely the next step to check the good performance of the
Mixing test. It will also be very interesting to investigate the links between the mixture model and
the problems encountered with missing data (Missing At Random, Missing Completely At Random,
Missing Not At Random).
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Appendix

In this section we provide the technical lemmas and Proposition 1 required for the proof of
Theorem 1. For the sake of simplicity, we present the lemmas with respect to Xy, .. ., X;,. An analogous
version of them does exist for Yy, ..., Y,. We recall that we assume that the inverse mixing weights
of the model satisfy (7).

Lemma 1. Forany1 <i <n,

M M M
Var(X;) = ; oy (o, + % D0 o, () (my — my)>.

u=1 v=1

Proof. Forany 1 <i <n,

M M 2
Var(Xp) = ) wu(i) / Y*pu(y)dy — (Z wu(i)mu)
u=1 R u=1
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M M M 2
Y wuldol + ) wuliym; — (Z oy (i)mu>
u=1 u=1 u=1

Il
M=

1 u=1 v=1

=
Il

Lemma 2. Let B,(f) be defined as in (9). Then,

n
B > min (62; 1 <u <M) Za,z(i).

i=1

Proof. As a direct consequence of Lemma 1, forany 1 < i < n, one gets

M
Var(X;) > Z wy (o

u=1

Hence,

n
BY =) aj(i)Var(X;)
i=1

n M
20 N 2
=D ACHIENCLS
i=1 u=1
n

> min (0; 1 <u < M) Za,z(i). 0
i=1

Lemma 3. Forany 1 <i <n,
E[X —EX)*] < Co1, ... pm),

where

C(p1, ..., Py) := mMax (/(x — my)*p,X)dx; (u,v) €{1,.. .,M}2> .
R

Proof. We have

M 4
E[X—EX))*] =E (Xi -y wua)mu)
u=1

M 4
=E (Z o () (X; — mu>)

u=1

M
< ) ouE (% —my)?)

u=1

< max (/(x— my)*p, (x)dx; (u, v) € {1, .. .,M}Z) . 0O
R

M M
wu (o2 + % 3N o, () m, — m,)2. O

Lemma 4. For any 1 < u < M, the unbiased estimator m, = % Z?=1 a, ()X; of my is consistent, that is

~ Proba
m, — my.
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Proof. let¢ > Oand u € {1,..., M}. Using Bienayme-Chebyshev’s inequality and Lemma 1, one
gets:

P (|, — my| > &) < (ne)~2 Zaﬁ(i)Var(Xi)
i=1

n M M M
= (ne)> Y _ ax(i) (Z o, (o] + % Y wuww()(m, — mw>2)
i=1 v=1

v=1 w=1
< M(nk,&®)™"' [max(o; 1 < v < M) +2max(m2; 1 <v < M)].
The last inequality is obtained thanks to the following bound:
1 n M 5. M
FDIPBLHUE
N5 = kn
given in [1]. According to (6),

linl M(nkye*)~" [max(o}; 1 < v < M) +2max(m}; 1 <v <M)| =0
n—-—+0oo

and we conclude that 1, is consistent.
Denote, foranyn € N*,anyl € {1,...,M}andany 1 <i <n,

p  al) =
wY = —= (xl- - Za)u(i)mu) . O (19)
/BY u=1
Lemma 5. Let B,(f) and W,ﬂ) (1 <i < n) bedefined as in (9) and (19). Then, for any ¢ > 0, we have
- 0\? 0
i, e[’ =] .
i=

Proof. Let us define

&y/ B,(f)

max(lad; 1 <i<n)’

&/ B,(f)

max(la(@)]; 1 <i<n)

kn = min{m,; 1 <u < M} +

Kk, =max{m,; 1 <u <M} —

Then we have
n

;E [(Wé?)z 1 {IWig)| > g}] = Zl:/|y|>8y2 dFW;E? W)
n . M 2
-y a?((l:) / <x - Za)u(i)mu) dF, (x)
u=1

i=1 n x>k, X<Kp
2

" ak(i) a0
= ZW ou()(x —my) | dF, (%)

i=1 n x>k, X<Kp u=1

1 a2 (i) & 5
IS0 IR

i=1 o u=1"x>kp,x<xp,
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™ a; (i)
<X (x — 1m)?p, (1) dx.
i=1 n (1, v)e 2 X>Kp, X<I(n

.....

Lemma 2 entails that

moat(i _
Z% < (min(auz;lgugM)) !

i=1 n

Since the variances under p,, 1 < u < M, are finite, the integrals above tend to 0 when n goes to
infinity according to Lebesgue’s Theorem on Dominated Convergence and Assumption (7). O

Proposition 1. Forany 1 < i < n, consider w

Wi » defined as in (19). We have
ZW(’) £ N, 1).
i=

Proof. We apply Theorem 4.2 in [11]. It is the general setup for the Central Limit Theorem,
i.e. triangular array of series (Wp;);, of independent random variables (note that they are not
identically distributed).

If the three conditions below are satisfied for any ¢ > 0 and any 7 > 0,

1. limy o0 Y0, P (|w,§?| > a) —0,
2. im0 D01 f\y|<t deW({) ¥ =0,

2

then > 1W(l) = N (0, 1).
Let us prove that these three conditions are satisfied. Let ¢ > 0. Applying Bienayme-Chebyshev’s
inequality, we have

n n 2
>or (=) = e 3| () 1 i = o |.
i i=1

Hence, Lemma 5 clearly entails the first condition.
Let us move to the second condition. We use the same trick as above. Forany t > 0

Z/ w<’> ) = Z (f ydF o @) _/ yaF Q’)> :
i=1 IYI<r i=1 \WR ni lyl>t i

The first summand is equal to O as the variables Wrg) are centered:

/| | ydF )| < Z / | VIdF, )
y|>1 ni ly|>t i
SO [ RTIHES]

The second condition is also clearly entailed by Lemma 5.

We end the proof with the third condition. There are two parts (because of the two summands) in
this condition. For the first part we proceed exactly as in the proof of the second condition. Indeed,
we have

Z/| yzdFW(l) (y) Z/ zdF (,) (y) Z/ yzdFW(l) (y)
i—1 Jlyl<t ni ni

lyl=t

n

2

i=1
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The first summand is exactly equal to 1 and the second one tends to 0 as n goes to infinity, according
to Lemma 5. Therefore it remains to prove that the second part tends to 0 when n goes to infinity.

Because the variables Wé? are centered and according to Cauchy-Schwarz’s inequality, we have

n 2 n 2
> ( / ydf (y)) =y ( / ydf (y))
i=1 lvl<t ni i=1 lyl=t ni

1= 1=

n

Z/ VdF )
1 /=T Wi

i=

_ ZE [(w,;o)z 1wy = f}].

Still using Lemma 5, we conclude that the second part we are interested in tends to 0 when n goes to
infinity, as expected. 0O

IA
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