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ABSTRACT. In this paper we obtain rigidity results for a non-constant entire solution
of the Allen-Cahn equation in R™, whose level set {u = 0} is contained in a half-space.
If n < 3 we prove that the solution must be one-dimensional. In dimension n > 4,
we prove that either the solution is one-dimensional or stays below a one-dimensional
solution and converges to it after suitable translations. Some generalizations to one phase
free boundary problems are also obtained.
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1. INTRODUCTION AND MAIN RESULTS
We are interested in rigidity results for classical entire solutions of the Allen-Cahn equation
(1) —Au=u—u}, r=(x1, - ,z,) €R™
In the simplest case n = 1, equation (1) reduces to an ODE and has a heteroclinic solution

x

H(x) = tanh <\/§> .
Phase plane analysis tells us that up to a translation, H is the unique monotone increasing
solution in R. The one-dimensional solution H actually plays an important role in the theory of
Allen-Cahn equation in general dimensions. Indeed, De Giorgi [10] conjectured that for n < 8,
if a bounded solution u to (1) is strictly monotone in one direction, say x,, then it must be
one-dimensional, which then means that u is identically equal to H(z - e + a) for some unit
vector e, with e, > 0, and some real number a. This conjecture has been proved to be true for
n = 2 (Berestycki, Caffarelli and Nirenberg [4], Ghoussoub and Gui [20]), n = 3 (Ambrosio and
Cabré [3]), and for 4 < n < 8 (Savin [28]) under the additional limiting condition

. /

xnll)njlwou(x , Tp) = £1,
pointwise in z’ = (x1,--- ,z,_1) € R?71. This condition implies that the level sets {x € R" :
u(x) = p}, for every pu € (—1,1), of the function u are entire graphs with respect to the first
n — 1 variables. On the other hand, for n > 9, Del Pino, Kowalczyk and the fifth author [13]
constructed monotone solutions which are not one-dimensional, showing that the condition n < 8
in the De Giorgi conjecture cannot be relaxed.

The De Giorgi conjecture can be regarded as a rigidity result for the Allen-Cahn equation. The
second rigidity result we would like to mention here is about the classification of the solutions
which are global minimizers of the associated energy functional. Savin [28] proved that global
minimizers are one-dimensional up to dimensions n < 7. The second, fourth and fifth authors
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constructed in [23] counterexamples in dimension 8, i.e. global minimizers which are not one-
dimensional. For related rigidity results for the solutions to the Allen-Cahn equation, we refer
to [2, 7, 17, 18] and the references therein.

In this paper, we are interested in rigidity results for the Allen-Cahn equation when the zero
level set
Ly :={u=0}={z eR":u(z) =0}
of the solution (always understood in the classical sense) is contained in a half-space, say {x, >
0} :={z € R" : z,, > 0} up to translation and rotation. However, we point out that we make no
assumption on the monotonicity of » in a direction nor on its stability or minimizing properties.
Our first result is the following half-space rigidity result:

Theorem 1. (Weak half-space theorem) Let n < 3 and u be a non-constant solution of (1).
Suppose that the zero level set {u =0} is contained in {x, > 0}. Then u is one-dimensional.
More precisely, there exists a € R such that either u(z) = H(—xz, + a) for all z € R", or
u(x) = H(xy + a) for all x € R™.

Note that, in any dimension n > 1, if u is a solution of (1), then w is necessarily bounded and
—-1<u<1 in R",

as follows from [14, Proposition 1.9]. Furthermore, if {u = 0} is empty, then by applying [16,
Theorem 1.1] or by constructing suitable comparison functions as in the first part of the proof of
Theorem 3 (see Section 2 below), one knows that « = +1 in R™. Therefore, if u is non-constant,
then {u =0} # 0 and —1 < u < 1 in R™ from the strong maximum principle. Moreover, if u > 0
(resp. u < 0) in R™ and {u = 0} # (), then « = 0 in R™ from the strong maximum principle.
Hence we can assume without loss of generality that the three sets {u = 0}, {u > 0} and {u < 0}
are not empty.

We point out that here it is not assumed that the nodal set {u = 0} is a graph, that is, the
sets {u > 0} or {u < 0} are not assumed to be epigraphs. For rigidity results in the epigraph
case we refer to [15, 19] and the references therein.

As an application of Theorem 1, using the classification result of stable solutions of the Allen-
Cahn equation in the plane, we get the following strong half-space theorem:

Corollary 2. (Strong half-space theorem) Suppose n = 2. Let u; < ug be two non-constant
solutions of (1) in R2. Then uy and us are one-dimensional, namely there exist a unit vector e
and some real numbers a < b such that ui(x) = H(z - e+ a) and uz(x) = H(z - e+ b) for all
T € R2.

We will also generalize Theorem 1 to a free boundary problem. We refer to Section 4 for the
precise statement and its proof.

Our results are inspired by analogous results in the minimal surface theory. A half-space
theorem for minimal surfaces in R® was proved by Hoffman and Meeks [22]. It states that
connected, proper, minimal surfaces in R? which are contained in a half-space are necessarily
planes. A version of a half-space theorem for minimal surfaces with bounded Gaussian curvature
is proved in [30]. The half-space theorem plays an important role in the understanding of the
structure of minimal spaces, and there is a vast literature on this subject. It is used in the
proof of the local removal singularity theorem [25]. It is also used to study the properness of
minimal surfaces (see, for instance, [26]). In [9], Colding and Minicozzi proved that the plane is
the only complete embedded minimal disk in R3, by establishing a chord-arc bound and applying
Hoffman-Meeks half-space theorem.
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We remark that the half-space theorem is not true for minimal hypersurfaces in R™ with n > 4.
For example the higher dimensional catenoid provides a counterexample. However, for the Allen-
Cahn equation, this question is still open in higher dimensions. In view of the construction of
solutions concentrated on higher dimensional catenoid [1], we turn to believe that the half-space
theorem of the Allen-Cahn equation should be true also for all n > 4. Intuitively, for solutions
of the Allen-Cahn equation there are strong interations between different ends, while this is not
the case for minimal surfaces.

The proof of the half-space theorem for minimal surfaces uses sweeping principle. It appears
that this idea does not work for the Allen-Cahn case, although we can prove partial results along
this direction. Our main result for solutions of the Allen-Cahn equation in arbitrary dimension
with zero level set contained in a half-space is the following:

Theorem 3. Let n > 1 and u be a non-constant solution of the Allen-Cahn equation (1) in R™.
If u < 0 in the half-space {x, < 0}, then there exists a € R such that

u(z) < H(z, + a)
for all x € R™, and either
(1) w(z) = H(zp + a) for all z € R™, or
(2) u(z) < H(zn +a) for all x € R™ and there exists a sequence (yp)ren n R x {0} such

that |yg| — +o0 as k — +oo, and the functions u(- + yy) converge in C% _(R") to the
function x — H(x, + a) as k — +o00.

In Theorem 3 and throughout the paper, | | denotes the Euclidean norm in R™. We also use
the following notations: Br(z) = {y € R" : |[y—z| < R} and Bg = Bg(0) for R > 0 and = € R",
and we denote

dist(z, £) = inf |x —
ist(z, ) = Inf |2 —y|

for x € R® and E C R".
We complete the introduction by listing some corollaries following from Theorem 3.

Corollary 4. Let n > 1 and u be a non-constant solution of the Allen-Cahn equation (1) in R™.
Then there does not exist a non-degenerate convex cone containing {u = 0}.

Corollary 5. Let n > 1 and u be a non-constant solution of the Allen-Cahn equation (1) in R™.

If there exists a closed half-space E such that {u =0} C E and {u =0} NOE # 0, then there is
a € R such that u(x) = H(x - e+ a) for all x € R™, where e is a unit vector orthogonal to OF.

It also follows from Theorem 3 that, in any dimension n > 1, if the zero level set of a non-
constant solution of (1) is bounded in a unit direction e, then w is identically equal to H (+z-e+a)
for some a € R. This last result (see Corollary 11 at the end of Section 2 below) corresponds to
Theorem 1.1 obtained by Farina [16]. We provide in Section 2 another proof using Theorem 3.
We remark also that this result points out the difference between minimal surfaces and level sets
of Allen-Cahn solutions from the point of view of half-space theorems: for n > 4 the minimal
catenoid is contained in a slab, while entire solutions of the Allen-Cahn equation cannot have the
zero level set contained in a slab, unless they are constant or equal to H(x,) up to translation
and rotation of the variables. In particular, the zero level set of the solutions obtained in [1] is
not contained in a slab, although such level set approaches the minimal catenoid in a compact
region.

It should be interesting to link such kind of half-space results to the De Giorgi conjecture. In
this sense, an open question is to understand if Theorem 1 can be true in all dimensions, at least
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with the hypothesis of the monotonicity of the solution in one direction. Note, in particular,
that the zero level sets of the x,-monotone and non-planar solutions of (1) in R™ with n > 9,
constructed by Del Pino, Kowalczyk and the fifth author in [13], are not included in any half-
space.

Remark 6. Theorem 1 and Corollary 4, as well as Corollary 11 below, do not hold good if
the zero level set {u = 0} is replaced by another level set {u = p} with p # 0. Similarly,
Theorem 3 does not hold good either if one assumes that v < p in {x,, < 0} for some p > 0.
Indeed, equation (1) admits solutions uy, which vanish on (LZ)"™ with L > m/n, are 2L-periodic

with respect to each variable x;, which satisfy maxgn |ur| — 0 as LZHT\/E, and which are not
one-dimensional!

Outline of the paper. Section 2 is devoted to the proof of Theorem 3 and its corollaries. The
proof of Theorem 3 is itself used in the proof of Theorem 1 and Corollary 2 done in Section 3.
Lastly, Section 4 is concerned with a half-space theorem for a related free boundary problem.

2. HALF-SPACE THEOREMS IN GENERAL DIMENSION: PROOF OF THEOREM 3 AND ITS
COROLLARIES

The half-space theorem of minimal hypersurfaces in R™ is not true when n > 4, because the
higher dimensional catenoids lie in a half-space. For the Allen-Cahn equation (1), we still do not
know whether there is version of the half-space theorem in dimension n > 4. We have obtained
partial classification results in this direction, based on the maximum principle.

We start this section with a general property holding in any dimension n > 1. This can
essentially be found in [5, Lemmas 3.2 and 3.3] and [15, Lemma 2.3].

Proposition 7. Let n > 1 and u be a non-constant solution of (1) in any dimension n > 1.
Then {u =0} # 0 and |u(z)] — 1 as dist(x, {u = 0}) — +o0.

Proof. The proof is standard, we briefly sketch it for the sake of completeness. We recall from
the introduction that u necessarily satisfies —1 < v < 1 in R™ and {u = 0} # (). Consider any
R > 0 and x € R" such that

dist(z,{u =0}) > R
(hence, B(z, R) N {u =0} =0).

Let Ag be the principal eigenvalue of —A in the ball Bg with Dirichlet boundary condition, that
is, there is a function pr € C?(Bg) such that —App = Agpyg in B, ¢r = 0 on dBg, and ¢ > 0
in Bg. From the classical radial symmetry result [21], the function g is radially symmetric and
decreasing with respect to the distance from the origin. Therefore, up to multiplication by a
positive constant, one can assume without loss of generality that ¢r(0) =1 = maxp—@g. Notice

also that Ag = A\1/R2. Since the conclusion is concerned with the limit as dist(z, {u = 0}) — +oo0,
one can assume without loss of generality that R > 0 is large enough so that 0 < Ap < 1.

In the closed ball B(x, R), the continuous function u does not vanish. Up to changing u
into —u, let us assume without loss of generality that « > 0 in B(z, R). There exists then ¢g

such that epr(- —x) < w in B(z, R), for all € € [0, &¢]. Furthermore, for every ¢ € [0,/1 — Ag],
the function epg(- — x) satisfies

Alepr(- — z)) +epr(- — ) — (epr(- — 2))* = epr(- — ) X (1 = Ag — (epr(- —))%) > 0

in B(z, R), since 0 < g < 1 in Bg. As a consequence, for any such ¢, the function epg(- — )

is a subsolution of (1) in the closed ball B(x, R) and it vanishes on dB(x, R), while u > 0 in
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B(z, R). Tt follows from the strong maximum principle that epr(- — ) < u in B(z, R) for every
e € [0,v/T—=Ag]. In particular, u(z) > /1T — Ag since ¢g(0) = 1. Since Ag = A\;/R? — 0 as
R — 400 and —1 < u < 1 in R”, the conclusion follows. [l

Remark 8. Proposition 7 implies that supgn |u| = 1 if sup,cgn dist(z, {u = 0}) = +o00. However,
the property sup,cg» dist(z, {u = 0}) = +00 is not always satisfied, since the Allen-Cahn equation
admits non-trivial periodic solutions u oscillating around the value 0, and for which suppgn |u| < 1.

We are now in position to prove our Theorem 3.
Proof of Theorem 3. Throughout the proof, u is a non-constant solution of (1) such that
u<0 in R" = {z, < 0}.

As recalled in the introduction, we know that —1 < u < 1 in R"™.
By Proposition 7, we have that

(2) w(xy, - ,xn) — —1 as x, — —oo uniformly in (x1,--- ,z,_1) € R"L.

since the function u is negative in R".

Denote U(z) = H(z,) = tanh(z,/v/2) and

Uw(x) = U(-%'h'" ,xn_l,xn—i—w) = H(l‘n +w) — tanh <l’n —i—w)

V2

for x € R™ and w € R. We shall now show that u < U® in R" for all w large enough. To do so,
let A > 0 be such that

1 1
(3) u< —— inR" I x(—00,—A4] and U > — in R" ! x[A, +o0).
V3 V3

We claim that
(4) u<U¥ inR"™ for all w > 2A.
To do so, pick any w € [24,+00). We shall prove that v < U¥ in R*! x (—o0, —A]. Assume
by way of contradiction that M := Supgn-1y(_co,—aj(u — U®) > 0. Then there is a sequence
(zk)ken = (2} 2kn)ken in R x (—o0, —A] such that

u(zk) —U%(z) > M >0 as k — +oo.

By (2), the sequence (2kn)ken is then bounded. Furthermore, by uniform continuity of U (or of
u), property (3) and the assumption w > 2A imply that

lim sup 21, < —A.

k—+4o0
Therefore, there is ¢ € (—oo0,—A) such that, up to extraction of a subsequence, 2z, — ( as
k — 4o00. Up to extraction of another subsequence, the functions = +— u(z’ + 2, ) converge
in C? (R") as k — +0o0 to a solution ws of (1) such that we < —1/v/3 and we — U¥ < M
in R"! x (—o0, —A], while ws(0,¢) — U¥(0,¢) = M. At the (interior) point (0,¢) € R*™1 x
(—o0, —A), there holds

(5) 0 > A(woo - Uw)(()? C) = _woo(oa C) + woo(07 C)B + Uw(oa C) - (UW(Oa C))B

But —1 < U*(0,¢) < U¥(0,0)+M = wso(0,¢) < —1/+/3 and the function s — s—s3 is decreasing
in [~1,—1/4/3]. Hence the right-hand side of (5) is positive, a contradiction. Therefore,

sup  (u—U") <0,
Rn=1x(—o0,—A]
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that is, u < U% in R"! x (—o0,—A]. Similarly, since U* > 1/4/3 in R"! x [~A4,40c0) and
U“ >wu on R"1 x {—A}, while the function s +— s — s3 is decreasing in [1/+/3, 1], one can show
that u < U* in R"™! x [~ A, +00). This proves (4).
Define now
a:inf{wER:ugU‘” in]R”}.
The previous paragraph yields a < 2A4. On the other hand, since U¥ — —1 as w — —oo (at

least) pointwise in R™, while v > —1 in R", one infers that a € R. By continuity, there holds
u < U? in R™, that is,

(6) u(r) < H(xy +a) for all x € R™.

This statement corresponds to the first part of the conclusion of Theorem 3.

Let us now show the second part of the conclusion. First of all, if there is a point z* € R”
such that u(z*) = U%(x*) = H(z} + a), then the strong maximum principle implies that u = U“
in R™, that is,

u(z) = H(xy, +a) for all x € R"™.

Let us then assume in the sequel that u < U?% in R", that is,

(7) u(z) < U%x) = H(xzy +a) for all z € R".
Let B > 0 be such that U* > 2/3 (> 1/v/3) in R"™! x [B, +00). We claim that
(8) sup (u—U*) =0.

Rr—1x[—A,B]

Indeed, otherwise, one would have supgn-1,[_4 p)(v —U?®) < 0 and, by uniform continuity of
U, there would exist w € (—o0,a) such that « < U® in R""! x [-A,B] and U¥ > 1/4/3 in
R"1 x [B,+00). With the same arguments as in the previous paragraph, one gets that u < U%
in R"1 x (—o00,—A4] and v < U¥ in R"! x [B,+c0). As a consequence, u < U¥ in R",
contradicting the minimality of a. Therefore, (8) holds.

From (8), one infers the existence of a sequence (&)ken = (€, &kn)ken in R"™1 x [~ A, B] such
that

9) u(é) — U &) — 0 as k — +oo.

Up to extraction of a subsequence, one can assume that & , — {0 n as & — 400, for some { p, €
[—A, B]. Notice that || — +oo as kK — 400, since otherwise there would exist a point § €
R"~! x [~ A, B] such that u(§) = U%(£), contradicting (7). Denote
yr = (&,0) € R" 1 x {0} and wug(z) = u(x +y) for k € N and z € R™.
To complete the proof of Theorem 3, we just need to show that
ug(r) — H(zy + a)

in C? (R") as k — 4o00. Up to extraction of a subsequence, the functions uy, converge in CZ_(R")
to a solution ue, : R™ — [—1,1] of (1) such that us(x) < H(zy, + a) in R™ from (6) and the
definition of y. Furthermore, tso(0,&00.n) = U%(0,600n) = H(Eon + @) by (9). It then follows
from the strong maximum principle that us(x) = H(x, + a) for all x € R™. Furthermore, the
limit of the functions uj being independent of the subsequence, one concludes that the whole
sequence (uy)gen converges to the function @ — H(z, + a) in C? (R") as k — +oc. The proof
of Theorem 3 is thereby complete. U
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Remark 9. In Theorem 3, one has —1 < u(z) < H(x, + a) = tanh((x, +a)/V/2) for all z € R™.
Modica’s inequality |Vu|? < (1 —u?)?/2 (see [27]) then yields

(10) |[Vu(z)| <2 V2eV2(Enta) for all z € R,

By changing u into —u in Theorem 3, the following result immediately follows.

Theorem 10. Let n > 1 and u be a non-constant solution of the Allen-Cahn equation (1) in R™.
If uw > 0 in the half-space {x, < 0}, then there exists a € R such that

u(x) > H(—x, + a)

for allx € R™, and either u(x) = H(—zp+a) for allx € R", oru(x) > H(—z,+a) for allxz € R"
and there exists a sequence (yp)ren in R x {0} such that |yp| — +oo as k — +o0, and the
functions u(- + yx) converge in C2 _(R™) to the function x +— H(—x, +a) as k — +oo0.

loc

Let us now turn to the proof of Corollaries 4 and 5, which follow from Theorems 3 and 10.

Proof of Corollary 4. Assume by way of contradiction that w is a non-constant solution of (1)
with {u = 0} contained in a non-degenerate convex cone. Then, up to changing u into —u, and
up to translation and rotation of the variables, it follows that

(11) u<0 in {(az',xn)GR"_IXR:xn<ﬁ|1:/|},

for some B > 0. Theorem 3, together with (11), then yields the existence of a real number a such
that u(z) = H(x, + a) for all z € R™, which leads to a contradiction. O

Proof of Corollary 5. Up to changing u into —u and up to translation and rotation of the vari-
ables, one can also assume without loss of generality that e = (0,---,0,1), that w < 0in {z, < 0}
and that u(z’,0) = 0 for some 2’ € R""!. Theorem 3 then implies that u(z) < H(x, + a) in
R™, for some a € R, and the other parts of the conclusion hold for that real number a. We
claim that u(z’,0) = H(a). Indeed, if not, then 0 = u(2’,0) < H(a), hence a > 0, while The-
orem 3 also yields the existence of a sequence (y)ken = (¥}, 0)ken in R"1 x {0} such that
u(- + yr) — H(xp + a) in C} (R") as k — 4oo. In particular, u(y}, —a/2) — H(a/2) > 0
as k — 400, hence u(y),—a/2) > 0 for all k large enough, which is impossible since u < 0
in {z,, < 0}. Therefore, u(x’,0) = H(a) (hence, a = 0) and u(x) = H(z,) in R™ from Theo-
rem 3. U

Lastly, as announced at the end of Section 1, we can retrieve from Theorem 3 the one-
dimensional property of any non-constant solution of (1) whole zero level set is contained in
a slab. This result was obtained by Farina [16, Theorem 1.1].

Corollary 11. [16, Theorem 1.1] Let n > 1 and u be a non-constant solution of the Allen-Cahn
equation (1) in R™. If {u = 0} is contained in a slab {x € R" : |z -e| < A} for some unit vector e
and some real number A > 0, then there exists a € R such that either u(z) = H(—x - e+ a) or
u(z) = H(x - e+ a), for all x € R™.

We here give a proof using Theorem 3.

Proof. Up to changing w into —u and up to translation and rotation of the variables, one can
also assume without loss of generality that e = (0,---,0,1), that w < 0 in {z,, <0} and that

{u=0} C{0 <z, <24}
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It then follows from Theorem 3 that there exists b € R such that
u(x) < H(z, +0)

for all z € R"™ and either u(z) = H(z, +b) for all z € R™, or u(- +yx) — H(x,+0b) in C} (R™) as
k — 400, for some sequence (yx)reny in R*7! x {0}. In both cases, one has SUPRn—1x (—00,24] U <
H(2A +b) < 1 and supgn» u = supgr H = 1. By continuity, one infers that v > 0 in {z,, > 2A}.

From Theorem 3 applied to the solution
x = (2, 2,) = —u(2', —z, + 24),
there exists then ¢ € R such that —u(z/, —z,, + 24) < H(x,, + ¢) for all z € R™, hence
u(z) > H(x, — 2A —¢)

for all x € R™. Finally H(z, — 24 — ¢) < u(x) < H(z, + b) for all z € R™ and one concludes
from [6, Theorem 3.1] or [15, Theorem 2.1] that u(z) = H(z, + a) in R™, for some a € R. O

3. PROOF OF THE HALF-SPACE THEOREM IN DIMENSIONS n = 2,3

As we mentioned in Section 1, the proof of the half-space theorem for minimal surfaces uses
the family of catenoids and the sweeping principle. In the Allen-Cahn case, the solutions are
defined in the whole space, and it is not easy to apply this idea.

We remark that the n = 2 case of Theorem 1 can also be proven by applying the method in De
Silva and Savin [11]. Our proof uses Pohozaev identity (also called balancing condition, see [12])
and is very different from theirs.

We shall prove Theorem 1 for n = 1,2,3. Notice that if n = 1, then the solution w is trivially
one-dimensional and since it is not constant, it is then equal to H(x1) up to shifts, as follows
directly from ODE analysis. The cases of n = 2,3 are more complicated. Although we can deal
with these two cases in a unified way, we choose to first give a simple proof when n = 2, because
this gives us a clear geometric intuition behind the whole proof.

3.1. The case n = 2. Let u be a solution whose zero level set {u = 0} is contained in the half-
space {x2 > 0}. Up to changing w into —u and/or z; into —z1, and shifting in the direction xg,
we may assume without loss of generality that u < 0 in {x2 < 0} and, from Theorem 3, that

(12) w(z1,x2) < H(xo) for all (zq,25) € R?

and that there exists a sequence (¢ )gen such that tf — +oo and u(z1 + ¢, 22) — H(x2) in
C2 (R?) as k — +oo.
For each 21 € R, we define

g(x1) = 1inf {ze € R: u(z1,z2) =0} € [0,400].

Note that the infimum is a minimum if g(x;) is a real number. Note also that g(x;) might a
priori be 400 for some values z1, in which case u(z1,z2) < 0 for all 9 € R (nevertheless, the
conclusion u(z1,r2) = H(wp) in R? will show that, a posteriori, this case is impossible). We
know at this point that g cannot be equal to 400 on (—o0,§) for some & € R since otherwise the
zero level set of u would be included in the quarter-plane {z1 > £, zo > 0}, which is ruled out
by Corollary 4. Let us set

a = liminf g(z1) € [0, +o0].

Tr1—>—00
We emphasize that in principle it may happen that « is nonzero. For instance, the zero level set
of u may look like x9 = In(—z1), as z1 goes to —oo.
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Let us first consider the case 0 < o < +oo. There exists then a sequence (, ,s; )ren such
that u(t, ,s, ) =0, and ¢, — —oo and s, — a as k — +o00. Up to extraction of a subsequence,
the functions (z1,z2) — u(z1 +t;, 22 + ) converge in CZ_(R?) to a classical solution us, of (1)
such that ux(0,0) = 0 and us < 0 in {22 < 0}, owing to the definition of o. Furthermore,
Uoo (21, 22) < H(x2 + a) in R? from (12), hence us (71, —00) = —1 for each 21 € R, and us, < 0
in {2 < 0} from the strong maximum principle. Corollary 5 then implies that us (21, 22) =
H(z3 + b) in R? for some real number b. Since us(0,0) = 0, one finally infers that b = 0 and
Uoo (71, 72) = H(x2) in R2.

Let us consider now the semi-infinite vertical strip

Qp = {(.%'1,%'2) S R2 : t,; < < tz_,—OO < xo < 0} .

Let X = (0,1). The balancing condition (see [12, Appendix]) tells us that

(13) /mk [(; |Vul* + F (u)) X -v—(Vu-X)(Vu- u)] do =0,

where

and v is the outward unit normal of the domain ) (which is defined everywhere except at the
corners (tki, 0)). The previous formula means that

/ttZ (W + F(u(21,0)) - U§2(w1,0)) dzy

k

0
—i—/ (uwl(t,;, T2) Uy, (t,, 22) — uml(tz, x2) Uz, (tz, $2)) dxs = 0,

—0o0

::Ik

where the second integral I}, converges absolutely from Remark 9. Since u(z1 + ¢, z2) — H(22)
and u(z1 +t; , 22 + @) — H(x2) as k — 4oo in C} (R?), together with Remark 9, it follows
that I — 0 as k — +o00. Therefore,

2

i 2
/ ' (WW + F(u(z1,0)) — uiQ(m1,0)> dx; — 0 as k — +o0.
tk

On the other hand, Modica’s inequality

2
Flu) > |Vul
2
(see [27]) implies that
[Vul +F(u)—ul > |Vu?—u2, =u? >0
2 xro — xo — Yz = D
for all 1 € R, hence
2, (21,0)  |Vu(z1,0)?
Fuga,0)) = 2000 [VuL0)

2 2
for all z; € R, since tf — +oo0 as k — +oo. It then follows from results in [8, 27] that wu is
one-dimensional. Let us sketch the proof of this fact for completeness. For more details, we refer
to Theorem 5.1 in [8]. Let

P = |Vu|> — 2F (u).
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Then at those points where Vu # 0, the function P satisfies the following differential inequality
(we also refer to [27] or Section 5.2.2 of [29] for the detailed computation):

2

1

AP+ —— E cpPr, >0,
|VU|2 k=1 o

where

1
cr = —2F" (u) ug, — ipw’“'

This in particular implies that P satisfies the maximum principle in a small neighbourhood of
those points where Vu # 0. Actually, the estimate |Vu|? < 2F (u) (that is, P < 0) follows from
this inequality. Now, the strong maximum principle applied to P then tells us that P = 0 in
the plane if P vanishes somewhere at a point gy (one then necessarily has |Vu(go)| > 0, since
F(u) = (1 —u?)?/4 > 0). We then define v by the relation u = H (v). The function v satisfies
|Vu| =1, and
Av = 0.

As a consequence, v is an affine function and w is one-dimensional. This finishes the proof.

Let us finally consider the case & = +00. Here, remembering also that v < 0 in {xo < 0}, it
follows from Proposition 7 that

sup  u(xy,me) = —1
21<—R, 22<0

as R — +oo, hence |Vu(z1,22)] — 0 as 1 — —oo uniformly with respect to zo < 0, from
standard elliptic estimates. Together with Remark 9, this implies that

0
/ Ugy (21, X2) Ugy (21, x2) dxe — 0 as x1 — —o0.

—0o0

Therefore, by applying (13) in the region
{(331,3:2) ER?: —k<m < t,j,—oo <9 < 0} ,

one gets with the same arguments as before that

B |Vu(z1,0))?
/k (H;’” + F(u(z1,0)) — uiQ(ml,O)) dx; — 0 as k — +o0.
This leads to the same conclusion as in the previous paragraph. The proof of Theorem 1 in the
case n = 2 is thereby complete.

Proof of Corollary 2. Let u; < uz be two non-constant solutions of (1) in R?. Remember that
—1 < u; < up <1inR2 Using u; and uy as barriers, we can then construct a stable solution usg
of (1) with

—1l<u <uz<us <1 in R2.
By stable, it is meant that the Lagrangian associated to the equation has nonnegative second-
order variation at ug, that is,

[ (1968 = (1= 3u)6?) 0

for every ¢ € C!(R?). Equivalently, this means that, for every R > 0, the principal eigen-
value Ag[us] of the linearized operator —A — (1 — 3u3) in the ball Bg with Dirichlet boundary
condition on 0Bp is nonnegative. The proof of the existence of such a stable solution u3 trapped
between u1 and us is quite standard, but let us sketch it here for the sake of completeness. If uq is
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stable, then simply define ug = wy. If uy is not stable, then there is R > 0 such that the principal
eigenvalue Ag[u1] of the operator —A — (1 —3u?) in Bg with Dirichlet boundary condition on dBg
is negative. Let pr € C?(BR) be a principal eigenfunction, solving

—Appg — (1 = 3u})pr = Ag[ui]pr in Bg,
with g > 0in Bgr and ¢r = 0 on 0Bg. There is then ¢ > 0 such that
(14) — Aur +eopr) — ((u1 +eopr) — (w1 + copr)®) < 0 in Bg,

together with u; + cgpr < uz in Bg. Let now v(t, z1,x2) be the solution of the Cauchy problem

ve=Av+v—03

for t > 0 and (z1, r2) €R?, with initial condition defined by v(0, -) =uit+egpr in Bg and v(0, -) =u;
in R?\ Br. The maximum principle yields v(t,-) < ug in R? for all ¢+ > 0. Furthermore, since u;
solves (1), since u; + €9pr is a subsolution in Bpr in the sense of (14), and since v(0,-) > wu;
in R? and v(0, -) continuous, the maximum principle also implies that v is increasing with respect
tot>0. From standard parabolic estimates, there is then a solution ug of (1) such that v(¢,-) — us
in C? (R?) as t — +oo, and v(0,-) < uz < up in R%. We now claim that the solution us is stable,
and then fulfills the desired conclusion. Indeed, if uz were not stable, there would exist R’ > 0
such that Ag/[us] < 0 and then there would be a principal eigenfunction ¢p € C?(Bpr/) of the
operator —A — (1 — 3u3) in Bg with Dirichlet boundary condition on dBgs. This eigenfunction
can be chosen such that ¢p > 0 in Bp/. There would then be &), > 0 such that

—A(uz — ehdr) — ((us — ehorr) — (us — e4dr)®) > 0 in By,

together with us — ej¢r > v(0,-) in Br. In other words, the function us — ¢ would be a
supersolution of (1) in Bg/ and the maximum principle would then yield v(t,-) < us — e)¢r/
in B for all t > 0, providing a contradiction as t — 400. As a conclusion, ug is a desired stable
solution of (1) trapped between u; and ug.

In dimension two, stable solutions are one-dimensional, as follows from [4, Theorem 1.8]. The
function ug is then one-dimensional stable and it takes values in (—1, 1), hence there exist then
a unit vector e and a real number ¢ such that uz(z) = H(x - e + ¢) in R2. Therefore, the nodal
set of u; is contained in the half-space {z-e+c¢ > 0} and w3 <0 in {z - e+ ¢ < 0}. By the weak
half-space Theorem 1, u; has to be one-dimensional, and more precisely there is a € R such that
u1(x) = H(z - e + a) in R2. The same is true for us, with us(z) = H(z - e +b) in R?, for some
real number b such that b > a (since ug > uy). O

3.2. The case n = 3. Next, we shall consider the case of dimension 3. The arguments in this
section can also be applied in the two dimensional case, but we preferred to use the more direct
proof of the previous section in the case n = 2.

First of all, as in the case n = 2, up to changing u into —u and/or shifting in the direction x3,
we may assume without loss of generality that v < 0 in {x3 < 0} and, from Theorem 3, that

(15) — 1 < u(zy,x9,23) < H(zz) for all (z1,z,23) € R?

and there is a sequence (yx)ken in R? x {0} such that u(- +yx) — H(z3) in C3_(R3) as k — +oc.
Now, let A > 0 be such that

2

(-4 <2
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For s > 0, let Qg be the half-cylinder
Qs = {(z1,22,23) €R® 1 2] + 23 < %, 33 < —A}.
Let X = (0,0,1). Then, for every s > 0, the following balancing formula (see [12]) holds in €:

(16) /m K; Vul® + F (u)) X -v—(Vu-X)(Vu- 1/)] do =0,

meaning that

Vu(zy, w9, —A)[2
o= (T R o - )12, 0,22, ) dind
rit+a5<s

(17) —A 2w , . .
= s/ / (tz, (scos0,ssinb, x3) cos b + ug,(scosb, ssinb, x3) sin )
—oo JO

X Ugy(scosh, ssinb, x3) df dzs.

Notice that the integrals converge absolutely from Remark 9. As in the previous section, we infer
from Modica’s inequality

[Vul?
F(u) >
(w) 2 —
that
v 2
(18) | 2u| + F (u) —ul, > ul +ul, >0,

in R3. From this, we know that the function g is nonnegative and nondecreasing in (0, +oco).
Hence we can define

(19) a= lim g(s) €0,+o0].

s—+00

Let us also define a function K : (0,+00) x R — R by
(20) K(s,x3) = / (W2, (z1, 2, 23) + ul, (1, T2, 23) ) d1 dao
{z3+23<s?}

and notice from the definition of ¢ in (17) and from (18) that
(21) K(s,—A) <2g(s) forall s> 0.

Remark 9 yields suitable exponential decay of ugl + u?m as x3 — —oo, from which we get the
following key-property of K.

Lemma 12. There holds
(22) K(s,x3) <3m+ K(s+1ns,—A), forall s>1 and x3 < —A.
Proof. The functions u,, and u,, satisfy

—Aug, + (3u® — Dy, =0

in R3. Thanks to (15), the function u? converges to 1 as 23 — —o0, hence the operator —A +
(3u? — 1) tends to —A + 2. As a matter of fact, in R? x (—oo, —A], one has

A 2
cue e (- A) < 2

thus 3u? — 1 > 1 in R? x (—o0, —A4].
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For a fixed s > 1, consider the Lipschitz-continuous and H'(R?) function ¢ defined by
¢(x1,2) = min (1,e°"V y”%Jﬁcg).

From Remark 9 and standard elliptic estimates, all first, second and third order derivatives of the
function u are bounded in R?® and decay exponentially as x3 — —oo, uniformly in (21, z5) € R
Therefore, for ¢ = 1 or 2, the function

L (1) = / (e (21, 9, )2 D1, 72) dy vy
R2
is well defined and of class C1(R), with

0/(t) = /H§2<u§i)x3(xl,$2,t) ¢($1,$2) dl‘l dl‘z

(1, x2) V(uiz) v  dxydzy
/é?{(rl,x27x3)ER3:x3<t} :m)

{(z1,22,23)ER3: 23<t}

/ [(2 (3u” = 1) ug, +2 Wum|2) ¢+ v(!l‘l,!l?)(u??i) : V‘ﬁ} dzy dzo drs
{(z1,22,23)ER3: 23<t}

>

J (202, 2190 ") 6+ Vo) 02,) - V] dar dnz
{(z1,z2,03)ER3: 23<1}

for all t < —A, since 3u®? —1 > 1 in R? x (—o0, —A]. For 2?2 + 22 < 52, one has V¢(z1,12) = (0,0).
For 23 + 23 > s% and x3 € R, there holds |V¢(x1,22)| = ¢(z1,72), hence
IV (1 00) (U2, ) (21, %2, 28) - V1, 22)] < 2 ug, (01, 22, 23)| Vg, (21, 22, 23)[ [V (21, 72)]
< (uii(xl, xo,x3) + |Vug, (z1, z2, x3)|2) (1, x2).
Therefore, §'(t) > 0 for all t < —A. Since |Vul? < (1 —u?)?/2 < 1/2 in R? from [27], it then
follows that, for all s > 1 and t < —A,

K (s,t) < /11@2 (U§1($1,1‘27t) + U:%Q(xl,wz,t)) ¢(x1,2) dz1 dvg

< /2 (w2, (z1, 22, —A) + 12, (x1, 32, —A)) ¢(z1, T2) d21 d2
R

+oo
SK(s+lns,—A)+7r/ e Ppdp
s+Ins
Ins 1
:K(s—i—lns,—A)—i—ﬂ(l—l———i—f) < K(s+Ins,—A)+ 3.
S s
This completes the proof. O

With a slight abuse of notation, we also write u in the polar coordinates (in the (z1, z2)-plane)
as u(r, 0, x3). Let us now define, for s > 0,

s r—A T
(23) f(s):= / / /2 up (1,0, 23) Ugy (1,0, x3) db dzs dr.
0 J—oco JO

Note that the above integral converges absolutely for each s > 0, from Remark 9, and that
f(s) = 0ass—0.
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Lemma 13. The quantity o defined in (19) is such that o = 0.

Proof. Let us assume by way of contradiction that o > 0. Observe first that the function f is of
class C! in (0, +00) and that, thanks to (17),

fie) =2

Using the fact that g is nonnegative and g(7) — « € (0, +00] as 7 — +00, we deduce that

for all s > 0.

(24) / f(r / ( ) dr > d'lns for all s large enough,

T

with, say, @ = «a/2 > 0if 0 < @ < 400 and o =1 if @« = 400. On the other hand, one infers
from Remark 9, with here a = 0 thanks to (15), that

(25) IVu| < 2v/2eV2% in R
and from (17) that

- 21
(26) M - / / uT(Tv 07$3) 'LL1~3(T,9,[E3) dao dl‘g S 4\/§7T S 6m
T oo JO
for all 7 > 0, hence
s+Ins 9(7_)
(27) f(8+1n8)—f(s)=/ 2 2dr <6mwlns forall s > 1.
s T

Using again (25) and (26), together with the definition (20) of K and the decomposition of the
integral (23) with respect to r € [0, s] into two integrals over [1,s] and [0, 1], we get that, for all
s> 1,

1/2

—A s r2m 1/2 s 27,2
2 Ugsg
g/ {/ / rurdﬁdr] {/ / dﬁdr] dr3 +6m
—oo LJ1 Jo 1 Jo r
—A
§\/167rlns/ \/K(s,xg)eﬂx3dx3+67r.
—00
Applying inequality (21) and Lemma 12, we deduce that, for all s > 1,
—A
\/167r1n3/ \/37T+K(S—|-1I18,—A)6\/§$3dl‘g—i—ﬁﬂ'
—0o0

V8w Ins /37 +2g(s+1Ins)+67
= V8rlns\/3m+2f (s+1Ins)(s+Ins)+67.
Together with (24), it follows that f/(t)t — 400 as t — 400, and that

IN

f(s)

IN

0< f(s) <177 (s +1ns) In(s +1ns) f'(s +Ins) for all s large enough.
Thanks to (24) and (27), we then infer that, for all s large enough,

0< f(s+1Ins) < f(s)+6mIns < <1 + 6—7T) f(s)
< C1+/(s+Ins) In(s +1ns) f/(s +Ins)

with

C,=V1Tr <1+(Z> >0.
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In other words, there is 9 > 0 such that f > 0 on [ty, +00) and

f(t)
f()? 2 C?tlnt

for all t > tg.

It follows that the function

R 1 n In(Int)
fy -t
is nonincreasing on [tg, +00). But since f > 0 on [tg, +00), one has
1 n In(Int) Ly
— 00
fe) -t
as t — 4oo. This is a contradiction. Therefore, @« = 0 and the proof of Lemma 13 is thereby
complete. O

End of the proof of Theorem 1 for n = 3. As in the case n = 2, the fact that « = 0 in (17)
and (19), together with (18), implies that
|Vu(zy, 20, —A)|?
2

+ F(u(xy, e, —A)) — u3253 (1,29, —A)
- Uil(l'l,l'g,—A)+U§2(£U1,£U2,—A) - 0
for all (z1,z2) € R?. Hence

u:?:S(lea X2, _A) _ |Vu(x1,x2, _A)P

F(u(zy,x2,—A)) =

2 B 2
for all (z1,72) € R? and one concludes from [8, 27] that u is one-dimensional, namely
u(w1,22,23) = H(x3) in R3 from the second paragraph of this subsection. O

Remark 14. In higher dimensions n > 4, one could still apply the balancing condition and
define some functions g and f with formulas similar to (17) and (23) above. However, in (17),
there would be a factor s”~2 instead of s in the right-hand side. Even if Lemma 12 still extends
to that case (with the right-hand side of (22) replaced by C' + K (s + (n — 2)Ins, —A), for some
constant C' > 0 depending on n), Lemma 13 does not extend as such. In particular, one would
have f/(s) = g(s)/s" 2, and the integrability of the function 1/s"~2 at infinity does not imply
that f(+o00) = 400 if a:= g(+00) > 0, and then the end of the proof does not work.

4. HALF-SPACE THEOREMS FOR FREE BOUNDARY PROBLEMS

In this section, we are interested in half-space properties for free boundary problems. First of
all, we consider the following classical one phase free boundary problem:

{ Au = 0 in=:={u>0} CR",

28
(28) [Vu| = 1 on 0=,

where u is understood in the classical sense in = and = is globally smooth.
The existence of catenoid type solutions of this problem has been proved using an Allen-Cahn
approximation. We refer to [24] and the references therein for more discussion on this problem.
We have the following half-space property:

Theorem 15. Let n < 3 and u be a solution of (28) with |Vu| < 1. Suppose that the positive
phase = is contained in the half-space {x,, > 0}. Then u is one-dimensional, namely there is
h >0 such that = = {x, > h} and u is the one-dimensional function u(x) = x, —h in =.
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Proof. The idea of proof is same as that of Section 3.2. We sketch the proof and list the necessary
modifications. Let us only consider the case n = 3.

Up to shift in the x3-direction, one can assume without loss of generality that = is not contained
in {x3 > a} for any a > 0. From standard elliptic estimates up to the boundary, one can fix a > 0
small enough such that u,, > 0 in 2N {z3 < a}.

We still adopt the notation of Section 3.2 and, for s > 0, let 25 be the half-cylinder

Qs = {(v1,20,73) ER® 1 r? =27 + 23 < s, 23 <a}.
For € > 0, let us define
E.:={Z e E=:dist(Z,08) > ¢e}.
Let F be half the characteristic function of the interval (0,4o00), that is, F(1) = 1/2 if 7 > 0

and F(7) = 0 if 7 < 0. Then we have the following balancing formula, with X = (0,0,1) and
g€ (0,a):

/8(Qsm55) K; [Vul* + F(“)> X-v—(Vu-X)(Vu- u)} do = 0.

Sending ¢ to 0 in this identity and using the free boundary condition, we get
1
/ [( |Vu|2+F(u)>X~y—(Vu-X)(Vu~u)} do = 0.
o0,nz L\ 2

Now we extend the solution u to R? such that u = 0 in R3\Z. Still denote it as u. Then we get

/aas [<;|VU|2+F(U))X-V—(VU.X) (Vu-y)] do — 0.

Note that w is not smooth across the free boundary, but, for any Y € 0=, the quantity
(IVu(2)?/2+ F(u(2))) X - v(Y) — (Vu(Z) - X) (Vu(Z) - v(Y)) converges to 0 as Z — Y with
Z € = and it vanishes for all Z € R3\ Z.

With the same slight abuse of notation as in Section 3.2, we define, for s > 0,

S a 27
f(s)= / / / up (1,0, 23) Uy, (1,0, x3) dO ds dr.
0 —o0 JO

Since |Vu| < 1 in E, one has [Vul?/2+ 1/2 > w2, in Z, hence the function f is nonnegative,
non-decreasing and differentiable with respect to s. Similarly to the proof of Section 3.2, we can
show that, if
1
lim <|Vu|2 + F(u) — u?Cg) dxy dzg > 0,
s—+o00 {22 +22<s2} 2
then there is a positive constant C' > 0 such that
Cf?(s
f(s)> fi(), for s large.
slns
The previous inequality yields a contradiction as in Section 3.2. This then implies that
|Vu(zi,20,a)] = 1 and ug, (v1,22,a) = ug,(x1,22,a) = 0 for all (z1,22) € R? such that
(x1,22,a) € Z. Since A (|Vu\2) = 2} 1<ij<s uiixj > 0 in =, we conclude that |[Vu| = 1
and uy, = uz, = 0 in each connected component of = meeting {z3 = a}. It finally follows that
= D {z3 = a}, for a sequence (ag)ren with ax — 01 (from the normalization made in the second
paragraph of the proof) and, remembering that u,, > 0 in 2N {x3 < a}, we easily conclude that
= = {x3 > 0} and w is the one-dimensional function u(xy, z2,x3) = 3. O



HALF-SPACE THEOREMS 17

Similarly, we can consider the following double-well type free boundary problem:
{ Au = 0 in E:={Ju] <1} CR",

29
(29) IVu| = 1 on 0=.

The proof of the following result is essentially same as that of Theorem 15, and we omit the
details.

Theorem 16. Let n < 3 and u be a solution of (29) with |Vu| < 1. Suppose that {|u| < 1} is
contained in the half-space {x, > 0}. Then u is one-dimensional, namely there is h > 1 such
that 2 ={h— 1<z, < h+ 1}, and either u(x) = x, —h in E or u(z) = —(x, — h) in =.
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