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Abstract In this paper, we study the performances of a large class of procedures,
called u-thresholding rules. At first, we exhibit the maximal spaces (or maxisets)
where these rules attain given rates of convergence when considering the Besov-risk.
Then, we point out a way to construct pu-thresholding rules for which the maxiset
contains the hard thresholding rule’s one. In particular, we prove that procedures
which consist in thresholding coefficients by groups, as block thresholding rules or
thresholding rules with tree structure, outperform in the maxiset sense procedures
which consist in thresholding coefficients individually.
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1 Introduction

Wavelet methods in nonparametric estimation of functions are renown for their adap-
tivity across a wide range of function classes. Frequently, the performance of a
wavelet estimator is measured thanks to the minimax approach. The final outcome
of this approach is to exhibit estimates which attain the minimax rate of convergence
of a functional space V containing f. However, this point of view seems to be pes-
simistic, since it requires the knowledge of V.

Recently, Cohen et al. (2001) have suggested an alternative approach to measure
the performance of an estimation procedure which consists in exhibiting the func-
tional space (maxiset) over which an estimator attains a given rate of convergence.
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This approach is more optimistic than the minimax one, since it draws the strong
connection between a given procedure and a functional set for which the procedure is
well adapted. In this way, Cohen et al. (2001) and Kerkyacharian and Picard (2000)
have shown that Besov spaces and weak Besov spaces are directly connected with the
hard thresholding rules out. More than this, they have proved that thresholding rules
outperform linear procedures, dealing with the density estimation model.

In this paper, we investigate the performances of a large class of procedures: the
u-thresholding rules which can be viewed as a generalization of usual (hard, global,
and block) thresholding rules. Each p-thresholding rule is associated with a sequence
of positive functions (i ) jx and consists in only keeping the empirical wavelet co-
efficients y j; for which w jx (A, y;)—where y; represents a particular set of empirical
coefficients depending on A—are strictly larger than a threshold A. Under the maxiset
approach and choosing the Besov risk, we exhibit the maximal spaces where these
procedures attain given rates of convergence (Theorem 3.1). Then, we give a way
to construct p-thresholding rules at least as good as the hard thresholding rule in
the maxiset sense (Proposition 4.1) and give many examples of such rules. Particu-
larly, we prove that block thresholding rules outperform in the maxiset sense the hard
thresholding rule on condition that the length of their blocks are small enough (Propo-
sition 4.3). This result is important, since it allows us to give a theoretical explanation
about the good performances of these estimators often observed in the practical set-
ting (see Hall et al. 1997, 1999 and Cai 1998, 1999, 2002). In the same way, we show
that the thresholding rule using tree structure proposed by Autin (2004) is another
example of a u-thresholding rule which outperforms hard thresholding rule. In other
words, thanks to the maxiset approach, we prove in this paper that rules constructed
with thresholding methods applied to groups of empirical coefficients are preferable
to rules based on thresholding methods applied to individual empirical coefficients.

The paper is organized as follows. Section 2 is devoted to the model and to the
definition of w-thresholding rules illustrated by some examples. In Sect. 3, we exhibit
the maximal spaces associated with such procedures and discuss around. Section 4
aims at comparing the performances of some particular p-thresholding rules.

2 Model and classes of estimators
2.1 Model

We will consider a white-noise setting: X.(.) is a random measure satisfying the
following equation on [0, 1]:

X (dt) = f(t)dt +eW(dr),

where

e 0 <& < 1/2is the noise level
e f is a function defined on [0, 1]
e W (.) is a Brownian motion
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Let {¢or(-), ¥jk(-), j = 0,k € Z} be a compactly supported wavelet basis of
L, ([0, 1]). For the sake of simplicity, we suppose that, for some a € N*, the sup-
ports of ¢ and  are included in [0, a] and we denote 1/_1; to design ¢o.

Any f € L,([0, 1]) can be represented as

=003 Buvik= Y. > (A0, Vi @.1)
Jj=2—1 —a<k<2J Jjz—1 —a<k<2j

Let us suppose that we dispose of observations yjrx = X (¥ jx) = Bjk + €&, where
&ji are independent Gaussian variables A/ (0, 1).

In the sequel, we set 2/* ~ 372 to design the smallest integer j, such that
2=J» < A2 and we denote

1o = /log(e71).

In the following paragraph, we define the class of procedures we shall study along
the paper, the p-thresholding rules.

2.2 Definition of u-thresholding rules and examples

For any A > 0, let us denote for any sequence (yx)j « and any sequence (8x) j.k:
vi = (yjk: (. k) € 1),
B = (Bjk: (. k) € 1),

where I, = ((j, k); =1 < j < ji, —a <k <27) and 2/» ~ 172,

Remark 2.1 For any A > 0, the number #I, of elements belonging to I, is less than
or equal to a2/*.

This remark is important since it shall be often used in the proofs of results presented
in the paper.
Let us consider the following class of Keep-or-Kill estimators:

Fx = {f: ZZyjkyjkwjk; vjk(e) € {0, 1} measurable}.
ik
Definition 2.1 We say that fﬂ € Fk is a pu-thresholding rule if

Je—1

fu= Z Zl{/‘jk(kasykg) > he}yik ¥k, 2.2)

j=—1 k
where A, = mt,, m > 0, 2Je ~ )»5_2, and (ujr(A,-) : R¥D R+),/,k is, for any
A > 0, a sequence of positive functions such that, for any ¢+ € R and any (y;, 8)) €
R*D. x R#*x:

o i) = kG, B >t = 3o, ko) € L/1Vjk, = Bjok,| > 1. (2.3)
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Let us notice that any u-thresholding rule is a limited procedure (see Autin et al.
2006) in the sense that the reconstruction of f by such a procedure does not use the
empirical coefficients yjx for which j > je.

The reconstruction of the signal f by a u-thresholding rule consists in keeping
the empirical coefficients y; at level strictly less than j for which w jx(A¢, y;,) are
strictly larger than the threshold A,, as we can see in the following scheme:

N

\ RECONSTRUCTION / \
/ AN 7 N\
/ N\

wl

I ‘44444
l

®y
o

@ ujkO\,E,yks) > e ' WEIGHT = 1
@ ij(}\.s,yks) < Ae O WEIGHT = 0

There is no doubt that p-thresholding estimates constitute a large sub-family of
Keep-or-Kill estimates. Let us give some examples of such procedures by choosing
different choices of functions p ji:

1. Hard thresholding procedure belongs to the family of u-thresholding rules. It
corresponds to the choice

1
Mﬂ-k)(kg, Vo) =y jkl-

This procedure has been proved to have good performances in the minimax point
of view (see Donoho et al. 1995, 1996, 1997) and in the maxiset point of view (see
Cohen et al. 2001 and Kerkyacharian and Picard 2000).

2. Block thresholding procedures belong to the family of u-thresholding rules.
They correspond to the following choices:

Mean-block(p) thresholding

1
1 »

2
Hgk)()»e,)%)=<l— > |y,-k/|f’) :

I weP;k
Maximum-block thresholding
(3)
(e, = max ikl
15y (hes 2, o b
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336 F. Autin

Maximean-block(p) thresholding

4 2
M;k) (he, y2,) = max(|yjkl, Mﬁ-k)(/\g, i),

where, for any (j, k) and any 0 < ¢ < 1

2,
e kePj(kyc{l—a,...,2/ — 1}
o #Pj(k)=1; and k € P; (k) ﬂ'Pj(k/) = P;k) ='Pj(k/)

Block thresholding estimators are known to have good performances in the practical
setting. For example, Hall et al. (1997) considered mean-block thresholding. The
goal was to increase estimation precision by utilizing information about neighboring
wavelet coefficients. The method they proposed was to first obtain a near unbiased
estimate of the sum of squares of the true coefficients within a block and then to keep
or kill all the coefficients within the block based on the magnitude of the estimate. As
well as the family blockwise James—Stein estimators (see Cai 1998, 1999, 2002), on
condition that the length of blocks is not exceeding C log(s~!) (C > 0), this estimator
was shown to have good performances in the practical setting (see Hall et al. 1997)
and was proved to attain exactly the minimax rate of convergence for the L,-risk
without the logarithmic penalty over a range of perturbed Holder classes (Hall et al.
1999).

3 Macxisets associated with u-thresholding rules

Dealing with the Besov risk Bg’ p

spaces where the z1-thresholding rules attain the rate of convergence (u(A,))>?/(1+25)
(s >0and 1 < p < 00), where u is an increasing transformation map of R* into R™
that is continuous and satisfies:

we aim at exhibiting in this section the maximal

VO<e<1/2, e=<u(is). 3.1

Remark 3.1 Even if the choice u(A) = A is often used, we choose here more general
rates of convergence so as to integrate, for example, logarithmic terms.

3.1 Functional spaces

To begin, we introduce the functional spaces that will be useful throughout the paper
when studying the maximal spaces of p-thresholding rules.

Definition 3.1 Let s > 0 and 1 < p < co. We say that a function f € L,([0,1])
belongs to the Besov space 5}, . (u) if and only if

sup(u(r)) 27 3" 2D N g7 < o0
=0 iz k
Note that BY, (/dr+) is the classical Besov space, which has been proved to

contain the maximal space of arbitrary limited rule for the rate )é”’ (see Autin et al.
20006).
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Definition 3.2 Let 0 < r < p < co. We say that a function f belongs to the space
W, u(r, p) if and only if

A
sup(u(®))’ Ty 1)Z|ﬁjk|p1{ﬂjk(k,ﬂx)§§}<OO.
k

J<x

The definitions of such spaces in the case u = I dr+ are close to the ones of weak
Besov spaces. Weak Besov spaces have been proved to be directly connected with
hard and soft thresholding rules (see Cohen et al. 2001 and Kerkyacharian and Picard
2000).

Definition 3.3 Let 0 <7 < p < co. We say that a function f belongs to the space
W:,u (r, p) if and only if:

sup A? (u(r)) 7 (log(r ") Zz/( “Zl{wk(x,ﬁk)>2,\}<oo
k

1>0 J<js

In this paper, we shall see the strong relation between W, ,(r, p), W,’;)u(r, p) and
u-thresholding rules.

The aim of the following paragraph is to exhibit the maxisets associated with the
p-thresholding rules. Undoubtedly, these maximal spaces depend on the choice of
the transformation map u.

3.2 Main result

The following theorem deals with the maximal spaces associated to u-thresholding
rules.

Theorem 3.1 Let 1 < p < oo andm > 4./p + 1. Denote L, = mt, and suppose that
fu is a p-thresholding rule such that (i ji) jx are decreasing functions with respect
to A. If there exist K, > 0 and Agenil > O such that

V0 < A < Ageuil, u(@dmi) < Ku(d), (3.2)

then we have equivalence between:

@) sup (@Ge) RN f = fligy < oo,
O<e<1/2

(i) fEB;/&HY)( W) N Wyt 2) VW) W (5 )

With the usual maxiset notation, the previous equivalence can be formulated as fol-
lows:

A 2sp/(142s) S/(1+25) p p
MS(fu, (u(he)) ) =B, (u )ﬂWMu<1_'_—2s,P)mW;,u<l_|_—2SvP>

Remark 3.2 When u(t;) =t, (resp. u(t;) = ¢€), notice that (3.2) is satisfied by taking
/ / 2
K, =4m (resp. K,,, = 4\/§m) and Ageyil = lozg(2) (resp. Aseuil = M).

32m?
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338 F. Autin

Proof of Theorem 3.1 Here and later, we shall denote by C a constant which may be
different from line to line.

(i) = (ii) It suffices to prove the result for 0 < & < (€genil V m~"), where ggeyi] is
such that 7, ;; = Aseuil- For any 0 < & < (&geuil V m_4), we have

L_ 2 142
Y2l 1)Z|,3k|p<E||fu Fligy < Cluue)) P,
J=Je

So, using the continuity of A, in 0, we deduce that

sup(u()\)) 2sp/(1+2s) Z 2](771)2“3 +]P < o0.

1>0

J=x
It comes that f € B:,v,/ S ),
Moreover,
p-
22/( 1)Z|ﬁjk|p1{ﬂjk0\8sﬁks)— }:A1+A2’
j<le
where

A= Ezzﬂz—“Zw,kV’l{M,k(xg Br) <> }{Mjk()»s»YAa)S)»a}

J<Je

<EY 27E DS 80P i (he y2,) < e}
J<je k
2 23 142
<E|fu— f||g% , < C(u(re)) sp/(1425).

and, using (2.3), the concentration properties of the Gaussian distribution and Re-
mark 2.1,

A _EZ2““Dﬂ,kv’l{u,k(xs,m) < } {1k, y1) > 2e )

J<lJe

L A
=>2/¢ ”Zlﬁ;kl”ﬂ” kO, y2,) > he)1 {Mjk@s»ﬁxg) = 78}

J<lJe

3 A
<) 2/G “Zw,mP(m,k(xg,ym u,-k(xg,m)bg)
J<lJe
I (L) rp(aci k Ae
=y Dﬁ,u (or ko) € I, 11¥jok, = Biok,| > =
J<lJe

2

< C2e'F < C(ulre)) ™).

The last inequality is due to the fact that m> > 8(p + 2).
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Using the continuity of A, in 0, we deduce that

sup(u()»)) 2sp/(142s) 22](2])Z|ﬁ]k|pl{ﬂjk()‘ B <= } < 0.

»>0 J<i

It comes that f € Wy, (1555 P)-
Let us now consider the following lemma:

Lemma 3.1 Forall 0 <& <m~*, Al (log(h;1) 7P/ < @m)PeP.

Proof Let 0 < ¢ < m~—*. Since log(s‘l) < ¢!, we have mey/log(e=1) < m./e.
Hence,

1 1
loe(A-) =log[ ———— )} > log[ ——
og( ¢ ) Og(m&/log(s‘U) = og<m\/§>

So,
AP (log(A; 1) 7% <2742 (log(s ")) "% < @2m)Pe?. O
Using Lemma 3.1, we have

1 (log(;1)) "2 ZW’”ZI {174 Cues Br) > 20 )

J<lJe
<Cepz2f(7_l)z {1k Cue, Bry) > 21e }
J<lJe
=CEY 2GSy — Bl "W jic e i) > 20}
J<Je k
=C(A3 + Ag)
with
Az=E) 2/(2- I)ZD’k—,31k|p1{M/k()»a’,3/\g)>2)\s} {1k e, y2,) > Ae ),
J<lJe
Ag=E) 2/~ 1)Z|y1k_,31k|p1{M/k()»a,,3/\g)>2)\s} {1jk e, y2,) < Ao},
J<lJe
As=E) 2/~ “Dy,k—ﬂ,kV’l{u,k(xs,m>2x8} {1jrOhe, y2,) > 2e )
J<lJe
<E) 2/4- “Dy,k—ﬂ,kwl{u,k(xg,ym>As}
J<lJe

p 2 1+2
<Ellfu—fligy < C0a)™"" .
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Using the Cauchy—Schwartz inequality, (2.3), and Remark 2.1, we get

(Elyjx — BjxlP W wji e, ya,) < Ae J1{mjx Ghe. Br,) > ZM})2

<Elyjx — Bil*P(|jk O, i) — jk (e, Br)| > e

<Elyjx — Bixl*"P(3os ko) € L, 11Yjoko — Bjoko| > he)

<a2”Elyu — Bixl*PP(1yjk — Bjkl > re),

where E|yjx — ,Bjk|21’ = Ce?? and P(yjx — Bjkl > Xe) < emz/z.

So, since m? > 4(1 + p), from the concentration properties of the Gaussian distri-

bution and Remark 2.1 one gets

Ag=E) 247D Z ik = Bkl Ui jk e, Br) > 2he |1 {1 jiOhe, y2,) < he )

J<lJe
(22—
< Y 2GTDN B2y — B PPPY (ke 32,) < e )
J<le k

X Ypwjk(he, Br,) > 21e }

i(2— .
< Y 2GTIN Ry — BiP? P2 (3or ko) € I, 1Yok, — Bioko| > Ae)

J<lJe k

< COL < (a7
Using the continuity of A, in 0, we deduce that

sug)»p (u(k))fzxp/(]ﬂs) (log()ﬁ]))fp/2
A>

x 22’(7_”2 (KO, ) > 21} < oo,

J<Jx

It comes that f € W7 (155, p).
(i) = (i) For any 0 < & < (ggeuil V m %), we have

Bllfu— fligy =B Y524 ”Zlml Wik Guer y2) > Ao} = Bie|”

J<lJe

+ Zzﬂf—”Zm il”.

JZJe

Since f € Bf,{ (F29) (), the second term can be bounded by C(u(,))2/(1+29),
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The first term E)_; 2/(£—1> S vk je (e, y3.) > Ae} — Bjk|P can be de-
composed in B + B>, Where

Bi=E Y 2G0 Y Bul  pjiOue 32) < Dol

J<Je k
(2 —
By=EY 27GUN " |yje — Bl U pju e, y2,) > e
J<Je k

We split By into B| + By as follows:

E22](7_1)Z|l3/k|p1 ke, 32.) = de i (he, ) = 20}
J<Je

B = IEZz“T”Zw,kV’I 1jkher y2,) < he J 1 ji e, Br,) > 2 ).
J<lJe

Since f € Bg/;éﬂx)(u) N Wﬂ,u(ﬁ, p) and (u i)k are decreasing functions
with respect to A, using (3.2), one gets:

B =E > 27E DN 1650P 1 ji (he, y2) < e J1{tjic ues B,) < 20 )

J<lJe k
p_ L_
< ) e 1)Z|ﬂjk|p1 wikOes Br) <20} + ) 2/ ”Zlﬂ il
J<Je—4 J2Je=4
) r_
= X POV e ) <)+ Y 2 I
J<je—4 jzje=4

< C(M(4)»g))2Sp/(]+2S) < C(M(As))Zsp/(H»Zs).

Using (2.3) and Remark 2.1, we have

B = EZzﬂf—“Zw,kV’l 1k e 1) < he J{aji Oue, B > 21}

J<Je
L,
=y 2/6 ”DﬂjuPP Wik O y2) < de) it jrOre, Br,) > 21 )
J<lJe
E_
=y 2/6 1)Z|ﬂ]k|pp(3(ﬂnk0) € L [1¥jky = Bioko| > Ae)
J<Je
< C2k 22’(7‘1)Z|ﬁ,k|”P |yjk = Bjkl > Ae)
J<Je

< C2 e < Cem P2 < Cu(he)) PR,

We have used here the concentration property of the Gaussian distribution and the
fact that m? > 2(p + 2).
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342 F. Autin

We split B; into B} + B as follows:

A
=E Z 0J (5~ ”Zly]k — Bk P wjx(he. y2,) > A J1 {“ik()‘g’ﬂ“) = 78}

J<lJe
L A
B =B 3 2ED Y v bl it ) > bt (st =5 |
J<lJe

For B} we use the Cauchy—Schwartz inequality and Remark 2.1:
L1\ 2
£
<E|yjk — B Pk (he. y,) > )\s}l{ﬂjk()\87 Bi.) < 7})
2p )‘
<Elyjr — Bixl PP |k e, yi) — 1k O, Br)| >

. A
<Elyjx— ﬁjk|2pp<3(]o’k0) € L [yjok, = Bioko| > 78)

. A
<a2”Elyj; — ﬁjk|2”P<|yjk - Bjkl > %)

where Ely;r — ﬂjk|2” = Ce?” and IP(|yjk — Bjkl > %5) < em’/8 (using the con-
centration properties of the Gaussian distribution). So, choosing m such that m? >
16(p + 1),

A
=E) 2/G&D Z ik = BilP U jk (e, 1) > Ae }1 {Mjk()»a,ﬁxg) < ;}

J<lJe

<C216/281’22f(2‘1)z {M/k()»s,ﬁ)»g)< } m /16

J<lJe
< Czjg(p+1)/28m2/l6+p < C(u()\s))Zsp/(lJrZs).

Since f e W, (1 55 p), we can bound B as follows:

o A
By =E 2GSy — Bl pjic e ya,) > he} - 1{Mjk<x5, Br) > 78}

J<lJe k

< Ce? Z 2/ Z {l’l’jk()‘é‘?ﬂks) > = }

J<lJe

re\? 4\\ 7? 1
SC(Z) (log(}\—g)) Z 2J(7_)Z {I‘L]k()\’89ﬂ)tg)> }

Jj<Jje+4

2z 2sp/(1+2s)
(o) et ;

The previous theorem point out the maximal spaces where p-thresholding rules
attain the rate of convergence (u(A.))>P/(1729) We notice that the bigger are the
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functions w ji, the larger are the spaces W,L,,,(H%, p) and so the thinner are the

spaces W, (. ).
In the next section, we give assumptions on the choices of u and (u i)k to be

sure that we have the following embedding:
B0, mW‘“’(Hz 7p> B9y w ( P ’p>

3.3 Conditions for embedding inside maximal spaces

Theorem 3.2 Let 0 <7 < p < 00, and let (14 i) jx be a sequence of decreasing func-
tions with respect to A. Assume that there exist Csenil > 0 and Agenil > 0 such that, for
any 0 < A < Ageuil, the following conditions are satisfied:

Z 2/ Zl{ujk(/\,ﬂx) > A} < Cseuil(l()g()"_l))§ Xoeee
J<Jx k
x Z 2i(5-D ZZ1{|ﬂjk| > 2 e, B <24 (3.3)
J<r k neN
Vn e N, 3C,, > 0 (not depending on 1),
u(2*")) < Cou(r), and Zc,ﬁ’"z—"l’ < o0. (3.4)

neN
Then By 53" (u) N Wyuu(r, p) C BY S () "W, p).

Remark 3.3 Tt is easy to see that condition (3.4) implies condition (3.2). Once again,
condition (3.4) is clearly satisfied when u(#;) =, or u(t;) = e¢.

Proof of Theorem 3.2 Let u satisfy condition (3.4), and let (i i) j« satisfy condition

(3.3). Fix 0 < A < Ageuil and set, for any n € N, 2720 ~ (2247)=2
Let f in (2.1) be such that f € BYal"/* () N W, . (r, p). Using (3.3), we have

327G i Br) > 24)
k

J<Jn
<> 2“"”2 {jkr B2 > 2}
J<Ja

< Clog(™) T S P EDS S 1Bl > 22 . B) <2772 )
j<j)L k neN

< Clog( ™) @) " S 2 ED S B IP  wh, B) <2772 )
neN J<Jx k

<C;+ (2,
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344 F. Autin

where

C= C(log(x*l))g Z(zn)\)*l’ Z 2i(5=D Z |ﬂjk|p1{ujk()»,ﬁx) < 22+n%}
neN j<j)».ﬂ k

and

Cr=C(log(x™")T S0 2) " 30 DED I g,

neN jzj)\,n

Since f € WM,u(rv P)’

Ci=Cllog ) @) Y 2’(5I)szmfk'pl{ﬂjk(k’ﬂx)52”"5}

neN J<Jan

= Cllog(r™)* _(2m) " 3 2/

neN J<Jan

A
X Z Iﬂjklpl{ﬂjk(22+”)», Brriny) < 22+"§}

k

< Cllog(x™)E 3 (@) " (@)

neN

< C(log(k‘l)) %)ﬁp(u (A))p_’ Z cP=ro=np

< Clog(A") 2a7P (u() .

The two last inequalities use condition (3.4).

Now, since f € Bﬁ,{’;o’)/z” (u),

C2=Cllog(x ™)) F 3 (2) " 3 20N gl
k

neN J=Jxn

= Cllog( ™) * Y02 " w(@ )"

neN

< Clog(A ") PAP (w() " Y cp 2
neN

< Cllog(r 1)) EA P (u()" "

Last inequalities use condition (3.4).
By adding up Cy and C», we have

32N i B) > 22) < Clog (A7) TAP (wm)
J<x k
which proves that f € W , (r, p) and ends the proof. (]
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Corollary 3;1 Lets >0,1 <p<oo,andm >4/p+ 1. .

Let MS(f., (u () ZP/UF29Y be the maximal set of any p-thresholding rule Sfu
for the rate of convergence (u(rs))>P/ 112 Under the conditions of Theorem 3.2,
we have

A 2 142 2
MS(fM, (M()\,g)) sp/(14+ S)) :B;{g“’ S)(u) N Wu’”(l—:;zs7 p)

To prove this, it suffices to apply Theorems 3.1 and 3.2 (with r = 55-).
It is clear that Mﬁ) satisfies condition (3.3) of Theorem 3.2. Consequently, if u

satisfies (3.4), the maximal space where the procedure fAMu) attains the rate of con-
vergence (u(h))P/(1+2) i

s/ (1425) 14
Bp,oo m)nN WM(D’M (14-—23" P)~

Notice that, for u = Idy+, we identify B;{ (1+29)

B = L s 2/ S0 S g < oo
J>—1

j=J k

(u) with the usual Besov space

For the same choice of u, WM<1>, " (HLZS p) represents the weak Besov space

P =1f - j(5-1) ) '
W(1+zs”’>—{f’i‘i§” Py 2 Z|ﬂ/k|p1{|ﬂ]k|§k}<oo}.

J<r k

Let us recall that the maxiset of the hard thresholding rule fu“) for the rate

Aﬁ”’ /0H29 hag already been studied by Cohen et al. (2001) and Kerkyacharian and
Picard (2000).

4 Applications of results for particular p-thresholding rules

The aim of this section is twofold. First of all, we give a way to construct -
thresholding rules with better performances (in the maxiset sense) than the hard
thresholding one fAﬂ(l). Then, we give some examples of such rules.

Let us state the following proposition:

Proposition 4.1 Let 1 < p < co. Under conditions of Theorem 3.2, the maximal
space for the rate (u(rs))>P/0*2) of any u-thresholding rule satisfying, for any
A > 0and any B, € R*,

A A
wikd B =5 = 1Bl =3, 4.1

is larger than the hard thresholding one. Moreover, if C,, < O(2") for all n € N, then
the maximal space contains the Besov space B‘;‘ oo ().
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346 F. Autin

Remark 4.1 For u(t;) =t, (resp. u(t;) = €), notice that, using Remark 3.2, the last
condition on C,, is satisfied by taking C,, = 2>*" (resp. C, = 2%"’").

Proof 1f fAM is a p-thresholding rule satisfying (4.1), then we have for any 0 < r <
p:Wulr,p)D Wﬂu),u(r, p). So, using Corollary 3.1 to characterize the maxisets

for the rate (u(1z))>P/1+29) agsociated with fu and fﬂu), one gets that the max-

imal space for the rate (u(Ay))>P/1+29) of fﬂ is larger than the hard thresholding
one.
To prove now that if, for any n € N, C,, < O(2"), the Besov space B;’OO(M) is

contained in the maxiset of fu» it suffices to prove that

s p
B;’oo(u) C W'u(l)’u (1—}——25’ p)

Fix 0 < A < Ageuil and set 2744 ~ =2 := (u(1)»/1+293=2 (resp. 2/* ~ 172). For
any f € B;,Oo(u), we have

(1) . <A up/2 [(2—1) .
Zz] ) ;|ﬂjk|p1{|ﬂjk| = 2} < C2/uPl2)P 4 Z 2752 ;LB,/HP

J<x JZJru
< C((u()"))lrp/(l-‘rZS) + (u()\’u))ZSp)

_ C((l/t()\.))zsp/(l-‘rZS) + D])

Now, there exists n, € N such that 2117 < (1) ~25/0+425) < p24m
Therefore, since C,, < O(2") for all n € N, one gets:

u(hi) = u(uw)"/AT20) <y (27F0) < C2"u () < Cu()/ 129,
So
D, = (M()Lu))Zsp < C(u()\))2sp/(l+2x)'

Finally, we deduce that f € W, ,,(r, p). O

4.1 On block thresholding rules

In the following proposition, we compare the maximal spaces associated with the four
examples of u-thresholding rules defined in Sect. 2.2. We prove that hard threshold-
ing rules are outperformed by block thresholding rules when the length of the blocks
are correctly chosen. Indeed:

Proposition 4.2 Forany 1 < p <ooand anym >4/p + 1, let

Ms(fu(i), (u(ka))zw/(lﬂs)), 1<i<4,
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Maxisets for p-thresholding rules 347

be respectively the maximal sets of procedures fﬂ(i) for the rate of convergence

(uAe))2P/AF29)  Under the conditions of Theorem 3.2, we have the following in-
clusions of spaces:

MS(fy, (o)) CMS (00, (00)) ™), Vie3,4), 42
MS(fH(Z), (u()\'s))z.?p/(l-i-Zs)) c MS(me), (u(AE))ZSp/(l-i—Zs))

CMS(fy, (u(e)) ™72, 4.3)

Proof Using Corollary 3.1, we have, for any 1 <i <4,

A 2sp /(142 s s p
MS (o (000) ") = B 0 W (150

Now, for any f asin (2.1), we have

max il <A = ikl <A,
k/eP,-(k)LB']k' 1Bkl

1
max(lﬂjklp,lf Z Iﬂjk/lp)i)»p = Bjxl <A

J k' ePjk

So, using Proposition 4.1, the inclusion of spaces (4.2) holds. In the same way, the
inclusion of spaces (4.3) also holds, since one has the both properties:

1 1
maX(lﬂjklp,lf > Iﬂjk'lp)i)»p = > 1BwlP <27,

J k' €Pjk J k'€Pjk
p 1 p p
max (Bl <A = max([Bil”. — D IBjwl’ ) <AL
K ePj (k) lj VP O
J

The previous proposition is important. Indeed, we see that block thresholding rules
can outperform hard thresholding ones when conditions (3.3) and (3.4) are satisfied.
In particular, condition (3.3) is satisfied if the lengths of the blocks are chosen small
enough, as we can see in the following proposition:

Proposition 4.3 Under the maxiset approach associated with the rate
2 1423
(u()\'s)) sp/( V)’

we have the following result:

[Block thresholding rules] For any 1 < p < oo, maximean- and maximum-
block(p) thresholding rules such that the lengths l; of the blocks Pji do not exceed
C(log(e~1Y))?/? for some C > 0 outperform hard thresholding rules in the maxiset
sense.
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348 F. Autin

Proof Note that it is just a consequence of the previous proposition, since the con-
dition [; < C (log(s_l))p/ 2 ensures that condition (3.3) of Theorem 3.2 is satisfied
when dealing with block thresholding rules. U

This result is very interesting, since it allows one to give a theoretical explica-
tion about the better performances of block thresholding rules comparatively to hard
thresholding rules which have been observed in the practical setting (see Hall et al.
1997 and Cai 1998, 1999, 2002) and which were not explained with the minimax
approach.

4.2 On p-thresholding rules based on hereditary constraints

In this last paragraph, we aim at underlining that, apart from the examples of block
thresholding rules mentioned above, there exist other w-thresholding rules able to
outperform the hard thresholding one. Indeed, Autin (2004) has studied the maxiset
performance of a new procedure called hard tree procedure, combining thresholding
rules and hereditary constraints. By making use of the dyadic structure of the wavelet
bases, the author has pointed out the relationship between this procedure and Lepski
(1991)’s procedure and has proved that the maxisets of this procedure for usual rates
are larger than the hard thresholding procedure ones.

There is no difficulty to prove that the hard-tree procedure belongs to the class of
wn-thresholding rules. To be more explicit, let us use the same notation as in Autin
(2004) and denote, for any j, k:

o [} the dyadic interval corresponding to the support of v
e [y the maximal size of the supports of the scaling function and the wavelet used
for the reconstruction

Then the hard-tree rule corresponds to the w-thresholding rule associated with the
sequence of positive functions (/1,35,3) j.k defined as follows:

5
WSRO, y2) =max(lyjl, e € Tix(he)),

where, for any ¢ > 0, 7j,(),) is the binary tree containing the set of dyadic intervals
such that the following properties are satisfied:

o i €Tjr(Ae)

o [ €Tj(he)=>1C Ijyand |I|> 1,22

e Two distinct dyadic intervals of 7, (A,) with same length have their interiors dis-
jointed

e The numbers of dyadic intervals of 7, (A.) of length l¢2_j ' (j < j' < Jje)isequal
to 2/'~J

e Any set of all dyadic intervals of 7 (1) with same length is forming a partition
of Ik

According to its definition, the hard-tree rule satisfies condition (3.3) of Theorem 3.2
and condition (4.1) of Proposition 4.1 (see Autin 2004). Hence, dealing with the
maxiset approach associated with any rate satisfying condition (3.4) of Theorem 3.2,
the hard-tree procedure outperforms the hard thresholding one in the maxiset sense.
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Maxisets for pu-thresholding rules 349

As a conclusion, thanks to the maxiset approach, we prove in this paper that rules
constructed with thresholding methods applied to groups of empirical coefficients are
preferable to rules based on thresholding methods applied to individual empirical
coefficients.
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