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1. Introduction

For many years, the mixture-models have gained a lot of interests in statistics, particularly because of their large fields
of application as in finance, economy, biology, astronomy among many others. Most of the theoretical results found in the
literature deal with the problem of estimation of the mixing-weights as in the work of Hall (1981), Titterington (1983), Hall
and Titterington (1984) and Qin (1999), or of the mixing-components as in Maiboroda (1996, 2000a), Pokhyl'ko (2005) and
Lodatko and Maiboroda (2007). Facing with the problem of homogeneity tests for mixture-models, theoretical results are
fewer and more recent. For the case of fixed mixing-weights we refer the reader to the papers of Garel (2001, 2005) and
Delmas (2003).

Here, we are interested in studying mixture-models with varying mixing-weights. Such models are popular nowadays
especially since the works published by Maiboroda (1996, 2000a) and Pokhyl'ko (2005) that deal with the estimation of the
mixing-components, and since the work of Maiboroda (2000b) that deals with testing problems on the mixing-components.

Many applications of the varying mixing-weights model have been proposed. The first example is taken from Lodatko
and Maiboroda (2007). It deals with the difference between atypical pneumonia patients and healthy patients. Social
science data were also considered. Autin and Pouet (2011) modeled the annual working time for technical executive staff
and commercial and administrative executive staff in two French regions. The difference in travel time between the State of
New York and the State of California for several means of transportation was investigated in Autin and Pouet (2013). The
varying mixing-weights model was also successfully applied to medical data by Maiboroda and Sugakova (2012). They
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studied DNA microarray data collected on tumors. At last, successful applications to simulated and real data have also been
done. Parametric hypotheses testing was conducted by Autin and Pouet (2013) for simulated data.

As in Autin and Pouet (2011, 2012), we propose here to study a testing problem for mixture-models with varying mixing-
weights through the minimax adaptive approach as introduced by Spokoiny (1996). From two independent samples of n
independent random variables (n > 2), we are interested in testing whether these two samples can be considered as samples
with random variables built from the same mixture of M (M e N*) components or not. In particular, we aim at providing the
minimax rates of testing over the Besov spaces.

In Autin and Pouet (2011, 2012), the smallest eigenvalues of the Gram matrix of the mixing-weights vectors were fixed
and larger than or equal to k e (0, 1); it was proved that

® the minimax rate of testing over the balls of the Besov space 55, (as defined later in (3)) was of order n—2/1+45),
® the minimax adaptive rate of testing over such spaces suffers from an unavoidable loss of order (In In n) /2 compared to
the minimax one.

Hence, the minimax rate of testing in this case is of the same order as the one in the case M = 1 proved by Butucea and Tribouley
(2006). Nevertheless, Autin and Pouet (2011) noted that the smaller the parameter k the worse the expected exact separation
constant. Although this result was a surprise, it is logical as the smallest eigenvalue k is directly connected with the matrix of the
mixing-weights, that is to say with the design of the statistical experiment. We also recall that if the mixing-weights are the same
for all the observations, we are in the usual mixture-model (see McLachlan and Peel, 2000) and the homogeneity test with two
samples is meaningless. Therefore here we address the natural question that arises from these previous works: what are the
minimax and minimax adaptive rates when the smallest eigenvalue of the Gram matrix of the mixing-weights vectors, namely ki,
is decreasing to zero as n is increasing? More than that, we exhibit for the first time a wide range of new rates that correspond to
minimax and minimax adaptive rates over the Besov spaces in statistical models lying on indirect observations. Although there are
some similarities between our underlying models and the well-known ill-posed inverse problems, here the deterioration of speed
due to the ill-conditioning aspect is not located in the power anymore.
After introducing the setting in Section 2, we prove in Section 3 that the faster the decrease, the worse the minimax rate
of testing over the Besov spaces. More precisely we prove that
e the minimax rate of testing over the balls of the Besov space 85, is of order (nk,) 2%/ 49,
® the minimax adaptive rate of testing over such spaces suffers from an unavoidable loss of order (In In n)~
the minimax one, independently of the sequence (k;), . that tends to zero not too fast.

1/2 compared to

In addition to the link between the mixing-weights and the expected rates, we provide both a minimax (see Section 3.1) and a
minimax adaptive testing procedure (see Section 3.2) that are based on the comparison between a test statistic inspired from the
ones used in Autin and Pouet (2011, 2012) and a well-chosen threshold value. The proofs of the results are given in Appendix A.

2. Setting of the study
2.1. Mixture-model with varying mixing-weights

For any integer n > 2, let us consider two independent samples Y = (Y, ...,Yy) and Z = (Z4, ..., Zy) of independent random
variables with unknown marginal densities. For each sample, assume that the marginal densities are mixtures of M e N*
common densities: the mixing-components. We denote respectively by

M M
fi)= X o(p() and gi()= 21 w(Dq(-)
the marginal densities of Y; and Z; (ie {1, ...,n}) and by I, the Gram matrix of the mixing-weights which is the symmetric
matrix of order M with (1/n)}!_ ,wi())wy(i) as element at line [ and column u.
Here, the mixing-components p, and g, (1 <u < M) are unknown but the mixing-weights (i), 1<I<M,1<i<n) are
supposed to be known and satisfy

VLi)e(1,...,M} x {1,....n}, ai)=0,

M
vie{l,...,n}, Y w)=1.
1

We consider that the mixture-model is the one with varying mixing-weights corresponding to the case of an invertible matrix
I'n. We denote by ky, the smallest eigenvalue of the matrix 7',. In addition, we consider Assumption 2.1 on our mixture-model.

Assumption 2.1. The sequence of positive real numbers (k;), - , is such that

1. lim,, ; ookn =0,
2. limy,_, 4 onky = +o0.
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2.2. Hypotheses testing problem

We aim at studying whether the two samples of random variables come from the same mixing-components or not.
In the sequel,

° ﬁ::(ph ...,py) and ?::(qh ...,qy) will characterize the mixing-components of the two samples Y and Z,
® pP_, . will denote the distribution of (Y, Z),
° [ETI:) ’_(?(-) will denote the expected value and \/ar? E)(-) the variance under this distribution.

For any R > 0, let D(R) be the set of all probability densities such that their 1, —norm and their L, —norm are bounded by R.
For s >0, let B; . (R) be the ball of the Besov space 55 as defined in (3). We consider two subspaces containing vectors of
(D(R)*M, namely @¢(R) and 61 (R, C, 1y, s), which are respectively defined by

@R = (P, q): Vle(l,...M}, p;=qy),
01(R,C,1n,5)= (P, q): ¥le(1,...M}, Vp=p,—q e B5_(R),
Juell,...,M},(p,.q,) € ACC,Tp,5)},

where A(C,4,5) = {(p. Q). Ip—qllo > Cr;>/** Dy Cis a positive constant and r, is a sequence of positive numbers tending to
infinity when n goes to infinity.

We are interested in the two kinds of hypotheses testing problems presented below.

Non-adaptive case (s is known and s > }1)

Ho: (P, d)e6oR),
Hi: (P, d)e6:1(R.C.ry.s). M
Adaptive case (s belongs to [s,,s*] with s, > ] but s is unknown)

Ho: (P, d)e6oR),
Hi: (B, ) e0RC b= U 61(R.Craln,9), 2)
S € [Sx.5*]
where I, (resp. ryly) is a sequence of positive numbers that goes to zero (resp. infinity) when n tends to infinity.

In our study we shall consider the minimax approach and the minimax adaptive approach which are often used to
evaluate the performances of testing procedures.

We recall that the minimax (resp. minimax adaptive) approach aims at providing testing procedures that achieve the
minimax rate r; /1% (resp. minimax adaptive rate (rply)~2/“s*+ D) that, in context (1) (resp. in context (2)), corresponds to
the best possible rate separating at least one of the M pairs of mixing-components p, and q,. We refer the interested reader
to Spokoiny (1996) for a precise presentation of the minimax and minimax adaptive approaches in testing problems.
Nevertheless we recall the two steps necessary to prove that r,2/0+49 is the minimax rate (resp. rol, ~21*% is the
minimax adaptive rate) for the testing problem (1) (resp. for the testing problem (2)).

First step: [Upper bound]. For any y €0, 1 there exist C, > 0 and a testing procedure A, built from the samples such that,
for any C>C,,

lim sup P s@As=1)+ sup P (As=0)| <y
nooo| 5 . — — -q
(D.q)e60R) (D.q)e61(RCmS)

(resp. there exist C, >0 and a testing procedure A, built from the samples such that, for any C > C,

lim sup P @@=+ sup P 5(4,=0)|=0)
n-ool — — . — —
(P .q)e60® (P .q)e06;RCrnln)

Second step: [Lower bound]. There exists ¢, > 0 such that, for any C <c,,

lim inf sup P A=1)+ sup P _A=0)]|>y
n—oo A — — s — —
(P .q)eonR) (P.q)eo:1(RCrnS)

(resp. there exists c, > 0 such that, for any C < c,,

lim inf sup P @A=1D+ sup P @A=0)|=1).
n— o0 N s — —> B
(P.q)e6oR) (P .q)e6;RCIaln)

where the infimum is taken over all testing procedures.
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In that context, we shall say that ry, >/0+% (resp. (rly) =2/ %)) is the minimax rate of testing (resp. the minimax adaptive
rate of testing) over the Besov ball B . (R) (as defined in (3)) of the testing problem (1) (resp. (2)) and that A (resp. A4, ) is minimax
(resp. minimax adaptive).

2.3. Wavelet setting

Wavelets bases offer the advantage of being localized both in the frequency and time domains. Therefore they are often
used in many mathematical fields such as approximation theory, signal analysis and statistics.

Let us recall that such bases are built from functions ¢, and yj(je N,k e Z) that are dilatations and translations of a
chosen scaling function ¢ and a chosen wavelet function . For any j e N, any h in [, can be decomposed in the wavelet basis
built from (¢, ) as follows:

h()= IZ A+ X X Biiewik()s

ez j'=jkez

where aj, = [h(0)gj(t) dt and gy = [ h(O)y;(0) dt.
For the sake of simplicity, we shall consider the Haar wavelet basis in the sequel that is built from the following scaling
and wavelet functions:

P() = 1[0,1[(')> w(-) = 1[0,%[(') - 1[%,1[(-)-

Nevertheless our results could be easily generalized for any choice of compactly supported wavelet basis.

To derive optimal results, we have considered that any function p, —q,(1 <u < M) is regular enough, it means that the
energy of their wavelet coefficients is decreasing fast enough. More precisely, any function p, —q, is supposed to belong to
the ball of a Besov space 55 (R) defined as follows:

5 o (R) = {h elysup2® ¥ ¥ g < RZ}. 3)

jeN j=jkez

3. Optimal testing procedures

In this section we provide procedures that are based on the test statistics T; defined for any je N by

1 M . .
Ti=— X ¥ ¥ aa@)dYi) = b Zi)ldi (Vi) = i (Zi,)): 4
i1 #ib=1kezl=1
where, for all (L u)e{1,...,M}?, (1 /MY ai()wu(i) = 8y and (a;, a;); is minimal.
We recall the explicit formulas of (i) given in Maiboroda (2000a):

1 v I+u i
Torro =, (D rweu(), ®

al(i) - dEt(rn) u=1

where yy, is the minor (I, u) of the matrix 7,. Both motivations for the choice of these test statistics and similarities between
varying mixing-weights models and inverse problems are provided in Autin and Pouet (2011, 2012). In particular in those
previous works, the test statistics T; is shown to be a natural estimator of >V . [Ip,—q;lI3, provided that j is large enough.
Following Autin and Pouet (2012) we recall that according to (5),
sup |a(i)| g(M Ml)!.
T<i<n kn

6)

3.1. Non-adaptive case

We assume that the smoothness parameter s for the differences p, —¢q,(1 <u < M) is known. Hence we are interested in
the hypotheses testing problem (1).

3.1.1. Testing procedure As; _
For any s >} let j,; be the smallest integer such that 2 7/ns < (nkj) ~2/(+49) For any positive real number t, we denote by
Ag; the testing procedure defined as follows:
1 if (k)™ THBT; >t
Ast = . "
0 otherwise
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3.1.2. Optimality of As; and minimax rate

Theorem 3.1 (Upper bound). Let y €10, 1[. There exist C, = C,(M,R,y) and t = t(M,R,y) such that, for any C > C,,

lim sup P A=D1+ sup P »As=0) | <y.
n—oo — —> N —_— —> N
(D.q)e60R) (D . q)e61(RCnkn.s)

Theorem 3.2 (Lower bound). Let y €10, 1[. There exists ¢, = c,(M, R, ,s) such that, for any C <c,,

lim inf sup P _s@A=1+ sup Ps—-A=0)]>7.
- = > — =
(P.q)eo0R) (P .q)e61(RCnky.s)

From Theorems 3.1 and 3.2, we deduce the following corollary:

Corollary 3.1. For any s>}, the testing procedure A,; is minimax. Moreover, the minimax rate of testing over the Besov ball
3 (R) is (nkn)—(ZS/(1+4s))
00 N

We note that the smaller the k;,, the worse the minimax rate of testing. Surprisingly the minimax rate does not only depend
on the size of the sample and the regularity of the underlying functions but also on the sequence (kp),, - -

3.2. Adaptive case

Here, we assume that the parameter s of regularity is not known anymore. Nevertheless, we suppose that it belongs to
the interval [s,,s*] with s, > 1. Hence we are now interested in the hypotheses testing problem (2).

Assumption 3.1. The sequence of positive real numbers (k,),-. , is such that

In (kl> =o((Inny’) where 510, 1].

Remark 3.1. This assumption will be sufficient to derive the minimax adaptive results. It deals with mixture-models for
which the rate of decrease of the sequence of parameters (ky),, is not polynomially fast but faster than any logarithmic rate.

3.2.1. Testing procedure A, ; .
For s e[s.,s*], let j; be the smallest integer such that 2 /s < (nkn(v/InInn)~")~*+4_For any positive real number ¢,
we denote by A, ; the testing procedure defined as follows:

A { 1 if maxscgs, s(nknl)*/ 9T >t
*,t = ns

0 otherwise

where (I), . , is the sequence of positive real numbers defined, for any n > 2, by I, = (vInInn)~".

3.2.2. Optimality of A, and minimax adaptive rate

Theorem 3.3 (Upper bound). There exist C, = C,(M,R) and t = t(M, R) such that, for any C > C,

lim sup P »@ur=1D+ sup P —»(.;=0)| =0.
n-oo| — s — — s
(D.q)e60®) (D . q)e 67 (RCnknly)

Theorem 3.4 (Lower bound). There exists ¢, = c«(M,R, 5,s*) such that for any C < c,,

lim inf sup P s@A=1)+ sup Ps 5A4=0)]=1.
n—-oo A — — s - —>
(D.q)eoo® (P .q)e0;RCnkly)

From Theorems 3.3 and 3.4, we deduce the following corollary:

Corollary 3.2. The testing procedure A, . is minimax adaptive. Moreover, for any s > 1, the minimax adaptive rate of testing over
the Besov ball B5 (R) is (nkyly) ~2/0+49),
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When we compare the adaptive case to the non-adaptive one, we deduce that there is a price to pay for adaptation and it
is of order I,,. We also note that this cost does not depend on k;,.

4. Conclusion

This work is a contribution to nonparametric hypotheses testing problems from indirect observations through the
varying mixing-weights. Optimal testing procedures have been proposed and new rates have been exhibited as the minimax
and minimax adaptive rates for Besov spaces in the underlying testing models. We proved that the minimax and minimax
adaptive rates strongly depend on the smallest eigenvalue k, of the Gram matrix of the mixing-weights : the bigger the k,
the better the minimax and minimax adaptive rates.

At first glance, it could be surprising that the minimax and minimax adaptive rates differ from the ones in ill-posed
inverse problems. We claim that the reason for this difference is the following: in the context of mixture-models the
dimension of the matrix I, involved in the determination of the rates is finite, whatever n, contrary to ill-posed inverse
problem for which the matrix involved in the determination of the rates has infinite dimension.

Here the threshold values of our testing methods are calibrated to entail the theoretical result, that is to say the
asymptotic distinguishability of the two hypotheses. In practical cases, the threshold values can be computed by Monte-
Carlo methods. Other popular approaches can also be applied and are related to the computation of the p-value such as
bootstrap tests or permutation tests (see Efron and Tibshirani, 1993).

Appendix A. Proofs of theorems

In this section, we prove the main theorems. The proofs follow some results previously given in Autin and Pouet (2011,
2012). In Proposition A.1 we recall the properties of the test statistic T; given in Corollary 3.3 and Proposition 3.4 of Autin
and Pouet (2011).

Proposition A.1. Letje N and T be the test statistic defined in (4). There exists a positive constant Cg that depends on R such
that, for any n > 2 and any (p q q)e DR™M

2 2
. 8LMR
E . — ) <— 7
?7( ) 2!?] I<§Zl§:l (al(l)/R(fl gl)d)jk) n nkn ( )
CrM? 21 1M 2 M
var— — (Tj) <23 St z Ip—q3+1/ % 3 Ip—qllz | 8)
p.q k2 m =

Remark A.. For any jeN and any (7. q)e6(R), the test statistic is centered and its variance is such that
\/arF 7@») < CrM?(nky) 22,

A.1. Proof of Theorem 3.1

Let us fix 0 <y <1 and s > 1/4. By the Bienayme-Chebyshev inequality and following (8), for any (7. 7)e0uR):
P?.?(As’t =1)= p?? (ij > t(nkn)*‘“/(”‘“))
<t~ 2(nk,)%/0 +45)\/ar5>‘5>(ij)
< CRM?t=220ns (nky,) =2/ +49),
According to the definition of the level j, ; and for the choice t =2M,/Cg/y, it entails that
14
5

P> (ds=1)<]

We now focus on the alternative and we put t,s = t(nk,) =%/ +49, The second type error can be rewritten as follows:

P?,?(As,t:O):Pﬁ‘E(_T] S+[EE) —)( ]ns)> tn5+[EE) —)( ]ns))

According to (7), the wavelet expansion in the Besov ball 55 (R) leads to

M . 2
E_ —>( T, )—tis= X Ip—qll5— Z > X (/ (PI—QI)I//jk>
p. =1 R

I=1j>j,s kez

2
z; k§Z 1;] (al(l)'/R(fi_gi)‘lbjn_J() _tn,s
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8LMR?

M .
= 3 lIpi—qll3 ~ MRP2™ %0 == = —tn
=1 n

1M i
=5 L IPi= a5 —MR?2750 —t,
=1

for any n large enough. As a consequence, applying the Bienayme-Chebyshev inequality and (8), one gets

Po g (@st=0)=P2 = <* T+ B3 5 [0 = —tast [E?ﬁ(Tjn,x))

p
. M - M
CRMZ(Z’"-S+nIZ1 o — a3+ 2’""an] Ip—qyl2)

—
p.

2
2213 11— qul3 — MR22 2 _¢
neK, 2[2 lpi—aqill5 ns
=1

The choice of j,; and the fact that the functions are in the alternative lead to the following upper bounds for any n large
enough:

_ GeM*@ 03 = a3+ V2 E 1P —dill2)
T kGNP — qil13 — MRP2 29 — (k) ~ /04y

CRMP(2ms +n XM L lip —qul3+ vV 2n XM L lIpi—qill2)
n2k22 ' —MR2C 2 —tC 2% (IM , Ip—qi1d)?

oLt -

<3Cg (21\/1_R —M> .
For all C>C,; = v2M(\/6y~1Cr+R*+tM~1)!1/2, we finally obtain
P?? (4s¢=0) sg.

The results on the first-type and second-type errors prove that if C > C,; the sum of the errors associated to the testing
procedure 4; . is asymptotically less than y. Therefore Theorem 3.1 is proved.

P

7qUe=0

A.2. Proof of Theorem 3.2

For any 5) € D(R)M ,

. 1
inf sup P (A=1)+ sup P -@A=0)|>21—2IP—= ——P,Il 9)
Nga q i 4 2 pp
(P".q9") e 60R) (P".q") € 6:1(RC.nkn.5)
where | - |l is the L;—distance and = is an a priori probability measure concentrated on the set A(C, nk, s).

Therefore, it suffices to prove that for judicious choices of p and 7 we get
P —P, Il <2(1—y).
27 1=y

Let p be such that for any e {1, ..., M},
{x; p,(x)>%}:>[0,1[.

Let 6 = (1, ...,0m) denote an eigenvector associated with the smallest eigenvalue k, of I', such that ||0]| = 1.
Let 75,={0,1,...,2"—1} be the subset of Z of cardinality T =2, The following parametric family of functions is
considered:
A () = pl(->+25w1\719,k T G2 Iy (),
eTs
where, for any ke T, {, e {—1,1}.
Assume that the marginal densities of Y; and Z;(1 <i < n) are respectively

M M
fit)= 121 o(p() and g.()= 121 o) (D)q;(-)-

The functions q;, are clearly densities that satisfy for large n:

1
{x; qr.(x) > 5 } >[0,1].
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Moreover, if C <RM~'/? 2%, then q;, —p; belongs to the Besov ball 55 (R). We notice that for at least one e {1,...,M},
Mo? > 1. Hence

2 _
(e —pill3 = C* (nky) 45/(1+45)

We consider the probability measure = such that the ¢,'s are independent Rademacher random variables with parameter
1/2. Clearly,

2
B n g (Zi) B
"= %3“@(}1 mzom " o

We introduce the following random variables:

Zix=2°C/M2 ™ 9ns ]"S/zw}”(kz()l)lz Orwy(i).
1

We only need to evaluate the second-order moment of the likelihood ratio:

_ B, 2
n g (Zi)

— 7 & =l— 1 kL d ey .

o (08 550) |55 5 (S froszw s o) |
We have

_ ) 5
E— — < 1 A+&Zu) dﬂ(CbmaCT)) }
p.p keTs/) i=1

T
=F- — |: I1 2<H(1+Z,k)+ I—I(‘1 Z:k))"’ > Z Zyh; (k):|

keTs keTsi=1

[EFF |:’<H 4|:H(1+Zlk)+ H(l Zlk)

eTs

where functions f1;(k) are sums of products of random variables ZjK where the pairs (j,«) are in the set {1,...,n} x 7\{(i, k)}.
Since [EF E>(Zi,<) =0 and ZyZy =0 for k + k', the last term vanishes. Thus only the first term remains. As ZZ;, = 0 for

k+ k' and the random variables Z; and Z;, for i i’ are independent, we have

1
[EE)F |:kH 5 < H (1 +Z,k)+ H 1- Z!k)>:|

eTs i=1

keT;
n 52
< ] cosh( ¥ E——(Zp
keTs i=1 p.p

2
1 n
<exp (zk ZT ( z [53 ?(Zm)) )

Each expectation [E? ?(Z?k) is bounded as follows:
’ 2
52 20 1925+ 128, — ] M ;
[EF ?(Zik) <C*M2 s s 1S Qi) | .
. =1

Therefore this bound entails

2
n g (Zi)
[E?F [(E” <i1=—Il fi@) >> }
; 2
sex (22 (£ 55 520) )

2
. . n M
<exp (; z 24S+ 2—ASjns — 2ns C4Mz < Z Z H[Hm(!)[(i)(l)m (1)> )

keTs i=1lm=1
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=exp < ¥ 2% 2fmc“z\/F(ternrna)z)
keTs

—=exp ( ¥ 2%t 2f’UC“MZ(nl<n)2>

keTs
<exp¥H1CM?). (11)
Inequalities (10) and (11) lead to

< \Jexp®+1cim?) -1, 12)

HP%»*P,,
p.p

Hence, according to inequalities (9) and (12), the choice of any constant C < ¢, =M~ 22R* A In(1+4(1 —y)?))!/42 =6 +1/4)
entails that

inf sup P (A=1)+ sup P @A=0)]|>7.
A — — s — —
(P .q)e60R) (D .q)e01(RCnky.s)

Therefore Theorem 3.2 is proved.

A.3. Proof of Theorem 3.3

The proof of Theorem 3.3 is a direct consequence of two propositions taking C, = /2M(R?+ \/2Cg), where Cy is the

constant introduced in Proposition A.1, and choosing t such that M\/2C < t < C?/2—MR?. Proposition A.2 deals with the
control of the first-type error and Proposition A.3 deals with the control of the second-type error.

Proposition A.2. Let R > 0, Cy as in Proposition A.1 and t > M+/2Cg. Then,
lim sup P s r=1)=0.

n-+o0o 5
(P .q)e060R)

Proof. We denote by 7, and S, the following sets:
Tn=1{jeN¥* j=]';5, S e[Sk, s*},
Sn= {Sn,j €[5k, 8™ ] 277 = (nknly) =¥+ je jn}~

According to the definition of A, and Bonferroni inequality, one gets for any (7. 7)e6uR):

P?’E(A*,[ =1 sj EZJHP?F (Tj > t(nkply) ~ /0 +4Sw>).
Analogous to Lemma 1 in Autin and Pouet (2012) we easily check that, for any n large enough,

2 2 1 In(nk,l,)
1+4s, 1+4s* In2

card J, < (
and similar to the proof of Proposition 4.1 given in Autin and Pouet (2012) we can prove that under (3.1), for any
JjeJn, [P’? E>(Tj > t(nkyly) ~ 45/ 4459y converges to zero faster than (In(nknl,)) ! as n tends to infinity provided t > M/2Cx

and s, > 1. Hence,

lim sup P 5Asr=1)=0
n—-+o0o 5
(D.q)e60®)

and the proof of Proposition A.2 is also ended. ©

Proposition A.3. Let R > 0 and C > y/2M(R?++/2Cy), where Cy is as in Proposition A.1. Then, for t < C?/2—MR?,

lim sup P_s "(A*,f = O) =0.
n-+o00 5 5 B
(P .(q)e6;RC nkyly)

Proof. Consider (7, q)e 07 (R, C,nk,l,). We aim at getting an upper bound for the second-type error that corresponds
to PF 7(4” =0). From the definition of A,, we remark that it suffices to prove that, for one seS,,

[P’F E)(Tj;s < t(nkyly) ~4/0+%) tends to zero when n goes to infinity.
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Let s e [s,, s*] be such that (7, q) € 61 (R, C, nkl,, s). Analogous to the proof of Theorem 3.1, we get for any n large enough:

" —4s/(1+4s)
P?E) (T]M < t(nknln) )

CrM? (21‘5-3 +nYM p—q 3+ V2unyM ip—q, nz)
<

2
n2k22~ ' —MR*C % —tC 2y (Z;W: p—q ng)

4s/(1+4s)
< - ZCR2 — 21ﬁ+(nknln) ; +l2 %(nknln)‘”es)/(”“” .
@M1 —tM 1) nié eVn

The right-hand side of the last inequality does not depend on p and ¢ and goes to zero when n tends to infinity according
to Assumption 3.1. Proposition A.3 is also proved. ©

A.4. Proof of Theorem 3.4

This proof looks like the proof of Theorem 3.3.
Let S, denote a net on the smoothness space such that

VS, teSy 1S, <s,t<s* |s—t] 2%, N:cardgnzo((ln n)]*‘s),

where N also satisfies
lim 1r1< ! )—L(n)zz—oo
n—too \Inkn/ (4s* +1)2N

This choice is made possible because of Assumption 3.1 .
Let 7, denote the associated net on the level space that is

Tn={eN¥% j:j;,s’ seSy).
Let E) such that for any le {1, ..., M},

{x; px)>31>[0,1[.
For any given se S, and any [ {1, ..., M}, we introduce the following densities:
Ques() =P +2°CVMO, T &2 9 iy (),
keTy i
where 77 = {0, ...,2j:~s —1} and, for any ke 7, s e {—1,1}.
Here, 0 = (01, ...,0)y) is still an eigenvector associated with the smallest eigenvalue k, of I', such that 1911, =1.
Suppose that the marginal densities of Y; and Z; (1 <i < n) are respectively

M M
fit)= 12 o (Dp(-) and g ()= 121 1Dy 5(-)-

The functions ¢, are clearly densities that satisfy for large n:
% qzsx)>512[0, 1.
Moreover, if C<RM~'/2 277, then the difference q;.;—p, belongs to the Besov ball B} (R). Notice that for at least one
le{1,...M}, M&? > 1. Hence
IG1zs —Pill3 = C* (nknly) ~#/0 49,

The prior probability zs on A(C,nkyl,,s) is chosen such that the random variables ¢, ;(k € 77) are independent Rademacher
whereas the level j;, is chosen uniformly on 7.
Unless explicitly specified, the expectation E(-) is taken regarding the random variables Y1, ..., Y, Z1, ..., Zy, {5, k € Ts and

].;1(’5 € 711-
The general calculation follows the same path as in Theorem 3.2. The sum of the errors is lower-bounded as follows:
. 1|1
er1f<IPE>3(A = 1)+[P’5>‘E>(A = 0)) >1 —2‘ N, Ezgnnmﬂs - P?,? .

An upper bound of the [;—distance is given by

2
< |E lzddp’“ -1
Nse§" pg’j’

1
5 2 Pr =P
Nseg,, p.p
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2
1 dp,, 1 T
sl Zflesz) ' 2 |Hesoaes ]!
N5, 77 Nszses, 77T

The first term is called the square term and is handled as in the non-adaptive case. The second term is called the cross term.
It only appears in the adaptive case and leads to technical calculations.

We state a more general result than Lemma 6 of Autin and Pouet (2012). As it is easily proved by following the proof of
Lemma 6 of Autin and Pouet (2012) we decide to omit its proof.

Lemma A.l. For any s’ <s in S, i.e. jo <J, the following bound holds:

dP,, dP,. 2o l4s 12 5 2(s'—5)
E %W —-1<2(C*2 M)*(lnkn) exp(—Zln(nlnkn)m).

The choice of N and the fact that s’ is smaller than s entail that the upper bound of each summand in the cross term is the
same and goes to zero when n tends to infinity.

The second part of the proof is the study of the square term. It is handled as in the non-adaptive case but here leads to an
upper bound which goes to infinity. This behavior is compensated by the normalizing factor N~ '. Similar to Autin and Pouet
(2012), we have

dP,,

dP— —

If C* < (1—6)2=%" ~'M~2, then the following limit holds:

-1 sexp<24s*+lC4M21,;2)—1.

lim N-1(nn2" "M _o.
n— 400

This result entails that the square term goes to zero when n tends to infinity provided C<c, = 2 S M~ 2[R A
@ 'a-ap'.

Gathering the results for the square and cross terms, we conclude that the lower bound goes to one as n tends to infinity
and that the loss I, = (v/InInn)~! is unavoidable.
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