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Abstract In this paper, we study the performances of a large class of procedures,
called μ-thresholding rules. At first, we exhibit the maximal spaces (or maxisets)
where these rules attain given rates of convergence when considering the Besov-risk.
Then, we point out a way to construct μ-thresholding rules for which the maxiset
contains the hard thresholding rule’s one. In particular, we prove that procedures
which consist in thresholding coefficients by groups, as block thresholding rules or
thresholding rules with tree structure, outperform in the maxiset sense procedures
which consist in thresholding coefficients individually.

Keywords Adaptive procedures · Besov spaces and weak Besov spaces · Maximal
space · Minimax risk · Thresholding rules
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1 Introduction

Wavelet methods in nonparametric estimation of functions are renown for their adap-
tivity across a wide range of function classes. Frequently, the performance of a
wavelet estimator is measured thanks to the minimax approach. The final outcome
of this approach is to exhibit estimates which attain the minimax rate of convergence
of a functional space V containing f . However, this point of view seems to be pes-
simistic, since it requires the knowledge of V .

Recently, Cohen et al. (2001) have suggested an alternative approach to measure
the performance of an estimation procedure which consists in exhibiting the func-
tional space (maxiset) over which an estimator attains a given rate of convergence.
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This approach is more optimistic than the minimax one, since it draws the strong
connection between a given procedure and a functional set for which the procedure is
well adapted. In this way, Cohen et al. (2001) and Kerkyacharian and Picard (2000)
have shown that Besov spaces and weak Besov spaces are directly connected with the
hard thresholding rules out. More than this, they have proved that thresholding rules
outperform linear procedures, dealing with the density estimation model.

In this paper, we investigate the performances of a large class of procedures: the
μ-thresholding rules which can be viewed as a generalization of usual (hard, global,
and block) thresholding rules. Each μ-thresholding rule is associated with a sequence
of positive functions (μjk)j,k and consists in only keeping the empirical wavelet co-
efficients yjk for which μjk(λ, yλ)—where yλ represents a particular set of empirical
coefficients depending on λ—are strictly larger than a threshold λ. Under the maxiset
approach and choosing the Besov risk, we exhibit the maximal spaces where these
procedures attain given rates of convergence (Theorem 3.1). Then, we give a way
to construct μ-thresholding rules at least as good as the hard thresholding rule in
the maxiset sense (Proposition 4.1) and give many examples of such rules. Particu-
larly, we prove that block thresholding rules outperform in the maxiset sense the hard
thresholding rule on condition that the length of their blocks are small enough (Propo-
sition 4.3). This result is important, since it allows us to give a theoretical explanation
about the good performances of these estimators often observed in the practical set-
ting (see Hall et al. 1997, 1999 and Cai 1998, 1999, 2002). In the same way, we show
that the thresholding rule using tree structure proposed by Autin (2004) is another
example of a μ-thresholding rule which outperforms hard thresholding rule. In other
words, thanks to the maxiset approach, we prove in this paper that rules constructed
with thresholding methods applied to groups of empirical coefficients are preferable
to rules based on thresholding methods applied to individual empirical coefficients.

The paper is organized as follows. Section 2 is devoted to the model and to the
definition of μ-thresholding rules illustrated by some examples. In Sect. 3, we exhibit
the maximal spaces associated with such procedures and discuss around. Section 4
aims at comparing the performances of some particular μ-thresholding rules.

2 Model and classes of estimators

2.1 Model

We will consider a white-noise setting: Xε(.) is a random measure satisfying the
following equation on [0,1]:

Xε(dt) = f (t) dt + εW(dt),

where

• 0 < ε < 1/2 is the noise level
• f is a function defined on [0,1]
• W(·) is a Brownian motion
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Let {φ0k(·), ψjk(·), j ≥ 0, k ∈ Z} be a compactly supported wavelet basis of
L2([0,1]). For the sake of simplicity, we suppose that, for some a ∈ N

∗, the sup-
ports of φ and ψ are included in [0, a] and we denote ψ−1k to design φ0k .

Any f ∈ L2([0,1]) can be represented as

f =
∑

j≥−1

∑

−a<k<2j

βjkψjk =
∑

j≥−1

∑

−a<k<2j

(f,ψjk)L2
ψjk. (2.1)

Let us suppose that we dispose of observations yjk = Xε(ψjk) = βjk + εξjk , where
ξjk are independent Gaussian variables N (0,1).

In the sequel, we set 2jλ ∼ λ−2 to design the smallest integer jλ such that
2−jλ ≤ λ2 and we denote

tε = ε

√
log

(
ε−1

)
.

In the following paragraph, we define the class of procedures we shall study along
the paper, the μ-thresholding rules.

2.2 Definition of μ-thresholding rules and examples

For any λ > 0, let us denote for any sequence (yjk)j,k and any sequence (βjk)j,k :

yλ = (
yjk; (j, k) ∈ Iλ

)
,

βλ = (
βjk; (j, k) ∈ Iλ

)
,

where Iλ = ((j, k);−1 ≤ j < jλ,−a < k < 2j ) and 2jλ ∼ λ−2.

Remark 2.1 For any λ > 0, the number #Iλ of elements belonging to Iλ is less than
or equal to a2jλ .

This remark is important since it shall be often used in the proofs of results presented
in the paper.

Let us consider the following class of Keep-or-Kill estimators:

FK =
{
f̂ =

∑

j

∑

k

γjkyjkψjk; γjk(ε) ∈ {0,1} measurable

}
.

Definition 2.1 We say that f̂μ ∈FK is a μ-thresholding rule if

f̂μ =
jε−1∑

j=−1

∑

k

1
{
μjk(λε, yλε ) > λε

}
yjkψjk, (2.2)

where λε = mtε , m > 0, 2jε ∼ λ−2
ε , and (μjk(λ, ·) : R

#Iλ −→ R
+)j,k is, for any

λ > 0, a sequence of positive functions such that, for any t ∈ R and any (yλ,βλ) ∈
R

#Iλ × R
#Iλ :

∣∣μjk(λ, yλ) − μjk(λ,βλ)
∣∣ > t �⇒ ∃(jo, ko) ∈ Iλ/|yjoko − βjoko | > t. (2.3)
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Let us notice that any μ-thresholding rule is a limited procedure (see Autin et al.
2006) in the sense that the reconstruction of f by such a procedure does not use the
empirical coefficients yjk for which j ≥ jε .

The reconstruction of the signal f by a μ-thresholding rule consists in keeping
the empirical coefficients yjk at level strictly less than jε for which μjk(λε, yλε ) are
strictly larger than the threshold λε , as we can see in the following scheme:

There is no doubt that μ-thresholding estimates constitute a large sub-family of
Keep-or-Kill estimates. Let us give some examples of such procedures by choosing
different choices of functions μjk :

1. Hard thresholding procedure belongs to the family of μ-thresholding rules. It
corresponds to the choice

μ
(1)
jk (λε, yλε ) = |yjk|.

This procedure has been proved to have good performances in the minimax point
of view (see Donoho et al. 1995, 1996, 1997) and in the maxiset point of view (see
Cohen et al. 2001 and Kerkyacharian and Picard 2000).

2. Block thresholding procedures belong to the family of μ-thresholding rules.
They correspond to the following choices:

Mean-block(p) thresholding

μ
(2)
jk (λε, yλε ) =

(
1

lj

∑

k′∈Pj (k)

|yjk′ |p
) 1

p

,

Maximum-block thresholding

μ
(3)
jk

(
λε, yλε

) = max
k′∈Pj (k)

|yjk′ |,
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Maximean-block(p) thresholding

μ
(4)
jk (λε, yλε ) = max

(|yjk|,μ(2)
jk (λε, yλε )

)
,

where, for any (j, k) and any 0 < ε < 1
2 ,

• k ∈Pj (k) ⊂ {1 − a, . . . ,2j − 1}
• #Pj (k) = lj and k ∈ Pj (k) ∩Pj (k

′) �⇒Pj (k) = Pj (k
′)

Block thresholding estimators are known to have good performances in the practical
setting. For example, Hall et al. (1997) considered mean-block thresholding. The
goal was to increase estimation precision by utilizing information about neighboring
wavelet coefficients. The method they proposed was to first obtain a near unbiased
estimate of the sum of squares of the true coefficients within a block and then to keep
or kill all the coefficients within the block based on the magnitude of the estimate. As
well as the family blockwise James–Stein estimators (see Cai 1998, 1999, 2002), on
condition that the length of blocks is not exceeding C log(ε−1) (C > 0), this estimator
was shown to have good performances in the practical setting (see Hall et al. 1997)
and was proved to attain exactly the minimax rate of convergence for the L2-risk
without the logarithmic penalty over a range of perturbed Hölder classes (Hall et al.
1999).

3 Maxisets associated with μ-thresholding rules

Dealing with the Besov risk B0
p,p , we aim at exhibiting in this section the maximal

spaces where the μ-thresholding rules attain the rate of convergence (u(λε))
2sp/(1+2s)

(s > 0 and 1 ≤ p < ∞), where u is an increasing transformation map of R
+ into R

+
that is continuous and satisfies:

∀0 < ε < 1/2, ε ≤ u(λε). (3.1)

Remark 3.1 Even if the choice u(λ) = λ is often used, we choose here more general
rates of convergence so as to integrate, for example, logarithmic terms.

3.1 Functional spaces

To begin, we introduce the functional spaces that will be useful throughout the paper
when studying the maximal spaces of μ-thresholding rules.

Definition 3.1 Let s > 0 and 1 ≤ p < ∞. We say that a function f ∈ Lp([0,1])
belongs to the Besov space Bs

p,∞(u) if and only if

sup
λ>0

(
u(λ)

)−2sp
∑

j≥jλ

2j (
p
2 −1)

∑

k

|βjk|p < ∞.

Note that Bs
p,∞(IdR+) is the classical Besov space, which has been proved to

contain the maximal space of arbitrary limited rule for the rate λ
2sp
ε (see Autin et al.

2006).
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Definition 3.2 Let 0 < r < p < ∞. We say that a function f belongs to the space
Wμ,u(r,p) if and only if

sup
λ>0

(
u(λ)

)r−p
∑

j<jλ

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λ,βλ) ≤ λ

2

}
< ∞.

The definitions of such spaces in the case u = IdR+ are close to the ones of weak
Besov spaces. Weak Besov spaces have been proved to be directly connected with
hard and soft thresholding rules (see Cohen et al. 2001 and Kerkyacharian and Picard
2000).

Definition 3.3 Let 0 < r < p < ∞. We say that a function f belongs to the space
W ∗

μ,u(r,p) if and only if:

sup
λ>0

λp
(
u(λ)

)r−p(
log

(
λ−1))− p

2
∑

j<jλ

2j (
p
2 −1)

∑

k

1
{
μjk(λ,βλ) > 2λ

}
< ∞.

In this paper, we shall see the strong relation between Wμ,u(r,p), W ∗
μ,u(r,p) and

μ-thresholding rules.
The aim of the following paragraph is to exhibit the maxisets associated with the

μ-thresholding rules. Undoubtedly, these maximal spaces depend on the choice of
the transformation map u.

3.2 Main result

The following theorem deals with the maximal spaces associated to μ-thresholding
rules.

Theorem 3.1 Let 1 ≤ p < ∞ and m ≥ 4
√

p + 1. Denote λε = mtε and suppose that
f̂μ is a μ-thresholding rule such that (μjk)jk are decreasing functions with respect
to λ. If there exist Km > 0 and λseuil > 0 such that

∀0 < λ < λseuil, u(4mλ) ≤ Kmu(λ), (3.2)

then we have equivalence between:

(i) sup
0<ε<1/2

(u(λε))
−2sp/(1+2s)

E‖f̂μ − f ‖p

B0
p,p

< ∞,

(ii) f ∈ Bs/(1+2s)
p,∞ (u) ∩ Wμ,u

( p
1+2s

,p
) ∩ W ∗

μ,u

( p
1+2s

,p
)
.

With the usual maxiset notation, the previous equivalence can be formulated as fol-
lows:

MS
(
f̂μ,

(
u(λε)

)2sp/(1+2s)) = Bs/(1+2s)
p,∞ (u) ∩ Wμ,u

(
p

1 + 2s
,p

)
∩ W ∗

μ,u

(
p

1 + 2s
,p

)

Remark 3.2 When u(tε) = tε (resp. u(tε) = ε), notice that (3.2) is satisfied by taking

Km = 4m (resp. Km = 4
√

2m) and λseuil =
√

log(2)

2

(
resp. λseuil =

√
log(32m2)

32m2

)
.
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Proof of Theorem 3.1 Here and later, we shall denote by C a constant which may be
different from line to line.

(i) ⇒ (ii) It suffices to prove the result for 0 < ε < (εseuil ∨ m−4), where εseuil is
such that tεseuil = λseuil. For any 0 < ε < (εseuil ∨ m−4), we have

∑

j≥jε

2j (
p
2 −1)

∑

k

|βjk|p ≤ E‖f̂μ − f ‖p

B0
p,p

≤ C
(
u(λε)

)2sp/(1+2s)
.

So, using the continuity of λε in 0, we deduce that

sup
λ>0

(
u(λ)

)−2sp/(1+2s)
∑

j≥jλ

2j (
p
2 −1)

∑

k

|βjk|p < ∞.

It comes that f ∈ Bs/(1+2s)
p,∞ (u).

Moreover,

∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λε,βλε ) ≤ λε

2

}
= A1 + A2,

where

A1 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λε,βλε ) ≤ λε

2

}
1
{
μjk(λε, yλε ) ≤ λε

}

≤ E

∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λε, yλε ) ≤ λε

}

≤ E‖f̂μ − f ‖p

B0
p,p

≤ C
(
u(λε)

)2sp/(1+2s)
,

and, using (2.3), the concentration properties of the Gaussian distribution and Re-
mark 2.1,

A2 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λε,βλε ) ≤ λε

2

}
1
{
μjk(λε, yλε ) > λε

}

=
∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|pP
(
μjk(λε, yλε ) > λε

)
1
{
μjk(λε,βλε ) ≤ λε

2

}

≤
∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|pP

(∣∣μjk(λε, yλε ) − μjk(λε,βλε )
∣∣ >

λε

2

)

=
∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|pP

(
∃(jo, ko) ∈ Iλε | |yjoko − βjoko | >

λε

2

)

≤ C2jε ε
m2
8 ≤ C

(
u(λε)

)2sp/(1+2s)
.

The last inequality is due to the fact that m2 ≥ 8(p + 2).
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Using the continuity of λε in 0, we deduce that

sup
λ>0

(
u(λ)

)−2sp/(1+2s)
∑

j<jλ

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λ,βλ) ≤ λ

2

}
< ∞.

It comes that f ∈ Wμ,u

( p
1+2s

,p
)
.

Let us now consider the following lemma:

Lemma 3.1 For all 0 < ε ≤ m−4, λ
p
ε (log(λ−1

ε ))−p/2 ≤ (2m)pεp .

Proof Let 0 < ε ≤ m−4. Since log(ε−1) ≤ ε−1, we have mε
√

log(ε−1) ≤ m
√

ε.
Hence,

log
(
λ−1

ε

) = log

(
1

mε
√

log(ε−1)

)
≥ log

(
1

m
√

ε

)

≥ 1

2
log

(
1

m2ε

)
≥ 1

4
log

(
ε−1).

So,

λp
ε

(
log

(
λ−1

ε

))−p/2 ≤ 2pλp
ε

(
log

(
ε−1))−p/2 ≤ (2m)pεp. �

Using Lemma 3.1, we have

λp
ε

(
log

(
λ−1

ε

))−p/2 ∑

j<jε

2j (
p
2 −1)

∑

k

1
{
μjk(λε,βλε ) > 2λε

}

≤ Cεp
∑

j<jε

2j (
p
2 −1)

∑

k

1
{
μjk(λε,βλε ) > 2λε

}

= CE

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε,βλε ) > 2λε

}

= C(A3 + A4)

with

A3 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε,βλε ) > 2λε

}
1
{
μjk(λε, yλε ) > λε

}
,

A4 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε,βλε ) > 2λε

}
1
{
μjk(λε, yλε ) ≤ λε

}
,

A3 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε,βλε ) > 2λε

}
1
{
μjk(λε, yλε ) > λε

}

≤ E

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε, yλε ) > λε

}

≤ E‖f̂μ − f ‖p

B0
p,p

≤ C
(
u(λε)

)2sp/(1+2s)
.
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Using the Cauchy–Schwartz inequality, (2.3), and Remark 2.1, we get

(
E|yjk − βjk|p1

{
μjk(λε, yλε ) ≤ λε

}
1
{
μjk(λε,βλε ) > 2λε

})2

≤ E|yjk − βjk|2p
P
(∣∣μjk(λε, yλε ) − μjk(λε,βλε )

∣∣ > λε

)

≤ E|yjk − βjk|2p
P
(∃(jo, ko) ∈ Iλε | |yjoko − βjoko | > λε

)

≤ a2jεE|yjk − βjk|2p
P
(|yjk − βjk| > λε

)
,

where E|yjk − βjk|2p = Cε2p and P(|yjk − βjk| > λε) ≤ εm2/2.

So, since m2 ≥ 4(1 + p), from the concentration properties of the Gaussian distri-
bution and Remark 2.1 one gets

A4 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε,βλε ) > 2λε

}
1
{
μjk(λε, yλε ) ≤ λε

}

≤
∑

j<jε

2j (
p
2 −1)

∑

k

E
1/2|yjk − βjk|2p

P
1/2(μjk(λε, yλε ) ≤ λε

)

× 1
{
μjk(λε,βλε ) > 2λε

}

≤
∑

j<jε

2j (
p
2 −1)

∑

k

E
1/2|yjk − βjk|2p · P

1/2(∃(jo, ko) ∈ Iλε | |yjoko − βjoko | > λε

)

≤ C2jε/2εm2/4 ≤ C
(
u(λε)

)2sp/(1+2s)
.

Using the continuity of λε in 0, we deduce that

sup
λ>0

λp
(
u(λ)

)−2sp/(1+2s)(log
(
λ−1))−p/2

×
∑

j<jλ

2j (
p
2 −1)

∑

k

1
{
μjk(λ,βλ) > 2λ

}
< ∞.

It comes that f ∈ W ∗
μ,u

( p
1+2s

,p
)
.

(ii) ⇒ (i) For any 0 < ε < (εseuil ∨ m−4), we have

E‖f̂μ − f ‖p

B0
p,p

= E

∑

j<jε

2j (
p
2 −1)

∑

k

∣∣yjk1
{
μjk(λε, yλε ) > λε

} − βjk

∣∣p

+
∑

j≥jε

2j (
p
2 −1)

∑

k

|βjk|p.

Since f ∈ Bs/(1+2s)
p,∞ (u), the second term can be bounded by C(u(λε))

2sp/(1+2s).
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The first term E
∑

j<jε
2j (

p
2 −1)

∑
k |yjk1{μjk(λε, yλε ) > λε} − βjk|p can be de-

composed in B1 + B2, where

B1 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λε, yλε ) ≤ λε

}
,

B2 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε, yλε ) > λε

}
.

We split B1 into B ′
1 + B ′′

1 as follows:

B ′
1 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λε, yλε ) ≤ λε

}
1
{
μjk(λε,βλε ) ≤ 2λε

}
,

B ′′
1 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λε, yλε ) ≤ λε

}
1
{
μjk(λε,βλε ) > 2λε

}
.

Since f ∈ Bs/(1+2s)

2,∞ (u) ∩ Wμ,u

( p
1+2s

,p
)

and (μjk)j,k are decreasing functions
with respect to λ, using (3.2), one gets:

B ′
1 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λε, yλε ) ≤ λε

}
1
{
μjk(λε,βλε ) ≤ 2λε

}

≤
∑

j<jε−4

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λε,βλε ) ≤ 2λε

} +
∑

j≥jε−4

2j (
p
2 −1)

∑

k

|βjk|p

≤
∑

j<jε−4

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(4λε,β4λε ) ≤ 2λε

} +
∑

j≥jε−4

2j (
p
2 −1)

∑

k

|βjk|p

≤ C
(
u(4λε)

)2sp/(1+2s) ≤ C
(
u(λε)

)2sp/(1+2s)
.

Using (2.3) and Remark 2.1, we have

B ′′
1 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λε, yλε ) ≤ λε

}
1
{
μjk(λε,βλε ) > 2λε

}

=
∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|pP
(
μjk(λε, yλε ) ≤ λε

)
1
{
μjk(λε,βλε ) > 2λε

}

=
∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|pP
(∃(jo, ko) ∈ Iλε | |yjoko − βjoko | > λε

)

≤ C2jε
∑

j<jε

2j (
p
2 −1)

∑

k

|βjk|pP
(|yjk − βjk| > λε

)

≤ C2jε εm2/2 ≤ Cεm2/2−2 ≤ C
(
u(λε)

)2sp/(1+2s)
.

We have used here the concentration property of the Gaussian distribution and the
fact that m2 ≥ 2(p + 2).
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We split B2 into B ′
2 + B ′′

2 as follows:

B ′
2 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε, yλε ) > λε

}
1
{
μjk(λε,βλε ) ≤ λε

2

}
,

B ′′
2 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε, yλε ) > λε

}
1
{
μjk(λε,βλε ) >

λε

2

}
.

For B ′
2 we use the Cauchy–Schwartz inequality and Remark 2.1:

(
E|yjk − βjk|p1

{
μjk(λε, yλε ) > λε

}
1
{
μjk(λε,βλε ) ≤ λε

2

})2

≤ E|yjk − βjk|2p
P

(∣∣μjk(λε, yλε ) − μjk(λε,βλε )
∣∣ >

λε

2

)

≤ E|yjk − βjk|2p
P

(
∃(jo, ko) ∈ Iλε | |yjoko − βjoko | >

λε

2

)

≤ a2jεE|yjk − βjk|2p
P

(
|yjk − βjk| > λε

2

)
,

where E|yjk − βjk|2p = Cε2p and P
(|yjk − βjk| > λε

2

) ≤ εm2/8 (using the con-
centration properties of the Gaussian distribution). So, choosing m such that m2 ≥
16(p + 1),

B ′
2 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε, yλε ) > λε

}
1
{
μjk(λε,βλε ) ≤ λε

2

}

≤ C2jε/2εp
∑

j<jε

2j (
p
2 −1)

∑

k

1
{
μjk(λε,βλε ) ≤ λε

2

}
εm2/16

≤ C2jε(p+1)/2εm2/16+p ≤ C
(
u(λε)

)2sp/(1+2s)
.

Since f ∈ W ∗
μ,u

( p
1+2s

,p
)
, we can bound B ′′

2 as follows:

B ′′
2 = E

∑

j<jε

2j (
p
2 −1)

∑

k

|yjk − βjk|p1
{
μjk(λε, yλε ) > λε

} · 1
{
μjk(λε,βλε ) >

λε

2

}

≤ Cεp
∑

j<jε

2j (
p
2 −1)

∑

k

1
{
μjk(λε,βλε ) >

λε

2

}

≤ C

(
λε

4

)p(
log

(
4

λε

))−p/2 ∑

j<jε+4

2j (
p
2 −1)

∑

k

1
{
μjk(λε,βλε ) >

λε

2

}

≤ C

(
u

(
λε

4

))2sp/(1+2s)

≤ C
(
u(λε)

)2sp/(1+2s)
. �

The previous theorem point out the maximal spaces where μ-thresholding rules
attain the rate of convergence (u(λε))

2sp/(1+2s). We notice that the bigger are the
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functions μjk , the larger are the spaces Wμ,u

( p
1+2s

,p
)

and so the thinner are the
spaces W ∗

μ,u

( p
1+2s

,p
)
.

In the next section, we give assumptions on the choices of u and (μjk)j,k to be
sure that we have the following embedding:

Bs/(1+2s)
p,∞ (u) ∩ Wμ,u

(
p

1 + 2s
,p

)
⊂ Bs/(1+2s)

p,∞ (u) ∩ W ∗
μ,u

(
p

1 + 2s
,p

)
.

3.3 Conditions for embedding inside maximal spaces

Theorem 3.2 Let 0 < r < p < ∞, and let (μjk)jk be a sequence of decreasing func-
tions with respect to λ. Assume that there exist Cseuil > 0 and λseuil > 0 such that, for
any 0 < λ < λseuil, the following conditions are satisfied:

∑

j<jλ

2j (
p
2 −1)

∑

k

1
{
μjk(λ,βλ) > λ

} ≤ Cseuil
(
log

(
λ−1)) p

2 × · · ·

×
∑

j<jλ

2j (
p
2 −1)

∑

k

∑

n∈N

1
{|βjk| > 2nλ

}
1
{
μjk(λ,βλ) ≤ 21+nλ

}
. (3.3)

∀n ∈ N, ∃Cn > 0 (not depending on λ),

u
(
22+nλ

) ≤ Cnu(λ), and
∑

n∈N

C
p−r
n 2−np < ∞. (3.4)

Then B(p−r)/2p
p,∞ (u) ∩ Wμ,u(r,p) ⊂ B(p−r)/2p

p,∞ (u) ∩ W ∗
μ,u(r,p).

Remark 3.3 It is easy to see that condition (3.4) implies condition (3.2). Once again,
condition (3.4) is clearly satisfied when u(tε) = tε or u(tε) = ε.

Proof of Theorem 3.2 Let u satisfy condition (3.4), and let (μjk)j,k satisfy condition
(3.3). Fix 0 < λ < λseuil and set, for any n ∈ N, 2jλ,n ∼ (22+nλ)−2.

Let f in (2.1) be such that f ∈ B(p−r)/2p
p,∞ (u) ∩ Wμ,u(r,p). Using (3.3), we have

∑

j<jλ

2j (
p
2 −1)

∑

k

1
{
μjk(λ,βλ) > 2λ

}

≤
∑

j<jλ

2j (
p
2 −1)

∑

k

1
{
μjk(λ,βλ) > λ

}

≤ C
(
log

(
λ−1)) p

2
∑

j<jλ

2j (
p
2 −1)

∑

k

∑

n∈N

1
{|βjk| > 2nλ

}
1
{
μjk(λ,βλ) ≤ 21+nλ

}

≤ C
(
log

(
λ−1)) p

2
∑

n∈N

(
2nλ

)−p
∑

j<jλ

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λ,βλ) ≤ 21+nλ

}

≤ C1 + C2,
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where

C1 = C
(
log

(
λ−1)) p

2
∑

n∈N

(
2nλ

)−p
∑

j<jλ,n

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λ,βλ) ≤ 22+n λ

2

}

and

C2 = C
(
log

(
λ−1)) p

2
∑

n∈N

(
2nλ

)−p
∑

j≥jλ,n

2j (
p
2 −1)

∑

k

|βjk|p.

Since f ∈ Wμ,u(r,p),

C1 = C
(
log

(
λ−1)) p

2
∑

n∈N

(
2nλ

)−p
∑

j<jλ,n

2j (
p
2 −1)

∑

k

|βjk|p1
{
μjk(λ,βλ) ≤ 22+n λ

2

}

≤ C
(
log

(
λ−1)) p

2
∑

n∈N

(
2nλ

)−p
∑

j<jλ,n

2j (
p
2 −1)

×
∑

k

|βjk|p1
{
μjk

(
22+nλ,β22+nλ

) ≤ 22+n λ

2

}

≤ C
(
log

(
λ−1)) p

2
∑

n∈N

(
2nλ

)−p(
u
(
22+nλ

))p−r

≤ C
(
log

(
λ−1)) p

2 λ−p
(
u
(
λ
))p−r

∑

n∈N

C
p−r
n 2−np

≤ C
(
log

(
λ−1)) p

2 λ−p
(
u(λ)

)p−r
.

The two last inequalities use condition (3.4).
Now, since f ∈ B(p−r)/2p

p,∞ (u),

C2 = C
(
log

(
λ−1)) p

2
∑

n∈N

(
2nλ

)−p
∑

j≥jλ,n

2j (
p
2 −1)

∑

k

|βjk|p

≤ C
(
log

(
λ−1)) p

2
∑

n∈N

(
2nλ

)−p(
u
(
22+nλ

))p−r

≤ C
(
log

(
λ−1)) p

2 λ−p
(
u(λ)

)p−r
∑

n∈N

C
p−r
n 2−np

≤ C
(
log

(
λ−1)) p

2 λ−p
(
u(λ)

)p−r
.

Last inequalities use condition (3.4).
By adding up C1 and C2, we have

∑

j<jλ

2j (
p
2 −1)

∑

k

1
{
μjk(λ,βλ) > 2λ

} ≤ C
(
log

(
λ−1)) p

2 λ−p
(
u(λ)

)p−r
,

which proves that f ∈ W ∗
μ,u(r,p) and ends the proof. �
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Corollary 3.1 Let s > 0, 1 ≤ p < ∞, and m ≥ 4
√

p + 1.
Let MS(f̂μ, (u(λε))

2sp/(1+2s)) be the maximal set of any μ-thresholding rule f̂μ

for the rate of convergence (u(λε))
2sp/(1+2s). Under the conditions of Theorem 3.2,

we have

MS
(
f̂μ,

(
u(λε)

)2sp/(1+2s)) = Bs/(1+2s)
p,∞ (u) ∩ Wμ,u

(
p

1 + 2s
,p

)
.

To prove this, it suffices to apply Theorems 3.1 and 3.2
(
with r = p

1+2s

)
.

It is clear that μ
(1)
jk satisfies condition (3.3) of Theorem 3.2. Consequently, if u

satisfies (3.4), the maximal space where the procedure f̂μ(1) attains the rate of con-
vergence (u(λε))

2sp/(1+2s) is

Bs/(1+2s)
p,∞ (u) ∩ Wμ(1),u

(
p

1 + 2s
,p

)
.

Notice that, for u = IdR+ , we identify Bs/(1+2s)
p,∞ (u) with the usual Besov space

Bs/(1+2s)
p,∞ =

{
f ; sup

J≥−1
2J (sp+ p

2 −1)
∑

j≥J

∑

k

|βjk|p < ∞
}
.

For the same choice of u, Wμ(1),u

( p
1+2s

,p
)

represents the weak Besov space

W

(
p

1 + 2s
,p

)
=

{
f ; sup

λ>0
λr−p

∑

j<jλ

2j (
p
2 −1)

∑

k

|βjk|p1
{|βjk| ≤ λ

}
< ∞

}
.

Let us recall that the maxiset of the hard thresholding rule f̂μ(1) for the rate

λ
2sp/(1+2s)
ε has already been studied by Cohen et al. (2001) and Kerkyacharian and

Picard (2000).

4 Applications of results for particular μ-thresholding rules

The aim of this section is twofold. First of all, we give a way to construct μ-
thresholding rules with better performances (in the maxiset sense) than the hard
thresholding one f̂μ(1) . Then, we give some examples of such rules.

Let us state the following proposition:

Proposition 4.1 Let 1 ≤ p < ∞. Under conditions of Theorem 3.2, the maximal
space for the rate (u(λε))

2sp/(1+2s) of any μ-thresholding rule satisfying, for any
λ > 0 and any βλ ∈ R

#Iλ ,

μjk(λ,βλ) ≤ λ

2
�⇒ |βjk| ≤ λ

2
, (4.1)

is larger than the hard thresholding one. Moreover, if Cn ≤ O(2n) for all n ∈ N, then
the maximal space contains the Besov space Bs

p,∞(u).
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Remark 4.1 For u(tε) = tε (resp. u(tε) = ε), notice that, using Remark 3.2, the last

condition on Cn is satisfied by taking Cn = 22+n (resp. Cn = 2
5
2 +n).

Proof If f̂μ is a μ-thresholding rule satisfying (4.1), then we have for any 0 < r <

p : Wμ,u(r,p) ⊃ Wμ(1),u(r,p). So, using Corollary 3.1 to characterize the maxisets

for the rate (u(λε))
2sp/(1+2s) associated with f̂μ and f̂μ(1) , one gets that the max-

imal space for the rate (u(λε))
2sp/(1+2s) of f̂μ is larger than the hard thresholding

one.
To prove now that if, for any n ∈ N, Cn ≤ O(2n), the Besov space Bs

p,∞(u) is

contained in the maxiset of f̂μ, it suffices to prove that

Bs
p,∞(u) ⊂ Wμ(1),u

(
p

1 + 2s
,p

)
.

Fix 0 < λ < λseuil and set 2jλ,u ∼ λ−2
u := (u(λ))4s/(1+2s)λ−2 (resp. 2jλ ∼ λ−2). For

any f ∈ Bs
p,∞(u), we have

∑

j<jλ

2j (
p
2 −1)

∑

k

|βjk|p1
{
|βjk| ≤ λ

2

}
≤ C2jλ,up/2λp +

∑

j≥jλ,u

2j (
p
2 −1)

∑

k

|βjk|p

≤ C
((

u(λ)
)2sp/(1+2s) + (

u(λu)
)2sp)

= C
((

u(λ)
)2sp/(1+2s) + D1

)
.

Now, there exists nλ ∈ N such that 21+nλ ≤ u(λ)−2s/(1+2s) ≤ 22+nλ .
Therefore, since Cn ≤ O(2n) for all n ∈ N, one gets:

u(λu) = u
(
u(λ)−2s/(1+2s)λ

) ≤ u
(
22+nλλ

) ≤ C2nλu(λ) ≤ Cu(λ)1/(1+2s).

So

D1 = (
u(λu)

)2sp ≤ C
(
u(λ)

)2sp/(1+2s)
.

Finally, we deduce that f ∈ Wμ,u(r,p). �

4.1 On block thresholding rules

In the following proposition, we compare the maximal spaces associated with the four
examples of μ-thresholding rules defined in Sect. 2.2. We prove that hard threshold-
ing rules are outperformed by block thresholding rules when the length of the blocks
are correctly chosen. Indeed:

Proposition 4.2 For any 1 ≤ p < ∞ and any m ≥ 4
√

p + 1, let

MS
(
f̂μ(i) ,

(
u(λε)

)2sp/(1+2s))
, 1 ≤ i ≤ 4,
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be respectively the maximal sets of procedures f̂μ(i) for the rate of convergence

(u(λε))
2sp/(1+2s). Under the conditions of Theorem 3.2, we have the following in-

clusions of spaces:

MS
(
f̂μ(1) ,

(
u(λε)

)2sp/(1+2s)) ⊂ MS
(
f̂μ(i) ,

(
u(λε)

)2sp/(1+2s))
, ∀i ∈ {3,4}, (4.2)

MS
(
f̂μ(2) ,

(
u(λε)

)2sp/(1+2s)) ⊂ MS
(
f̂μ(4) ,

(
u(λε)

)2sp/(1+2s))

⊂ MS
(
f̂μ(3) ,

(
u(λε)

)2sp/(1+2s))
. (4.3)

Proof Using Corollary 3.1, we have, for any 1 ≤ i ≤ 4,

MS
(
f̂μ(i) ,

(
u(λε)

)2sp/(1+2s)) = Bs/(1+2s)
p,∞ (u) ∩ Wμ(i),u

(
p

1 + 2s
,p

)
.

Now, for any f as in (2.1), we have

max
k′∈Pj (k)

|βjk′ | ≤ λ �⇒ |βjk| ≤ λ,

max

(
|βjk|p,

1

lj

∑

k′∈Pjk

|βjk′ |p
)

≤ λp �⇒ |βjk| ≤ λ.

So, using Proposition 4.1, the inclusion of spaces (4.2) holds. In the same way, the
inclusion of spaces (4.3) also holds, since one has the both properties:

max

(
|βjk|p,

1

lj

∑

k′∈Pjk

|βjk′ |p
)

≤ λp �⇒ 1

lj

∑

k′∈Pjk

|βjk′ |p ≤ λp,

max
k′∈Pj (k)

|βjk′ | ≤ λ �⇒ max

(
|βjk|p,

1

lj

∑

k′∈Pjk

|βjk′ |p
)

≤ λp.
�

The previous proposition is important. Indeed, we see that block thresholding rules
can outperform hard thresholding ones when conditions (3.3) and (3.4) are satisfied.
In particular, condition (3.3) is satisfied if the lengths of the blocks are chosen small
enough, as we can see in the following proposition:

Proposition 4.3 Under the maxiset approach associated with the rate

(
u(λε)

)2sp/(1+2s)
,

we have the following result:

[Block thresholding rules] For any 1 ≤ p < ∞, maximean- and maximum-
block(p) thresholding rules such that the lengths lj of the blocks Pjk do not exceed
C(log(ε−1))p/2 for some C > 0 outperform hard thresholding rules in the maxiset
sense.



348 F. Autin

Proof Note that it is just a consequence of the previous proposition, since the con-
dition lj ≤ C(log(ε−1))p/2 ensures that condition (3.3) of Theorem 3.2 is satisfied
when dealing with block thresholding rules. �

This result is very interesting, since it allows one to give a theoretical explica-
tion about the better performances of block thresholding rules comparatively to hard
thresholding rules which have been observed in the practical setting (see Hall et al.
1997 and Cai 1998, 1999, 2002) and which were not explained with the minimax
approach.

4.2 On μ-thresholding rules based on hereditary constraints

In this last paragraph, we aim at underlining that, apart from the examples of block
thresholding rules mentioned above, there exist other μ-thresholding rules able to
outperform the hard thresholding one. Indeed, Autin (2004) has studied the maxiset
performance of a new procedure called hard tree procedure, combining thresholding
rules and hereditary constraints. By making use of the dyadic structure of the wavelet
bases, the author has pointed out the relationship between this procedure and Lepski
(1991)’s procedure and has proved that the maxisets of this procedure for usual rates
are larger than the hard thresholding procedure ones.

There is no difficulty to prove that the hard-tree procedure belongs to the class of
μ-thresholding rules. To be more explicit, let us use the same notation as in Autin
(2004) and denote, for any j, k:

• Ijk the dyadic interval corresponding to the support of ψjk

• lψ the maximal size of the supports of the scaling function and the wavelet used
for the reconstruction

Then the hard-tree rule corresponds to the μ-thresholding rule associated with the
sequence of positive functions (μ

(5)
jk )j,k defined as follows:

μ
(5)
jk (λε, yλε ) = max

(|yj ′k′ |, Ij ′k′ ∈ Tjk(λε)
)
,

where, for any ε > 0, Tjk(λε) is the binary tree containing the set of dyadic intervals
such that the following properties are satisfied:

• Ijk ∈ Tjk(λε)

• I ∈ Tjk(λε) �⇒ I ⊂ Ijk and |I | > lψλ2
ε• Two distinct dyadic intervals of Tjk(λε) with same length have their interiors dis-

jointed
• The numbers of dyadic intervals of Tjk(λε) of length lψ2−j ′

(j ≤ j ′ < jε) is equal
to 2j ′−j

• Any set of all dyadic intervals of Tjk(λε) with same length is forming a partition
of Ijk

According to its definition, the hard-tree rule satisfies condition (3.3) of Theorem 3.2
and condition (4.1) of Proposition 4.1 (see Autin 2004). Hence, dealing with the
maxiset approach associated with any rate satisfying condition (3.4) of Theorem 3.2,
the hard-tree procedure outperforms the hard thresholding one in the maxiset sense.
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As a conclusion, thanks to the maxiset approach, we prove in this paper that rules
constructed with thresholding methods applied to groups of empirical coefficients are
preferable to rules based on thresholding methods applied to individual empirical
coefficients.
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