Decomposition matrices for groups of Lie
type in non-defining characteristic

Olivier Dudas
Gunter Malle

Author address:

CNRS, UNIVERSITE PARIS DIDEROT, SORBONNE UNIVERSITE, INSTITUT DE MATHEMATIQUE
DE JUSSIEU-PARIS RIVE GAUCHE, IMJ-PRG, F-75013, PARIS, FRANCE.
E-mail address: olivier.dudas@imj-prg.fr

FB MATHEMATIK, TU KAISERSLAUTERN, POSTFACH 3049, 67653 KAISERSLAUTERN,
GERMANY.
E-mail address: malle@mathematik.uni-k1.de






Contents

1. Introduction

Part 1. Setting and general methods

Chapter 1. Finite groups of Lie type
1. Basic sets and uni-triangularity
2. Unipotent characters and unipotent blocks
3. Deligne-Lusztig theory

Chapter 2. Hecke algebras
1. Reduction stability
2. Embedding of decomposition matrices
3. Verifying reduction stability

Part 2. Decomposition matrices
Chapter 3. Description of the strategy

Chapter 4. Decomposition matrices at dy(q) = 2
Centralizers of (-elements

Multiplicities in the Steinberg character
Unipotent decomposition matrix of Dy(q)
Unipotent decomposition matrix of Ds(q)
Unipotent decomposition matrix of Dg(q)
Unipotent decomposition matrix of Eg(q)
Unipotent decomposition matrix of 2Dy(q)
Unipotent decomposition matrix of D5(q)
9. Unipotent decomposition matrix of ?Dg(q)
10. Unipotent decomposition matrix of *Eg(q

PN T WD

)
11.  Unipotent decomposition matrices of By(q) and C4(q)
)

12.  Unipotent decomposition matrix of Fy(q

Chapter 5. Decomposition matrices at dy(q) = 3
Even-dimensional split orthogonal groups
Unipotent decomposition matrix of Eg(q)

AR

Unipotent decomposition matrix of Fjy(q)

Chapter 6. Decomposition matrices at dy(q) = 6

iii

Even-dimensional non-split orthogonal groups
Symplectic and odd-dimensional orthogonal groups

=.

[\ NeRNe) QU W W =

— —_
w

—_
ot

QU B R W W WD NN
O~ O JOTWOo NI

S O O Ut Ot Ut
Ol > = © Ot Ot

(=)
Ne}



iv CONTENTS

1. Even-dimensional split orthogonal groups 69
2. Unipotent decomposition matrix of Eg(q) 76
3. A non-principal block of Eg(q) 78
4. Even-dimensional non-split orthogonal groups 79
5. Odd-dimensional orthogonal groups 85
6. Symplectic groups 88
7. Unipotent decomposition matrix of Fjy(q) 93
Chapter 7. Decomposition matrices at d,(q) = 5,7,8,10, 12,14 97
Chapter 8. On a conjecture of Craven 101
List of Tables 103

Bibliography 105



Abstract

We determine approximations to the decomposition matrices for unipotent ¢-blocks
of several series of finite reductive groups of classical and exceptional type over I, of low
rank in non-defining good characteristic £.
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vi ABSTRACT

1. Introduction

It is a fundamental problem in representation theory of finite groups to construct all
irreducible representations of the finite nearly simple groups, or at least determine their
dimensions. This question is open even for the family of symmetric groups. While it was
solved by Frobenius more than a hundred years ago for representations over the complex
numbers, it remains a challenging problem when the characteristic of the base field is
positive. In this manuscript we consider certain families of finite quasi-simple groups of
Lie type. For these, the ordinary characters were classified by G. Lusztig in the 1980s (see
[40]). For positive characteristic representations it is open in general. It comes in two
fundamentally different flavours. In the defining characteristic case, the representations
of the finite group are closely related to the representations of the ambient algebraic
group, to which a highest weight theory applies, but still deep problems remain. Here, we
are concerned with the other, the cross characteristic case. The main problem here can
be phrased as finding the /-modular decomposition matrices for the so-called unipotent
blocks.

We obtain very close approximations to these decomposition matrices for all finite
groups of Lie type and Lie rank at most 6, and sometimes even beyond, that is to say,
we either determine the matrices completely or up to at most a very small number of
undetermined entries.

Our motivation for doing this is at least threefold. First, it is of interest for many
applications to know the dimensions of all irreducible modules of the “small” finite simple
groups, or at least the few smallest such dimensions. Secondly, we expect that the data
obtained in this work may be useful to derive and test conjectures for example on

the number and labels of cuspidal unipotent Brauer characters,

the parameters of modular Hecke algebras,

the subdivision of unipotent characters into /-modular Harish-Chandra series,
and last not least on the shape of decomposition matrices and on individual
decomposition numbers, for example Craven’s conjecture [10].

For example, the parametrisation of cuspidal Brauer characters and of the distribution
into Harish-Chandra series for the class of unitary groups was predicted and proved based
on similar data obtained in [27]. Thirdly, we expect further applications and connections
based on the data obtained here. In fact our previous results on unitary groups [17]| and
on exceptional groups [18] have already been used by E. Norton [44] to predict and then
prove the distribution of characters into modular Harish-Chandra series.

Our results are mostly phrased under the assumption (7}) that unipotent ¢-blocks of
finite reductive groups G have uni-triangular decomposition matrix. This is known to
hold whenever ¢ and the defining characteristic of G are not too small, see [5, Thm. A].

The work is structured as follows. The first part contains definitions and some general
results. We recall some notions and results from the ordinary and modular representation
theory of finite reductive groups in Chapter 1. In Chapter 2 we derive criteria for when the
parameters of modular Hecke algebras can be obtained from a corresponding characteristic
zero situation. The second part is devoted to the determination of decomposition matrices
in the various groups under consideration. It is divided up according to the order d = dy(q)
of the size g of the finite field over which our group is defined, modulo ¢, the characteristic
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of the representations we consider. We start off with the most difficult case of d = 2,
for which the ranks of Sylow f-subgroups are the largest. Here, in Section 2.2 we prove
a general result on multiplicities in the /-modular reduction of the Steinberg character,
before we go on to treat the different families of finite quasi-simple reductive groups.

In the subsequent Chapters 5 and 6 we consider decomposition matrices for the cases
d = 3 and d = 6 respectively. At the end of each section we give an overview of the
distribution into Harish-Chandra series observed in the blocks under consideration. Fi-
nally, in Chapter 7 we discuss the ~-modular Brauer trees when d > 7. In the last chapter
we check that our results are in agreement with a conjecture of Craven, and indicate
in Proposition 8.2 which further decomposition numbers would follow if this conjecture
holds.

Acknowledgement: The computation of Harish-Chandra and Deligne-Lusztig induc-
tion (and thus restriction) of unipotent characters was done in Jean Michel’s develop-
ment version of the Chevie system [43] using in particular the command LusSzTIGINDUC-
TIONTABLE. We thank him for having provided this and various further very convenient
functionalities. Chapter 8 was written after an observation by Emily Norton. We thank
her for her valuable suggestion as well as for her help in the proof of Proposition 6.15.






Part 1

Setting and general methods






CHAPTER 1
Finite groups of Lie type

1. Basic sets and uni-triangularity

Let ¢ be a prime number and (K, O, k) be an {-modular system which we assume
to be large enough for all the finite groups encountered. More specifically, since we will
be working with ¢-adic cohomology we assume throughout this paper that K is a finite
extension of the field Q, of /-adic numbers.

Let H be a finite group. A representation of H will always be assumed to be finite-
dimensional. The set of irreducible characters (resp. irreducible Brauer characters) will
be denoted by Irr H (resp. IBr H). Given a simple kH-module N, we shall denote by ¢y
(resp. Py, resp. Wy) its Brauer character (resp. its projective cover, resp. the ordinary
character of its projective cover). The restriction of an ordinary character x of H to
the set of ¢'-elements will be denoted by x°, and referred to as the ¢-modular reduction
of x (or sometimes just the ¢-reduction of x). It decomposes uniquely on the family of
irreducible Brauer characters of H as

X = Z dyp -

o€IBr H

The non-negative integral coefficients (dy ,)yenr mpcir # form the ¢-modular decomposi-
tion matriz of H. Equivalently, if ¢ = ¢ is the Brauer character of a simple kH-module
N, then the character of its projective cover satisfies Uy = > dy., x by Brauer
reciprocity.

We denote by (—; —) g the usual inner product on the space of K-valued class functions
on H. If N is a simple k H-module with Brauer character ¢ and P a projective kK H-module
with ordinary character ¥ then (¥; p) = dim Homyy (P, N) gives the multiplicity of Py
as a direct summand of P.

Recall that a basic set of characters is a set B of complex irreducible characters of H
such that B° = {x° | x € B} is a Z-basis of ZIBr H. This means that the restriction of
the decomposition matrix to B is invertible over Z.

x€lhrr H

According to Brauer, the ordinary and /-modular irreducible characters of H are
subdivided into ¢-blocks such that the decomposition matrix is block diagonal with respect
to this partition. It then also makes sense to speak of basic sets of individual ¢-blocks.
Now assume that we have a basic set B for an ¢/-block b of H ordered in such a way that the
decomposition matrix of b with respect to B is known a priori to be lower uni-triangular.
Then this facilitates very much the explicit determination of this decomposition matrix
as explained in the following example.

EXAMPLE 1.1. Let B = {p1,...,p.} CIrrd be a basic set of a block b of H such that
the decomposition matrix is known to be uni-triangular with respect to this ordering,

3



4 1. FINITE GROUPS OF LIE TYPE

and let {¥q,..., U, } be the corresponding projective indecomposable modules (PIMs for
short) in b. Then:

(a) If ¥ is a projective character in b that involves p; but no p; with j < i then ¥, is a
direct summand of .

(b) More generally, let ¥, ¥’ be two projective characters such that ¥ — ¥’ involves p;
with positive multiplicity, but no p; with j < 7. Then ¥; is a direct summand of W.

Thus, under certain conditions known PIMs can be subtracted from given projectives,
and in this way a set of projective characters can be partially echelonised.

2. Unipotent characters and unipotent blocks

Let G be a connected reductive linear algebraic group over Fp, and F': G — G be
a Frobenius endomorphism with respect to an F -structure. (In particular, we do not
consider Ree and Suzuki groups here.) We let (G*, F') be a Langlands dual group to
(G, F). We let G := GI and G* := G*I" denote the associated finite reductive groups.
Throughout, whenever H < G is an F-stable subgroup we write H = HF.

Recall from [12, §13] that the irreducible characters of G over K fall into rational
Lusztig series attached to conjugacy classes of semisimple elements in G*. Given s a
semisimple element of G* we denote by £(G, s) the corresponding Lusztig series. The
unipotent characters of G are by definition the elements of £(G, 1), and the unipotent
(-blocks are the blocks that contain at least one unipotent character. By Broué-Michel
(see [7, Thm. 9.12]), the irreducible characters lying in the unipotent blocks are exactly
those lying in U;E(G, t), for ¢ running over the (-elements of G*.

Unipotent characters were classified by Lusztig [40]. When working with explicit
characters later, we will use the notation in [8] for exceptional groups. For classical
groups, we will denote by [A] a unipotent character parametrised by a partition or a
bipartition .

ASSUMPTION 1.2. Throughout this work we shall make the following assumptions on £:

e ( #+ p (non-defining characteristic),
e ( is very good for G. (i.e., { is good for G and { divides neither |Z(G)/Z°(G)]
nor |Z(G*)/Z°(G*)|).

Note that both conditions are inherited by all Levi subgroups of G, so that inductive
arguments can be applied.

In this situation, the unipotent characters lying in a given unipotent ¢-block b of G
form a basic set of this block (see [24, 22]). Consequently, the restriction of the decom-
position matrix of b to the unipotent characters is invertible and the whole decomposition
matrix of the unipotent blocks can be recovered from these unipotent parts together with
the ordinary character table. This square matrix will be referred to as the unipotent ¢-
decomposition matriz of G. In particular every (virtual) unipotent character is a virtual
projective character, up to adding and removing some non-unipotent characters. In addi-
tion, under our Assumption 1.2 on ¢, not only the parametrisation of unipotent characters
but also the decomposition matrix of the unipotent ¢-blocks is independent of the isogeny
type of G (see [7, Thm. 17.7]). Therefore, we will not specify it in our statements and
proofs.
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Furthermore, under these assumptions on ¢, the basic set is widely expected to be
uni-triangular. This means that one can order the set of unipotent characters and unipo-
tent Brauer characters in such a way that the unipotent decomposition matrix has uni-
triangular shape (see [25, Conj. 3.4]). More precisely, in many of our proofs we will
assume the following property of a finite group of Lie type G at a prime ¢:

(Ty;) The decomposition matriz of the unipotent €-blocks of G has a uni-triangular
shape with respect to any total ordering of the unipotent characters compatible
with the order on families.

This has recently been shown when p is a good prime for G (see [5, Thm. A]).

The unipotent ¢-blocks of the finite reductive groups are known by the work of Fong—
Srinivasan [19], Broué-Malle-Michel [4] and Cabanes-Enguehard [6]. We will use these
results throughout without further reference.

3. Deligne—Lusztig theory

We fix an F-stable maximal torus T of G contained in an F-stable Borel subgroup
B of G. Such a torus is said to be mazimally split (or sometimes quasi-split as in [12]).
Given an F-stable Levi complement L of a parabolic subgroup P of G, we denote by RY
and "RY the Deligne-Lusztig induction and restriction maps

RS . ZIrr \L — ZIrr \G and  *RY : ZIrr \G' — ZIrr L

where A is the field K or k. We will only use them when in a situation where they do
not depend on P, which justifies our notation. We refer to [1] for conditions ensuring the
independence from the parabolic subgroup. When P can be chosen to be F-stable — in
which case we will say that L is a 1-split Levi subgroup of G — these coincide with the
Harish-Chandra induction and restriction map induced by the Harish-Chandra induction
and restriction functors. These will be also denoted by R¢ and *R¢.

Let t be a semisimple element of G*. Assume that L* := Cg-(t) is a Levi subgroup
of G*, in duality with an F-stable Levi subgroup L of G. Since t € Z(L*), the element
t corresponds to a linear character of L = L, which we will denote by ¢. By (12,
Thm. 13.25] there is a sign ¢ € {1} which depends only on L, G and F such that the
maps

~ cRG
e(L,1) =25 e(L,1) s g(a, 1)

are bijections. When ¢ is an (-element and p a unipotent character of L, the irreducible
character eR¥(p ® 1) lies in a unipotent block of G. Consequently, its f-reduction can be
written uniquely as a linear combination of the /-reductions of unipotent characters, which
form a basic set. On the other hand, the (-reduction of ¢ is trivial, therefore by [12, Prop.
12.2] the character e RS (p®@1) has the same f-reduction as the virtual unipotent character
eR%(p). This will prove to be a powerful tool to derive relations on the decomposition
numbers of (G, as shown in Example 1.4.

LEMMA 1.3. Let t be a semisimple (-element of G* such that Cg+(t) = L* is a Levi
subgroup of G* with dual L < G. Then for every unipotent character p of L, eRS(p)° is
a non-negative linear combination of irreducible Brauer characters.
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EXAMPLE 1.4. Let G = PGLy(q) and hence G* = SLy(g). The unipotent characters
of G are Stg and 1g. There are semisimple element ¢ € G* with eigenvalues {\, A\7'}
for every A € F,. satisfying A2 = A™'. When X\ # =£1, such an element is regular. If
(| (¢+1) is an odd prime number, then one can take A to be a non-trivial ¢-element. The
corresponding semisimple element ¢ is a regular /-element of G*, therefore L* = Cg«(t) is
a maximal torus of G*. By Lemma 1.3, the ~-modular reduction of the virtual character
—Rf(l L) = Stg — lg is a non-negative combination of irreducible Brauer characters.
This shows that when /¢ is an odd prime number dividing ¢ 4+ 1, then the /-reduction
of Sts contains at least one copy of the trivial Brauer character and the unipotent /-
decomposition matrix has the following shape

1o |1
Stgal

with @ > 1 (the coefficient 1 in the bottom right corner comes from the fact that this
square matrix is invertible since the unipotent characters form a basic set for the unipotent
blocks). We have —R%(11)° = (a — 1)y, + g4

Let W := Ng(T)/T denote the Weyl group of G. It is a finite Coxeter group with dis-
tinguished set of generators S and associated length function . Recall from [8, Prop. 3.3.3]
that the G-conjugacy classes of F-stable maximal tori of G are parametrised by the F-
conjugacy classes of W. Given w € W, we will denote by T, a torus of type w with
respect to T and we will write R, := RS, (17,). This is a virtual character of G all of
whose constituents are unipotent characters.

As pointed out above, under our Assumption 1.2 the unipotent characters form a basic
set for the unipotent blocks. Therefore R,, can be seen as the unipotent part of a virtual
projective module R,,. The decomposition of R, on the basis of characters of PIMs can
be read off from the decomposition of R, on the family of unipotent parts of characters
of PIMs. Given a simple kG-module N, the coefficient of Wy on R, will refer to the
coefficient of Uy on R,, which is given by (R,;¢n). The following proposition gives
some control on the sign of this coefficient (see [15, Prop. 1.5]).

PROPOSITION 1.5. Let w € W. If Uy does not occur in R, for any v < w in the
Bruhat order on W then the coefficient of ¥y in (—1)"®) R, is non-negative.

ExAMPLE 1.6. As in Example 1.4, we work with G = PGLy(¢q) and an odd prime
number ¢ dividing ¢+ 1. There are two elements in the Weyl group of G, namely the trivial
element e and the simple reflection s. The Deligne-Lusztig characters are R, = 14 + Stg
and R, = 1g —Stg. With the decomposition matrix given in Example 1.4 they decompose
on the basis of PIMs as

R. =", + (1 — a)Ug and Ry =V — (14 a)V¥s;.

By Proposition 1.5 we have 1 — a > 0, which forces @« = 1. Therefore Uy does not
occur in R.; it has a cuspidal head and Wg; occurs with multiplicity 1 + a = 2 in —R,,
a non-negative number, as predicted by Proposition 1.5. The unipotent ¢-decomposition
matrix is hence

g | 1

St | 11

ps ¢
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The projective character corresponding to the first column lies in the principal series
(indicated by the label “ps”), while the second one is cuspidal (and therefore labelled “c”).

If w e W is such that wF is a d-regular element (in the sense of Springer [47]) for
some d > 1 then T, contains a (Sylow) ®4-torus S of G such that Cg(S) = T,,. For d the
order of ¢ modulo ¢, under suitable conditions on the ¢-part ®4(q), of the dth cyclotomic
polynomial ®,; evaluated at ¢, the dual torus (S*)¥ contains an /-element ¢ such that
Ca+(t) = T% (see Proposition 4.1 for the case d = 2 and the examples below). In that
case by Lemma 1.3, (—=1)!®)(R,)° is a non-negative linear combination of irreducible
Brauer characters.

ExAMPLE 1.7. (a) Let G be a group of type C,,(q). Then a regular semisimple element
of G is an element of G with 2n distinct eigenvalues of the form {Af', ..., A¥} in the
natural 2n-dimensional matrix representation that are permuted under the Frobenius map
A — A9, If the eigenvalues are f-elements and d is the order of ¢ modulo ¢, then each
eigenvalue has an orbit under F' of size d, therefore d must divide 2n. In that case regular
(-elements of G exist whenever ®4(q), > 2n.

(b) Let G be a group of type D,,(q). There are two types of regular semisimple elements
of odd order: elements of G with 2n distinct eigenvalues of the form {A\f',... A},
or elements with 2n — 2 distinct eigenvalues {AF!, ... A} and two eigenvalues both
equal to 1. If such an element is F-stable then d, the order of ¢ modulo ¢, divides 2n
or 2n — 2 respectively. It can be chosen to be an f-element provided that ®4(q), > 2n or
®4(q)e > 2n — 2 respectively.

(c) Let G be a group of type ?D,(q) with n odd. Then wyF acts as —q on the set
of characters and cocharacters of T. Let e be the order of —g modulo ¢. Using Ennola
duality we deduce from (b) that when e divides 2n and ®.(q), > 2n (resp. when e divides
2n — 2 and ®.(q), > 2n — 2) then there exists a regular ¢-element of G.

(d) Let S be an F-stable torus of G* with S = S¥ of order ®,4(q) (a ®4-torus of rank 1).
If £ is good and does not divide the order of (Z(G*)/Z°(G*))¥ then by [7, Lemma 13.17],
the d-split Levi subgroup L* = Cg«(S) of G* is also equal to Cg+(Se), the centraliser of

a Sylow f-subgroup S, of S. Consequently, if ¢ € Sy is any generator of the cyclic group
Sy then L* = Cg-(t).






CHAPTER 2

Hecke algebras

Let A be one of K, O or k. Throughout this chapter, let L be a 1-split Levi subgroup
of G, that is, an F-stable Levi complement of an F-stable parabolic subgroup of G. In
this case the maps RY and *R¢ introduced in §1.3 are induced by the Harish-Chandra
induction and restriction functors, which we still denote by RY and *R¢.

Throughout this section we shall assume that Z(G) is connected so that the results
in [40, §8] apply.

1. Reduction stability

A AL-module X is cuspidal if it is killed under every proper Harish-Chandra re-
striction. In that case the algebra He(L, X) := Endag(RY(X)) has a very specific
structure. When A = K and X is simple, Lusztig showed in [40, §8.6] that the group
Wea(L, X) := Ng(L, X)/L admits a structure of a Coxeter system and Hq(L, X) is an
Iwahori-Hecke algebra associated to Wg(L, X). More precisely, if Sg(L, X) denotes the
set of simple reflections associated to the Coxeter structure then Hg (L, X) has a K-basis
{Tw}wewe 1, x) satisfying, for all s € Sq(L, X) and w € W (L, X)

TsTw _ Tsw if SWw >' w,
(gs — V)Tgw + qsT,  otherwise.

In addition the parameters {gs}scs,(z,x) can be computed explicitly. They are actually
already determined by the Hecke algebras of the cuspidal module X inside the minimal
Levi overgroups of L in G. When A = k, the endomorphism algebra was studied for
example in [27]; is can still be shown to be closely related to an Iwahori-Hecke algebra, but
much less is known about the parameters. The best situation occurs when the normaliser
of the cuspidal lattice is invariant under change of scalars, as studied in [21, §2.6]. More
precisely, given an OL-lattice X we will say that RY(X) is reduction stable if

(1) KX is irreducible, and

In that case Hqg (L, kX)) is an Iwahori-Hecke algebra whose parameters are the ¢-reduction
of the parameters of the Iwahori-Hecke algebra Hqg(L, KX).

PROPOSITION 2.1 (Geck). Let X be a cuspidal OL-module. If R¢(X) is reduction
stable then there is an O-basis {1 }wewqr,x) of Ha(L, X) endowing it with a structure
of an Twahori—Hecke algebra.

Furthermore, if A is one of K or k then {1a®o Ty }wewq(L,x) @5 a A-basis of Ha(L, AX).

9



10 2. HECKE ALGEBRAS

The standard setup for reduction stability is when both KX and kX are simple
modules. In that case it is enough to check that Ng(L, KX) = Ng(L, kX). We will often
need to work with a slightly more general setup.

PROPOSITION 2.2. Let X be a non-zero cuspidal OL-lattice. We assume that

(1) the head Y of kX is a simple module;
(2) Ne(L, KX) = Ng(L,Y); and
(3) Homy (“(kX),rad(kX)) =0 for all w € Ng(L).

Then RS (X) is reduction stable. Furthermore, Hg(L,kX) ~ Ha(L,Y).

PRrROOF. First note that Ng(L,X) C Ng(L,kX) C Ng(L,Y) = Ng(L, KX) where
the second inclusion comes from the fact that the head of kX is the simple module Y.
Therefore we only need to show that Ng(L, KX) C Ng(L, X) to prove the reduction
stability.

Let w € Ng(L). Consider the short exact sequence of kL-modules

0 —rad(kX) — kX — Y — 0.

Since Homyy (*(kX),rad(kX)) = 0 by (4), the covariant functor Homy,(*(kX), —) gives
an injective map

Wy Homyp (Y(kX), kX) — Homyp (Y(kX),Y).
On the other hand, with the head of *(kX) being “Y we have a natural isomorphism
¢w . HOIﬂkL(wY, Y) ~ HOHlkL<w(I€X>, Y)

induced by the map “(kX) — Y. This shows that Homy(“(kX), kX ) has dimension at
most 1. Now let w € Ng(L, KX). Since KHomp. (Y X, X) ~ Homg,(Y(KX), KX) we
must have that Home,(* X, X) is non-zero. On the other hand, the natural map

/{ZHOIII@L(wX, X) — HOHlkL(w(ICX>, ]{?X)

is an embedding. By the previous observation on the dimension of Homy, (¥ (kX), kX)), we
deduce that it must be an isomorphism and that Homy,(*(kX), kX ) ~ k. Consequently
1, 1s also an isomorphism. In particular, any non zero morphism from “(kX) to kX
will send the head of YkX to the head of kX and therefore must be an isomorphism.
This shows that “(kX) ~ kX. In addition, since kHompr (Y X, X) ~ Homy,(*(kX), kX)
then we also have “X ~ X by Nakayama’s lemma. This proves that R¥(X) is reduction
stable. Note that the fact that Endgz(kX) has dimension 1 forces KX to be a simple
K L-module.

Note that if w ¢ Ng(L,Y") then v, is the zero map, therefore it is also an isomorphism
in that case. Let 7 : kX — Y. By adjunction and the Mackey formula, the natural map
Endye (RS (kX)) — Homye (RS (kX), RE(Y)) induced by R¢ () is an isomorphism since
for all w € Ng(L) each map v, : Homyp, (¥ (kX), kX) — Homg (¥ (kX),Y) is an isomor-
phism. The same holds for the natural map Endgq (RS (Y)) — Homye (RS (kX), RE(Y))
since ¢,, is an isomorphism for all w € Ng(L). The combination of the two gives the
asserted isomorphism Endyg (RS (kX)) ~ Endye (R (Y)). O
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2. Embedding of decomposition matrices

Let X be a cuspidal simple kL-module. Then the simple representations of the al-
gebra Hg(L, X) encode the simple kG-modules occurring in the head of RY(X), that is
the simple modules lying in the Harish-Chandra series above the cuspidal pair (L, X).
In addition, when X comes from a reduction stable O L-lattice X , one can compute the
decomposition of RY(Px) into PIMs using the decomposition matrix of Hg(L, X), as ex-
plained in [14, §3]. This gives a powerful method to compute the decomposition numbers
of G for PIMs whose heads lie in the series above (L, X). As in the previous section, we
explain how to generalise this method when X is no longer simple.

PROPOSITION 2.3. Let X be a cuspidal OL-lattice. We assume that
(1) the head Y of kX is a simple module;
(2) Ne(L,KX) = Ng(L,Y); and
(3) Homy (" Py,rad(kX)) =0 for all w € Ng(L).
Then RY(X) is reduction stable, Hg(L,kX) ~ Hg(L,Y) and the decomposition matriz
of Ha(L, X) embeds into that of G.

PROOF. Let w € Ng(L). Condition (3) implies that *Y" is not a composition factor
of rad(kX) which shows in particular that Homg (*(kX),rad(kX)) = 0. Therefore the
conditions of Proposition 2.2 are satisfied and we deduce that R¥(X) is reduction stable
and He(L, kX) ~ Hq(L,Y).

To show the statement on the decomposition matrices we only need to check the
condition (D) given in [29, 4.1.13, 4.1.14]. Since the head of kX is simple, equal to
Y, we have a surjective map Py — kX, which induces a surjective map R%(Py) —»
RY(kX). Let Py be the projective OL-module which is the (unique) lift of Py, and
let P := RS(Py). Since P is projective we have a map P — RY(X) which lifts the
surjective map RY(Py) — RY(kX). By Nakayama’s lemma it should also be surjective.
Now condition (D) is equivalent to

(KP; RY (KX)o = (RE(KX); RY (K X))
To verify it we use the condition (3), the Mackey formula and cuspidality. We have
(KP;RY(KX))g = (R{(KPy); RE(KX))a = >, (KPy;"KX)q.
weNg(L)/L
Now (K Py;" K X )¢ equals the multiplicity of Y as a composition factor of kX, which by
(3) is also the multiplicity of Y in Y = kX /rad(kX). It is therefore 1 if w € Ng(L,Y) or 0
otherwise. By (2) we have Ng(L,Y) = Ng(L, KX) hence (KPy; " KX)o = (KX;"KX)¢
and we are done. O

For convenience we state a version of Proposition 2.3 when Ng(L, kX) is as big as
possible, in which case condition (3) becomes simpler.

COROLLARY 2.4. Let X be a cuspidal OL-lattice in a block b of OL such that

(1) the head Y of kX is a simple module;
(2) Ng(L,Y) = Ng(L, KX) = Ng(L,b); and
(3) Y occurs only once as a composition factor of kX.
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Then RY(X) is reduction stable, Hg(L,kX) ~ Hg(L,Y) and the decomposition matriz
of Ha(L, X) embeds into that of G.

ExAMPLE 2.5. Let x be a cuspidal ordinary irreducible character of a 1-split Levi
subgroup L of G.

(a) Assume that x lies in a block b with cyclic defect groups. Let Y be any kL-composition
factor of the f-reduction of x. Then by Green [32] there exists an OL-lattice X with
character x such that kX is uniserial, has mutually distinct composition factors, and
has X as its head (the various composition factors are labelling the edges incident to
the vertex labelled by y in the Brauer tree of b). Then the assumptions of Corollary
2.4 are for example satisfied whenever Ng(L, b) acts trivially on the Brauer tree and
on the character Y.

(b) Assume that the f-modular reduction of x has only two composition factors, say Y
and Z, and that Y is self-dual. Then there exists an OL-lattice X with character
x or x* such that kX is uniserial with head Y. In that case it is enough to check
assumption (2) of Corollary 2.4. Note that it can be checked equivalently on Y or Z.

(c) More generally, assume that Y is a simple kL-module occurring in the ¢-modular
reduction of y with multiplicity one. In other words we assume that (Uy;x), = 1.

Denote by Py a projective OL-module lifting Py. Let

€ = E €p

pEIrr b {x}
where e, is the central idempotent associated to the irreducible character p. Then

N = €ﬁy N ﬁy is a pure OL-submodule of ﬁy and X = JBY/N is an O L-lattice with
character y such that kX has simple head Y. In particular, X satisfies conditions (1)
and (3) of Corollary 2.4.

3. Verifying reduction stability

Let us comment on how to guarantee the assumptions of Corollary 2.4 in certain
situations. In this work, we will solely be concerned with unipotent blocks of finite
reductive groups G = G¥. By [7, Thm. 17.7] unipotent characters and unipotent Brauer
characters are insensitive to the centre of the group whenever ¢ is very good, therefore
we may assume that G has connected centre. Now let L be an F-stable Levi subgroup
with a cuspidal O L-lattice X such that the head of kX is simple. If X lies in a unipotent
block then it is trivial on Z(L). Now Ng(L) = Ng(L)" induces algebraic automorphisms
of L, hence inner, diagonal and graph automorphisms. If G has connected centre, then
so has L, and all diagonal automorphisms of L are inner; hence Ng(L)! induces graph
automorphisms on L. Then there exists an Ng(L)-stable OL-lattice X’ with kX' = kX
if one of the following holds:

e [L,L] does not have non-trivial graph automorphisms;

e [L,L] is a product of simple factors regularly permuted by the graph automor-
phisms induced by Ng(L) (since then we may choose a lift in one of the factors
and then take the product over the Ng(L)-orbit).

This will deal with most of the cases we encounter. It thus remains to discuss situations
in which Ng (L)% induces non-trivial graph automorphisms on a simple factor of L%
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CHAPTER 3

Description of the strategy

We keep the notation and setup from the previous chapter. In particular, G is a
connected reductive linear algebraic group, F' : G — G is a Frobenius endomorphism
with respect to an F -rational structure and G = G*' is the corresponding finite group of
Lie type.

In our proofs we shall use the following tools, most of which already served well in our
papers [17, 18]:

(HCi) Harish-Chandra inducing PIMs from proper Levi subgroups and cutting by a
block of G gives projective characters, which are hence non-negative integral
linear combinations of PIMs of . Similarly, projective characters can also be
obtained by Harish-Chandra restricting projectives from a larger group contain-
ing GG as a Levi subgroup, or by a succession of such steps.

(HCr) If ¥ is a projective character of G such that no non-zero proper subcharacter has
the property that its Harish-Chandra restriction to any Levi subgroup L of G
decomposes non-negatively on the PIMs of L, then ¥ is the character of a PIM.

(H) The number of Brauer characters in a Harish-Chandra series equals the number
of simple modules of the Hecke algebra H of the corresponding cuspidal Brauer
character. More precisely, the decomposition of induced PIMs in that series can
be read off from the corresponding decomposition for H (see Proposition 2.3).

(Csp) There exist cuspidal unipotent Brauer characters for G if and only if the cen-
traliser of a Sylow ¢-subgroup of G is not contained in any proper 1-split Levi
subgroup (see [27, Cor. 2.7]).

(St) The ¢-modular Steinberg character of G, i.e., the unique unipotent Brauer con-
stituent in the /-modular reduction of an ordinary Gelfand—Graev character of
(G, is cuspidal if and only if a Sylow f-subgroup of G is not contained in any
proper 1-split Levi subgroup of G (see [27, Thm. 4.2]).

(DL) Let w € W and W be the character of a PIM of G. If ¥ does not occur in
the Deligne-Lusztig character R, for any v < w then the coefficient of ¥ in
(—=1)!™) R, is non-negative (see Proposition 1.5).

(Red) Let L be an F-stable Levi subgroup of G such that L* is the centraliser of
a semisimple ¢(-element of G*. Then there is a sign ¢ € {£1} such that for
any unipotent character p of L, eR¥(p)° is a non-negative linear combination of
irreducible Brauer characters (see Lemma 1.3).

(Tri) Assume that the (unipotent) decomposition matrix of G is uni-triangular with
respect to some total ordering of unipotent characters compatible with increasing
a-values. Then, we can partially echelonise any set of projective characters of G
(as explained in Example 1.1).

15
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REMARK 3.1. When / is very good for GG there is an F-equivariant bijection between
the conjugacy classes of f-elements of G and of G* preserving the centralisers (see [24,
Prop. 4.2]). Therefore in that case the assumptions of (Red) hold for G whenever they
hold for the dual group G*.

Throughout, for a prime ¢ and a finite reductive group G defined over F, we will
denote by d = dy(q) the order of ¢ modulo ¢. Our results turn out to be uniform in d, not
depending on the prime ¢ (once ¢ is large enough with respect to the root system of G).

We will not consider the case d = 1, since there by a result of Puig for all large enough
primes the unipotent decomposition matrix is always the identity matrix. Indeed, in this
case the ¢-blocks are unions of Harish-Chandra series and all Hecke algebras are semisimple
after reduction modulo ¢. Furthermore, we will not deal with the case when d = 4 since
this was already considered in our predecessor paper [18]; we shall only indicate how some
of the remaining unknowns can be computed using (77), see Remark 8.4. Finally, we will
not consider the general linear groups, as their unipotent decomposition matrices were
determined up to rank 10 by James [37], nor the general unitary groups whose unipotent
decomposition matrices up to rank 10 were computed in [27] for linear primes and in [17]
for unitary primes.



CHAPTER 4

Decomposition matrices at d;(q) = 2

In this section we determine decomposition matrices for unipotent /-blocks of various
classical and exceptional groups over I, for primes ¢ dividing ¢ + 1. This is by some
measure the most complicated case since the ranks of Sylow ¢-subgroups for such primes
are generally larger than for any prime ¢ with d,(q) > 3. Nevertheless, we obtain almost
complete results in the cases considered.

1. Centralizers of /-elements

Recall that G is connected reductive with Frobenius map F', T is a maximally split
torus of G and B is an F-stable Borel subgroup containing it. We denote by ® the set of
roots of G with respect to T, by ®* the set of positive roots corresponding to B, and by
A the set of simple roots. Given o € ® we write ht(a) for the height of «, that is the sum
of the coefficients of o expressed in the basis A. The Weyl group of ® can be identified
with the Weyl group W of G.

To any subset I of S there is a corresponding parabolic subgroup W; of W and a
standard Levi subgroup L; = (T, W;) of G. When [ is F-stable then L; is F-stable and
is a 1-split Levi subgroup of G. In this section we shall rather be interested in the 2-split
Levi subgroups as defined, e.g., in [4, p. 17]. They are obtained as centralisers of ®o-tori,
which are F-stable tori of G of order (¢ + 1)" for some r > 0. Let wy be the longest
element of W and by S the set of simple reflections in W corresponding to A. In the case
where woF' acts trivially on S \ I then the pair (L;, woF') is conjugate to a pair (L, F)
where L is a 2-split Levi subgroup. We give here some further conditions on ¢ to ensure
the existence of an /-element whose centralizer is L. This will be needed in order to use
the method (Red) from Chapter 3.

PROPOSITION 4.1. Let I C S be a subset of the set of simple reflections of W and Lj;
be the corresponding standard Levi subgroup of G. We assume that

(1) woF acts trivially on S\ I;

(2) ¢ is very good for G; and

(3) (g+1)¢ > ht(m/()) for all « € T, where 7y is the projection of Z®" to ZPL .
Then there exists t € Z°(Ly)*F such that Cg(t) = L;.

PROOF. Let myq : G — Guq = G/Z(G). From [12, Prop. 2.3] it follows that
Taa(Cg(t)) = Cg,, (maa(t)) for any semisimple element ¢t € G. Since ( is very good,
both Z(G)/Z°(G) and Z(G*)/Z°(G*) are {'-groups. The first one ensures that any /(-
element of G4 lifts to an f-element of GG, whereas the second implies that the centralisers
of (-elements are connected by [12, 13.14(iii) and 13.15(i)]. Finally, by [7, Prop. 13.12]
we also have that Z(L)/Z°(L) is an ¢’-group for any Levi subgroup of G. This shows that
we can assume that G is semisimple of adjoint type without loss of generality.

17
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Write A = {ay,...,a,} C X(T) and denote by {ws,...,w,} C Y(T) the dual basis
for the pairing between characters and cocharacters. Here X (T) is the lattice of characters
of T whereas Y (T) is the lattice of cocharacters. We reorder the simple roots so that
{ai,...,a,} are the simple roots corresponding to the simple reflections in S ~\ I.

Given A\ € F: we consider the semisimple element
t(A\) == w1 (Nwa(A) -+ i (A)
of G. If a =>""" | z;0; € X(T) then
(1) a(t(N)) = AZimwi = \hmr(e)
where 7/ is the projection of Z®" to Z®E ;. In particular ¢(\) lies in the kernel of every
root a € @y, therefore it lies in Z(L;). In addition, woF (w;) = —qw; for every i < m.

Indeed, by assumption (1) woF permutes the elements in I but fixes the elements in S\ 1.
Therefore we have

= (woF(@i), a;j) + ¢(@i, o)
= (@i, woF () + q{wi, o)
= (@i, wol () + ¢0; ;.

(woF(wz) -+ quo;, Oéj>

If j > m then woF(a;) € Z®; therefore (w;, woF(c;)) = 0 whereas if j < m we have
woF(a;) = —qoj and hence (w;, woF (o)) = —qd; j. In each case (woF(w;)+qw;, o) =0
which proves that wyF'(w;) = —quw; for all i < m. We deduce that ¢()\) is wyF-stable
whenever ) is an /-element satisfying A9 = A7

By (1) and assumption (3), there exists an (-element A of F; such that A9 =1 and

a(t(N)) # 1. By [12, Prop. 2.3] this implies that Cg&(t(\)) = L;. But since ¢ is very good
the centraliser of every (-element is connected by [12, 13.14(iii)]. U

2. Multiplicities in the Steinberg character

Before considering individual series of groups, we first prove a general result. It demon-
strates how Deligne-Lusztig characters can be used to obtain relations between the entries
of decomposition matrices of unipotent ®9-block, yielding new decomposition numbers in
the “bottom right corner” of the matrix. This is the part of the decomposition matrix
about which Harish-Chandra methods usually yield the least information.

We call
h =1+ max{ht(a) | @ € "}
the Cozeter number of G. When & is irreducible, it equals the order of any Coxeter
element of W (see [3, Prop. VI.1.31]).
THEOREM 4.2. Let G be connected reductive. We assume that
(1) woF acts trivially on W ;
(2) ¢ is very good for G; and
(3) (¢ + 1), > h, where h is the Cozeter number of G.

Then there ezists a linear character 0 of T,,, in general position such that 0° =1 and

(_1)l(w0)ng0 (9)0 —_——
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PRrROOF. Let (G*, T* F') be in duality with (G, T, F'). By Proposition 4.1 applied to
G* and I = (), there exists an (-element t € T}; such that Cg-(t) = T*. Therefore t is a
regular (-element. Under the duality, this shows that there exists an irreducible character
0 of T,,, in general position such that ° = 1.

By [39, Cor. 2.10] the property that € is regular implies that xy = (—1)1(“’0)]%%0 (0)
is an irreducible character. Furthermore, since wgF' is central wy lies in a cuspidal F-
conjugacy class of W which implies that xy is a cuspidal character by [39, Cor. 2.19]. In
particular, any irreducible Brauer character ¢ occurring in xj is also cuspidal.

Since 6 is an (-character then xj = (—1)1(“’0)]%%0 (1)°, which gives the expression of xj
on the basic set of unipotent characters. We denote by Ps; the unique projective indecom-
posable summand of a Gelfand-Graev character which contains the Steinberg character
St of G, and by Wg; its character. The Steinberg character occurs with multiplicity 1 in
Ug; and any other constituent is non-unipotent. Since (ngo(l); St) = <RGWO(1); Ugy) =
(—1)4w0) (see for example [12, Cor. 12.18(ii)]) we deduce that pg; occurs with multiplicity
one in xj.

We need to show that no other Brauer character can occur. Recall from §3 that
for w € W, we denote by R, a virtual projective character obtained by adding and
removing suitable non-unipotent characters to R,, = ng(l). The orthogonality relations
for Deligne-Lusztig characters, together with the fact that R,,, contains only unipotent
constituents, yield the following relation for w # wy:

(2) 0= (RS, (1); (1™ RE, (1)) = (Rusxg) = D> (Ru; o) (Wi X5)-

p€elBr G

Note that since yy is cuspidal, the Brauer characters contributing to this sum are all cusp-
idal. Let w # wp be of minimal length in its conjugacy class. We prove by induction on its
length I(w) that for every cuspidal Brauer character ¢, if (R,,;¢) # 0 then (¥,; x5) = 0.
This already holds for any element w lying in a proper F-stable parabolic subgroup since

in that case there are no cuspidal Brauer characters ¢ such that (R,; ) # 0. Assume
now that the property holds for any v € W such that [(v) < l[(w). If ¢ is an irreducible

Brauer character such that (R,;¢)(V,;x§) # 0, then by induction, ¥, cannot occur in
any R, for [(v) < l(w). It follows from Proposition 1.5 that (—1)!®)(R,: ) > 0, so that
(—=1){@)(R,,; ©) (V5 x5) > 0 which contradicts (2).

In other words, if ¥, occurs in some R, for w # wy then ¢ is not a constituent of
Xg- It remains to see that all the PIMs but one will actually occur. Note that since

(Xg; ¢st) = 1 we already know that Wg; occurs only in R,,,. Let ¢ # pg; be an irreducible
Brauer character. Let us consider the virtual projective character

weW

Its unipotent part equals St, therefore we must have @ = Wyg;. In particular, ¥, does not
occur in ). We deduce that if ¥, does not occur in R, for all w # wy, then it does not
occur in any R,,, which contradicts [2, Thm. A]. O
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We can use the previous theorem to compute non-trivial decomposition numbers of
the Steinberg character.

COROLLARY 4.3. Let (G, F) be simple of classical type *A,_1(q), Da2n(q), *Dany1(q)
with n > 2, or of exceptional type *E¢(q), F7(q), or Es(q). Assume that p is good and ¢
1s very good for G. Then:

(a) There is a unique unipotent character p of G with a-value 1.
(b) Let p* be the Alvis—Curtis dual of p. If (¢ + 1), > h, there exists a PIM of G
whose unipotent part is given by p* + (rank G) St.

PrOOF. When ¢ is very good unipotent characters and Brauer characters are insen-
sitive to the centre by [7, Thm. 17.7]. Therefore we may and we will assume that G
has trivial centre. Let O be the subregular unipotent class of G, that is the maximal
unipotent class outside the regular unipotent class. It is the unique class of codimension
2 in the variety of unipotent elements in G and thus F-stable. From the classification
of unipotent classes in good characteristic (see e.g. [46]) one can check that it is special.
We list below for each type considered the class (with Jordan form in the natural matrix
representation for classical types), the special unipotent character p of GI" with unipo-
tent support O and its Alvis—Curtis dual p*. Recall from §2 that a unipotent character
corresponding to a bipartition A is denoted by [A].

Type o P I

Ay | m—1,1) [n—L1)] [21"7
D, | (2n—3,3) [n—11] [1.1™1]
D, | (2n—3,3) [(n—2,1).] [21"73

°Fs Eg(a1) /2,4 /2I,16
E; E?(Gl) ¢7,1 ¢7,46
Eg Es(a1) ¢s,1 ¢8,91

In each of these cases, the a-value of p equals 1, and p (as well as p*) is alone in its family.
By maximality of O, every other non-trivial unipotent character has a-value at least 2,
which proves (a).

Since the Springer correspondence sends the trivial local system on O to the reflection
representation ¢.r of W, then p is equal to the almost character associated with ¢ (see
for example [8, §13.3]). More precisely, there exists an extension ¢per of ¢rer to W x (F')
such that

(3) p=Rj =1 D Guei(wF)Ry,

1
| ‘wEW

When (G, F) is split, p is just the principal series character corresponding to ¢ef.

By [41, Thm. 11.2] (see [48] for the generalisation to the case where p is good), there
exists a generalised Gelfand-Graev module I' of OG whose character has unipotent part
p* + xSt for some non-negative integer = (depending on ¢). Let P be the unique direct
summand of I' whose character W has p* as a constituent. Then the unipotent part of ¥
equals p* +ySt for some non-negative integer y. Let ¢ be the irreducible Brauer character
such that ¥ = U,,. By Theorem 4.2, the multiplicity of ¢ in (R,,)° is zero, yielding the
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equation
(4) 0 = (W; Ruy) = (%5 Ru) + (—1)!“)y.

Now, the Alvis-Curtis dual of Ry, is (—1)/®) R, (see for example [12, Thm. 12.8]).
Using equation (3) we get

(0 Rug) = (~1)) (05 Ruy) = (1) (g F) = —(~1) ™ rank G.
Then (b) follows from (4). O

For the groups not listed in Corollary 4.3, but for which woF acts trivially on W,
there are several unipotent characters with minimal non-zero a-value and they form a
non-trivial family. We can still give an approximation of the previous decomposition
number as we illustrate for groups of type B and C.

COROLLARY 4.4. Let (G, F) be simple of type B, (q) or Cy(q), n > 2. Assume that
p and ¢ are odd. If (q+ 1), > 2n, then there exist two PIMs whose unipotent parts are
given by
[1"] +(n—03)St and [By: . 1"?]+ (n—1+6)St,
where 6 = 1 if n is even, and 0 otherwise.

PROOF. As above, we may and we will assume that the centre of G is trivial. The
unique family of unipotent characters of G with a-value 1, which corresponds to the
subregular unipotent class, is F = {[n — 1.1, [.n],[(n — 1,1).],[B2n — 2.]}. In terms of
symbols, these unipotent characters are given in the same order by

0n 01 1n 01n
F = :
() G G0 C2);
Let us focus on the characters [.n] and [Bg:n — 2.]. Their uniform parts can be expressed

in terms of almost characters (see [40, Chap. 4]), from which we can compute the scalar
product with any Deligne-Lusztig character R,,, w € W. This yields

(lnls Ru) = 5 (6" () = 6 () + 97 (w)),

(1Bin —2]; Ru) = 5 (6" (1) = 6" ) — 67(w)),

where ¢* denotes the irreducible character of W corresponding to the bipartition pu of
n. One can compute easily the values of these characters at the central element wy: the
character ¢" ! is the reflection character, therefore ¢"~!!(wy) = —n. The character
¢™ is linear, with value —1 on the first simple reflection and 1 on the others, and thus
¢™(wo) = (—1)". Finally, for the value of ("1 we use that the induction of ¢"~! from
B,_1 to B,, decomposes as ¢p" 11 4 ¢™ + ¢" 1! which gives ¢V (wy) = n — 1. This

yields
) ([-n]; Ruwy) = — 1+ dy evens
([Ba:n — 2.]; Ruyy) = — 1+ p odd-
The Alvis—Curtis duals of [.n] and [By:n — 2.] are [1™.] and [Ba: .1"7?] respectively. By [5,

Thm. B], there exist Kawanaka modules K" and K” which are projective modules whose
characters have unipotent parts [1.] + 2St and [Bs: .1"2] + ySt, for some non-negative
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integers = and y. Therefore there is an indecomposable summand P’ (resp. P”) of K’
(resp. K"), with [1"] (resp. [Ba:.1"72]) occurring in the character of P’ (resp. P").
Now using Theorem 4.2 and (5) we can compute the multiplicity of St in both of these
projective characters as given in the statement. ([l

3. Unipotent decomposition matrix of D,(q)

We are now ready to compute decomposition matrices for specific series of finite re-
ductive groups. We start with the orthogonal groups D4(q). As customary, we will label
the unipotent characters in the principal series by characters of the Weyl group of type
Dy, that is, by unordered pairs of partitions of 4, while the (unique) cuspidal unipotent
character will be denoted “D,”. This is also the labelling used in the Chevie system [43].

In our tables of decomposition matrices the second column lists the degrees of the
unipotent characters as a product of cyclotomic polynomials ®, evaluated at ¢. In the
last line, we give the -modular Harish-Chandra series of the Brauer characters (and, by
abuse of notation, also of the corresponding PIMs), by either writing “ps” for characters in
the principal series, or a type of Levi subgroup if that Levi subgroup has a unique cuspidal
unipotent Brauer character, or by the label of a cuspidal unipotent Brauer character of
that Levi subgroup. The root system of type D, has three conjugacy classes of subsystems
of type A%, cyclically permuted by the graph automorphism of order 3; we denote them
by D,, A? and A?'. The symbol “c” denotes cuspidal PIMs. Also, in all of our tables for
better readability we print “.” in place of “0”.

The groups of type D4 have 14 unipotent characters. For primes ¢ > 2 with ¢|(q + 1),
thirteen of them lie in the principal /-block, while the one with label 1.21 is of ¢-defect
Zero.

THEOREM 4.5. The decomposition matriz for the unipotent {-blocks of D4(q), q odd,
g=—1 (mod ), £ > 11, is as given in Table 1.

PROOF. By [24, Thm. 5.1] the unipotent characters form a basic set for the unipotent
(-blocks of G = Dy4(q) when ¢ # 2. It was shown in [31], by constructing projective
characters by Harish-Chandra induction and from generalised Gelfand-Graev characters,
that when ¢ is odd the decomposition matrix of the unipotent blocks of G is uni-triangular.
This provides a unique labelling for the irreducible unipotent Brauer characters; we denote
them by ¢, if z is the label of the corresponding ordinary unipotent character.

Let us denote by ¥,;, 1 <1 < 14, the linear combinations of unipotent characters given
by the columns in Table 1. Harish-Chandra induction from proper Levi subgroups now
yields these projectives except for Wy, Wi3 and Wy4. The Steinberg-PIM is cuspidal by
(St) since no proper Levi subgroup contains a Sylow ¢-subgroup of G.

The first two columns correspond to PIMs as can be seen from the decomposition
matrix of the Hecke algebra for the principal series. By Harish-Chandra theory, if any of
the listed induced projective characters is decomposable, it can only contain constituents
from lower Harish-Chandra series. It is then easily seen that all other projective characters
given in Table 1 must also be indecomposable.

It remains to show that Wg and W3 are the unipotent parts of PIMs. The graph
automorphism of GG of order 3 fixes the unique cuspidal unipotent character but permutes
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TABLE 1. Dy(q), 11 < /|(¢+1)

A 1 1

1.3 q®? 2 1

24+ q2¢3¢6 1 11

2— q2(I)3(D6 11 1

31 | ¢P?D3Ds | 1 1 1

22 3PP . 11 1 11

122 | 3430397 | 2 2 1 1 . 1

121 34303%s | . . . . . . .1

D4 %q?)(bilq)g N . 1

124 | fPsds (111 1 1 1 1 21

P— | %P0 |1 11 1 1 1 1 .2 . 1

202 P (111 0101 1 1 .2 . . 1

.13 ¢ |21 1 1 1 1 2 .41 1 11

14 q'? 1 . . . . 1 1 .61 1 141
ps ps A? A?l Dy DyAy Ay ps ¢ A2 A%/ Dy cec

the characters with labels 124, 12—, .212 cyclically. It follows that the first three entries
below the diagonal in the 9th column of the decomposition matrix must be equal. We
denote them by a;. The other two unknown entries in this column will be denoted by as
and az. The last entry in the 13th column will be denoted by a4 so that

Uy =[Dy] + ap ([124] + [12=] + [.21%]) + ag[1.1%] + as[.1%],
\1113 :[113] + a4[.14].

By Theorem 4.2 we know that R; has ¢4 as only Brauer constituent. The relation
(V1135 R, ) = 0 shows that ay = 4, and the relation (¥p,; Ry, ) = 0 yields a3 = 8 — 9a; +
4&2.

Let w € W be a Coxeter element. The coefficient of U153 on R, equals —1 + 3a; — a».
By (DL) this forces —1 4+ 3a; — as > 0. On the other hand by Proposition 4.1 for ¢ > 4
a 2-split Levi subgroup 2A,(q).(q + 1)? of G has a linear (-character in general position.
Then (Red) with p the unique cuspidal unipotent character of L gives 3a; — ay < 3.
Therefore there exists ¢ € {—1,0,1} such that as = 3a; — 2 + ¢. With this notation we
have ag = 4c + 3a;. We will see in the proof of Theorem 4.8 that a; = 2 and in the proof
of Theorem 4.9 that ¢ = 0. 0

REMARK 4.6. Assuming (77), the result in Table 1 remains true for even ¢. In fact,
it was shown by Paolini [45] that (7}) holds for D,(q) in characteristic 2 and thus the
unipotent decomposition matrix of Dy(27) agrees with the one given in Table 1, up to the
knowledge of a; and ¢ which will require (7}) for the types D5 and Dg.
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4. Unipotent decomposition matrix of Ds(q)

We now turn to the orthogonal groups Ds(q). For the determination of the decomposi-
tion matrices for unipotent blocks of non-cyclic defect we will need to know the structure
and parameters of the Hecke algebras attached to cuspidal /-modular Brauer characters of
certain Levi subgroups. Here and later, by convention, H(X; ¢;) for X € {4,,, D,,} denotes
the Iwahori-Hecke algebra over k of type X with parameters (q1, —1), and H(B,; q1; ¢2)
denotes the Iwahori-Hecke algebra over k of type B,, with parameters (q;, —1) at the type
Bj-node, and parameters (g2, —1) at the remaining nodes on the A,,_;-branch. In Table 2
we have collected the number |Irr | for some small rank modular Iwahori-Hecke #H al-
gebras occurring later. They can easily be computed using for example the programme
of Jacon [36].

TABLE 2. |Irr H| for some modular Hecke algebras

n= |12 3 4 5 6
H(B.L1) |2 5 10 20 36 65
H(B,;—-1;1) |1 2 3 5 7 7
H(Byl:—1) |2 2 4 6 8 12
H(By—1;-1)|1 2 3 4 6 9
H(Dy: 1) 1 2 3 13 18 37
H(Dp;—1) |11 2 3 4 6

In this as well as in all later tables, W (D;) has to be interpreted as the trivial group.

LEMMA 4.7. Let q be a prime power and 2 < £|(q+1). The Hecke algebras of various
C-modular cuspidal pairs (L, \) of Levi subgroups L in D, (q) and their respective numbers
of simple modules are as given in Table 3.

TABLE 3. Hecke algebras and |Irr H| in D,,(q) for di(q) =

(L, \) H n=4 5 6
(Al, 9012) H(A1;Q) ® H(Dn—2§Q) 1 2 2+1
(A7, ¢37) H(B2¢%q) @H(Dn-siq) | 2 2 2
(A3, ¢1) H(B3;¢;¢*) @H(Dngiq) | — — 3
(D2,30,12) H<Bn727q 7Q) 2 4 442
(D2A1 12 X 9012) H(Als Q) ® H(Bn74; q2; Q) 1 2 2
(DA%, .12 R 5P) | H(Ba; g; Q)®H<Bn76§q2EQ) - - 2
(Dy, Dy) H(B,- 4,q q) 1 2 2
(D4,901.13) ( n— q Q) 1 2 2
(D4790.14) ( n— 4,q q) 1 2 2
(D4A1,D4®9012) (Ah ) ( n— 6‘,(]4;(]) - - 1

PROOF. The relative Weyl group of a Levi subgroup L of D, (q) of type A; has type
D,,_2A; (see either [35, p. 72] or use Chevie [26]). As the modular Steinberg character
12 of Aj(q) is liftable to a cuspidal character in characteristic 0, the parameters of the
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Hecke algebra are the same as in characteristic 0 by Proposition 2.2. They can hence be
determined locally inside the minimal Levi overgroups of L: in type A? the parameter
is ¢, and similarly in a Levi subgroup of type Dy A;.

The relative Weyl group of a Levi subgroup of type A? has type By D,,_4. The modular
Steinberg character of A;(q)? is liftable, so we can determine the parameters locally inside
Asz(q) (here the parameter is ¢*), in Dy(q)A1(q) and in A;(¢)® (where the parameters
clearly are ¢). The relative Weyl group of a Levi subgroup of type A3 has type B3D,, g,
and it is contained in minimal Levi overgroups of types A3A; Dy A} and Aj.

The relative Weyl group of a Levi subgroup of type Dy (the two end nodes interchanged
by the graph automorphism) has type B,_s by [35, p. 71]. Again the modular Steinberg
character ¢ 12 of Ds(q) is liftable to a cuspidal character in characteristic 0, and the
parameters of the Hecke algebra can hence be determined locally: inside a Levi subgroup
of type D3 the parameter is ¢, while inside a Levi subgroup of type Dy A, it clearly is q.

The relative Weyl group of a Levi subgroup DsA; is of type A;B,,_4; the parameters
of the Hecke algebra for its cuspidal f-modular (liftable) Steinberg character ¢ 12 K @12
are again determined locally inside proper Levi subgroups Dj, DsA; and D,A? of G.
In all cases discussed so far, the assumptions of reduction stability in Corollary 2.4 are
satisfied as all graph automorphisms of L just permute simple components. The same
considerations apply to the cuspidal Brauer character of a Levi subgroup of type DyA2.

The ordinary cuspidal unipotent character of G = Dy4(q) remains irreducible upon
reduction modulo ¢, by Table 1, hence the corresponding cuspidal Brauer character is
reduction stable. The parameters of the Hecke algebra in characteristic 0 are known,
see (8, p. 464]. The parameters in the remaining cases are determined analogously. The
cuspidal modular Steinberg character is the ¢-modular reduction of a Deligne-Lusztig
character R%(6) for 6 € Irr T' in general position with T a Sylow ®y-torus. The normaliser
of a Levi subgroup of type D, in larger groups of type D,, induces the graph automorphism
of order 2 on G. (This can be seen from the inclusion (GOgGOs,_g) N SOy, < SO,,.)
It is clear that there exist ¢-characters § € IrrT" in general position invariant under
this graph automorphism. Finally, the cuspidal Brauer character ;3 occurs as one of
two composition factors in the f-modular reduction of a character R (6), with LT =
2A5(q).(¢ + 1)* and 0 = 0; X 6, with 6; the cuspidal unipotent character of ?45(q), and
0y € Irr Z an (-character in general position of the ®o-torus Z = Z(L)F. Here, 6,
is certainly stable under all automorphisms, and for the two dimension torus Z it is
immediate that there is a stable /-character in general position. Thus, Corollary 2.4
applies. O

The groups of type D5 have 20 unipotent characters. All of them lie in the principal
¢-block for primes ¢ dividing g + 1.

THEOREM 4.8. Assume (Ty). The decomposition matrixz for the principal (-block of
Ds(q), 11 < {|(qg+ 1), is as given in Table 4, where d € {0, 1}.

For reasons of space, in the 2nd column of Table 4 we just give the leading coefficient
and g-power of the degree polynomials of the corresponding unipotent characters. The
Harish-Chandra series of the cuspidal PIMs of D4(q) are indicated by the label of the
unipotent character corresponding to it by triangularity of the decomposition matrix
given in Table 1.
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TABLE 4. Ds(q), 11 < {|(¢ + 1), principal block

5 1

1.4 q 1

A1 q> 11

2.3 ¢ 1 1

123 |31 1 1 1 1

32 |34 o1 1

131 3431 1 1 1

Dy2 | 343 . 1

221 |¢* |11 1 11

1.22 | ¢° 1 . . . 1

312 | ¢ 111 .2 . . 1

12.21 | ¢8 1111 12d1 1 .

132 |34 111 .2d. . 111

221 | 3d" : 111 .21 . 1 . . 1

1212 |1¢"[1 1 2 1 12d1 1 . 1 . . 1

Dy:1%| 347 : Lo : 1

1213 | ¢ )1 1 21 .44d1 1 1 11 2 1

213 | g2 . ... .2d . 1 . 1 3 2 .

114 |¢®|l1 11 .1 . .44 . ) 3 . 2 1 1 1

15 ¢l . . .1 . . 4 . . 1 . 1 1 . 21 . 31
ps ps Dy ps Ay Dy ps Dy A3 DyAy Dy Ay 1.13 DAy Dy Dy A2 1% 1.13 1%

PROOF. Let G = Ds(q). Again, the unipotent characters form a basic set for the
principal ¢-block. Note that the /-modular decomposition matrices for unipotent blocks
of all proper Levi subgroups are known, except for the one PIM in the decomposition
matrix of the principal ¢-block of D,(¢q) whose unipotent part is given by

[Dy] + ay ([12+] + [12=] + [.21%]) + ag[1.1%] + as[.1*]

with as = ¢+ 3a; — 2, a3 = 4¢ + 3ay and ¢ € {—1,0,1} (see the proof of Theorem 4.5).
Let us again denote by ¥,;, 1 < ¢ < 20, the linear combinations of unipotent characters
given by the columns in Table 4. We shall show that these are the unipotent parts of
projective indecomposable characters of G.

The columns ¥y, ¥y, Uy and ¥, are obtained from the decomposition matrix of the
principal series Hecke algebra H(Ds; q), which in turn is easily deduced from the one for
H(Bs; 1; q); see the programme of Jacon [36]. Harish-Chandra induction of PIMs from
proper Levi subgroups gives Wg, W5, W17 and the projectives with unipotent parts

Ty = Uy + 20, Uy = Uy + 20,5,

/

Ty = Ug + a1V1o + (az — a1)Vys + Wi,
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Tpg = Uy + Uy, Upy = Uy 4 2055,
\i’13 = W3+ W5+ Uy, ‘1118 = Wig + Wy.

The Hecke algebra for the cuspidal /-modular Steinberg character of a Levi subgroup of G
of type D5 (the two end nodes interchanged by the graph automorphism) was determined
in Lemma 4.7 to be H = H(Bs; ¢* q). It has four PIMs, thus there will be four PIMs of
G in the Harish-Chandra series Dy. Now the projectives ‘i’g and ¥y, contain summands
in that series. The only proper subsums of W5 satisfying (HCr) are W3, Wg, U3 4 Wy and
2Wgs. On the other hand, from the decomposition matrix of H we see that this projective
has to have two distinct summands in the Dy-Harish-Chandra series. It follows that W3
and Vg are PIMs for G. Exactly the same reasoning applies to the projective Wy;: it must
decompose as ¥q; + 2¥y5, and both Wy, and Wy5 are PIMs by (HCr).

The Hecke algebra H(A;; q) @ H(Ar; ¢?) for the cuspidal modular Steinberg character
of a Levi subgroup DyA; has two irreducible characters (see Table 3). It follows that
the corresponding Harish-Chandra series contains two PIMs. The projective Wy, contains
summands in that series, and the only splitting satisfying (HCr) is Wyo + W14; this yields
that ¥y and ¥4 are PIMs.

For the Harish-Chandra series above the Steinberg PIM of a Levi subgroup of type
Aj, the Hecke algebra H = H(A1;q) ® H(Ds3; q) determined in Lemma 4.7 has two PIMs;
by (HCr) and the decomposition matrix of H the only admissible splitting of the projective
\1/5 in this series is as W5+ 2Wq5, thus we find the PIM W5. The Harish-Chandra induction
U5 of the Steinberg PIM from D, contains the Steinberg PIM of G by (St); this gives
U5 and Wy, both of which are indecomposable by (HCr).

The Hecke algebra for the ordinary unipotent cuspidal character of Dy is H(A; ¢%), so
Ty has at least two projective summands \I/’g, W16, the first containing [Dy: 2], the second
[D4:1%]. On the other hand by (Tri) there is a PIM involving [Dy4: 1?], [.2?1], and unipotent
characters of larger a-value. As U6 must be a summand of this, it only contains unipotent
characters with a-value at least 7. The only possible summand of Wy satisfying (HCr)
and containing none of [13.2] and [1.21?] is W/, as listed below, with a parameter b > 0
satisfying as < b < as, and so ﬁ/g = Ui + a1Vi9 + (ag — a1)Vy5 is projective:

D4:2 1

312 ap

12.21 a

13.2 as—aq

221 a

1.212 a :

Dy:1? . 1

12.13 a9 ai

213 b—as a1taz—b

1.14 bta1—as agtas—ai—b

15 agrtasz—b b—as
v

As the centraliser of a Sylow /-subgroup of GG is contained inside a proper parabolic
subgroup of type D,, G cannot have cuspidal Brauer characters by (Csp). Since we
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already accounted for all Harish-Chandra series except for the one above ;13 of Dy, Vg
must lie in that series, and must hence be a summand of the Harish-Chandra induction
U135 of the cuspidal PIM Wy 45 of Dy(q). The only such subsum of W5 satisfying (HCr)
is Wy, so this gives the PIM W;9. Harish-Chandra inducing W19 to Dg(q), restricting
back again and decomposing shows that \1113 — W9 = U3 + U5 must be decomposable,
and (HCr) then yields Wys.

Modulo the knowledge of a;,b and ¢ we have now obtained all columns in Table 4
except for Ug. When Harish-Chandra inducing ¥4 to Dg(q) and restricting back again,
the decomposition in terms of the projectives obtained so far has coefficient 1 on \ifg and
negative coefficients —a; on W5 and a; — as on ¥i5. So @g is not indecomposable, but
contains Wiy at least a; times and W5 at least a; — a; times. This shows that Vg is
projective. In addition, (HCr) shows the inequalities 2(as — a1) < b < a3. Note however
that at this stage we cannot show that Vg is indecomposable since it could still contain
some copies of Wy, Uiy and Wy5.

Let us consider the Deligne-Lusztig character R, associated to the Coxeter element
w € W. The PIMs V5 and W5y do not occur in any R, for v < w. The multiplicity of
R, on Wy is equal to 4 — 8a; + 2b — 8¢ whereas the multiplicity on W5 is the opposite.
We deduce from (DL) that both quantities are zero and therefore b = —2 + 4a; + 4c.
Now since b < a3 and a3 = 4¢ + 3a; we obtain a; < 2. On the other hand, if £ > 6 then
by Proposition 4.1 there exists a linear ¢-character of a Levi subgroup L of G of type
Ds(q).(g—1)(¢+1)% Using (Red) with the trivial character of L we get a; > 2, therefore
a1 = 2 and b = a3 = 4c + 6 and thus as = ¢ + 4. In addition, the relation ay < b forces
¢ >0 hence ¢ € {0,1}.

Finally we use (Red) with the following pairs (L, p) to show that ¥§ is almost inde-
composable:

e (A3(q).(q +1)% [4]) shows that ¥y; cannot be a direct summand of W§;

e (°D4(q).(q +1),[1.2]) shows that ¥;5 cannot be a direct summand of Wy;

o (A1(q)As(q).(¢ + 1),[2] X [31]) shows that W5 can be a direct summand of W§
with multiplicity at most 1.

Therefore Wy := W} — dW¥;5 is indecomposable for some d € {0, 1}. O

5. Unipotent decomposition matrix of Dg(q)

The groups of type Dg have 42 unipotent characters. For primes ¢ > 2 with £|(q + 1),
37 of them lie in the principal ¢-block, the other five lie in a block of defect (g + 1)7.

THEOREM 4.9. Assume (T;). The decomposition matrices for the unipotent (-blocks of
Dg(q), for 11 < l|(q+1), are as given in Tables 5-7, where d € {0,1} is as in Theorem 4.8
and the unknown entries satisfy moreover

Cong = 24 — 15 C17 — 5018 + 6619,

5<dcir+ag—c19 <7, ¢y 012,017 2 2, and ¢35 > 4.
PRrROOF. For the non-principal unipotent block all columns as given in Table 7 are

obtained directly from (HCi) and are indecomposable by (HCr). So we are left to consider
the principal block.
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TABLE 5. Dg(q), 11 < {|(¢ + 1), principal block

6 1|1
1.5 qg |21
51 @ |11 1
2.4 @2 |2 2 1
3+ ¢ |11 11
3— @ |11 .1 1
42 ¢ 111 1
124 322 11 1
Dy2. | 343 o 1
32 3¢ .11 11, 1
231 |23 1 21 1 1. 1
Dy1% | 3¢* e I |
1.32 ¢ | .1 111 1 1 . . 11 1
412 ¢ 11111 . . 11 2 . o1
2.2? q° 1111 1 . 1 . 1 1 1
1230 | ¢ (23 221 1 1 2 24 1 1. 1
13.3 q'l22 121 11224 . . . | 1 1
1312 | 4¢"|22 2 11 1 1 2 4d 1 1 2 1 1 1 1
Dgll|gzg" | . . . . . . . . 1 . . 1 : oo 1
21+ ¢ |12 122 2 12 2d 11 2 1 11 1
21— ¢ |12 122 2 12 2d 11 2 1 11 o1
1222 | ¢ .1 112 2 1 12d 21 4 2 .11 . . 1 1
2212 | ¢ |23 2 2 2 2 1 342d1 1 4 1 11 2 1 1 1 1
1.221 | ¢° 1 212 2 1 2 4d 2 1 6 2 1 2 1 1 1 1
23 2¢°(. . .11 1 11 2 1. 2 . 11 . . . . . .
12212 [3¢"12 3 3 23 3 2 48343 1 10 3 1 23 1 1 2 2 2
Dy: .2 %qlo e . . . . . A |
313 ¢? (111 1 11 1 1 1 441 2 1 1 . 1 3 1 2 .
2217 gl 1111 1 1 1 4d 2 8 1 111 3 1 2 11
1“2 [3¢¥]22 111 1 1 262d1 4 11 2 4 1 2 1 1
Dy 12| 3¢% . . . . oo 1 . 1 .
13+ ¢ 111 1 11 1 1 2 4d 1 6 1 1 11 1 2 1 1
13 ¢ 111 1 11 1 1 2 4d 1 6 1 111 1 . 21 1
1214 | ¢% 122 2 11 1 1 3 82d 2 14 2 1 1 2 4 1 4 2 2
214 111 1 6d 1 8 11 1 4 1 4 1 1
1.1° A2 1 1 2 8d 1 10 11 1 4 1 4 1 1
.16 o N S R .6 . 1 . .1 .2 .

ps ps Do ps A3 A3 Dy Ay Dy A} ps DyAy DyAy Dy A2 Ay 1.13 Dy Dy A3 AY
dec * *

Here, we write A} for the HC-series of type Dy A%,

Denote by ¥;, 1 < < 37, the linear combinations corresponding to the columns of
Tables 5 and 6. All ¥; apart from the ones with

i € {3,9,10,25,27,31, 34, 36,37}
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TABLE 6. Dgs(q), 11 < /|(g+ 1), cntd.

1222 | & |1

2212 | ¢ 1

1221 | 2 |1 1 1

12212 | 3401 1 1 1 1

Dy: .2 %qlo 1

313 q'? . 1

2217 L8114 11 2 1 1

142 | 3¢8 1 A

Dy 12| 3¢% | . . R |

13+ g 11 1 1 ca 1 e .. A |

13— g1 1 1 ca 1 co .. |

1214 | ¢% |2 5 1 24 2 22 1 1 1 ;7 1 11

214 |1 4 1 3 1 2 1 1 3 g . . .1

1.1° Al 15 1 24 2 22 1 1 4 ¢c91 1 411

.16 #0114 1 32cs 1 42ci9 1 3 e 1 19161
AV A3 DyAL ¢ A2 ¢ 1P A1 118 ¢ A AV cdtce

TABLE 7. Dg(q), 11 < £](q+ 1), block of defect ®3

1.41 %q3q)§q)3q)g(plg 1
21.3 | 3¢'03P;P2Py 1 1
321 | 3" PPIDs Dy . 1
].32]. %q10q)421q)5q)%q)10 11
1.213 | 1¢"350; PPy, 1

are obtained by (HCi) from Levi subgroups of types Ds, A5, DyA; and Dy A3, up to the
knowledge of ¢ € {0,1} which we will determine later in the proof. Moreover we obtain
Uip+ Uyp and Wy + Yoo from which (Tri) yields Uy5. We can also determine the Harish-
Chandra series of all the ¥; obtained so far, and comparing with Table 3 it ensures that
all non-cuspidal series have been accounted for except for one PIM in series D,, which
must be a summand of U3 + ¥y, and one PIM in series D4 which must be a summand
of Uy.

Thus the principal block must contain six cuspidal Brauer characters corresponding to
the columns with indices 25,27, 31, 34, 36, 37. By our assumption (7}) there will be projec-
tives for these columns with non-zero entries only on and below the diagonal, for characters
lying in smaller families. We denote these unknown entries by ¢y, . .., co4 according to the
following table, where we have used that the non-trivial graph automorphism of Dg(q) of
order 2 interchanges the unipotent characters [13+] and [13—] but fixes the six cuspidal
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PIMs, which means that their multiplicities in these PIMs must agree.

.23 1

12.212 .

D4: 2 . 1

313 ) .

.2212 C1 C9

14.2 (&) C10

D4:.12 C3 C11 1

B+ 13— e ci2

12.14 Cs C13 C17 1

214 6 C14 €18 C21

1.15 (6 Cl15 C19 C22 1

16 Cg  C16 C20 C23 C24
Wos Wor W31 W3y Wsg

Note that the missing cuspidal columns can not occur as summands of any of the
projectives obtained so far. The value coy = 6 follows from Corollary 4.3(b). To derive
conditions on the other unknowns we start by looking at the coefficients of the various
PIMs on the Deligne-Lusztig character R, attached to a Coxeter element w € W. The
PIMs corresponding to the cuspidal simple modules, as well as the PIMs W35 and Vo9 do
not occur in R, for v < w, therefore their coefficients must be non-negative by (DL).

The coefficients on Wog and W3y are 3—c; —cg and 3—c3—cqq respectively. On the other
hand, if ¢ > 4 we can invoke (Red) with Proposition 4.1 for p the unipotent character
labelled by .22 (resp. the cuspidal unipotent character) of D4(q).(¢+ 1)? to get cg > 2 and
c1 > 1 (resp. c3 > 2 and ¢q; > 1). This shows that ¢; = ¢;; = 1 and ¢3 = ¢g = 2.

At this point, Harish-Chandra inducing the cuspidal PIM W 53 to D;(q) and restricting
the result to D5(q)A;(q) only decomposes non-negatively when the parameter ¢ left open
in the decomposition matrix for Dy(q) satisfies ¢ = 0. This furnishes the final step in the
proofs of Theorems 4.5 and 4.8.

The coefficient on W3y is ¢19 + 2¢12 — €13 + ¢2 + 2¢4 — ¢5. If £ > 4, (Red) applied to the
cuspidal unipotent character of a 2-split Levi subgroup ?45(q)%.(¢ + 1)? gives

c10 + 2612 — (13 < 0 and Co + 2C4 — Cx < 0.

Therefore they must both be zero.
The coefficient on W35 is 5+ 3c1g — 14 + 3¢a — ¢g. If £ > 8 then by (Red) for the trivial
character of A;(q)?.(q + 1)* we get

2+3610—014§0 and 3+302_66§0.

Hence ¢14 = 2 + 3¢50 and ¢ = 3 + 3cs.

Finally, the coefficient on W34 is 4c1g + 2¢19 — ¢15 + 4¢9 4+ 2¢4 — ¢7, and hence is non-
negative. On the other hand, the trivial character of A;(q).(¢+1)° when ¢ > 10 gives, by
(Red), the relations

4eig 4 2¢19 — 15 <0 and  4ey + 2¢4 — 7 <0,
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and therefore these expressions must both vanish. Using this first set of relations we
obtain by Theorem 4.2 the relations

Cg = 3 + 302 + 204 and Cig — 4 + 3610 + 2012

for the multiplicities in the Steinberg character.

We continue by analysing the coefficients of the Deligne-Lusztig character R, for
W = $15835453515283584555¢. LThe coefficients on V35 and Wag are —4cg; and 16 + 4cg; — 499
respectively. Hence co; = 0 by (DL). On the other hand, when ¢ > 10, (Red) with
the trivial character of A;(q).(¢ + 1)° gives 4 — cop < 0, and we deduce that cop = 4.
Theorem 4.2 gives co3 = 9.

For the last relation we consider the coefficient of W34 in the Deligne—Lusztig character
R, for w = $15953515253545351525354555¢. It gives

X =—-120 + 96618 -+ 24(319 — 24(320 > 0.

On the other hand (Red) applied to the cuspidal unipotent character of 245(q).(¢ + 1)*
gives X/24 < 2. Theorem 4.2 finally yields cog = 24 — 15¢17 — 518 + 6.

The Harish-Chandra series above [.2%] in D7(g) has two summands; decomposing the
Harish-Chandra induction shows that we must have ¢ = 0. Similarly, decomposing the
Harish-Chandra series above [Dy: .2] in D7(q) shows that we must have ¢y = 0.

Now (HCr) proves that all ¥; are indecomposable, apart possibly from ¥y and Wys:
The projective Wy can only contain Wiy, Ui6, W1g. When ¢ > 4 one can invoke (Red) for
the trivial character of a Levi subgroup Dy4(q).(¢ + 1)? to exclude the possibility that Wy
occurs. Moreover, using (Red) with the unipotent character [2]X[2—] of A;(q)D4(q).(g+1)
and the character [2.2] of 2D5(q).(q + 1) we can check that W5 and W5 each can occur at
most once.

The projective module of character W15 can only contain Wy, Wor, Woo, Wog, Wor, Usy,
Us3. When ¢ > 6 one can use (Red) with the trivial character of a Levi subgroup
Ai(q)%.(q¢ + 1)3 to check that in fact only Wey and Wys might occur. In addition, they
can occur only once, which follows from (Red) with the unipotent characters [12.] of
2A44(q).(¢ + 1)? and [.12) K [2] K [2] of 2A3(q)A1(q)*.(q + 1).

The lower bounds on the ¢;’s are obtained using (Red) in the following cases:

o L* =2A3(q).A1(q).(¢+ 1)* with p = [.2] K [2] gives ¢4 > 2;

o L* = Ai(¢q)3.(¢+ 1)® with the trivial representation gives cjp > 2; and

o L* = Ai(¢q)%(q + 1)* (two non-conjugate) with the trivial representation gives
c17 > 2 and ci5 > 4.

Note that the previous relations imply c19 > 5. 0
REMARK 4.10. In [16] we introduced, for any w € W a virtual character @,, represent-
ing the Alvis—Curtis dual of the intersection cohomology of the Deligne-Lusztig variety
corresponding to w. Let w = $15351828354855¢ and w’ = (818283)28483818283848586. Then
(Quiprsy) =13 = Sery — e,
(Qurs pr2.11) = 48 — 24cyy,
(Qurs pa1e) = 96 — 24cys.
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If the conjecture in [16, Conj. 1.2] holds then these multiplicities must be non-negative.
With the lower bounds on the ¢;’s given in Theorem 4.9 this would imply c¢;2 = ¢17 = 2,
C4 € {2,3}, c1s =4 and cy9 € {5, .. ,7}

6. Unipotent decomposition matrix of Fg(q)

For the groups Fs(q) we again first determine some Hecke algebras:

LEMMA 4.11. Let q be a prime power and { odd such that (¢ + 1), > 5. The Hecke
algebras of various {-modular cuspidal pairs (L, \) of Levi subgroups L in Fg(q) and their
respective numbers of simple modules are as given in Table 8.

TABLE 8. Hecke algebras in Fg(q) for dy(q) = 2

(L, \) H [Trr H|
(A1, 012) H(As; q) 3+1
(A3, ¢3%) H(Bs; 4% q) 4
(A3, &%) H(A1;q) @ H(A2 ¢°) 3
(Dy4, Dy) H(Az;q") 3
(D4> 901.13) H(Azs q2) 3
(Dy, p.14) H(Az; %) 3

PRrROOF. The arguments are very similar to the ones used in the proof of Lemma 4.7. In
fact, most of the parameters of the relevant Hecke algebras were already determined there.
As an example let us consider the /-modular Steinberg character of a Levi subgroup of
type A;. By [35, p. 75] its relative Weyl group in Fs(q) is of type As, and as the character
is liftable, its parameters are determined locally, inside a Levi subgroup of type A?, to
be equal to q. For the (liftable) modular Steinberg character .1* of a Levi subgroup of
type D, the relative Weyl group has type As, and the parameter was again already in
Lemma 4.7 shown to be equal to ¢>.

Reduction stability for the first four cases has already been argued in the proof of
that lemma. The normaliser of a Levi subgroup of type D, inside Ej induces the full
group &3 of graph automorphisms. Thus, by our description of ¢ 14 in Lemma 4.7 we
need to see that there exist /-characters in general position for a Sylow ®s-torus which
are stable under the graph automorphisms. For this we use that the extension of D4 by
GS3 is realised inside the groups of type Fy (see e.g. [42, Exmp. 13.9]): the long root
subgroups generate a subgroup of type Dy, and it is normalised by the Weyl group of
type As generated by two reflections at short roots. By [38, Tab. T.A.133] there exist
semisimple f-elements with centralisers a short root Ay in Fy(q) whenever ¢ > 5 and thus
there is an (-character 6 of a Sylow ®o-torus T of G = D4(q) such that RS(6) lifts the
modular Steinberg character ¢ 4. The argument for ¢ 13 is similar. O

The groups of type Eg have 30 unipotent characters. For primes ¢ > 3 with ¢|(¢ + 1),
25 of them lie in the principal /-block and three are of defect zero. The remaining two lie
in a unipotent block of cyclic defect, with Brauer tree

Ge1,4 — Gea,13 — O
ps Ay
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THEOREM 4.12. Assume (Ty). The decomposition matrixz for the principal £-block of
Es(q), 11 < l|(g+1), is as given in Table 9 where d € {0,1} is as in Theorem 4.8. Here,
the projectives in columns 7 and 11 might be decomposable.

TABLE 9. E4(q), 11 < {|(¢ + 1), principal block

®1,0 1 |1

®6,1 q 1

$202 | ¢ 11

¢303 | 3¢° |- 111

¢15’5 %(]3 1 .1 .1

P54 | 3¢° |1 1

Dy3 | 3¢° .1

be05 | ¢° 1 : 1

b6 | ¢° 111 . 1

ps16 | ¢° |1 11 11 4d 1 1

$20,10 | 247 1. . .12d . .11

$90,8 %q7 1211 .63 111 . 1

gﬁlo,g 7q7 1 . . 1. . o1

P60.8 g(f 1 4d 1 .1 . . .1

Dy21| 347 | . S o1

¢s110 | 0111 . 11104d1 . 2 1 1 1 21

Pe011 | q't 1.1 .83 111 . 1 1 211

P2112 | q2 11 . .22 .1 . 2 11 2 1

$3015 [2¢P. 1111 .63 . 21 3 11 2 . 11

G507 |5¢0 |1 .1 42d . . . 2 1 .21 1 1

P156 | 540 | 1 11 4d . . 1 1 1 21 1

Dy 13 %qm e e . e . .o 1

$20.20 | ¢*° 11 .1 .83d .11 4 1 41111 3 2 1

G5 | ¢ |. 1 . . . . 4d . .1 2 2 . . .1 2 . .11

136 | ¢ 1. . .1 . 2 . . . . .. .21...11.. 21
pspspsps Aips Dy ps A2 A; 1.13 Ay A3 A2 Dy A2 A3 11 A21.13 A3 Dy 14 113 14

dec? * *

PROOF. Let G = Eg(q). We denote by ¥;, 1 < i < 25, the linear combinations of
unipotent characters given by the columns in Table 9. We shall show that these are the
unipotent parts of projective indecomposable characters of G.

The columns ¥; with i € {1,2,3,4,6,8} are obtained from the decomposition matrix
of the Hecke algebra of type Eg which has been determined by Geck [23, Table D].

By Table 8 the A;-Harish-Chandra series contains three Brauer characters in the
principal block. Harish-Chandra induction of the two PIMs of Ds(q) in that series yields
@5 = Vs + Vg + 20y + ¥yp and \iflo = Wyp + 2Wyp. From the decomposition matrix of
the Hecke algebra H(As; q) it follows that W;o must contain one PIM in that series plus
two copies of another one. But the only splitting of Uy compatible with (HCr) is into
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W plus two times Wiy, So these two lie in ~the Aj-series. Then, @5 has to contain two
copies of Wy and one copy of Wiy, so that UL = W5 + Wy is projective, and it contains
one indecomposable summand from the A;-series. Inducing the first A;-PIM from As(q)
we see that the same holds for U7 = W, + 5. Hence neither of ¥}, ¥ is indecomposable,
and all of their summands apart from the one in the A;-series lie in the principal series.
This yields Ws.

The A3-series contains four Brauer characters by Table 8. Harish-Chandra induction
of the two PIMs of As(gq) in that series yields Uy = Wy + 20y, and Uy = Uy + 2U,.
Thus, both ¥y and Uy contain two summands from that series, one with multiplicity 2.
The only splitting consistent with (HCr) is just given by Wo plus 2Wy4, respectively W4
phlS 2\1119.

The A3-series contains three Brauer characters. From (HCi) and using (Tri) we obtain
\1113 + ‘1114, \1’13 + \1114 + ‘1117 (WhiCh together yield \Ijl7>7 ‘1114 + \1/17 + \Iflg and \1121. By (Trl)
we have that U3+ Wy, cannot be indecomposable, and the only admissible splitting with
(HCr) is into Wy3 plus Wyy.

The Harish-Chandra series above the three cuspidal unipotent Brauer characters of
D4(q) all contain three Brauer characters by Table 8. For 1.13, (HCi) gives Wy + W5+ Uy
and Woo+Way, which both must contain two PIMs from this series. Now, by (Tri), Uy14+¥ o
cannot be indecomposable, and the only possible splitting with (HCr) leads to Wqq, ¥y
and Wy, The situation for .1% is entirely similar, giving Wig, W3 and Wy, all three of
which are indecomposable by (HCr). We also find Wy 4+ W5+ 209 and W5+ 2019 + Wy
which split up at least into Wy, W5 4+ 2W19 and Was.

Harish-Chandra inducing Way to E7(q), cutting by the principal block, and restricting
back shows that Wyg is twice contained in W5 + 2Wq,.

We have thus accounted for all columns in the table. An application of (HCr) shows
that all of them are indecomposable, except possibly for ¥, and Wq;: ¥y; might contain
W9 once, and W7 might contains copies of Wqy and of Wy,. O

7. Unipotent decomposition matrix of 2D,(q)

We now turn to the groups of twisted type, where again we start with the orthogonal
groups. Note that 2D3(q) = 243(q) is a unitary group, whose unipotent decomposition
matrix we already determined in [17].

The groups of type 2Dy have 10 unipotent characters, all of which lie in the principal
(-block for primes ¢ dividing ¢ + 1. For the following result, we need no restriction on ¢:

THEOREM 4.13. The decomposition matriz for the principal £-block of 2Dy(q), with
2 </!l|(qg+1), is as given in Table 10.

Here o + 1 is the multiplicity of the cuspidal Brauer character ¢, in the /-modular
reduction of the Steinberg character [.1?] of 2D3(q); in particular o = 2 if (¢ + 1), > 3 by
[17, Tab. 1], and a < 2 always.

PrOOF. We employ similar arguments as in the untwisted case. All unipotent charac-
ters of G = ?Dy(q) lie in the principal ¢-block, and they form a basic set. Let Wy, ..., Uy,
denote the linear combinations of unipotent characters corresponding to the ten columns
of Table 10. We construct projective characters as follows: the decomposition matrix of
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TABLE 10. ?Dy(q), 2 < £|(¢+ 1)

3. 111

21. qPs| . 1

2.1 QZCI)?)(I)G 101

1B | 13Peds | 1 . . 1

3 3P PePs| . .1 L1

121 33®3Ps | . 11 . .1

1.2 | 3¢3P;Ps S 1

]_.]_2 q6(1)3q)6 1 . . 1 « 1 1

21 gPg| . . . . a . 1 11

13 g . .1 .11 . . «al
ps ps ps Ay .2 Ay ps .12 .2 12

the Hecke algebra H(Bs; ¢?; q) for the principal series gives the four PIMs Wy, Uy, U3, Uy
labelled by “ps” in Table 10. Next Harish-Chandra induction of the A;-series PIM of a
Levi subgroup of type A, gives a projective character with unipotent part ¥y = ¥, + g,
but the induction of neither of the A;-series PIMs from a Levi subgroup of type 2Dy A;
contains this character, so U, must be decomposable. The only subsums compatible with
(HCr) are ¥, and W, so these are the two PIMs of G in the A;-series.

Note that the centraliser of a Sylow ®o-torus of G lies inside a Levi subgroup of type
D3, so by (Csp), all Brauer characters of G have a Harish-Chandra vertex contained in
that Levi subgroup. Furthermore, by [27, Thm. 4.2], the Harish-Chandra vertex of the
modular Steinberg character of G is the (cuspidal) modular Steinberg character ¢ ;2 of
2Dg(q). But the Harish-Chandra induction of this PIM has unipotent part \TJS = Wg+ Uy,
SO \ilg is decomposable and yields the two PIMs g and W;y. We have now accounted for
all Harish-Chandra series except for that of the cuspidal character o, of 2D3(q). Hence
the two remaining PIMs must lie in that series.

The column Wy (with a yet undetermined entry a > 0 in the last row) comes from
the tensor product of the unipotent character [21.] with an irreducible Deligne-Lusztig
character for a Coxeter torus (which is projective). This can be computed using the table
of unipotent characters for 2D,(g) available in Chevie [26]. Harish-Chandra induction of
U, from 2D3(q) gives a projective character with unipotent part Uy = Uy + Uy + Uy, As
the remaining two PIMs must lie in the Harish-Chandra series above W 5, @5 has at least
two summands, and it has three if ¥; is a summand of U5. We thus obtain the following
lower right-hand corner of the decomposition matrix, for some b € {0,1} (with b = 0 if
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U5 has two summands, and b = 1 if it has three).

3 1

12.1 . 1

1.2 {1-b6 . 1

1.1%2|u—b . 1 1

21 flu—0b . 1 1 1

1 lu—v 1 . . ov 1
2 A ps.1?2.2 .12

Note that for (¢ + 1), = 3, the result in [17, Tab. 1] only gives an upper bound 3 for
the multiplicity of the Brauer character ¢ in the 3-modular reduction of the Steinberg
character. We write u for this multiplicity (which equals 3 unless (¢ + 1), = 3), and we
have 0 < v < .

The Harish-Chandra restriction to 2Ds(q) of the two projectives in the ¢ y-series de-
composes as (1 —2b+u)¥; 1+ V2 + (u— v — 1)V 12, respectively Wiz + (1 4+ v — u)W 12
(see [17, Table 1]). This shows that v = u — 1. Finally, Harish-Chandra induction of
U5 to 2Ds(q) and restriction back to 2D4(q) should decompose non-negatively into PIMs.
This forces b = 1. Our claim follows by setting a := v. ([l

REMARK 4.14. From the known 3-modular decomposition matrices it can be seen
that a = 1 for SOg4 (2) = Uy(2) and SOg (2), so the case (¢ + 1), = 3 does indeed behave
differently from the generic one where a = 2.

8. Unipotent decomposition matrix of ?D;(q)

We now turn to the groups ?Ds(q), where we first need to determine the structure of
certain Hecke algebras.

LEMMA 4.15. Let q be a prime power and ¢ # 2 with (q+1), > 7. The Hecke algebras of
various {-modular cuspidal pairs (L, \) of Levi subgroups L in ?D,(q) and their respective
numbers of irreducible characters are as given in Table 11.

TABLE 11. Hecke algebras and |Irr H| in ?D,,(q) for dy(q) = 2

(L, \) H n=4 56 7
(A1, p12) H(A1;q) @ H(Bn-s; 4% q) 2 246
(A}, 01%) H(Bs;¢*q) @ H(Bn-s;¢*q) | — 2 4 4
(2D3>S0.2> H(Bn—:s;qz;Q) 2 2 46
(*Ds, ¢ 12) H(Bn-3;¢%q) 2 246
(*DsAr,paWi2) | H(AL Q) @H(Busiqq) | — 1 2 2
(PD3Ay, 12 M pr2) | H(A1;q) @ H(Ba-s; 4% q) - 122

PROOF. Recall that 2D, (q) has Weyl group of type B,_i. The relative Weyl group
of a Levi subgroup of type A; inside 2D, (q) is of type A;B,_3, see [35, p. 70]. Since the
modular Steinberg character ;2 of A;(q) is liftable, we may determine the parameters
locally, inside minimal Levi overgroups of types 2Ds, 2Dy A; and A2. The relative Weyl
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group for a Levi of type A? is of type 2D3B,,_5, and the minimal Levi overgroups have
types As, 2D3A; 2Dy A? and A3. For the modular Steinberg character of a Levi subgroup
2D3(q) the relative Weyl group has type B,_s3 and the minimal Levi overgroups are of
types 2Dy and 2D3 A, with corresponding parameters ¢ and ¢. Finally, the minimal Levi
overgroups for a Levi subgroup of type 2DsA; have types Ds, 2D4A; and D3 A%, with
parameters ¢? and ¢ in the latter two. The parameter for the containment in 2Ds5(q) will
be determined in the proof of Theorem 4.16.

The cuspidal Brauer character ¢ 2 of G = 2D3(q) lift to an ordinary character RY(6) for
0 € Irr L by [17, Prop. 5.4], where L = 245(q).(¢+ 1) and 0 is the product of the cuspidal
unipotent character ; of 2A5(¢q) with an ¢-character 6y of Z(L) in general position. Now
R (6, ®0,) = RY(0, X 0,"), so RE () is invariant under the graph automorphism of
’D3(q) and hence reduction stable. Similarly, the cuspidal modular Steinberg character
@12 lifts to RE(0) for 6 an (-character in general position of a Sylow ®,-torus T" of G.
Here the normaliser of G in a larger type D-group induces the Weyl group W of type
B3 on T, and direct calculation then shows that there is an /-character of T" in general
position stabilised by a short root reflection of W when (¢ + 1), > 7. O

The groups of type 2Ds have 20 unipotent characters. For primes ¢ > 2 with ¢|(¢ + 1),
18 of them lie in the principal ¢-block, and there is a further unipotent ¢-block of cyclic
defect, with Brauer tree
211 — O — 1.21
ps ps

THEOREM 4.16. Assume (Ty). The decomposition matrixz for the principal £-block of
’Ds(q), 11 < ¢|(q + 1), is as given in Table 12, where b > 2 and d € {0,1}.

PROOF. The group G = 2Djs(q) has 18 unipotent characters in its principal ¢-block.
Since ¢ > 2 these unipotent characters form a basic set. As in the previous proofs let
Uy, ..., W5 denote projective characters with unipotent part as in the columns of the
matrix in Table 12. All projectives ¥; except for ¢ € {12,15,17,18} are found by (HCi).

Since the Sylow /-subgroups of G are not contained in any proper Levi subgroup of
G, the PIM Wiz is cuspidal by (St). Application of (HCr) now shows that all projectives
obtained so far are in fact indecomposable, except possibly for Ws5. (For ¥, and Wg, there
are two possible splittings consistent with (HCr), but in both cases, neither summand
occurs among the other PIMs, so that a splitting would lead to a non-independent set
of PIMs.) This implies in particular that the series above the two cuspidal unipotent
Brauer characters of 2D3(g)A;(q) both just contain one Brauer character and hence that
the parameter of the Hecke algebra has to be —1 € k, as claimed in Lemma 4.15.

As ¢ > 10, by Theorem 4.2 there exists a non-unipotent cuspidal character p with
p° = Ry, = . Assume @ € {@14., 092, P12} is not cuspidal. Then the corresponding
projective cover can be obtained from the other columns of the decomposition matrix.
The condition (F,; p) = 0 would then force ¢ = ¢ 2 and the unipotent part of ¥;5 to be
either pg2 + p1.13 + 3pa12 + p1a. Or poz + 2p1 13 + 4por2 + 2p14.. This contradicts the fact
that the entry at [1.1%] in W5 vanishes by (Tri).

Now, denote by by, ..., b7 the yet unknown decomposition numbers below the diagonal
in the columns corresponding to ¢4, @92 and ¢ 12 (recall that the first entry below the
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TABLE 12. 2Ds(q), 11 < ¢|(q + 1), principal block

4. 1 1

31. qq)gq)l() 11

3.1 q2¢4¢)8 1 11

22, DDy 11

4 %q3CI>6CI>8<I>10 A e |

212 %q3<I>3<I>8<I>10 11 1 1

2.2 %q?’(I)g(I)Z(I)lO 1 1 1 . 1

1.3 q4(I)4(I)8(I)10 1 1 1 1 1

122 | ¢®P3PsPy |1 1 1 . 1 1 1

2.12 PPsPPs |1 1 1 21 1 |

]_3.]_ q6¢)4(I)8(I)10 1 11 1 1 1

11 |27 6P| 1 . . 1. 1 1

31 |3 P5PsP| . . 1 .3 .1 1 . 1 . 1

12.12 %q7®3¢i¢10 1112211 3 1 1 1 . . 1

22 Py ... 12 01 3 A b 1 1 1

1.13 q?®, g 1 . 11311 3 1 1 1 3 2 1 1

212 qB P ... 1 13 1 4 1 1 3b—d 3 1 311

14 q*° A 3 1 . 1 34bb-Hd 2 1 5151
ps psps A2 2 Ay ps 2-A) Ay 12 A2 c 2.1%A,¢c.1%cc

diagonal in ¥y, and in W5 vanishes). Thus, we have
Wip = 1] 4 b1[.2%] + ba[1.17] + b3[.21%] + by[.1%],
W5 = [.2%] + b5[.21%] + be[.1"],
and U7 = [.21%] + by [ .17,
From Theorem 4.2 we obtain the relations
—15+410b; + 4by — bbs + by =0, 10 —bbs +bs =0, by = 5.

To obtain further relations we decompose suitable Deligne—Lusztig characters R,, in terms
of projective characters and then apply (DL). We start with a Coxeter element w =
S9535485, whose coefficient on Wy is 3 — bs, forcing b5 > 3. On the other hand, if ¢ > 8
then by Proposition 4.1 there exists a linear ¢-character in general position of a 2-split
Levi subgroup L of type A;(q).(¢+1)*. Then (Red) with p being the Steinberg character
of L shows that b5 > 3, which yields b; = 3 and bg = 5 using the previous equations. Note
that as a consequence neither W5, W7 nor Wz occurs in R,,.

With w = s159535152535485, the coefficient of U7 on R, equals —3 + 3b; + by — b3
and must be non-negative by (DL). On the other hand, if ¢ > 6 one can use (Red)
with a Levi subgroup of type 245(q).(¢ + 1)® and its cuspidal unipotent character to
find that 5 — 3b; — by + bs > 0. This shows that there exists d € {0, 1,2} such that
63:—3+3b1+b2—d
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At this stage we can only find lower bounds on the remaining unknowns by, bo, d. We
have already seen that d € {0,1,2}. Using (Red) for the two non-conjugate pairs of the
form (L,p) = (A1(q)%(q + 1)3,[2]2) gives by > 2 and by > 3 whenever ¢ > 6. The
other relations will be obtained in the proof of Theorem 4.18. In the table we have set
b:= bl. O

REMARK 4.17. As in Remark 4.10 consider the virtual character @), introduced in
[16], for w = (515953)?54555453515253. Then in the principal block By of 2D5(q) we have

BoQ., = 48([1*.] + [.31] + 3[.2%] + 5[1.1°] + 9[.21%] + 15[.1%]).

If the conjecture in [16, Conj. 1.2] holds, this should have ¥4 as a direct summand, which
would prove that W14 is a direct summand of [1*.] +2[.22] + 3[1.1%] + 6[.21?] + 13[.1%]. This
would force in particular b < 2 hence b = 2. We deduce that assuming the conjecture,
there are the following two possibilities left for the character of Wya :

111
2212 2
11313 3
21216 5
a4 113 8

9. Unipotent decomposition matrix of ?Dg(q)

The groups of type 2Dg have 36 unipotent characters, all of which lie in the principal
(-block for primes ¢ dividing q + 1.

THEOREM 4.18. Assume (T;). The decomposition matriz for the principal £-block of
’De(q), 11 < l|(q + 1), is as given in Table 13, where b > 2 and d € {0,1} are as in
Theorem 4.16. All columns but possibly Vs are indecomposable.

PROOF. Since ¢ > 2 the unipotent characters form a basic set for the unipotent
blocks. As before, we denote by ¥;, 1 < i < 36, (virtual) projective characters of G
whose unipotent parts decompose as given in the respective columns of Table 13, and we
propose to show that these are the unipotent PIMs of G.

Note that the decomposition matrices of the unipotent blocks of all proper Levi sub-
groups are known, up to the undetermined entries in the PIM W4, of 2D5(q). The U,
i€{1,2,3,4,6,7,10,18} are the PIMs in the principal series, so are obtained from the
decomposition matrix of the Hecke algebra H(Bs;q?;q) (which can be computed with
[36]). Now consider the Harish-Chandra series above the cuspidal /-modular Steinberg
character @2 of a Levi subgroup of type A;. Harish-Chandra inducing the two PIMs
in that series from a Levi subgroup of type 2Ds gives Wg 4 2U,5 and W3 + 2Wy. The
decomposition matrix of the corresponding Hecke algebra H(A;;q) @ H(Bs;¢% q) (see
Lemma 4.15) shows that each of these must have two summands in the A;-series, one
with multiplicity 2. The only possible splitting compatible with (HCr) gives the four
PIMs \Ifg, \1113, \I’lg and 11122.

Next consider the Harish-Chandra series of the cuspidal /-modular Steinberg character
"% of a Levi subgroup of type A?. HC-inducing the two PIMs in that series from a Levi
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TABLE 13. 2Dg(q), 11 < ¢|(q+ 1)

5. 1|1

41. q 1

4.1 ¢ 11

32. 7> . 1

5 14 1.1

3.2 iq?’ 1 o1 1

31.1 iq3 11 . 1

312. iq3 1 1 1

1.4 iq4 1 . 1 1

2.3 iq4 11 .1 o1

22.1 iq4 1. . 1

2%1. §q4 1 | 1

212 | ¢° 11 . 1 11 1

312 | ¢ |1 121 1 1

123 | ¢° 11 .1. 1 . 1 1

212.1| ¢8 11 . 1 . 1 1 1

41 | 147 . 2 1 1 1 1

2.21 iq7 1 . 121 1 1 1 1

21.12 iq7 11 1 21 1 1 1 1

213. §q7 1 : 1 1

131 | ¢ |1 2 1 1 1 11

132 [ ¢ |1 . .1 1 1 ) .

1221 ¢ |1 . . 121 1 . 1 12 1

32 | 1410 1 2 1 . 1

1.22 iqu 2 1 1 2 11 b

13.12 iqu 1 121 2 1 1 2

141 ng 11 1 .. 1

213 [ ¢2 ] . 11 1 2 1 1 1 2.1 3

312 | 313 . 1.2 2 1 1.1 2 .1 2bd

1.212 iql3 1. 4 1 11 1 . 2 11 b

12.13iq13.11 1 21 1 2 1 12 .1 3

1. %qm 1 o 1 ) ) S )

221 | ¢ 1. . . 211 .1 . 1 2 .1 2bd

1.1%4 | ¢ |1 .21 .11 . . . .1 2 . . . 3b4d

213 | ¢* .21 1 .12 .1 . . 4b4d

15 SO0 1 o1 .. .1 . 1 L2 .. 324
ps ps ps ps .2 ps ps Ap 2 ps A2 A2 Ay 12 2-A1 Ay 2ps 17 1%

dec? *

subgroup of type Ay gives Wi; + W5 and Vo + oy, Comparison with the correspond-
ing Hecke algebra H(Bs;¢% q) ® H(B1;q¢*) shows that both have to have two PIMs as
summands in this series. Again splitting via (HCr) yields Wy, Uy9, Uog and Wor.
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TABLE 14. 2Dg(q), 11 < ¢|(g + 1), cntd.
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Now consider the Harish-Chandra series of the cuspidal /-modular Steinberg character
@12 of a Levi subgroup of type 2Ds. Here, Harish-Chandra inducing the two PIMs in that
series from a Levi subgroup of type 2Ds gives W, + 209 and Wag + 2Ws,. Comparison
with the decomposition matrix of the Hecke algebra H(Bs; ¢%; q¢) and application of (HCr)
then shows that W4, Wig, Wog and W3y are projective.

The situation for the Harish-Chandra series of the cuspidal unipotent Brauer charac-
ter po of a Levi subgroup of type ?Ds is precisely as in the previous case, yielding the
columns V5, Uy, U7 and Woy. Now consider the Harish-Chandra series above the cuspidal
unipotent character ¢, X @12 of a Levi subgroup of type 2DsA;. By Table 11 this series
will contain two PIMs, whence the Harish-Chandra induction of the unique PIM of a
Levi subgroup of type 2D3 A, in that series, viz. W5 4+ Wy + Woy, must have at least two
summands in that series. The only minimal summands compatible with (HCr) are W3,
Wy, Way, of which the later lies in a lower Harish-Chandra series. But Wy, cannot be a
summand in the PIMs induced from 2D4A;, so this yields W5 and Wy;. Next consider the
Harish-Chandra series of the modular Steinberg character ¢ 12 X 12 of a Levi subgroup
of type 2Ds.A;. The Harish-Chandra induction of the corresponding PIM from 2Dj.A,
gives Wos = Wos + U3y As a Levi subgroup of type 2D4.A; has two PIMs in this series,
Wy3 must have at least two summands in this series, and the only possibility according to
(HCr) is W3 plus Us;.

Since a Sylow /¢-subgroup of G is contained in a Levi subgroup of G of type 2Ds, G
does not possess cuspidal unipotent Brauer characters by (Csp) and moreover, by (St) the
Harish-Chandra induction of the Steinberg PIM from 2Ds(q) must contain the Steinberg
PIM of GG, which gives W34 and Wsq.
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We have now accounted for all Harish-Chandra series except for those above the three
cuspidal Brauer characters @11, @92 and o2 of 2Ds(q). As we are still missing six
projectives, each of these three series will contribute two PIMs, and they must occur as
summands of the Harish-Chandra induction @20, @25 and \1129 of the respective cuspidal
PIMs from 2D5(q). The only way that Wy can split according to (HCr) is as Wy =
o5 + W33. By (Tri) there is a PIM of G containing [.21%] once plus some copies of the
Steinberg character. This cannot be a summand of \ilgo, so it must occur in \1129. Then
(HCr) shows that W35 is a summand of WUs9. Harish-Chandra restriction of a PIM from
’D7(q) which contains the unipotent character [.31%] once and other unipotent characters
of at least the same a-value decomposes as @29 — W3y plus ¥,’s with higher a-value, so
W3, is a summand of Uyg as well. This yields Wag.

Finally, the PIM involving [12.1%] and constituents with higher a-value must be a
summand of Wy, Again, (HCr) then yields two projective modules U, and W3y as given
below:

213, 1

.32 by

1.22 by

13.12 .

111 1

2.13 b

312 3btbe—d-3

1.212 | 3bi+2by—d-3

12.13 b

15. . 1

221 3biHbe—d—-3 b1

. 15 2b1+2b2—d-|—c—3 3+3b1—bg—4d—c
Wy W

where c is some non-negative integer.

Let w = $95153518283584555¢. The coefficients of W34 and Vs on R, since these PIMs
cannot occur in W), or W3y, We find that the coeeficients are opposed therefore they must
be zero by (DL). This gives —24 + 8b; + 8¢ = 0, hence ¢ = 3 — by. But we showed that
b, > 3 at the end of the proof of Theorem 4.16, therefore we must have b = 3 and ¢ = 0.
In addition, if £ > 4 then (Red) with (2A2(q)A1(¢?).(q + 1)2,24, X [2]) gives d < 1.

All columns are indecomposable, except possibly for W5 which might contain once
Uy, and for WY, which could contain the PIMs Wq,, Wog and W3y. Now Harish-Chandra
inducing W3y to 2D;(q), restricting it back and decomposing it in the ¥; shows that U},
must indeed contain Wy, at least by times, and W3, at least 3 —d times. The new character
could only contain Wog. However, when ¢ > 6, one can use (Red) with the trivial character
of a Levi subgroup of type As(q).(g+1)? to see that Wsg cannot be a summand of Wyy. O
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10. Unipotent decomposition matrix of *£s(q)

LEMMA 4.19. Let q be a prime power and 2 < £|(q+1). The Hecke algebras of various
(-modular cuspidal pairs (L, \) of Levi subgroups L in *E¢(q) and their respective numbers
of irreducible characters are as given in Table 15.

TABLE 15. Hecke algebras in ?Fg(q) for dy(q) = 2

L,\) H [Irr H|
H(Bs;q;4%) | 3
D3, 2) | H(B2¢*q)
H(Ba; ¢% q)
2145, 90321) H(A1§ Qg)
A5, po212) | H(A1;q)
2145, 90214) H(AU C])
As, p16) | H(A;;-1)

e Y

PROOF. For type A; the minimal Levi overgroups in ?Fg(q) are of types 2Dz and A;?Ds;
for 2D5 the minimal overgroups are of types 2D, and 24s;. For the ordinary cuspidal
unipotent character [321] of 2A5(¢q) the Hecke algebra inside *Eg(q) is known to have
parameter ¢° (see [8, p. 464]). The induction of the Steinberg PIM of 245(q) to %Fg(q)
is indecomposable by (HCr), so the parameter here is —1 € k. By [17, Prop. 5.4], the
cuspidal Brauer character o4 of 245(q) lifts to an ordinary cuspidal character in the
Lusztig series of an (-element with centraliser 2A5(q)(¢+ 1)*, whose centraliser in *Fg(q) is
of type 2A5(q)A1(q)(q + 1)3. Similarly, (o212 lifts to an ordinary cuspidal character in the
Lusztig series of an f-element with centraliser 2A5(q)*(q + 1)? (resp. 242(q)?A1(q)(q¢ + 1))
in 245(q) (resp. ?Fs(q)). Thus the parameter of the Hecke algebra is ¢ in either case.

The reduction stability of the cuspidal unipotent Brauer characters of 2D3(q) was
already discussed in Lemma 4.15. From the extended Dynkin diagram it can be seen
that the relative Weyl group of an As-Levi subgroup inside Eg(q) acts trivially on the
As-factor, so all cuspidal Brauer characters of 2A5(q) are reduction stable. O

The groups *Eg(q) have 30 unipotent characters. For primes ¢ > 3 dividing ¢ + 1, 25
of these lie in the principal ¢-block and three more, namely those labelled ¢ 3, ¢g o, @16,5,
lie in a block of defect (¢ + 1)?. The unipotent part of the decomposition matrix of this
latter /-block is easily shown to be the identity matrix. The last two unipotent characters,
both of which are cuspidal, are of defect 0. We obtain the following approximation to the
decomposition matrix of the principal block:

THEOREM 4.20. The decomposition matrix for the principal -block of *Eg(q), £|(q+1),
¢ >3 and (q+1), > 11, is approximated as given in Table 16. The unknown entries satisfy
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f€{0,1,2} and

Ts =0r1 — X9+ a3+ 214 — 7
T7 =3x1 — 3Ty + 23+ 214 — 5

xIs :6ZE1 —3I2+!E3+2[E4—|—2ZE6— 12
T9 = 611 — dx9 + 44 + a6 — 15,

T10 = 1521 — 1529 + x5 + 1024 + Sx6 — 25,

1)2:5U1+f—9,
V3 = 10U1—|—6f—24

All projectives listed are indecomposable except possibly for Vg and V.

TABLE 16. ?Es(q), ¢|(¢+1), ¢ >3 and (¢+ 1), > 11

®1,0 11

/2,4 q

$a,1 > 1

$9,2 3°|1 1 11

lie | 38| 1 N

b4 3¢ 1. .1

2A5:2 ¢t ) 1

Py 7 ¢ 1 . o1

g,s ¢° .12 1

P96 q° 1111221 1

Eg[1] | 14" . . : 1

Pr24 | §4" 121 .24 1 .1 1

D 3¢’ 1122 11 1

¢I6’,6 %q7 1 .2 1

®a,8 +q’ 1 2 2 )

D6 q" 1 .36 11 2 3

17 gt . 1 4 . . . 2 . 1

Pg.9 7?1 1 134 111 a3 1 12 o1

2A5:12| ¢ .. 1. T4 . . .. 2 1

do10 | 3q" 11 512 1 2 251 6 13531 2 1

112 %qw 1 2 x6 3 A |

his |34 1 2 T .. 2 .11 2 . .1

ba13 | ¢*° 38 1 2zg 1 6 2 511 22 120 1

b1 | 47 28 . . 1 x 1 8 . 163 . 524 15v51

G100 | ). . . . .16 . 1 . axp. 6 12551 540150v31061
psps psps Ay 2321 A1 ps .12 ¢ ps 22124, 221 ¢ .12 ¢ 15cc ¢ cec

dec? * %

Here the symbols “.27, “127, “3217,4221%2”  “21%” and “1%” stand for Harish-Chandra
series of cuspidal Brauer characters of 2Ds(q), 2A5(q) respectively, see [17, Table 1].
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PRrROOF. As usual, we write ¥; for linear combinations of unipotent characters corre-
sponding to the column ¢ of Table 16. For i € {6,7,10,12,15,16, 18,20} they are obtained
by (HCi). We also find ¥y 4+ ¥, and ¥y + V5 which by (Tri) and (HCr) yield o, ¥y and
V5. Then ¥y 4 2¥, and ¥y + U3 give Wy and V3. From this, U3 + Wy allows to isolate
Uy. Also Uy + Vg again by (Tri) yields Ws. Then Wg + Wy leads to Wiy and Wyp + Uy3
gives V3.

Counting the columns obtained so far and comparing with the number of characters
in non-cuspidal Harish-Chandra series with Lemma 4.19 shows that the eight columns
with indices ¢ € {11,17,19,21,22,23,24, 25} must be cuspidal.

By Corollary 4.3 the second to last entry in the last row equals 6 = rank G. We
then use (DL) to find some of the entries in columns corresponding to the other cuspidal
Brauer characters. Note that by Proposition 4.1 we can use (Reg) for any d-split Levi
subgroup whenever (¢ + 1), > 12. We start with Wy7: the decomposition numbers in that
column will be denoted by w1, ...,ys so that the unipotent part of ¥y; equals

Uir = Qg+ Y1dge + -+ yrds 16 + YsPr,2a-

Let us consider the Deligne-Lusztig character R, associated to a Coxeter element w.
One first checks that i3 does not occur in any R, for v < w. Its coefficient at Wqg is
—1yy, therefore by (DL) the entry y; must be zero. The coefficient of W9 equals 2 — ys
which forces yo < 2. One can use (Red) with the character A, X [2] of a Levi subgroup
245(q)?.(q+1)? to see that we also have y, > 2, which proves that i, = 2. The coefficients
of Wy, Wy and Woy are 3 — y3, —yy and 1 — y5 respectively. Using (Red) for a Levi
subgroup Dy(q).(q + 1)? and the character [.2%] (resp. the cuspidal unipotent character)
we have y3 > 3 (resp. y5 > 1). We deduce that

y3=3, ys=0 and y;=1.

The coefficient of Wo3 is 1 — yg, and (Red) for the trivial character of a Levi subgroup
Ai(q)%.(q + 1)* gives ys > 1, whence yg = 1. Finally, the coefficient of Wy, is 3 — y7; one
can invoke (Red) with the trivial character of a Levi subgroup A;(q).(¢ + 1)° to ensure
that y; > 3, hence y; = 3. We conclude that yg = 5 using Theorem 4.2.

We now turn to Wy using the Deligne-Lusztig character R, with w = $15953515453.
We denote by u; the unknown decomposition numbers in the 21st column: under the
assumption (Tri) there are u; > 0 such that

o1 = @ 19 + ur1a13 + U@y 15 + UzD1 24

The coefficient of Wa3 on R, is 2 —uy; on the other hand, (Red) with the trivial character
of a Levi subgroup A;(q)?.(¢+1)* gives uy > 2. The coefficient of Way is 5 —uy and (Red)
with the trivial character of A;(q).(q + 1)° gives us > 5. This shows that u; = 2 and
ug = 5. Theorem 4.2 gives uz = 5.

We continue with the PIM W9 and the Deligne-Lusztig character R, with w =
5455545953515455. The unknown entries will be denoted by zi,...,25. The coefficients
of the PIMs Wyy and Wy on R, are 4 — 2z; and 4 — 2z3 respectively. The unipotent
characters [.22] and [Dy] of D4(q).(q¢ + 1)* give, by (Red), the relations 21,23 > 2. We
deduce that z; = z3 = 2. The PIM Wq3 has coefficient 4 + 425 — 224; using (Red) with the
cuspidal unipotent character of ?45(q)%.(¢ + 1)* we get —2 — 225 + 24 > 0, which proves
that z4 = 2 + 229. Next, Wy, has coefficient 8 + 1025 — 225 and by (Red) with the trivial
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character of A;(q).(¢ + 1)® we must also have —4 — 529 + 25 > 0, whence 25 = 4 + 52y.
Finally, Theorem 4.2 shows that zg = 10 + 525. We set z := 2s.

Let us now consider the PIM Wy, for which many entries are unknown. Using (Tri),
only 10 entries below the diagonal can be non-zero, starting with the row corresponding
to g’ﬁ. We denote these by x;. Let w = 515954535155545356555453. The coefficients of Wyq
and ¥y, in R, are

X i =6x1 —2o+a3+2x4—25—7 and Y : =3z — 39+ 23+ 224 — 27— 5

respectively. By (Red) with the trivial character of 245(q).(¢ + 1), the sum X + Y must
be non-positive. Therefore (DL) forces X =Y = 0 which gives the values of x5 and 7 in
terms of x1,...,x4. The coefficient of Vo3 is —12 + 621 — 3w9 + x3 + 224 + 226 — 23. By
(Red) applied to the cuspidal unipotent character of ?A5(q)2.(¢+1)? it is also non-positive,
therefore it must be zero, so that

Iy = 61’1 — 3$2+JI3 +2$4+21’6 —12.

Finally, the coefficient of Wy is —15 4 621 — bxo + 4x4 + Hxg — T9; it iS non-negative by
(DL) and non-positive by (Red) applied to the trivial character of A;(g).(¢+ 1)°, forcing

Tg = 6.171 - 5%2 + 41’4 + 51‘6 — 15.

Theorem 4.2 then gives 19 = 1521 — 1529 + x5 + 1024 + Sz — 25.

Let us denote by w; and wy the two unknown entries in the 23rd column. Let w =
$953545253545655545253545556. 1he coefficient of Uy3 in R, is 60 — 12w; therefore w; < 5
by (DL). On the other hand, (Red) applied to the trivial character of A;(q).(q+1)° forces
wy > 5, hence wy = 5. We get wy = 10 using Theorem 4.2.

The last Deligne-Lusztig character R,, we look at is the one associated to the element
W = S$1528351545351555453515655545351. Let vy, v, v3 be the three unknown entries in the
22nd column. The coefficient of Uy on R, equals —252+180v; — 36wy = 36(—745v; —vy).
By (DL) this implies that v < 5v; — 7. On the other hand, (Red) for the cuspidal
unipotent character of 245(q).(q+ 1)* yields the relation 9 — 5v; + vy > 0. We deduce that
vy = bvy — 9+ f with some f € {0,1,2}. Theorem 4.2 then gives v3 = 30 — 20v; + Gvy =
1OU1 + 6f — 24.

Now all projectives in the table are indecomposable except possibly for Ug which might
contain Wiy once, and for W7 which might contain Wg (twice), WUio (four times), ¥y4 and
U5 (once each). O

11. Unipotent decomposition matrices of B,(¢) and Cy(q)

Here, we find the decomposition matrices for the unipotent blocks of odd-dimensional
orthogonal groups By(q) and symplectic groups Cy(q), assuming (7}).

The decomposition matrix for the principal f-block of SO7(q), 2 < ¢|(¢ + 1), was
determined by Himstedt—Noeske [34]. Again we first record the parameters of certain
Hecke algebras.

LEMMA 4.21. Let q be a prime power and 2 < £|(q+1). The Hecke algebras of various
C-modular cuspidal pairs (L, \) of Levi subgroups L in By(q) and their respective numbers
of irreducible characters are as given in Table 17.
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TABLE 17. Hecke algebras in By(q) for dy(q) = 2

(L,A) | H | e |
(A1, 012) | H(Aq) @ H(Basq3q9) | 2
(31790.1) H(BSSQ; Q) 3
(A2, %) H(Bs; 4% q) 2

PRrOOF. The relative Weyl groups of the relevant Levi subgroups can be found in
[35, p. 70]. All three cuspidal characters are the /-modular Steinberg characters of the
respective groups and thus liftable. The minimal Levi overgroups for type A; are of types
By, B1A; and A? and thus lead to parameters ¢ in all three cases. For a Levi subgroup
of type B; the minimal overgroups have types B, and B;A;, with parameters ¢ as just
seen. Finally for a Levi subgroup of type A? the minimal overgroups are of types Az and
By Ay, with parameters ¢2, ¢ respectively.

As for reduction stability, by the considerations in Section 2.3 we only need to worry
about the last case. Here, the embedding SO550, < SOg shows that the relative Weyl
group B, centralises the A? Levi subgroup and so any lift of the cuspidal Brauer character
will be reduction stable. O

The groups of type By have 25 unipotent characters. For primes ¢ > 2 dividing ¢ + 1,
20 of these lie in the principal ¢-block, the other five lie in a block of defect (®2),.

THEOREM 4.22. Assume (T;). The {-modular decomposition matrices of the unipotent
C-blocks of G = By(q), 7 < {|(q+ 1), are as given in Table 18 and 19.

Here Bf denotes the Harish-Chandra series of the cuspidal unipotent Brauer character
By: 1% of Bs(q), BS, BS the ones of the cuspidal unipotent Brauer characters By X ;2 and
@12 W2 of By(q)A;(g) and A?* the one of the f-modular Steinberg character o2 X ;2
of Bi(q)Ai(g)-

PrOOF. The five projectives in the non-principal unipotent ¢-block are obtained by
(HCi) and are easily seen to be indecomposable. This proves Table 19. So now consider the
principal block. The three columns labelled “ps” come from the decomposition matrix of
the Hecke algebra H(Bjy; q; q). Harish-Chandra inducing the unipotent PIMs from proper
Levi subgroups L of G and cutting by the principal block we obtain projectives which
are non-negative integral linear combinations of the sixteen columns Wy, ... Wy, U6, Wiy
in our table. (For Levi subgroups of type Bs the decomposition matrix, depending on
(g+1),, was obtained in [34, Table 5].) Furthermore, among these induced projectives we
actually find all of the ¥; not labelled “ps”, except that instead of g we obtain Vg + W5
and W4 + Wqg. Since the space spanned by these projectives together with W, and Wyg is
only 3-dimensional, we conclude that Ug is also a projective character.

We next claim that all of the U, are indecomposable. For i ¢ {3,6,8} this follows
by application of (HCr). For the remaining three columns there is only one possible
non-trivial decomposition each, into

Uy =W+ 0, W= W, + W, Wy = U, 4 W

(with U2+ W{ = W;). The three projective characters are induced from Steinberg PIMs in
the series By, A%, A;. The corresponding Hecke algebras were determined in Lemma 4.21,
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TABLE 18. By(q), 7 < {|(q + 1), principal block

4. 1 ]1

32:2 lq 1

4 iq 1 .1

31, [ fgl1 .

Byl2 |12 1 . .1

922 |1pz2| 1.1

22 |Ip|1 1 1

21.1 ¢ |1 1 1 11

31 ¢t 1 11 o1

212, iq4 1 o1 1 1 1

212 |11 2 1 11 1

122 | ¢ |1 1 . 11 1

1.21 @12 2121111 1 1 1

By:.2 | 1gf 1 . .o 1

22 iq6 .. . 121 . .1 . . .1 .1

12.12 iq6 121 . 2112 . . 1 11 . .1

Bezligl 1 1 121

14, iq91......1.1.....1.1

212 §q9121121.11311121...1

14 g1 2 1 .2 . .1 . 3 1 1 1 2314311
ps By By ps BY A2 ps Ay By 13. 12 A2 Bs B§ c Ajcc 13 ¢

TABLE 19. By(q), 5 < ¢|(q+ 1), block of defect ®3

3.1 1qP3P, P

1.3 1PPipeds | 1 1

BQZ 1.1 %q4q)%q)gq)3q)6 . . 1

13.1 15PIpgds |1 . .1

1.13 1P0P3P, P |11 2 1 1
ps By By Ay .12

by Table 11 they have 3,2,2 modular irreducibles, respectively. We already saw that the
other unipotent block of G has one PIM in each of the series B; and A;. If ¥3 decomposes,
its summands must lie in the Bj-series, which would produce four PIMs in that series,
but we just argued that there should be exactly three. The same argument applies to
the other two series. Thus all columns not labelled “c” in Table 18 correspond to PIMs.
Since (¢ + 1), > 8, Corollary 4.4 gives the columns W;7; and V5.

Now by uni-triangularity there are z; > 0 such that

Uy = [.2%] + 29[ By 12] 4 2o [1%] + 23[.21%] + 24[.17).
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For determining the x;’s we proceed as usual. We first use Theorem 4.2 to get z, =
4x1 + 3x9 + v3 — 6. Then we decompose the Deligne-Lusztig character R, for w a
Coxeter element on the basis of PIMs. We have, up to adding and removing non-unipotent
characters

Ry=V+WVy W3 — Wy — W5+ W5 — Wg+Wg+ Wiy — Wiy + V5 — Vg
+ (2 — 21)V17 — 29Wig + (1 — 23) V.

By decomposing R, for v < w, one checks that none of Wy, Wig Wig occurs (for ¥y;
and Wig one could also invoke the fact that they correspond to cuspidal modules). Then
(DL) yields 27 < 2, 5 = 0 and 23 < 1. On the other hand, for a 2-split Levi subgroup
Bs(q).(¢+1)? and ¢ > 4 one can use (Red) with the unipotent characters [Bs] and [.2] to
get respectively xy > 2 and x3 > 1, showing z; = 2 and z3 = 1. O

As Lusztig has shown, the unipotent characters of groups of types B, and C, are
parametrised by the same combinatorial objects. With this we may state:

THEOREM 4.23. Assume (Ty). Then the {-modular decomposition matrices for the
unipotent blocks of G = Cy(q), for 8 < {|(q + 1), are as given in Tables 18 and 19 for
By(q) above.

PROOF. All of the arguments in the proof of Theorem 4.22 go through for Cy(q) as
well. 0

12. Unipotent decomposition matrix of F}(q)

The groups of type Fy have 37 unipotent characters. For dy;(q) = 2 and ¢ > 3, 25 of
these lie in the principal ¢-block, five more lie in a block of defect (¢ + 1)%, and the last
seven are of defect 0. For p good, the decomposition matrices of the unipotent ¢-blocks of
Fy(q) were partially computed by Kohler in [38]. He completely determined the matrix
for the non-principal block of positive defect. We obtain here most of the entries that
were left undetermined for the principal block.

THEOREM 4.24. The decomposition matriz for the principal (-block of Fy(q), (¢,6) =1,
with 3 < £|(g+1) and (¢ + 1), > 11 is approxzimated as given in Table 20.
Here, the unknown parameters satisfy

reg =4 — 211 — 209+ 223 and x7 =4 — x3+ 214 + 225.
Furthermore, x1, xo, x3, 2 > 2.

Here B denotes the Harish-Chandra series of the cuspidal unipotent Brauer character
By: sz of B3(q), and A% the one of the f-modular Steinberg character @2 X @2 of

A1(q)Ai(g)-

PROOF. The values a, b, ¢, d left undetermined in [38, T.A.157] are obtained by Harish-
Chandra induction from the decomposition matrices of the Levi factors Bs(q) and Cs(q):
using the values given in [34, Table 5 and Thm. 4.3], we get b,d < v = 2 and a,c <
B —1 = 2 (recall that (¢ + 1), > 5). This forces a = b = ¢ = d = 2. Furthermore
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TABLE 20. Fy(q), { >3 and (¢+ 1), > 11

®1,0 1 |1

i2/,4 %q 1

2,4 54 1

By2. | 3q 1

$9.2 q* 11 .1

¢é73 q3 1 .1 . 11

4y ¢ |11 1 1

FI) | Lt . 1

be || 1 211 1 1

5,6 %q‘l 11 11 1

3,12 %q‘l 1 | 1

06 ¢! 11 1 1 1

] | 5t 1

112 3¢ |1 1 1

Fy[—1] %q‘l ) 1

By:1? %q"‘ 1 oo 1

By:.2 %q“ 1 . .. . 1

6.6 3¢* |1 /S S . 1

89 @ |11 .21 2 1x1 1 3 . .22 11

8o ¢ |1 1211 2x1 . .1 . 3 2 . 21 1

$o10 | ¢*° 11211 1xz1 1 21 y 2 2z 2 2 11 11

bis | 3q™ 1 za . . . 1 w2 3 2z . 2 . . 111

his | 3q" 1 .. Lwms . 103 w2 .oz o2 . .1 1.1

Byl? |4 . . .1 . . Lwe . . . . 2y 241 1 . . . 2..1

broa |1 . .02 .1 lagl . 3 .3y43 32z 2 2 1 1 132241
pspsps Cops Ay Cp ¢ 12 A1 1. C1 ¢ 13 ¢ B§B§B§.13.l3ccccc

(38, T.A.157] gives the following approximation to the lower right hand corner of the
decomposition matrix:

¢9,1O 1
;2’716 1 1
2,16 ]_ . ]_
323.12 bl . . 1

G124 | b2 b3 by b5 1

Now, Theorem 4.2 yields the values of b3, by and b5, together with the relation by = 4b; —5.

Let w be a Coxeter element of the Weyl group of G = Fy(q). The correspond-
ing Deligne-Lusztig character R,, has the following decomposition in terms of projective
characters in the principal block By:

BoRy =W + Uy — Wg — Uy + Wy — Uiz + Wiy + Wyp — Wig + Wop + (2 — b1) Uy
By [15, Prop. 1.5], we deduce that b; < 2, and therefore b; = 2 and by = 3.
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We now focus on the columns corresponding to the ordinary cuspidal unipotent char-

acters, whose entries will be denoted by x1, ..., xs as follows:
FI1) |1
Fln | .1
Fy-1] . . 1
Pso |71 T8 T15
8.0 T2 Ty T16

$9,10 | T3 T10 T17
/!
2,16 T4 T11 218
/

¢2,16 L5 T12 219

.12
Bg..l Te 13 T20

$124 | T7 T14 T21

Let w = s159538458953. The coefficients of the PIMs W9, Uyy and Wyy are respectively
2— 1215, 2— 215+ 217 — 218 and 4 — 2x15 — 2216 + 2217 — T99. They are all non-negative by
(DL) and they add up to 8 — 4x15 — 2216 + 3217 — T18 — T29. But when (¢ + 1), > 7, this
sum should also be non-positive by (Red) applied to the trivial character of 4 (q).(q+1)3
(see Proposition 4.1). Therefore we must have

Ti5 =2, mig=x17 and Ty = 2717 — 2T6.

Similarly, the coefficients of Wy, Wog and Wy, are respectively 2 — x14, 2 — 16 + T17 — T19
and 4 — 2x15 — 2216 + 2217 — x99. They add up to a number which is both non-negative
by (DL) and non-positive by (Red) applied to the trivial character of A;(q).(¢ + 1).
Therefore

16 — 2, 19 — 17 and Tong — 23}’17 — 4.

Then by Theorem 4.2 we get x9; = 3z17. We set z := xq7.
Let w = (s1895384)% and R, be the corresponding Deligne-Lusztig character. We
proceed as in the previous paragraph. The sum of the coefficients of W9, Woy and Wy, is

(—xg) + (2 — I3 —+ 10 — SL’H) —+ (—2138 — 2569 + 2;310 — LU13)
and the sum of the coefficients of Wqy, Wou and Wy, is
(—Jfg) + (2 — Tg + X109 — .1‘12) + (-2[158 — 21‘9 + 2.73'10 - 1313).

Both are sums of non-negative integers by (DL) and are non-positive by (Red) (for the
same unipotent characters as before). We deduce that

g =T9 =0, Ty =T2=o10+2, and z13 = 211.

With Theorem 4.2 we get x14 = 3x190 + 4. We set y := x19.

We now consider the Deligne-Lusztig character associated with w = (s1595354)3. Only
the PIMs Wy, and W95 do not occur in R, for v < w. The coefficient of ¥y, on R, equals
4 — 2z — 2wy + 223 — 26 and therefore it must be non-negative by (DL). On the other
hand, if (¢ + 1), > 4 on can invoke (Red) for the cuspidal unipotent character of the
Levi subgroup Bs(q).(¢ + 1)? to ensure that it is also non-positive. We deduce that
re = 4 — 2x1 — 229 + 223. The relation z7; = 4 — x3 + 224 + 225 now follows from
Theorem 4.2.
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Finally, we use (Red) to obtain lower bounds on some of the missing entries. With the
trivial character of the 2-split Levi subgroups of type ?45(q).(q + 1)? we find x; > 2 and
xy > 2. Using the character [21]X[2] of a 2-split Levi subgroup of type ?45(q)A1(q).(¢+1)
we find x3 > 1 + 2 — 2 hence z3 > 2. O

REMARK 4.25. As before we can obtain upper bounds on the missing decomposition
numbers if [16, Conj. 1.2] holds. Let wy = 59535251535253545352515354. We have

(Quyso19) =4 —211 and  (Quy; p20) = 4 — 29,

which would show that z; = x5 = 2. Now with wy = $1525153525154535251535254535251
and w3 = $3545359515352535453525153525354 we have

<Qw2; 9022> =72+ 121'3 — 121‘4,
(Qug; 1) = 156 — 122 — 12x3,
(Qus; pa3) = T2 + 1223 — 125,

This gives x4, x5 < 23+ 6 and x3 + 2z < 13. Finally with wy = $35253545359515354 and
Ws = $95154535951538283 we find

<Qw4; 9021> =18 -6z and <Qw4; @21> =14 — 2y

We conclude that y < 7 and z € {2,3}. Using the previous inequalities we obtain z3 < 11
and x4, x5 < 17.






CHAPTER 5

Decomposition matrices at dy(q) = 3

Here, we consider decomposition matrices of unipotent blocks of groups of Lie type
G = G(q) for primes ¢ with dy(q) = 3, so {|(¢* + ¢+ 1) and in particular ¢ > 7. If G is of
classical type, then such primes ¢ with are linear for G, and so the decomposition numbers
are known by work of Gruber and Hiss [33] to be given by suitable ¢g-Schur algebras.
(This implies, for example, that the block distribution of unipotent characters refines
the subdivision into ordinary Harish-Chandra series, and that (7}) is always satisfied.)
Nevertheless, to our knowledge they have never been written out explicitly, so we derive
them here, also as an induction base for blocks of groups of exceptional type for which
the theory of linear primes from [33] does not apply.

1. Even-dimensional split orthogonal groups

We begin with groups of type D, for n < 7. The Brauer trees of unipotent blocks
with cyclic defect were first determined by Fong and Srinivasan [20] and in our situation
can also easily be obtained by Harish-Chandra induction:

PROPOSITION 5.1. Let q be a prime power and ¢ a prime with dy(q) = 3. The Brauer
trees of the unipotent (-blocks of D,(q), 3 < n < 7, with cyclic defect are as given in
Table 1.

Here and later on, we label the ordinary unipotent characters by their Harish-Chandra
series; for the principal series this means by the irreducible characters of a Weyl group of
type D,,, hence by unordered pairs of partitions of n, and for characters in the Harish-
Chandra series of the cuspidal unipotent character of a Levi subgroup of type Dy by the
symbol “D,” and a character of the relative Weyl group, which is of type B,_4, hence by
a bipartition of n — 4.

Under the edges of the Brauer trees, which represent the irreducible Brauer characters
(or equivalently the PIMs) of the block, we have indicated their corresponding ¢-modular
Harish-Chandra series; here “ps” stands for the principal series, while “Ay” stands for the
series of the cuspidal /-modular Steinberg character of a Levi subgroup of type As.

Again, we first need to determine the parameters of the Hecke algebras attached to
cuspidal /-modular Brauer characters of certain Levi subgroups:

LEMMA 5.2. Let q be a prime power and {|(¢* + q + 1).

(a) The Hecke algebra for the cuspidal ¢-modular Steinberg character vy of a Levi sub-
group of type As inside D,(q), n >4, is H(Bn_3;1;¢).

(b) The Hecke algebra for the cuspidal {-modular Steinberg character 90?32 of a Levi sub-
group of type A% inside D,(q) is H(A1;¢®) @ H(A1;¢3) if n = 6 and H(By; ¢ 1) ®
H(Dy—6;q) when n > 7 (where Dy has to be interpreted as the trivial group).

55
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TABLE 1. Brauer trees for D, (¢q) (3<n<7),7</(¢*+q+1)

Ds(q): 3 — 21 — 13 — O
Ds(q): 1.4 — 122 — 1.1 — O
D:(q) : 2.5 — 2221 — 2213 — (O
1241— 1232 — 121> — O
ps ps Ay
Dy(q): 13 — 121 — 113 — O — 1* — 22 — 4
Ds(q): 5 — 221 — 218 — O — 213 — 221 — 23
41 — 32 — 1 — O — 1213 — 1221 — 123
Dg¢(q): 15 — 1.221 — 1.213 — O — 2.1 — 222 — 24
124 — 1222 — 121" — O — 1.1° — 132 — 141
D:(q): 61 — 322 — 311 — O — 1331 — 21.31 — 3.31
512 — 3% — 21° — (O — 13.212—21.212—3.21°
125 —12.221— 12218 — O — 2.1° — 232 — 241
bps ps Ay Ay ps ps

D7(q) : D4I 3.—D4: 21.— D4: 13. _ Q _ D4I .13—D4I 21—D4 .3
D4 D4 D4A2 D4A2 D4 D4

PROOF. First, by [35, p. 72] the relative Weyl group of A, inside D, is of type B, _s.
The parameters of the corresponding Hecke algebra are determined by the parameters
inside the minimal Levi subgroups above As, viz. those of types Dy and AsA;. Clearly
the parameter inside the product As(q)A;(q) is equal to ¢, by [28, Lemma 3.19]. Now the
¢-modular cuspidal Steinberg character of L = Ay(q) is liftable to an ordinary cuspidal
character A\ by [27, Thm. 7.8|, lying in the Lusztig series of a regular semisimple /-
element of L*. Then the parameters of the relative Hecke algebra inside M = Dy(q)
can be determined as the /~-modular reduction of the quotient of the degrees of the two
ordinary constituents of RY()), see [28, Lemma 3.17]. This equals 1 as claimed in (a).
Reduction stability holds by Example 2.5(a).

In (b), the cuspidal modular Steinberg character of a Levi subgroup of type A3 is the
exterior tensor product of those of the two factors, so is again liftable to characteristic zero
by [27, Thm. 7.8]. Again by [35, p. 72] the relative Weyl group has type as stated. The
minimal Levi overgroups here are of types As (twice) inside Dg, and of type DsAs and
A2A, in D;, Dg respectively, and the parameters in either case can again be determined
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using [28, Lemma 3.17]. Here, reduction stability holds if we choose the same lift to
characteristic 0 in both factors. O

The only unipotent ¢-blocks of non-cyclic defect of Dg(q) and D-(q) are their principal
blocks.

PROPOSITION 5.3. The decomposition matriz for the principal -block of Dg(q) for
primes 7T < l|(¢* + ¢+ 1) is as given in Table 2.

Here, in the second column we print the degrees of the corresponding unipotent char-
acters as products of cyclotomic polynomials evaluated at q.

TABLE 2. Dg(q), 7 < (> +q+1)

.6 1 1

.01 GO5D4 11

3+ PO;PgP o1

3— q3q)5q)8q)10 A |

.32 %q4(135q)(23q)8(1310 |

213 | 2030523 Py | . . 1 1 .1

412 q6®5q)8(1)10 N o |

133 | 3705050305 | . . . . .1 . 1

321 | 3T PP Dy |11 . . 1 .1 .1

21+ q7q)?1q)5q)8q)10 B L . 1

21— q7q)?1q)5@8(1310 B e . |

281 1g00; 020D | 1 . . . . . . 1 . L1

13.21] 210030502y | . . . . .1 .1 .11 . 1

313 qwq)g,q)g@lo A . . 1

13—|— q15q35(1)8(1)10 P . 1. . 1 . 1

13— PP DD e |

214 q20@5@10 e I . | . 1 . . 1

.16 > et S |
pS ps ps ps ps ps ps Ay ps ps ps A5 Ay Ay A3 A5 Ay A

PRrooOF. By Harish-Chandra induction we obtain the projectives in the principal series
as well as those in the Aj-series, which are easily seen to be indecomposable by (HCr).
Since the centraliser of a Sylow ¢-subgroup of Dg(q) is contained in a Levi subgroup of type
As, there are no cuspidal Brauer characters by (Csp) so the remaining four PIMs must
belong to Brauer characters lying in the Harish-Chandra series above the cuspidal Stein-
berg PIM of a Levi subgroup of type A2. The corresponding Hecke algebra H(Ay; ¢*)%2,
determined in Lemma 5.2(b), remains semisimple modulo /. Now Harish-Chandra induc-
tion also y1€1dS the projectives \1’10 + \1112 + \1/15, \1116 + 11118, \1111 + \1112 + \11167 \1115 + \1118, and
Wio + U5 4+ Ui + Uig, where U; denotes the linear combination of unipotent characters
with coefficients as given in the ¢th column of our table. The only way that these can
split into four characters all satisfying (HCr) is the one given. O
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PROPOSITION 5.4. The decomposition matriz for the principal -block of D-(q) for
primes 7 < l|(¢* + ¢+ 1), is as given in Table 3.

TABLE 3. Dr(q), 7T </|(¢> +q+ 1)

1.6
1.51
52
3.4
43
21.4
223
1.32
421
13.4
1.412
21.22
1.321
1.23
13.22
413
1.313
.3212
143
231
1%4.21
1.214
2213
13.14
1.16
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=
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—_
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K Q Q
I
9

PROOF. Again, since the centraliser of a Sylow ¢-subgroup of D;(q) is contained in a
Levi subgroup of type As, there are no cuspidal Brauer characters by (Csp) so all Brauer
characters must lie in the Harish-Chandra series above cuspidal characters of proper Levi
subgroups. We investigate these in turn.

The Hecke algebra H(D~; q) for the principal series can be considered as a subalgebra
of index 2 of an Iwahori-Hecke algebra H(B7;1;¢q). The latter is Morita equivalent to
a sum of tensor products of Hecke algebras of type A,, n < 7, by [13, 4.7], and the
decomposition matrices of the latter are known by the work of James [37, p. 259]. This
gives the 14 columns corresponding to the principal series, for all £ > 7. Next, the columns
U;, for i € {18,20,22,23,25} are obtained by Harish-Chandra induction. Further, the
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projectives \Ijg + \117 + ‘1117, \1111 -+ \1’20 and \Ij17 + \1118 yleld ‘1111 and ‘1117; while \Dg -+ \1’16 +
\1119 + \1124, \1114 + \1116 + ‘1120 + 2\1’22 + \1123 and \1123 + \1124 y1€1d \1/16 and \1/24. Harish-Chandra
induction also gives the projectives Wi5+ Way, W15+ Wog, Wy +Wor and Wog+ Voy (modulo
addition of known projectives). The Hecke algebra H(Bs; ¢*; 1) for the cuspidal ~-modular
Steinberg character ¢®% of a Levi subgroup of type A% remains semisimple modulo ¢ by
Lemma 5.2(b). This yields the remaining four columns of the asserted decomposition
matrix. Then (HCr) shows that all columns are indecomposable. O

2. Unipotent decomposition matrix of Fg(q)

The triangular shape of the decomposition matrix for the unipotent blocks of Fg(q),
when ¢ is a power of a good prime for Fg, has been shown by Geck and Hiss [25, 7.5] in
the case when dy(q) = 3,6, by using generalised Gelfand-Graev characters. This shows
that (77) is satisfied under these assumptions on ¢. In fact, for dy(¢q) = 3, Geck and Hiss
[25, Table 3] give an approximation to the decomposition matrix involving four unknown
entries, plus the unknown decomposition of the two ordinary cuspidal characters.

LEMMA 5.5. Let q be a prime power and (|(¢* + q + 1). The Hecke algebra for the
cuspidal (-modular Steinberg character ¢%% of a Levi subgroup of type A3 inside Eg(q) is
H(Go; % q), with four irreducible characters.

This is easily seen as in the previous cases; reduction stability holds since the nor-
maliser just interchanges the two As-factors and we can choose the same Steinberg module
in both factors.

THEOREM 5.6. Let (q,6) = 1. Then the decomposition matriz for the principal £-block
of Eg(q) for primes € > 3 with (¢* + ¢+ 1), > 7 is as gien in Table 4.
Here, the unknown parameters satisfy ag < —1 — as — a4 + ag + a7 and the relations

CL5:]_—CL1—CL2+G3, a9:3+2a3—|—3a4—3a6—2a7+3a8 and b3:3b2—2b1—6

There is a further unipotent ¢-block of cyclic defect with Brauer tree

D4 03 —D4 : 21—D4 : 13—0
D4 D4 Cc

ProOOF. We explain how to find projective characters ¥;, 1 < i < 24, with unipotent
parts as given in the columns of Table 4. First, (HCi) gives all columns except for those
with index i = 9,12, 14, 15,19, 20, 21, 23, 24. (Alternatively, the ten PIMs in the principal
series can also be read off from the decomposition matrix of the Hecke algebra H(Es; q),
given in [29, Tab. 7.13].) Furthermore (HCi) yields Wg + Wqy + WUqp and Vg + Wyg + Wy,
From these and (Tri) we get Wg + Wqy, Uiy and Wey. Harish-Chandra inducing the 16th
PIM from a Levi subgroup of type Dg to E7(q) and restricting it back to Eg(q) yields
Uy + Wyy + Wy6, which shows that Wg is a projective character. Finally, (HCi) from a
Levi subgroup of type As also yields a projective character ¥y = W9 + Wy. Now the
decomposition matrix of the Hecke algebra for the AZ-series, determined in Lemma 5.5
shows that ¥}, must have two summands in that series, and then (HCr) leads to the only
admissible splitting W9 @ Woy.

At this point we have accounted for projectives in all non-cuspidal Harish-Chandra
series, so the remaining five PIMs must belong to cuspidal Brauer characters. (A priori,
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TABLE 4. Fg(q), 7T < (¢* +q+ 1), (q,6) =1

$1,0 1|1

P6,1 g |11

$20,2 ¢ 11

$303 | 54° 1 1

d155 | 54° 1 1

d154 | 5¢° S 1

poaa | ¢* 1111 1

de0s | 4° 111 111

$2a6 | ¢° o1 . 1 1

$20,10 | 4" o1 1 1

¢80 | 54" 11 1 1

$10,9 %q7 . 1

deos | 3¢ |1 11 11111 1

Eg[¢s] | 547 1

Eo[C3]] 347 : |

deoa1 | ¢t |11 1 1 1 1 1aa; 1

pos12 | ¢*? 1 ) 1 ayay . 1

pea13 | ¢ 1 111 11 lazaz 1 1 1

$15,16 %q15 1 . lagag 1 . . 1

®15,17 %q15 11 1 . . .aa . . 1 . 1

$30,15 | 39" .1 . .11 .aa 1 . 1 . .1

#2020 | q*° 1 11 . .1 lara; 1 1 1 106 . 1

Peos | ¢ | . . . . .1 .1 . . . .agag . . 1 by 1 11

¢136 | <. . . . .1 . . . . . . .aa . . . 1by. 131
ps ps ps ps ps ps ps ps A3 Ag ps ASps ¢ ¢ Ay Ay Ay A3 ¢ A3 Ay cc

by (St), the modular Steinberg character is known to be cuspidal.) Let us denote the
unknown entries below the diagonal of those PIMs as follows:

Eg[Cs] | 1

Esl¢3]| - 1
$60,11 | a1 ai
$24,12 | a2 a2
P64,13 | a3 a3
$15,16 | a4 a4
1517 |as as 1
®30,15 | a6 ag -
$2020 | a7 ar b
b6,25 |as ag by 1
$1,36 | ag ag bz by
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Note here that since the ordinary cuspidal unipotent characters Eg[(3] and Eg[¢3] are
Galois conjugate, while all other unipotent characters are rational valued, the unknown
decomposition numbers in the two corresponding columns must agree.

We now use the combination of (DL) and (Red) to determine some of the unknown
entries. We start with the Deligne-Lusztig character R, associated to a Coxeter element
w. The coefficient on Wy is 2 — 2a; — 2as + 2a3 — 2a5 and hence is non-negative by (DL).
On the other hand, if £ > 3 then (Red) for the cuspidal unipotent character of the 3-split
Levi subgroup ®Dy(q).(¢*> + q + 1) gives the relation —1 + a; + ay — ag + a5 > 0 (see
Example 1.7(d)). We deduce that a5 = 1 — a; — as + a3. The coefficients of Wy3 and Wou
are

X = —1—2a3—2a4—|—2a6+2a7—2a8 >0
and Y =3 —2a3 + 2a7; — 2a9 — by X > 0.
Note that X cannot be equal to zero by parity. Using explicit computations in Chevie [26],
one can see that there exists a regular (-element in G* whenever (¢* + ¢+ 1), > 7. Then
(Red) applied to the case of a maximal torus gives by > 3 and —3 — 2a3 — 3a4 + 3a¢ +
2&7 — 3@8 + ag > 0. Then
0<Y =3—2a3+ 2a7 — 2a9 — by X
§3—2a3+2a7—2a9—3X
:2(3+2a3—|—3a4—3a6—2a7+3a8—ag) <0
forces by = 3 and 3 + 2a3 + 3a4 — 3ag — 2a7 + 3ag — ag = 0.
Finally, the coefficient of W54 on the Deligne-Lusztig character R,, associated with
W = $18953515554865554525384 18 equal to —18 — 6b; + 9bs — 3b3. With (Red) applied to a
maximal torus again we have also 6+2b; —3by+b3 < 0 hence (DL) forces by = —6—2b;+3bs.
It now follows with (HCr) that all projectives in the table are indecomposable. O

REMARK 5.7. As before, we can use the virtual characters @), for w € W to get
conjectural upper bounds for the unknown entries. With w being the Coxeter element,
we find the following inequalities:

CL1§13, a‘2§17 a’3§4+a1+a27
as < 9+ ay, ag < 2—azx+as, ar <21 —a; + a3+ aqy,

agg—l—ag—a4—l—a6+a7.

On the other hand, the trivial character of a 2-split Levi subgroup of type As(q)As(q).(¢*+
q+1) (resp. A2(q).(¢* +q+1)?) gives ay > 1 (resp. ag > 2 —ay +az) by (Red). Therefore
as = 1 and ag = 1 4+ a3. From this we deduce that we should have a; < 13, a3 < 18, a4 <
22, a5 < 5,a¢ < 14,a7 < 48 and ag < 26.

For the bounds on b; and by we use Qs with w' = $1595351545351555453518655545351
from which we get b; <5 and by — by < 8 if [16, Conj. 1.2] holds. This shows that by < 13
and b < 23. Most of these upper bounds are probably not sharp.

3. Even-dimensional non-split orthogonal groups

Next, we consider the unipotent blocks of twisted orthogonal groups 2D,,, 4 <n < 7.
Again, the Brauer trees were described in [20] (and can readily be determined):
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PROPOSITION 5.8. Let q be a prime power and ¢ a prime with dy(q) = 3. The Brauer
trees of the unipotent (-blocks of *D,(q), 4 < n < 7, with cyclic defect are as given in
Table 5.

TABLE 5. Brauer trees for 2D,,(¢) (4 <n <7),7</{(+q+1)

Dy(q): 3. — 21. — 13, —O— .13 — 21 — 3
Ds(q): 4. — 22 — 14 —O— 1.13— 1.21— 1.3
4— 2 — 1" —O—1¥1—21.1— 3.1

Dg(q) : 5. — 221.— 213, — O— 2.13— 221 — 2.3
5 — 221 — 213 —(O— 13.2—21.2— 32

41, — 32. — 1. —(O—12.13—12.21—123

41— 32 — 15 —(O—13.12—21.12—3.12

41— 21— 1"1—0O—1.11"— 122 — 14

2Dq(q) s 5.1 —221.1—213.1— O— 2.1 — 2.22 — 2.4
1.5 —1.221—1.213—(O— 142— 222 — 42

41.1— 321 — 1°.1 — O—12.14—12.22 12 4

1.41— 1.32— 1.1 — O—1%.12—22.12—4.1?
ps ps Ay Ay ps ps

Here and later, the unipotent characters of 2D,,(q) in the principal series are denoted
by the corresponding character of the Weyl group, which in this case is of type B, _1,
hence by bipartitions of n — 1. Note that the order of ?D,,(q) with n < 3 is not divisible
by primes ¢ with dy(q) = 3.

Again, we first collect some information on Hecke algebras of cuspidal characters.

LEMMA 5.9. Let q be a prime power and £|(¢*> + q + 1).

(a) The Hecke algebra for the cuspidal ¢-modular Steinberg character vy of a Levi sub-
group of type Ay inside *D,,(q), n >4, is H(A1;1) @ H(Bn_4;¢%q)-

(b) The Hecke algebra for the cuspidal (-modular Steinberg character 90?32 of a Levi sub-
group of type A3 inside *D,,(q), n > 7, is H(B2; ¢% 1) @ H(Bn-7;¢%q)-

PROOF. Note that 2D, (¢q) has Weyl group of type B,_i. By [35, p. 70] the relative
Weyl group of A, inside B,_; is of type A;B,_4, and that of A2 is of type ByB,_7.
The cuspidal characters in question are the same as those in Lemma 5.2 and thus lift to
characteristic zero. The relevant minimal Levi overgroups in (a) are of types 2D, when
n = 4, 2Dy Ay when n = 5 and AyA; when n = 6, leading to the parameters 1,¢?, ¢
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respectively. In (b) they are of types As, 2D4A; when n = 7, 2Dy A% when n = 8 and A2A,
when n = 9, leading to the parameters ¢, 1, ¢* and ¢. The argument is now completely
analogous to the one employed in the proof of Lemma 5.2.

The Steinberg character of a Levi subgroup of type A, is reduction stable by Ex-
ample 2.5(a), and for a Levi subgroup A3 we take the same Steinberg module in both
factors. O

The Sylow ¢-subgroups of 2Dg(q) are cyclic when dy(q) = 3, so the smallest rank not
covered by Proposition 5.8 is n = T:

PROPOSITION 5.10. The decomposition matriz for the principal £-block of *D+(q) for
primes 7T < l|(¢* + ¢+ 1) is as given in Table 6.

TABLE 6. 2D7(q), 7T < l|(¢*+q+1)

6. 1|1

51. qg |11

6 14 1

412, §q3 1.1

32. ¢ 1 1

3.3 | ig . 1

321. iq4 11 11 1

23, iqﬁ 1 11

21.3 qu 1 1

51 iq7 1 . 1

313. iq7 1 1 . 1

3.21 §q7 1 ) 1

133 | ¢° . . 1

21.21 ] ¢° 1 1. .1 1

32 | 112 1 1

13.21 §q12 1 11 .1

3.13 | ¢'2 . 1 1

412 | 1413 . 1 1

214, iql?’ 1 11 1 . 1

21.13 iql3 1 1 1 1

13.13 iql6 ) 1 1 11

321 iq16 1 : 1 1 1 1

16. iq21 1 1 1

313 gqﬂ : 1 1

23 ! 1 1 1

214 | ¢ . 1 1 111

16 52 A S B |
ps ps ps ps ps ps ps A3 ps ps Asps Agps ps Ag Agps Ag Ay ASps A3 Ay A3 Ay A2
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PROOF. First, observe that the centraliser of a Sylow ¢-subgroup of 2D (q) is contained
in a Levi subgroup of type As, so there do not exist cuspidal unipotent /-modular Brauer
characters by (Csp). The Hecke algebra for the principal series is H(Bs; ¢%; q) (see e.g. [8,
p. 464]). By [13, 4.7] it is Morita equivalent to a sum of products of Hecke algebras
of type A,, n < 6, whose decomposition matrices are known by [37, p. 259] for all
¢ > 7. This yields the columns of the principal series PIMs. All columns labelled Ay are
obtained by (HCi). Then (HCr) shows that these are indeed indecomposable. Finally, by
Lemma 5.9(b) the Hecke algebra for the cuspidal ¢-modular Steinberg character of a Levi
subgroup of type A% is H(Bs;¢% 1) and hence semisimple modulo ¢. Then splitting up
the Harish-Chandra induction of the corresponding PIMs using (HCr) yields the last five
missing columns. 0

4. Symplectic and odd-dimensional orthogonal groups

Next, we consider the symplectic groups C,,(¢) and the odd-dimensional orthogonal
groups B, (q) with n < 6. Note that according to Lusztig’s classification, the unipotent
characters of both series of groups are parametrised in the same way, see e.g. [8, §13.8].

PROPOSITION 5.11. Let q be a prime power and { a prime with dy(q) = 3. The Brauer
trees of the unipotent (-blocks of B, (q) and C,(q), 3 < n < 6, with cyclic defect are the
same as for the unipotent (-blocks of *D,,+1(q) in Table 5, plus the three additional trees
giwen in Table 7.

TABLE 7. Brauer trees for B,(¢q) and C,,(¢) (5<n <6),7</{|(¢*+q+1)

B5((]) : BQIS. _ 3221 _ BQZ 13. _ O _ le .13— BQZ 21 — BQZ .3
B@((]) . 82:4. _ BQI 22. _ BQZ 14. _ O _ BQ: 1.13—323 121—32 1.3

BQZ 31—32 211—32 13]_ _— O _— BQZ .14 —_— BQZ .22 —_— BQZ 4
By By ByAs  ByA, By By

Here, By A, denotes the Harish-Chandra series of the cuspidal unipotent /-modular
Brauer character By X 3 of a Levi subgroup of type BsAs.

PROPOSITION 5.12. The decomposition matriz for the principal (-block of Bg(q) and
of Cs(q) for primes 7 < £|(¢*> + q + 1) is as given in Table 8.

PROOF. The arguments are exactly the same for G = Bg(q) and G = Cg(q). All
columns and their respective Harish-Chandra series except those labelled A2 are directly
obtained by (HCi). Since the centraliser of a Sylow ¢-subgroup of G is contained inside
a Levi subgroup of type As, there are no cuspidal PIMs by (Csp). Thus the five missing
PIMs belong to Brauer characters in the series of the cuspidal Steinberg character of a
Levi subgroup of type A2. With (HCi) we find projectives with unipotent parts

Wig + Wy + Wos, Woy + Woy + Wor,
Ui 4+ Vig 4+ Wy + Wy and Wy + Wos + Wyy.
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TABLE 8. Bg(q) and Cs(q), 7 < l|(¢* +q+ 1)

2 3 S e |
2 S S D |
s T S
pS PS ps ps ps ps ps ps ps ps ps A3 Aaps Ay Agps ps Ay Ag A3 A3 Ay Ay A3 Ay A3

The only way these can decompose into sums of unipotent characters consistent with
(HCr) is the one given in the table. The indecomposability of all listed projectives also
readily follows with (HCr). O

5. Unipotent decomposition matrix of Fj(q)

THEOREM 5.13. Let (q,6) = 1. Then the decomposition matriz for the principal (-
block of Fy(q) for primes £ > T with (¢*> +q+ 1), > 7 is approzvimated as given in Table 9.

Here the unknown parameters satisfy x1 > 2, y1,y2 > 1, ys = 3—2y1 —2y2+ys+ys+2ys
and ys < y1 +y2 — 1.

PROOF. The triangular shape of the decomposition matrix when (¢, 6) = 1 was shown
by Kohler [38, Tab. A.160]. He also proves that the ordinary cuspidal character F}![1] can
only occur in the modular reduction of ¢4 13 or ¢;24. We will denote their multiplicities
as x1 and xy respectively. When (q2 +q+1), > 7 they satisfy 1 > 1 and 3+x5 — 22, > 0.
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TABLE 9. Fy(q), (*+q+ 1), > 7, (q,6) =1

b1, 1

/2,4 %q 1

/2/,4 %(] 1

b4 %q 1

¢é,3 ¢ L1

83 ¢ 1

FiT) | gt o

/1,12 %q‘l 1 - 1

112 st o1 1

dss | 3¢* |1 11 : 1

Py 7 1 1 : 1

17 %q‘l . 1

b5 | 14* L1 1

FA[G] %q‘l 1

INGAETS Coe 1

Do q° 1. . . . .1 . 1lywnyl

/8,,9 q9 1 . . ... 11 Ya Yo . 1

hie | 34" 1 1 Cysys .. 1

b |34 1 oo 11 ygys 1

04,13 %qlg’ .omn o . o lysys 110 01

broa | | .. D203 . .1 . . L wyeye . . 1121
pS ps psps psps ¢ Ag Ay ps Ay Ay ps ¢ ¢ Ay Ay Ay As c c

Here EQ denotes the Harish-Chandra series above the Steinberg PIM of Ay < C5 in F}.

Similarly, he proved that the Brauer character for ¢,3 can only possibly occur in the
modular reduction of the Steinberg character ¢; 24, with a multiplicity z that satisfies
z > 2 whenever (¢* + ¢+ 1), > 7. The multiplicities of unipotent characters in the PIMs
corresponding to the two Galois conjugate cuspidal characters Fy[(3] and Fy[¢3] will be
denoted by 1, ..., ys, so that we have

Wiy = Fy[G] + 11059 + Y2050 + Ysd 16 + Yadh 16 + YsPas + YsP1,24
and  Uy5 = F4[C5] 4 10k + 1200 + Ysh i + Yadh 1 + YsPa1s + Ys124-

Under the assumption on ¢, we can use (Red) in the case of a maximal torus to get the
relation —3 + 2y; + 2ys — Y3 — y4 — 2y5 + ys > 0 which will be useful in the sequel.

Let w be a Coxeter element and R, be the corresponding Deligne-Lusztig character.
The multiplicities of W9y and ¥y in R,, are respectively

2X =242y + 2y, —2y; > 0
and Y =2+ 2ys + 2y, — 2ys — 22X > 0.
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Since z > 2 we have
Y > 24 2y3 +2ys — 2ys — 2X = 6 — 4yy — dyo + 2y3 + 2ys + 4ys — 2y6

which is non-positive by (Red). Therefore it must be zero, and we must also have X = 0
or z = 2. In any case, the coefficient of Wy is zero.

The coefficient of Wy; in R, with w = $18983548283 is 2 — z, hence z = 2 by (DL).
The coefficient on R, with w = $15253545152535451525354 is —3 + 221 — x5 and therefore
x9 = 221 — 3 by (DL) and the previous inequality on the z;’s.

Finally, using (Red) with a the trivial character of the 2-split Levi of type As.(¢*+q+1)
we get y; > 1 and yo > 1. U

REMARK 5.14. As before the virtual characters @, for w € W provide conjectural
upper bounds for the remaining unknown entries. We start with w = 5152515483825, and
we compute

(Qu; p16) = 12 — 12y,
(Qui r7) = 12 — 129,
<Qw7 9018> 12 — 12y,
(Qu; p19) = 18 — 12y4.

If [16, Conj. 1.2] holds then this forces yi,vs2,ys,ys < 1. Using the relations in The-
orem 5.13 we deduce that y; = o = 1, y5 < 1 and yg < 3. Furthermore, with
W = $9535281535253545352515359545352 we have (Qu;p20) = 176 — 8z from which we
get x1 < 22.

We close this section by collecting in Table 10 some data on the ®3-modular Harish-
Chandra series in the principal ¢-blocks By considered above. Here W (By) denotes the
relative Weyl group of a Sylow ®3-torus of the ambient group G' (which contains a Sylow (-
subgroup of G' and hence a defect group of By). This is known to be a complex reflection
group; more concretely, here it is one of two imprimitive complex reflection groups of
rank 2, denoted G(6,1,2) and G(6,2,2), respectively the primitive reflection groups G,
G25 and GQG.

TABLE 10. Modular Harish-Chandra-series in ®3-blocks

G Wg<Bo) |IBI’ B0| DS A2 A% E6 C
D¢ | G(6,2,2) 18 |10 4 4
B, Ce, D7,?D7 | G(6,1,2) 27 14 8 5
Eg Gas 24 10 5 4 5
by Gag 48 20 10 8 10
Fu.2Es | Gs 21 |8 4 4 5

[t can be observed from the decomposition matrices that the principal ¢-blocks of D7(q)
and 2Dz (q) are not Morita equivalent, even though their modular Harish-Chandra series
distribution agrees. On the other hand, the decomposition matrices for the principal /-
blocks of 2D+(q), Bs(q) and Cg(q) agree after a suitable simultaneous permutation of rows
and columns of the one of 2D;(q), so these blocks might be Morita equivalent.






CHAPTER 6

Decomposition matrices at dy(q) = 6

Now, we consider unipotent decomposition matrices for groups G = G(q) at primes ¢
with dy(q) = 6, so £|(¢> — q+ 1) and £ > 7. For groups of classical type, such primes are
what is called unitary for G, so the theory of ¢g-Schur algebras does not apply and the
decomposition matrices are not even understood theoretically.

While our assumption already implies that ¢ > 7, we will often need to make a further
assumption on (¢* — ¢ + 1) in order to use (Red).

1. Even-dimensional split orthogonal groups

As in the previous sections we begin with groups of type D,,, 4 < n < 7. The Brauer
trees for the unipotent ¢-blocks of cyclic defect can easily be obtained by Harish-Chandra
induction and are well-known [20]. For completeness and better reference we collect them
here:

PROPOSITION 6.1. Let q be a prime power and ¢ a prime with dy(q) = 6. The Brauer
trees of the unipotent (-blocks of D,(q), 4 < n < 7, with cyclic defect are as given in
Table 1.

TABLE 1. Brauer trees for D,,(q) (4 <n<7),7</(¢*>—q+1)

Dy(q): 4 — 13 — 122 — 131 — 14 —O— D,
Ds(q): 5. — 32 — 221 — 1.212— 21— (O— Dy:2
41— 131— 1221 — 1312 — 15, — O— Dy 12
Dg(q): 42— 132— 1222 — 1214 — 11— O— Dy:2.
15— 24 — 222 — 1.221— 2212 (O— Dy: .12
D+(q): .61 — 3.31 — 31.21 —312.12— 314 — O— Dy: 1.2
512—2.312—21.212—212.13%— 215. — O— Dy 12.1
5.12— 4.21 — 3.22 — 1.2 — 21— (O— Dy:.13

43— 132 — 1322 — 1421 — 15.2—0— Dy: 3.
ps ps DS ps 14 Dy

69
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Here and later on, “.1*” stands for the cuspidal unipotent /-modular Brauer character

of a Levi subgroup of type D, labelled by the unordered bipartition (—;1%), and “D,” for
the ¢-modular reduction of the cuspidal unipotent character of a Levi subgroup of type
Dy.

To treat the blocks with non-cyclic defect, again we now first determine the parameters
of certain relative Hecke algebras:

LEMMA 6.2. Let q be a prime power and {|(¢* —q+1). The Hecke algebras of various
C-modular cuspidal pairs (L, \) of Levi subgroups L in D, (q) and their respective numbers
of irreducible characters are as given in Table 2.

TABLE 2. Hecke algebras and |Irr H| in D,,(q) for dy(q) = 6

(L,A) | H ln=6 7 8
(D4, D4) H(Bn—4; (]4§ Q) 2 4 10
(D4, p.11) H(Bn-4:6%q) 2 410
(A5, ¢10) | H(A1;¢%) @ H(Dn—g;q) 1 1 4
(Dg, @.10) H(Bn-s6; ¢; q) I 25

PROOF. In the first three cases, the cuspidal Brauer character lies in a block with
cyclic defect (see the Brauer tree in Table 1), and hence reduction stability follows from
Example 2.5(a).

A Levi subgroup L of type D, has relative Weyl group of type B,,_4 inside D,,. The
cuspidal Brauer character ¢ ;4 is a constituent of the /-modular reduction of an ordinary
cuspidal character A of L lying in the Lusztig series of an f(-element s with centraliser
(¢ +1)(¢ + 1). By Corollary 2.4, the Hecke algebra for ¢ 114 is the same as for . The
minimal Levi overgroups are of types D5 when n > 5, where s has centraliser 2Ds(q) (¢ +1),
and D4A; when n > 6, which gives the parameters ¢ and q.

The relative Weyl group of a Levi subgroup of type As in D, is of type A1 D,,_g, by
(35, p. 72]. As can be seen from the Brauer tree, the f-modular Steinberg character ;e
of As is liftable, so again the parameter ¢® for the Hecke algebra is determined inside the
minimal Levi overgroups of types Dg and A5A;.

Finally, the relative Weyl group of Dy inside D7 has type A;. The modular Steinberg
character ¢ 16 lifts to a cuspidal Deligne-Lusztig character, so it is reduction stable by
Example 2.5(c), and its Hecke algebra is the ¢-modular reduction of an Iwahori-Hecke
algebra in characteristic 0. The parameters are determined already inside Levi subgroups
of types D7, D6A1~ ([l

PROPOSITION 6.3. Assume (1;). The decomposition matriz for the principal £-block
of Dg(q) for primes £ with (¢* — q+ 1)y > 7 is as given in Table 3.

PROOF. Let us write ¥;, 1 <14 < 18, for the linear combinations of unipotent charac-
ters given by the columns of Table 3. We need to show that these are restrictions to the
principal block of f-modular PIMs of G = Dg(q). Note that the unipotent decomposition
matrices of all proper Levi subgroups are known, either by Proposition 6.1 or by [37].
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TABLE 3. Dg(q), (> —q+1),>T7

.6 1 1
.0l q2CI)5CI)10 11
3+ q3(1)5(1>8q>10 1 1
3— PO;PgP 1 1
2.31 %q4CI>§CI>5CI>8CI>10 11111
Dy 12 §q4q>§q>§@5q>m . |
412 PO DD B T |
1.312 %q7q>§®i®8®w 10 01 011
Dy11 %q7(I>%<I>§<I>5<I>8 ! |
21+ q7q)iq)5q)gq)10 R | 1
21— q7®§®5®8¢10 .. .11 1
12212 | 1g0920;P5Pyg| . . . . 1 . .1 . 111
2 3
Dy: .2 %q10®%®§®5®10 P |
313 g2 PP e |
13+ q15q)5q)8<1)10 e e e . PN R R 1
13— q15<I>5<I>SCI>10 e e . . . R . 1
214 g PsD s e |
.16 g ... ... o112 0011 11
ps ps ps ps ps Dy ps ps Dy ps ps ps ¢ .11 A5 AL 11 ¢

Projectives W, with ¢ # 13,18 are obtained by Harish-Chandra induction of PIMs
from proper Levi subgroups. This accounts, in particular, for all PIMs in the principal
series, which can be seen to be indecomposable from the decomposition matrix of the
Hecke algebra, computed with the programme of N. Jacon [36]. As a Sylow ¢-subgroup
of G is not contained in any proper Levi subgroup, by (St) the f-modular reduction of
the Steinberg character contains a cuspidal Brauer character. The relative Hecke algebra
H(Bs; q*; q) for the cuspidal Brauer character Dy of a Levi subgroup of type Dj (see
Lemma 6.2) has two simple modules in characteristic ¢, so the corresponding modular
Harish-Chandra series only contains two PIMs. Furthermore, the two projectives obtained
by Harish-Chandra induction of W4 from Ds(q) are indecomposable by (HCr), as are
those in the As-series, so there are no further PIMs in those series. Hence the remaining
PIM must be cuspidal. From uni-triangularity of the decomposition matrix, we deduce
that it will have the form

[Dy: 2] + aq[134] + a1 [1P =] + ap[.21%] + a3[.19].

Here we use that the graph automorphism of G interchanges the two unipotent characters
labelled 13+, 13— but fixes [D,: .2] and hence the corresponding two entries in that column
must agree. Note also that the family consisting of the unipotent character [.313] is not
comparable to the family containing [Dy : .2] which explains why it does not appear in the



72 6. DECOMPOSITION MATRICES AT d¢(q) =6

previous projective character. The coefficient of W5 in the Deligne-Lusztig character R,
for w a Coxeter element is 2+2a; + a2 — a3, and therefore by (DL) it must be non-negative.

On the other hand we have 2 + 2a; + ay — a3 < 0 and therefore as = as + 2a; + 2
provided that we can use (Red), that is when there exists a semisimple regular ¢-element
of G*. By Example 1.7(b) such an element exists whenever (¢*—g+1), > 12 (in particular
whenever (¢ — ¢+ 1), > 7 since we also assumed ¢ > 7).

It will be a consequence of the determination of the decomposition matrices for Dg(q)
in Proposition 6.5 that in fact a; = a, = 0 and thus a3 = 2, completing the proof. 0

PROPOSITION 6.4. Assume (T;). The decomposition matriz for the principal £-block
of D7(q) for primes € with (¢* —q+ 1), > 7 is as given in Table 4.

Here Dg denotes the Harish-Chandra series of the cuspidal /-modular constituent of
the {-modular reduction of the unipotent character [Dy:.2] of Dg(q).

PROOF. As before, let’s denote by ¥;, 1 < i < 27, the linear combinations of unipotent
characters corresponding to the columns of Table 4. Those ¥; with ¢ not equal to

1, 15, 16, 19, 22, 24, 26 and 27

are obtained by (HCi). Furthermore, by uni-triangularity the projectives Wi; + Vg,
\Iflg + ‘;[/19 yleld \1119, and \Ij2l + \1124, \Ifgg + \1124 yleld \1’24. Since a Levi SUng'OUp L of type
Dg contains the centraliser of a Sylow ¢-subgroup of D7(q), there are no cuspidal Brauer
characters by (Csp) and in particular the Harish-Chandra induction of the Steinberg PIM
of L splits off the Steinberg PIM of G this yields Vo5 and Wor.

The projective cover of the trivial character lies in the principal series and is deter-
mined by the decomposition matrix of the Hecke algebra H(D7;q); this yields ¥; (HC-
induction only gives Wy + W,), and similarly we obtain W5 (HC-induction only yields
Uy5 + Vo). Now the Harish-Chandra induction to G of the PIM of the /~-modular cuspi-
dal unipotent character Dg of a Levi subgroup of type Dg equals

U = [Dy:.3] + [Dy: 21] + ao[1.21%] 4 ao[.221°] + 2a, [1°.14] + a3[1.1%] + a3[.17].

As we have accounted for all other Harish-Chandra series, and there are no cuspidal
unipotent Brauer characters, this projective character has to have two summands in that
series, which by uni-triangularity must start at [Dy4:.3] and [Dg:.21] respectively. The
only possibility for splitting ¥ into two summands compatible with (HCr) is

Uyg = [Dy: 3] + (ag — 22)[1.21Y + 2[.2213] + a1 [1%.1%] + (a3 — 23)[1.1%] + 25[.17],
Wy = [Dy: 21] + 2[1.21%4 + (ag — 22)[.221%] + @y [13.1%] + 23[1.1°] + (a5 — 23)[.17],

with suitable non-negative integers zo < as and 23 < az. It will be a consequence of
the determination of the decomposition matrices for the unipotent blocks of Dg(q) in
Proposition 6.5 that in fact a; = as = 2o = 0 and thus a3 = 2. This accounts for the last
two missing columns Wig and Wo,.

Finally, the coefficient of W95 on R,, when w is a Coxeter element is 2z4. Since Wog does
not occur in any R, for v < w, we deduce from (DL) that z4 < 0 since I(w) = 7 is odd.
Therefore z4 = 0. Then (HCr) shows that all of the ¥; are in fact indecomposable. [
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TABLE 4. D7(q), (* —q+1),>7

7 1|1

1.6 q 1

151 | 3¢ | . 11

52 ;|1 . 1

3.4 ¢ |11 o1

241 | 3¢* 11 .11

Dy21.| 3¢* |

232 | 3¢° |1 11 1

Dy:13.| 348 . 1

421 | 4T 1. .. 1

1412 | 247 1 1. 1

Dy:2.1| 34" o1 1

21.22 | ¢° 11 .1 1

1.321 | ¢° 1 - 1 .

12.2%1 | 442 111

Dg3 [3¢™| . . . . . . . . . . .1 .. .1

413 i I (R |

1.313 | 143 1 o1 11

3212 | 34" o1 1 1

Dy:1.12 2413 1 1

12.213 | $4'° 1 1 1. .1

Dy: 21| 1¢'6 .11

1214 | g% o101 1.1

2213 | g% 11 1 1

13.14 | ¢* 1 1 |

1.16 ! D2 L. 1 .11

17 @2 . . o2 011
ps ps ps ps ps ps Dyps Dyps ps Dy ps ps ps D§.14ps 14Dy ps D§.14.14 As.16.16

PROPOSITION 6.5. Assume (T;). The decomposition matrices for the three unipotent
(-blocks of Ds(q) of non-cyclic defect for primes £ with (¢*> — q+ 1), > T are as given in
Tables 5 and 6.

Here the blocks are labelled by the 6-cuspidal unipotent characters of the centraliser
Dy(q).®2 of a Sylow ®s-torus of Dg(q) (according to the parametrisation of (-blocks in
[4]).
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TABLE 5. Dg(q), (¢*> —q+ 1), > 7, blocks (g) and (0 1)

1
|
P |
.11 .1 .1
1 .1

—_
—_
—e e

2

2 1 1
ps ps ps ps ps Dyps Dyps ps ps ps Dy.1% ps D3 eps. 1* Dyps ps As Dg. 1%.1%.15.15

——
—_
—_ . =

P S|
o S R B
1

1
ps ps ps ps Dy ps ps ps ps Dyps ps Dyps Dg ps 1% ps 17 1* Dyps .12 D¢ As. 16.16
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TABLE 6. Dg(q), (¢> —q+ 1), > 7, block (})

1.7
4+

1.52

2.42

Dg212| . . . . .1

1.421 .. .11 .

224 S R R |
1

N
|

O WG g
-

4212 S . |

D212 . . . 1 .1

1.3212 .. .. .1 .1 . .1 .1
122212 . . . .1 . .11 . .11
Dy 31 0 0 oo . 1 0 1
1.2213 e A Y

14+ e e |
1.17 ... ... ..o 2 1111
ps ps ps ps ps Dyps ps ps 14 Dyps ps D 1% A5 A5 .1°

PROOF. In the principal block, labelled by the trivial character ((2)) of Dsy(q), the
columns V,, ¢ # 16,23, are obtained by Harish-Chandra inducing PIMs from Levi sub-
groups of type D; and A7. (HCi) also yields projectives

U6 =[Dy: 1% 4 a1 [11.21%) + (ag — 22)[2.21%] + 22[.2%1%] + (a3 — 23)[1.2] + 23[.21],
Wy =ay[1%.21%] + [Dy: .2%] + 2,[2.21%] + (a9 — 22)[.2%1%] + 23[15.2] + (a3 — 23)[.219),
with a;, z; as in the proof of Proposition 6.4. By (7}), we must have that
o3 — a1 Way = [Dy: 24 + 2[2.21%] + (ag — 22)[.221%] + (25 — a1)[1°.2] + (a5 — 25 — a1)[.21°]

is a projective character. Now Harish-Chandra restriction of this to a Levi subgroup of
type DgA; yields negative multiplicities in PIMs unless a; = 0.

For the block labelled (}) again all columns except the 15th and 24th are obtained by
Harish-Chandra inducing suitable PIMs from proper Levi subgroups. We also obtain

Uy5 =[Dy: 1.3] + (ag—22)[1.314 + (ag — 25)[12.21%] + 25[.231%] + (a3 — 23)[12.15] 4 233[.1%],
oy =2[1.314] 4 2[12.21%) + (ag — 20)[.2°1%] + [Dy: 212 + 23[12.1%] + (a5 — 23)[.1%].
Triangularity shows that

oy — 29Wo0 — (ag — 22)Wog = [Dyg: 213 + (23 — 22)[12.1%] + (a3 — 25 — ag + 22)[ 1]

must be a projective character. Harish-Chandra restriction of this to a Levi subgroup
of type DgA; yields negative multiplicities in PIMs unless z5 = a3 = 0. Using that
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az = as + 2a1 + 2 = 2 this completes the determination of the decomposition matrices for
blocks 1 and 3, as well as for the principal blocks of Dg(q) and D7(q).

For the second block of Dg(q), labelled ((1) f), all columns are obtained directly by
(HCi). Finally, (HCr) shows that all projectives constructed in the three blocks are in

fact indecomposable. ([l

2. Unipotent decomposition matrix of Fg(q)

For Fs(q) and dy;(q) = 6, the triangular shape of the decomposition matrix and thus
property (7}) for the unipotent blocks of G and primes ¢ > 3 has been shown by Geck—
Hiss [25, Thm. 7.4] under the additional assumption that ¢ is a power of a good prime
for Fg.

LEMMA 6.6. Let q be a prime power and {|(¢> — q+1). The Hecke algebras of various
C-modular cuspidal pairs (L, \) of Levi subgroups L in Eg(q) and their respective numbers
of irreducible characters are as given in Table 7.

TABLE 7. Hecke algebras in Fg(q) for dy(q) =6

(L, \) | H | [Irr H|
(D4, Dy) H(Az q") 2
(D4790.14) H(AQ;QQ) 2
(AE), 9016) H(Al; q3) 1

PROOF. Reduction stability holds in all cases as Sylow /-subgroups of L are cyclic.
The proof is now as in the previous cases. For example, the /~-modular Steinberg character
16 of As(q) lifts to an ordinary cuspidal character in the Lusztig series of a regular /-
element with centraliser a maximal torus of order ®,®3P4. In Eg(q) such an element has
centraliser 2A,(q).®3®P¢, whence we find the parameter ¢3. O

The only unipotent block of positive ¢-defect of Fg(q) is the principal block.

THEOREM 6.7. Assume (Ty). The decomposition matrixz for the principal (-block of
Es(q) for primes £ > 3 with (¢* — q+ 1), > 13 is approzimated by Table 8. Here the
unknown entries satisfy as < 1, by < 2,

ar=—1—ay —as+ag, and ag= —2—ay, —as — as+ as + 2a5 + ag.

PROOF. Let ¥; denote the linear combinations corresponding to the columns of Ta-
ble 8. (HCi) yields all ¥; except for those with number

i€ {1,4,8,12,13,14,17,18,20,21}.

Further, ¥, + U5 and Wy + W7 yield Uy, Uy + Wg and V7 4 Uy yield Wg. The two principal
series PIMs ¥y and Wq4 are obtained via the theorem of Dipper from the decomposition
matrix of the Hecke algebra H = H(Fs; q¢) which has been determined by Geck [23, Table
D]. By a result of Geck-Miiller [30, Thm. 3.10] the decomposition matrix of H does not
depend on /¢ for all £ > 7.
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TABLE 8. Es(q), ¢ >3, (* —q+1),> 13

®1,0 I |1

®6,1 q | .1

20,2 ¢ |1 11

®30,3 %qg 111

D154 %qg 1 1

Dy 3 %q3 . 1

®60,5 ¢ |1 1 .1 1

D246 q° 1. 1

Gso,7 %q7 11 . 111

Peos | 34" 1 1 1

Dy21| 34" 1 1

EglCs] | 547 1

EelG3]| 547 S 1

®60,11 g 1 11 . ara; 1

Poa12 | q* 1 1 as as . 1

$30,15 %qw 11 agaz . . 1

?15.16 %q”’ 1 agaqg 1 . .1

D4: 13 %qlS 1 as as . . . . 1

$20,20 q* 1 agag 1 1 1 . b 1

06,25 q* arar; . . 1 by 1 1

¢1,36 q36 e e . P . ag as 1 . 1 b1—|—2 1 b4 1
pspspspsps Dypspspsps Dy ¢ ¢ ps 1 psAs ¢ 1% c ¢

To determine some of the remaining entries we use the combination of (DL) and
(Red). We denote the three unknown entries below the diagonal in the 18th column by
b1, ba, b3, and the eight unknown entries below the diagonal in the 12th and 13th column
by ai,...,as (they agree in the two columns since the cuspidal characters Fg[(3] and
FEg[¢2] are Galois conjugate). Let us first note that explicit computations in Chevie [26]
show that there exists a regular ¢-element in G* whenever (¢> — ¢+ 1), > 13. In addition,
the condition ¢ > 3 forces ¢ to be good and therefore by Example 1.7(d) one can also
use (Red) for centralisers of ®,-tori of rank 1. Let w be a Coxeter element and R, be
the corresponding Deligne-Lusztig character. We consider the generalised 1-eigenspace
of ' on R,. The coefficient of the PIM Wy, is b; — by, hence by > by by (DL). On the
other hand, the cuspidal unipotent character of the 6-split Levi subgroup 24,(q).®3®s
gives by — by > 0 by (Red), hence by = b;. The coefficient of the PIM Wy, is 2 4 by — bs.
This number is non-positive by (Red) applied to a maximal torus. Therefore by = 2+ b;.

We now turn to the generalised ¢-eigenspace of F' on R,,. The coefficient of the PIM
Uyg is 1 — as, therefore as < 1 by (DL). The coefficient of Wqg is —1 —a; — as +ag — ay. It
is non-negative by (DL) but also non-positive by (Red) applied to the cuspidal unipotent
character of 245(q).®3®P¢. Therefore a; = —1 —a; — ay + ag. Finally, the coefficient of Wy,
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is =2 —ay — ag — az + a4 + 2a5 + ag — ag. Again, it must be zero by the combination of

(DL) and (Red) for a maximal torus. Consequently ag = —2 —a; —ag — asz+ a4 + 2a5 + ag.
We finish with the Deligne—Lusztig character R, for w = $15953515554565554525354.
The coefficient of the PIM Wy, is 48 — 24b,, which forces by, < 2. O

3. A non-principal block of Eg(q)

THEOREM 6.8. Assume (1}). The decomposition matriz for the unipotent (-block of
FEg(q) for primes £ > 3 with (¢> —q+1), > 13, of defect (¢)?, is approzimated by Table 9.
Here the unknown entries aq,...,as,by,bsy are as in Theorem 6.7, and starred entries in
the column EY are understood to be the same as in the column for Eg.

TABLE 9. Fs(q), £ > 3, (¢> — ¢+ 1)¢ > 13, block of defect ®2

®112,3 1

®160,7 .1

®a00,7 1.1

13448 11.1

Dy: ¢g 3 |

$9240,10 1.11 1

$3360,13 1.1 0 1

©3200,16 R |

716817 ...1 1111

EG[C3]:¢2,2 e 1

(I S , 1

134419 R R ) o1

Dy:gs |- ... 1 .. .. , 1

$3200,22 ... . . 1.1 2ararastag  * 1

$3360,25 e o o011 2azagtagtas * 1

$2240,28 oo o 1001 aragtagtagdtas 1. 0 L]

D43¢g79 e e e e as * 1 o 1

®1344,38 oL aaHastartag x 1 1132 1

$400,43 Ce e o o agagt2agtase o x 1 . . 01 1

?160,55 e agt2artag * 1.3++2 1 . 1

Quzes |- ... . .. agtart2as % . C13h4 1 1 by 1
ppppDipppp g E¢p Dy 1 pp E 1* As E ES

PRrROOF. The principal series PIMs can be found in [29, Table 7.15]. Then (HCi) yields
the other listed projectives. 0
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4. Even-dimensional non-split orthogonal groups

We continue with the unipotent blocks of twisted orthogonal groups 2D, (q), n < 7,
for primes ¢ with dy(q) = 6. Again the Brauer trees in the case of cyclic defect were first
described by Fong and Srinivasan [20] and are easily obtained:

PROPOSITION 6.9. Let q be a prime power and ¢ a prime with dy(q) = 6. The Brauer
trees of the unipotent (-blocks of *D,(q), 3 < n < 7, with cyclic defect are as given in
Table 10.

TABLE 10. Brauer trees for 2D, (q) (3<n <7),7</{|(¢* —q+1)

Dy(q): 2. — 1.1 — 12 —(O
2Ds(q) + 31. — 12.2— 212—()
2D:(q) : 42. —12.31—1.312—()

312.1—21%2.2— 2212—()
ps ps 12

Dy(q): 3. — 12 — 21 —O— 13 — 121 — 21.
Ds(q): 4. — 13 — 31 —O— 1.13 — 1212 — 22,
31 — 22 — 22 —(O— 1% — 131 — 212,
De(q): 5. — 14 — 41 —(O— 2.13 —21.12— 221
41, — 123 — 312 —(O—1.212— 12.21 — 32.
41 — 23 — 32 —O— 1.14 — 13.12 — 221.
312, — 132 — 213 —(O— 221 — 21.2 — 31.1
312—221— 1.22 —O— .15 — 141 — 215,
2D.(q): 5.1 — 24 — 42 —(O— 2.14 —212.12—221.1
41.1 — 21.3 — 321 — O—1.213%— 13.21 — 321.
42 — 33 — 32 —(O—12.14— 13.13 — 23,
412 —231— 1.32—(O— 1.15 — 1412 — 2212,

ps ps 1212 ps ps

Here, .12 denotes the Harish-Chandra series of the cuspidal /-modular Steinberg char-
acter of D3(q).
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In Table 11 we have collected the number |Irr H| for some small rank modular Iwahori—
Hecke H algebras occurring later. Again, they can be computed using the programme of
Jacon [36].

TABLE 11. |Irr H| for some modular Hecke algebras

n=|12 3 4 5
H(Bnwilq) |2 5 10 18 32
H(Bugq) |2 5 9 18 30
H(Bn;¢%q) |2 4 8 15 26
H(Bn;q*q) |1 3 5 10 16
H(Bn;qtq) |2 4 8 15 26

LEMMA 6.10. Let q be a prime power and £|(q>* —q+1). The Hecke algebras of various
(-modular cuspidal pairs (L, \) of Levi subgroups L in *D,,(q), n > 4, and their respective
numbers of irreducible characters are as given in Table 12.

TABLE 12. Hecke algebras and |Irr H| in ?D,,(q) for dy(q) = 6

(L,\) | H (6 7 8 9
(D3, ©12) H(Bn_3;1;q) 10 18 32 54
(As,016) | H(A1¢%) @ H(B - nahe) | — 1 2 4
(*D7, ¢16.) H(B,- q q) -1 2 4
(*D7, ¢ .15) H(Bn-7;4*q) -1 2 4

PROOF. Note that 2D,,(q) has Weyl group of type B,_;. Now the relative Weyl group
of a Levi subgroup By(q) inside B,,_1(q) has type B,_3, and the one of a Levi subgroup
As(q) has type B,,_¢ by [35, p. 70]. The modular Steinberg character ¢ 12 of 2D3(q) is
liftable by the f-modular Brauer tree in Table 10, and the one of A5(¢q) by the Brauer tree
for GLg(q), so we can argue as usual, with reduction stability following by Example 2.5(a).

Next, the (-modular Steinberg character ¢ 16 of 2D7(q) occurs with multiplicity 1 in
the reduction of an ordinary Deligne-Lusztig character R%(6) from a maximal torus T
centralising a Sylow ®g-torus as can be seen from the decomposition matrix in Table 13.
Thus we obtain reduction stability with Example 2.5(c).

Finally, again using the decomposition matrix one checks that @6 lifts to a non-
unipotent character whose Jordan correspondent is the cuspidal unipotent character of
D4(q)®2®6. The latter is invariant under all automorphisms, and thus @6 is also reduc-
tion stable. 0

Observe that Sylow (-subgroups of 2D,,(q), n < 6, are cyclic for primes ¢ with d,(q) = 6,
so we only need to deal with the case n > 7.

PROPOSITION 6.11. Assume (Ty). The decomposition matriz for the principal £-block
of 2D+(q) for primes £ with (¢* — q+ 1), > 7 is as given in Table 13.
Here, the unknown entries satisfy yo <5 and y3 < 2.
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TABLE 13. 2D;(q), (¢> —q+ 1)y > 7

6. 1|1

51. g |11

6 30 o1

412, | 3¢° 1.1

32. ¢ . 1

15 3¢ |1 .1 . .1

32.1 | 3¢* 11

124 | 3¢511 1 . . .1 .1

222 | 146 o1 1

51| 14 1 1 o1

3112 347 1. . .1

313, | 347 1 : 1

133 | ¢° 1 1 o1 1

21.21| ¢° 1 1 1 1

12.2% | 1412 1 1

112 | 3¢ 1 11 1

3.13 | ¢*? . 1 1

412 | 118 1 1 1 . 1

2.21% | 1413 1. .1 1.1

214, | 1¢"3 1 1

1.221 34'° 1 R A | 1.1

15.1 | 3¢'° 1 1 1

15, | 3¢* . 11

313 | 1% 1 1 1 1

23 ¢! 1 1 o1

214 | ¢t 1 1 . . . . . . .1 y 1

A g o Ly s ys2 11
ps ps ps ps ps ps ps ps ps .12 ps ps ps ps 1%2ps 12.12.1%2ps 12 A5 ¢ 12 ¢ 1%¢

PrOOF. All columns in Table 13 except for the 23rd, the 25th and the 27th are
obtained by Harish-Chandra induction of PIMs from Levi subgroups of types 2Dg and As.
With Lemma 6.10 this accounts for all Harish-Chandra series from proper Levi subgroups,
so the remaining three PIMs must be cuspidal. The ordinary Gelfand-Graev character
gives the Steinberg PIM in column 27. The uni-triangular shape of the decomposition
matrix shows that there must exist PIMs with unipotent part of the form

Wos = [1°] + 1 [ 214 + 92[1%],  Wos = [.2°] 4 y3[.21%] + 9a[. 19,

with suitable coefficients y; > 0. Not that [1°] and [.2%] lie in families which are not
comparable, which explains why [.23] does not occur in Wy3. It will turn out in the
determination of the decomposition matrices for ?Dg(q) in Proposition 6.12 that y; = 0.
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It remains to compute y, and 4. To this end we consider the decomposition of Deligne—
Lusztig characters R,,. For w being a Coxeter element the coefficient of Uo7 in R,, is equal
to 2 + y3 — y4 which by (DL) forces y4 < 2 + y3. On the other hand, by Example 1.7(c)
there exists a regular ¢-element of G* whenever (¢ — g+ 1), > 12 (in particular whenever
(¢> —q+1), > 7 since we also assumed ¢ > 7). Therefore one can use (Red) to show that
ys > 2+ ys3, which proves that ys = 2+ y3. Now let w = $551535455545351525354555¢57. By
explicit computations and using that y, = 2 + y3, the PIM W,; does not occur in R, for
v < w. In addition, the coefficient of Vo7 in R,, is 60 — 12y, which by (DL) gives y, < 5.
(HCr) and the decomposition matrix of the Hecke algebra for the principal series show
that all columns correspond to PIMs. Moreover this proves that y; < 2. 0

It seems that in order to complete the proof of Proposition 6.11 we need to also study
some decomposition matrices for 2Dg(q) and 2Dy(q):

PROPOSITION 6.12. Assume (1y). The decomposition matrices for the unipotent (-
blocks of *Dg(q) and *Dy(q) of defect (¢* — q+ 1) for primes £ with (¢* —q+ 1), > T are
as gien in Table 14.

Here, the unknown entries yo < 5 and y3 < 2 are as in Proposition 6.11.

Here, the blocks are labelled by the 6-cuspidal unipotent characters of the centraliser
2Dy(q).(¢* + 1)?, respectively 2Ds(q).(¢® + 1)?, of a ®g-torus of rank 2, in accordance
with [4].

PROOF. First consider 2Dg(q). All columns ¥; in the principal block apart from Wos
and Wy are obtained by Harish-Chandra induction, and we find two further projectives
with unipotent parts

Wog = [.322] + y3[1.21%] 4 y4[1.1°],
Bos = [17.] + 91 [1.21%] + yo[1.19].

Since [1.21%] and [17.] lie in families which are not comparable, the character Wys; must
involve y; copies of Wog by (7). Then (HCr) shows that y; = 0.

The columns in the block labelled (0 i 2) except for the 20th and 25th are again
obtained by Harish-Chandra induction, as well as

Wao =[21°] + [1°.1] + [.17],
Wos = [.2%1] + y3[.221%] + ya[.17].
We now turn to 2Dg(q). For the principal block with (HCi) we find all columns ¥; but
Wy, Uy, W3, Way and Wog, as well as the projectives
Wy = [.322] + y3[12.21%) + yu[12.1°),
Wos = [15.] + 92[12.19).
Furthermore, we get Wy 4+ Wy, Uy 4+ U5 and ¥y + V43, which yield ¥y, ¥y; and V3 by

triangularity.

The block for 2Dy(q) labelled (0 ; 2) is now obtained as usually. An application of

(HCr) shows that all columns correspond to PIMs. This completes the proof of Proposi-
tions 6.12 and 6.11. O
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TaBLE 14. 2Ds(q), (¢> — g+ 1)¢ > 7, blocks (° ?) and (° | %)

I |
O A . |

. e R

. 1 - 1 oy3 . . 1
| yst2 1 gy 1 1

—_

[ ps ps ps ps ps ps ps .12 ps ps ps ps ps .12ps 12172 1%2ps 1% ps .17 .23 A5 16 1716

[
[y

S N | D |
D s DS I |
1.0 11 oy 1

‘ | D11

[ ps ps ps ps ps ps ps ps ps ps ps .12ps ps ps ps .12.12 1215 12 A5 .12 12 23 1%2.1°
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TABLE 15. 2Dy(q), (¢* — q+ 1), > 7, blocks (1 2) and (

[ S G N U W

e e e e
[u——y

| |

1

i

v

012
2

yst2 .

1
1

1
o1
1 y21

| ps ps ps ps ps ps ps ps ps ps ps.12.12.12.1%2 ps ps .12 ps .12 ps .23 .12 A;

1

[y
(R S G U S
—_

.
—_

: 1
| .

11
.
1

1

1% 16 .16

1

Y3
ys+2 1 1

[ ps ps ps ps ps ps ps ps ps .12 ps ps ps ps .1°ps

ps 1

Y2 . ...
6 121212 12 12

As

23 1216
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5. Odd-dimensional orthogonal groups

PROPOSITION 6.13. Let q be a prime power and £ a prime with d,(q) = 6. The Brauer
trees of the unipotent (-blocks of B,(q) and of Cy(q), 3 < n < 6, with cyclic defect are as
giwen in Table 16.

Here By denotes the Harish-Chandra series of the ordinary cuspidal unipotent charac-
ter of By(q), and Bj the cuspidal {-modular constituent of the unipotent character [By: .1]
of B3(q>

TABLE 16. Brauer trees for B, (q) and C,,(q) (3 <n<6), 7</|(¢* —q+1)

Bs(q): 3. — 21 — 11> — 1° — O — By:.1 — By 1.
By(q): 4. — 22 — 1.21 — 212 — O — By:.12 — By 1%
31— 211 — 1212— 1* — O — By .2 — By:2.
Bs(q): 5 — 2.3 — 131 — 312— (O — By 1.1>— By: 12.1
41. — 21.2— 1221 — 213 — (O — By: .21 — By 21.
312.—2121— 1312 — 15 — () — By 1.2— By2.1
32— 221 — 1213 — 1.1* — O — By .3 — By:3.
41— 32 — 122 — 221— (O — By 13— By 13,
Bs(q): 51— 3.3 — 1.32 — 321— (O — Bo: 1.13— By 13.1
42, — 222 —-1%2.212—1.21>— () — By:.31 — B 31.
33, —2212— 21.13— 21 — () — By 4 — By 4.
41.1— 31.2— 12.22 — 2212— (O — By: .212— By: 212,
412 321— 222 — 25 — (O — By .1*— By 1%
321.—221.1— 1313 — 1.1 — O — By 1.3— By:3.1
ps ps ps 1*  Bj By
Bs(q): 5 — 14— 123 —132—141— 1. — O

ps ps ps s ps 15.

We will encounter the following Hecke algebras:

LEMMA 6.14. Let q be a prime power and £|(q> —q+1). The Hecke algebras of various
C-modular cuspidal pairs (L, \) of Levi subgroups L in B, (q) and their respective numbers
of irreducible characters are as given in Table 17.
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TABLE 17. Hecke algebras and |Irr H| in B, (q) for dy(q) = 6

(L, \) H n=>5 6 7 8
(B, B) H(Bn—2: ¢ q) 5+0 6+2+2 12+4 13+15
(Bs, ¢.13) H(Bn_3:¢: q) 5 6+3 1246 10420
(Bs, B3) H(Bn_3;q;q) 5 64+3 1246 10+20
(As, ©15) H(Bn-5;4%q) — 1 142 5
(Bs, 15.) H(Bn-s5; 4% q) 1 1 142 5

PROOF. In all cases, reduction stability for the cuspidal Brauer characters follows with
Example 2.5(a) as Sylow f-subgroups of L are cyclic. The cuspidal ¢-modular character
By is the ~-modular reduction of the cuspidal unipotent character of Bs(q), thus its Hecke
algebra is the reduction of the one in characteristic 0. The Brauer tree in Table 16 shows
that the cuspidal ~-modular Brauer character Bj of Bs(q) is a constituent of the ~-modular
reduction of an ordinary cuspidal character A in the Lusztig series of an f-element with
centraliser a torus of order ¢ + 1. The minimal Levi overgroups are of types By and
B3 Ay, hence the parameters of the Hecke algebra for \ are as given.

Again, by the shape of the Brauer tree the cuspidal /-modular Brauer character @5 of
Bs(q) is liftable to an ordinary cuspidal character lying in the Lusztig series of an ¢-element
with centraliser By(q)(¢*+1), and with centraliser B3(¢)(¢*+1) in Bg(q). Thus its Hecke
algebra in Bg(q) is H(Bi;¢%). Similarly, the cuspidal f-modular Steinberg character ¢ie
of As(q) is liftable to an ordinary cuspidal character in the Lusztig series of an (-element
with centraliser (¢° —1)/(¢ — 1), and with centraliser GUs(¢®) in Bg(q). Thus again its
Hecke algebra in Bg(q) is H(B1; ¢°). O

PROPOSITION 6.15. Assume (1y). The decomposition matriz for the principal £-block
of Bg(q) for primes { with (¢* —q+ 1), > 7 is as given in Table 18.

PROOF. The Hecke algebras for the cuspidal /-modular Brauer character 1°. of Bs(q)
and the cuspidal {-modular Steinberg character of As(q) were determined in Lemma 6.14.
As neither is semisimple modulo ¢, there is just one PIM of Bg(q) in either series.

All columns except for those numbered 14, 22, 26 and 27 are obtained by Harish-
Chandra induction from a Levi subgroup of type Bs. According to the description of the
Hecke algebras in Lemma 6.14, with this we have accounted for all PIMs from proper
Harish-Chandra series, so the remaining four PIMs must be cuspidal. By triangularity,
their non-zero entries lie below the diagonal, and we denote them by aq,..., a3 for Wy,
by a4, ...,a15 for W9y and by a9 for Wos. Using the order on families we actually have
a; =0 for i € {1,2,3,14,15}.

To get relations we use the combination of (DL) and (Red). Let w be a Coxeter
element. The coefficients of R,, on Wy5 and Wy; are equal to —aq7 and 2+ a6 — a18 +ai7a19
respectively. Therefore by (DL) we must have a;; = 0 and a;g < 2 + aj6. On the other
hand, if (¢> —q+ 1), > 7 and ¢ > 7 then (¢* — ¢+ 1), > 12. By Example 1.7(a) there
exists a regular (-element of G*. Therefore one can invoke (Red) to get a;g > 2 + agg
hence a1z = 2 + a;g. We go on to the next Deligne-Lusztig character R, for which Wy
and Uo7 can potentially occur. It corresponds to w = $1525352515253545586. By (DL), the
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TABLE 18. Bs(q), (> —q+ 1)y > 7

6 1|1

6 3¢ | .1

51. 3¢ |1 .1

2.4 111

B2, | 343 o1

51 54 1. . 1

412 3¢ 1 . 1

1.41 3¢° 1.1 1.1

By:21.1| 3¢° | . 1 : 1

21.3 @ |1 11 1

1231 | 1¢" 1. 1 11

2122 | 14" 1 : 1 1.1

By:12.2| 14" 1 : 1

Bg 14" . 1

3132. %qz 1. 1

A1 4 1.1 1

By:2.1%| 3¢° 1 : 1

2131 | 3q" 1 : 1 1 1

By:1.21| 3¢ 1 1 . 1 1 1

13.21 g 111 . 1

1112 | 341 : : 1 .11

By: .22 | Lg% 1 1 1

214, 5¢'° . 1 1 1

313|346 1 1 1 : 1

214 3¢% 1 R T |

16. Y 2 1. . 1.1 . .1

16 5 1 12. .1.1
ps ps ps ps Bo ps ps ps Ba ps ps ps B3 ¢ ps 13 B3 ps Bips As ¢ 15 13 .1%¢c ¢

coefficients on these two PIMs give 2 — a4 — ag + a7 + ag — a12 > 0 and

—(14 aw9) (2 — ag — ag + a7 + ag — aia)

N /

>0 b;/r(DL)
- (—2 + 2@4 + 2&5 + 2@6 — 2CL7 - 2@8 — ag + a9 — a1 + ao + CL13> Z 0.
>0 b;r(Red)

Therefore we must have a1 = 2 — ay — ag + a7 + ag and a3 = 2 — 2a4 — 2a5 — 2a¢ + 2a7 +
2ag + ag — aig + a11 — aqo, hence a13 = —ay — 2a5 — ag + a7 + 2ag — a9 + a1;. Finally,
the coefficient of Vo7 in R, for w = $1525354535251528354555¢ 1s 48 — 24a19. By (DL) this
forces a9 < 2.
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It will be shown in the proofs for B;(q) and Bs(q) in Proposition 6.16 that a; = 0
for i € {4,...,11,16,19}. All columns are indecomposable by (HCr), respectively by the
decomposition numbers for the principal series Hecke algebras. 0

As already for ?D7(q) in order to obtain further information on the decomposition
matrix for Bg(q) we will consider blocks of larger groups.

PROPOSITION 6.16. Assume (1;). The decomposition matrices for the unipotent {-
blocks of Bz(q) and Bs(q) of non-cyclic defect for primes € with (¢> —q+ 1), > 7 are as
giwen in Tables 19, 20, 21 and 22, except that for the block labelled (01122) the 9th column,
labelled Bg, might not be indecomposable.

Here, a is as in Proposition 6.15 and we have by = 2 — by + bs.

Here Bf denotes the Harish-Chandra series of the cuspidal ¢-modular constituent of
the unipotent character By:.2? of Bg(q), BS the series of the f~-modular cuspidal unipotent
character By X 16 of By As.

PROOF. Let us first consider the blocks of B7(¢). In the principal block, (HCi)
yields all columns except for the 19th, and a projective character ¥ with unipotent part
a4[2%1%.1] + a5[Bs: 1.31] + [Bg: 12] plus further constituents with larger a-value. By our
assumption of triangularity, ¥ — a, V7 — a5 W1 must then also be a projective character.
By (HCr) this is only the case when ay = a5 = 0.

Next, consider the blocks of Bg(q). Here, the principal block shows that we must have
ag = ag = 0, the block with label (01122) gives a1 = 0, and the block with label (102)
forces that ag = ajg = a9 = 0. Thus we have obtained all information that had been
missing in the proof of Proposition 6.15. The correctness of the six printed decomposition
matrices is now verified as in our previous proofs. The relation between the b; in the block
labelled (0 ! 2) is obtained from (DL) using the Coxeter element.

Finally, to conclude that a;; = 0 (resp. a; = 0) we have to go up to the unipotent
block of By(g) (resp. Bio(q)) labelled by (*,%?%) (resp. by (%)) and invoke (73) (we do

01 0
not print the corresponding decomposition matrices). ([l

6. Symplectic groups

Finally, we consider the symplectic groups. The Brauer trees here are the same as for
the odd-dimensional orthogonal groups and had already been given in Proposition 6.13.
The arguments used to determine the decomposition matrices for blocks of defect 2 involve
only Harish-Chandra induction/restriction, unipotent Deligne-Lusztig characters (which
depend only on (W, F')) and the existence of f-regular elements (which are similar for
G and G* when / is odd, see Remark 3.1). Consequently, under our assumptions on ¢,
the unipotent part of the decomposition matrices of the unipotent ¢-blocks of C,,(¢) and
B, (q) are identical.

COROLLARY 6.17. Assume (Ty). The decomposition matrices for the unipotent (-blocks
of C,.(q), n =6,7,8, of non-cyclic defect for primes ¢ with (¢* —q+ 1), > T are the same
as for B,(q) and hence as given in Tables 18-22, except possibly for the values of the yet
unknown entries by and by (which need not be the same as for type By,).
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TABLE 19. Br(q), (¢> —q+ 1), > 7, blocks (1) and (011)

1

;
1
1

i

1

1

. 12 . 1. 1
ps ps ps ps Ba ps ps Baps .13 B3 ps Bj ps ps ps ps B3 Bg ps Bt 1315 A5.1316 .16

1

o —
e e

2

i

i

i

1

' 12 1 .1
ps ps ps ps ps Baps ps ps ps Ba Bg ps B3 13 ps ps 1°. B3 13 ps Bj A5 B 1316 .16



90

e

6. DECOMPOSITION MATRICES AT d¢(q) =6

TABLE 20. Bs(q), (¢> —q+ 1), > 7, blocks (2) and (01122)

111 .
T . . .1 . .1
R

1
o1
11

1

U S S NS NS S |
ps ps ps Baps Bops ps .13 B3 ps B3 ps ps ps B3 ps ps ps Bé Bg.13 A5 1°..1315 15

1

P S S W
—_

—_
—_
—_

. S U |

i

1

1

1 1.1 2
ps ps ps ps ps ps ps Ba Bg ps ps Ba ps ps B3 ps 13ps 1315 B3 16 B3 As.13 BE.

16
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TABLE 21. Bs(q), (¢> —q+ 1), > 7, blocks (012) and (102)

1

1
.o 1
T S R |
2 . . .11

1

O H|

2
ps ps ps ps Baps ps Baps ps .13 ps ps Bg B3 ps B3 1° ps .13 B3 ps B

—_ =

——
o = e .
— =

—_

. . C
ps ps ps B ps ps ps Baps B3 B3 ps ps B3 ps ps 13 131° ps B6B ps 13A5 16 16
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TABLE 22. Bs(q), (¢> —q+ 1), > 7, blocks (021) and (O ! 2)

—_
[ W
—_

. . . o110 01T 1
2 |
T . . . .1

1
1

e 2 ]
ps ps ps ps ps ps ps BgBa ps ps .13 ps Bo ps B3 1°. B3 ps .13B§ ps As 15 Bé 1318

O O |
T 1 : .
1

By By ps Baps ps B3 Bo ps ps ps ps B3 Ba ps ps 131313 Bg B3 1313

¢ BB

S
3

c



7. UNIPOTENT DECOMPOSITION MATRIX OF Fy(q) 93

7. Unipotent decomposition matrix of Fj(q)

THEOREM 6.18. Let (q,6) = 1. The decomposition matriz for the principal (-block of
Fy(q) for primes € > 7 with (¢*> — q+ 1), > 7 is approxvimated by Table 23.

Here, the unknown entries satisfy ys = 1+ y1 +y2, 23 < 1 and x1 + 3(z1 + 22) <5 (in
particular all the z; are equal to either O or 1).

TABLE 23. Fy(q), (¢* —q+1)¢> 7, (¢q,6) =1

®1,0 1 1

b Ly, dgdry | . 1

/2/74 %qq)4¢)8¢)12 . |

Ba: 2. L2930y S

é,?’ qg(biq)gq)lg 1 1 . 1

/8,,3 ng)iq)gq)u 1 .1 . 1

¢12,4 ﬁqzlq)%q)%q)sq)m 1 . . . 111

6,6 %q4q)§(bi(b8q)12 1. 1. o1

b | 1Q®0gd, |1 . 1 L L]

By .2 |1 02020,05®5| . . . 1 . . . . . .1

By 1% |14 02020,0501, | . . . 1 . . . . 1

Fy-1]| ifoteed, | . . . . . . . . .. 1

é,g ng)iq)gq)lg e 1 .11 . . . -1 1

8.9 PPIDgDy, e L o I |

/2,16 %q13®4q)8q)12 . . . . . . 1. . . -1 1 1

,2/,16 %q13(134(l)8(1)12 e . T . .- Y2 Y2 1 .1

By: .12 %ql?’q)%(l)g(bg e e |

?1,24 ¢ oo s s s 2y 101 2 29 231
pspsps By pspspspsps ¢ BsyCsc c ¢ B3Cs3 ¢ ¢ ¢ c

ProOOF. Koéhler [38, Table A.162] has shown uni-triangularity and determined the
¢-modular Harish-Chandra series of the unipotent Brauer characters under the stated
assumptions on ¢. He has also proved that the ordinary cuspidal characters Fy[1] and
Fy[—1] can only occur in the reduction of the Steinberg character ¢, 24. We denote these
multiplicities by x; and zo. Similarly, he showed that the cuspidal irreducible Brauer
characters belonging to ¢ 14, ¢5,4 and Ba: .12 can occur only in the reduction of the
Steinberg character, and we denote by 21, 2o, 23 their respective multiplicities. The pro-
jective characters corresponding to the Galois conjugate cuspidal characters Fjy[(3] and
F4[¢3] can have potentially several unipotent constituents. We will write the unipotent
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part of these projective characters as
Uiy = FiylG3] 4+ 1o + yodt g + Ysdh 16 + Yadh 16 + Y5 Bar .12 + yod1,24
and W15 = Fy[G] + y1dkg + Y2080 + Ysh 16 + YaPy 16 + Y5 Ba: 12 + Y 2a.

We now use (DL) to compute some of these coefficients. We start with the Deligne—
Lusztig character R, where w is a Coxeter element. The coefficients of W5, W19 and Wy
in R, are 2y; — 2ys, 2y — 2y4 and 2 — 2y; respectively and are all non-negative by (DL).
The coefficient on Wy, is

X =242y +2ys — 2y — 21(2y1 — 2y3) — 22(2y2 — 2ys) — 23(2 — 2y5) > 0.

Now if (¢*> —q+1), > 7, we can use (Red) for the maximal torus of order (¢> — ¢+ 1)? to
obtain —3 — 2y; — 2y + y3 + ya + 2y5 + y¢ > 0. Adding twice this non-negative number
to X we get

—(1 4+ 21)(2p1 — 2y3) — (1 4+ 22)(2y2 — 2ys) — (2+ 23)(2 — 2y5) > 0
which forces 2y, — 2y3 = 2y, — 2y = 2 — 2y5; = 0 and X = 0. This gives
Yi=y3, Y=y, yYys=1 and ys=1+y +yo.

We continue with the Deligne-Lusztig character associated with w = $15953545253.
The coefficient of Wy in R, is 2 — x5, hence x5 < 2 by (DL). On the other hand, (Red)
applied to the case of a torus gives x5 > 2 hence x5 = 2.

We finish with the Deligne-Lusztig character R, with w = $159535451525354. The
coefficient of the PIM Wq; is 25 — 21 — 921 — 929 — 142z3. Therefore by (DL) we must have
z3 < 1 and z; + 2o < 2. If all of the z; are zero then we can only deduce that z; < 25,
which is not satisfactory. However, if one considers the generalised g*-eigenspace of F on
R,,, then the coefficient of Wy is 5 — 21 — 321 — 325, which gives 1 < 5 if 2y = 20 =0 or
x1 < 21f z; or zy is non-zero. O

Again, we collect data on the ®g-modular Harish-Chandra series in the blocks b con-
sidered in this section in Tables 24, 25 and 26. None of the decomposition matrices
determined here agree after any permutations of rows and columns, so none of the blocks
can be Morita equivalent.

TABLE 24. Modular Harish-Chandra-series in ®g-blocks

G b We(b)  |IBrbd| | ps Dy 1% As 15 Df Es
Dg G(G, 2, 2) 18 10 2 2 2 1 1
Dg 2 G(6, 2, 2) 18 10 2 2 2 1 1
Dy G(6, 1, 2) 27 14 4 4 1 2 2
Dg 1,3 G(G, 1,2) 27 14 4 4 1 2 2
Eg Gs 21 11 2 2 1 5
Ey 2 Gs 21 1 2 2 1 )
ps B2 B3 Cg C
Fy Gs 21 8 1 2 2 8
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TABLE 25. Modular Harish-Chandra-series in ®g-blocks, twisted groups

G b | Wgb) [IBrb||ps 12 Ay 150 23 1°
D, G®6,1,2) 27 |15 8 1 1 1 1
Dy 1,2|G6,1,2) 27 |15 8 1 1 1 1
Dy 1,2 G6,1,2) 27 |15 8 1 1 1 1

TABLE 26. Modular Harish-Chandra-series in ®g-blocks, type B,,

]IBrprs By .13 By As BE 15 Bg 1% .15 BY ¢

95

)
Bg, By ,2) 27 132 3 3 1 1 1 1 1 1
,2) 27 132 3 3 1 1 1 1 1 1
Bs 6 ,1,2) 27 9 5 5 5 0 0 0 0 0 O

1

2






CHAPTER 7
Decomposition matrices at dy(q) = 5,7,8,10,12, 14

In this final section we collect the decomposition matrices for primes ¢ with d,(q) ¢
{1,2,3,4,6} for the classical groups considered in this work. (The Brauer trees for excep-
tional groups can be found in [10].) In all cases, the corresponding cyclotomic polynomial
divides the order polynomial of the groups in question at most once, so all such blocks are

of cyclic defect. We thus give their Brauer trees; they were all first determined by Fong
and Srinivasan [20].

PROPOSITION 7.1. The Brauer trees of the unipotent (-blocks, for 11 < |®5(q), of
Bs(q), Dn(q) with 5 < n <7 and of *D,,(q) with 6 < n <7, are as given in Table 1.

TABLE 1. Brauer trees for 11 < ¢|®5(q)

Ds(q) : 5h— 4l — 312 — 213 — 15—

D7(q) : 1.6—~1.42—1.321—1.2212—1.1°—O
ps ps pS pS 14

Dg(q) : .6 — 42— 321 — 2212 — 16 —O— 1.1 — 1.213 — 1312 — 141 — 1.5
D7(q) : .7T— 43 — 3?1 — 2213 — 21— (O— 1°.2— 2.213 — 2312 — 241 — 2.5

61— 52— 322 — 231 — 1T —(O—12.1%—12.213—12.312—12.41—1%5
ps ps ps ps 14 14 ps ps ps ps

Bs(q) : 5. — 41.— 312, — 213, — 1°. —O— 1> — 213 — 312 — 41 — 5
De(q) : 5. — 41.— 312, — 213, — 1°. —O— 15> — 213 — 312 — 41 — 5
D:(q) : 6. — 42. — 321. — 2212, — 16 —O— 1.1° — 1213 — 1312 — 141 — 1.5

5.1—41.1—312.1— 2131 —1°.1— O— .16 — 2212 — 321 — 42 — 6
ps ps ps ps 14 1t ps ps ps ps

Here, “1%” denotes the cuspidal Steinberg PIM of A4(q), and similarly in the subse-
quent Brauer trees, the Harish-Chandra series are labelled by names of unipotent charac-
ters in which the corresponding cuspidal Brauer character first appears.
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TABLE 2. Brauer trees for 17 < (|®g(q)

By(q) : 4. — 3.1 — 2,12 — 1.13 — 1*
Bs(q) : 5. — 3.2 — 221 — 1.212 — 213
41, — 31.1—21.12 — 1213 — .1°

ps ps bs

Ds(q) : 5 — 14 — 123 — 132 — 1.14

ps

Dg(q) : .6 — 2.4 — 21.3 — 2122 — 213.1— 214,

51— 1.41 — 12.31 — 13.21 — 1412 — 16,

D(q) : .7 — 3.4 — 31.3 — 312.2— 313.1— 31%.

1.6 — 2.5 — 223 — 221.2—922121— 2213,

61— 2.41 — 21.31 —212.21—213.12— 215,

52— 142—1232— 1322 — 1512 — 161

512—1.412—12.312—13.212— 1413 — 17.

ps ps ps
Ds(q) : 4. — 2.2 — 1.21 — .212
2De(q) : 5. — 2.3 — 1.31 — .312

41— 32 — 1.22 — 221

D7(q) : 6. — 2.4 — 1.41 — 412
51.— 21.3— 13.31 — .313
51— 3.3 — 1.32 — .321
412.—212.2— 1321 — 214

412— 321 — 222 — 23
ps ps ps

Dy(q): 3. — 21 — 1.12 — 13

2De(q) = 41.— 21.2— 12.21 — 213
pSs s s

ps

oo OO0 OO0 OO0 O0O0

ps

BQZ 1.1 — Bgi 2.

— B9:.13 — By:12.1— By 21.

By:1.2— Bs: 3.

By

Dy12 — Dy 2

Dy: 12 — Dy 12,

Dy: .2 — Dy: 2.

— Dyg1.1°— Dy 121

O — By.12 —
O
— By .21 —
Bso: .12 By
1»r — O —
J— O J—
J— O J—
— O
J— O J—
J— O J—
J— O J—
T 9 e
14— 1212
114 — 1213 —
15— 1312 —
214 — 2113 —
1.213 — 12.212 —
1.1° — 1313 —
2212 — 1222 —
16— 1412 —
pSs DS

Dy: 13 — Dy 13,

D4: 21 — D4: 21.

Dy .3 — Dy 3.

D4: 1.2 — D4Z 2.1

21.1
221
212.1
22,12
22.2
221.1
31.2
213.1

Dy

pSs

31.
32.
312.
32,
42.
321.
41.1

313.

PROPOSITION 7.2. The Brauer trees of the unipotent (-blocks, for 17 < ¢|®s(q), of
Bu(q), Bs(q), Dn(q) with 5 < n < 7 and of *D,(q) with 4 < n < 7, are as given in

Table 2.
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PROPOSITION 7.3. The Brauer tree of the principal £-block of D7(q), for 29 < {|®7(q),
15 as given by
T— 61— 51%— 41°— 31— 21— 1"
ps  ps ps ps pSs ps ¢
PROPOSITION 7.4. The Brauer tree of the principal £-block of *D7(q), for 29 < £|®14(q),
15 as given by
6.—51—4.12—3.13—2.1*—1.1°— 15—
ps  ps ps ps ps ps  c

PROPOSITION 7.5. The Brauer trees of the unipotent (-blocks, for 11 < £|®19(q), of
Bs(q), Dyn(q) with 6 <n <7 and of ?D,(q) with 5 <n <7, are as given in Table 5.

TABLE 3. Brauer trees for 11 < ¢|®44(q)

Bs(q) : 5.— 4.1—3.12— 213 — 1.1 — 15> — O — B9: .13 — Bg:1.12— B3:2.1 — B2:3.
ps ps ps ps ps c c Ba Bo Ba
De(q) : 6— 15— 124— 133 — 142— 11— 1. — (O —— D4:. 12— Dys:1.1 — Dy:2.
D7(q) : .7T—— 25— 21.4— 2123 —213.2—2141—215— (O —— D4:.13—Dy:12.1—Dy: 21.
61— 1.51—12.41— 13.31 —14.21—15.12— 17.— (O —— Dg4:.21— D;:1.2— Dy:3.
ps ps ps ps ps ps 16. Dy: .12 Dy Dy
2De(q) : 5. —— 3.2— 221 — 1.212 — 213 — (O — 1% — 12,13 — 21.12 — 31.1 — 41.
2D7(q) : 6.— 33— 2.31— 1.312 — 313 — O —1.15%— 12.1* — 2212 — 321 — 4.2
51— 4.2 — 2,22 — 1.221 — 2212— (O — 16— 1313 — 21212 — 3121 — 412
ps ps ps ps 14 14 ps ps ps ps
Ds(q) : 4. —31—212— 113 — 1* — O
2D7(q) : 51.—31.2—21.21—12.212— 21— O
ps ps ps ps 14

PROPOSITION 7.6. The Brauer trees of the unipotent (-blocks, for 13 < l|®15(q), of
Bs(q), D7(q),*Ds(q) and *D+(q) are as given in Table 4.
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TABLE 4. Brauer trees for 13 < £|®15(q)

D:(q) : 7—1.6—125— 134 — 193 — 152 — 161 —17,

|
D4Z 3.— D4I 21— D4I 112— D4I .13— O

ZDG(Q) - 5—41—31%2— 2,13 — 1.14 — 17 — O
bs ps bs ps pS c

2Dr(q) : 6.—4.2—3.21—2.212— 1213 —  21* — <|>

51.—41.1— 31.1°— 21.13 — 12.1* — .16



CHAPTER 8

On a conjecture of Craven

Let G = GF for G connected reductive defined over F,. By [40] for any unipotent
character p of G there exists a degree polynomial R, € Q[z] such that, in particular,
p(1) = R,(q). The degree (resp. the valuation at x) of R, is denoted A, (resp. a,). By the
main theorem of [5], under suitable conditions the decomposition matrix of the unipotent
blocks of GG is unitriangular with respect to the ordering on families. This induces a
bijection p — ¢, between the unipotent characters and the irreducible Brauer characters
lying in unipotent blocks. Since both the a-function and A-function are decreasing with
respect to the ordering on families, we have, for unipotent characters p # p’

(p,Vy,) #0=0a,>ay and 4, > A,.

In [10], Craven predicts the existence of perverse equivalences between unipotent ¢-blocks
of G and their Brauer correspondents, for primes ¢ such that Sylow ¢-subgroups of G are
abelian. A consequence of the existence of such equivalences is that the decomposition
matrix would be unitriangular with respect to the perversity function (see [9, Prop. 8.1]).

Let us recall how the perversity function of Craven’s conjectural perverse equivalence
is defined. For a root of unity ¢ € u(C) we denote by Arg(() €]0,2x] the argument of (.
We write m((, R) for the multiplicity of ¢ as a root of a polynomial R. For any positive
integer d and unipotent character p of G we then define

A,+a, m(1,R))
ma(p) = L + + Z m(¢, R,).
d 2 Cep(C)N{1}
Arg(¢)<2n/d

It is shown in [10] that 74(p) — ma(p') is an integer whenever p and p' lie in the same d-
Harish-Chandra series of G. In particular m4(p) is an integer for every unipotent character
p in the principal d-Harish-Chandra series, as m4(1g) = 0.

CONJECTURE 8.1 (Craven). Let ¢ be a prime such that Sylow (-subgroups of G are
abelian, and let d = dy(q) be the order of q in F;. Then for any two unipotent characters
p# p of G we have

<p7 \Dtpp/> 7é 0= 7Td(p) > ﬂ-d(p/)'

When d = 2, every non-real root ¢ of R, satisfies Arg((, R,) < 2r/d or Arg(¢, R,) <
27 /d. Since R, has real coefficients, this shows that
m(—1, R
ma(p) = Ap — %~
In addition, for £ a good prime for G, m(—1, R,) is constant on the unipotent characters
in a fixed unipotent ¢-block since they form a single 2-Harish-Chandra series, therefore in
this case Conjecture 8.1 follows from the result of [5].

101



102 8. ON A CONJECTURE OF CRAVEN

On the other hand, when d > 2 the order coming from m; might be quite different
from the one given by the families. As an example, let us consider the principal ®g-block
of Bg(q) whose decomposition matrix is given in Table 18. The unipotent characters

213.1, B5:1.21,13.21,1%.1%, By: 22,214, 313, .21%,15., and .1°
all lie in families which are smaller than the family containing the cuspidal unipotent
character Bs. However the mg-function on these characters is given by

p ‘BG 2131 By 1.21 13.21 1412 By .22 214 313, 21% 16, .16
Wﬁ(p)‘ll 10 10 10 11 11 11 10 11 12 12

which predicts that the character of the PIM Pg, can only have 1°. and .1° as unipotent
constituents.

We have checked that the non-zero entries in the decomposition matrices computed in
the previous chapters are compatible with Conjecture 8.1. Furthermore, the conjecture
predicts the following about yet unknown decomposition numbers in our tables:

PROPOSITION 8.2. Assume that Craven’s Conjecture 8.1 holds. Then the following
decomposition numbers in our tables vanish.:
o for E¢(q) with d = 3: by =0,
o for E¢(q) and Es(q) with d =6: a3 = ay = a4 = by = by =0,
L] fO?“ 2D7(q) with d = 6, (>17: Yo = Y3 = O,
OfOTF4(q) with d = 6: $1:y1:y2221222223:0.

Moreover, several of our proofs would become easier given the conjecture. Observe
that Sylow /-subgroups of G are abelian in all cases of the proposition.

In [18] decomposition matrices for dy(q) = 4 were computed up to a few unknown
entries. Craven’s conjecture also predicts that some of them vanish.

PRrROPOSITION 8.3. Assume that Craven’s Conjecture 8.1 holds. Then the following
decomposition numbers computed in [18] vanish:
.fOT’D7<q).' b1:b3:b4:b5:b7:C:d:0,
e for 2Ds(q), 2Dx(q): a =0,
o for’Eg(q): ci=cs=cs =dy =0,
e for Cy(q): a=0.

REMARK 8.4. Note that we did not use the assumption (7;) when computing the
matrices in [18], but rather proved a weaker property for the matrices we looked at.
Using (7Ty) for larger groups and Harish-Chandra induction/restriction, we can actually
deduce that all the entries listed in 8.3 vanish except possibly for ¢; and c¢g in ?Eg(q).



List of Tables

Dy(q), 11 < {|(¢+ 1)

|Irr H| for some modular Hecke algebras

Hecke algebras and |Irr H| in D, (q) for dy(q) = 2
Ds(q), 11 < ¢|(¢q + 1), principal block

Dg(q), 11 < £|(q + 1), principal block

De(q), 11 < £|(q + 1), cntd.

Dg(q), 11 < £|(q + 1), block of defect @3

Hecke algebras in Fg(q) for dy(q) = 2

FEs(q), 11 < £|(q + 1), principal block

2Di(q), 2 < tl(q + 1)

Hecke algebras and |Irr H| in 2D,,(q) for dy(q) = 2
’Ds(q), 11 < £|(q + 1), principal block

2Ds(q), 11 < L](g + 1)

*De(q), 11 < £|(q + 1), cntd.

Hecke algebras in Eg(q) for dy(q) = 2

’Fe(q), l)(g+1), ¢ >3 and (¢+ 1), > 11

Hecke algebras in By(q) for dy(q) = 2

By(q), 7 < ¢|(q + 1), principal block

Bu(q), 5 < l|(q + 1), block of defect ®3

Fy(q), ¢>3and (¢+ 1), > 11

© 00 1 O Ot = W N o=

N e e e e e
S ©O© 00 I O U = W N = O

Brauer trees for D,,(q) (3<n<7),7</l(¢*+q+1)
Ds(q), 7 < l|(¢*> +q+1)

Dr(q), 7 < Ul(¢* +q+1)

Es(q), T<(¢° +q+ 1) (¢,6) =1

Brauer trees for 2D,,(¢) (4 <n <7),7</l(¢P+q+1)
D7(q), 7 < l)(¢* +q+1)

Brauer trees for B,(q) and C,(q) (5<n <6),7</|(¢*+q+1)
Bs(q) and Cs(q), 7 < {|(¢* + g+ 1)

Fi(q), (#+q+1),>7,(q6) =1

10 Modular Harish-Chandra-series in ®3-blocks

103

© 00 1 O Ot = W N o=

23
24
24
26
29
30
30
33
34
36
37
39
41
42
44
45
48
49
49
o1

56
o7
o8
60
62
63
64
65
66
67



104 LIST OF TABLES

1 Brauer trees for D,(q) (4<n<T7),7</(¢>—q+1) 69
2 Hecke algebras and |Irr H| in D,,(q) for dy(q) = 6 70
3 Dolq), (¢ —q+1)e>T7 71
4 Di(q), (®—q+1)e>T7 73
5 Ds(q), (¢> —q+ 1), > 7, blocks (g) and ((1) ?) 74
6 Ds(q), (¢* —gq+1), > 7, block () 75
7 Hecke algebras in Fg(q) for dy(q) =6 76
8 FEglq), (>3, (¢*—q+1),>13 77
9 Es(q), >3, (¢* —q+ 1), > 13, block of defect P2 78
10 Brauer trees for 2D, (q) 3 <n <7), 7</{|(¢* —q+1) 79
11 |Irr H| for some modular Hecke algebras 80
12 Hecke algebras and |Irr H| in 2D,,(q) for dy(q) = 6 80
13 2D2(q), (¢ —q+ 1) > 7 81
14 2Ds(q), (¢* — ¢+ 1), > 7, blocks (0 2) and (0 } 2) 83
15 2Dy(q), (¢* —q+ 1), > 7, blocks (1 2) and (0 ; 2) 84
16 Brauer trees for B, (q) and C,(q) (3 <n <6),7</(¢> —q+1) 85
17 Hecke algebras and |Irr H| in B, (q) for d,(q) =6 86
18 Be(q), (¢ —q+1)e>T 87
19 Br(q), (¢* —q+1)¢ > 7, blocks (') and (°}") 89
20 Bs(q), (¢* — g+ 1), > 7, blocks (%) and (°,',?) 90
21 Bs(q), (¢* —q+ 1), > 7, blocks (°,?) and (*%) 91
22 Bs(q), (¢* — g+ 1), > 7, blocks (%,') and (° ' ?) 92
23 Fu(q), (¢*—q+ 1), >7,(q,6)=1 93
24 Modular Harish-Chandra-series in ®g-blocks 94
25 Modular Harish-Chandra-series in ®g-blocks, twisted groups 95
26 Modular Harish-Chandra-series in ®g-blocks, type B, 95
1 Brauer trees for 11 < ¢|®5(q) 97
2 Brauer trees for 17 < £|®5(q) 98
3 Brauer trees for 11 < £|®44(q) 99
4 Brauer trees for 13 < £|®15(q) 100



1]
2]

[22]

Bibliography

C. BONNAFE, J. MicHEL, Computational proof of the Mackey formula for ¢ > 2. J. Algebra 327
(2011), 506-526.

C. BonNNAFE, R. ROUQUIER, Catégories dérivées et variétés de Deligne-Lusztig. Publ. Math. Inst.
Hautes Etudes Sci. 97 (2003), 1-59.

N. BOURBAKI, Eléments de Mathématique. Fasc. XXXIV. Groupes et Algébres de Lie. Chapitres
1V, V et VI. Hermann, Paris 1968.

M. BrouEk, G. MALLE, J. MICHEL, Generic blocks of finite reductive groups. Astérisque 212
(1993), 7-92.

O. BruNAT, O. DupAs, J. TAYLOR, Unitriangular shape of decomposition matrices of unipotent
blocks. Preprint, 2019.

M. CABANES, M. ENGUEHARD, On unipotent blocks and their ordinary characters. Invent. Math.
117 (1994), 149-164.

M. CABANES, M. ENGUEHARD, Representation Theory of Finite Reductive Groups. New Mathe-
matical Monographs, 1, Cambridge University Press, Cambridge, 2004.

R. CARTER, Finite Groups of Lie type: Conjugacy Classes and Complex Characters. Wiley, Chich-
ester, 1985.

J. CHUANG AND R. ROUQUIER, Perverse equivalences. Preprint, 2017.

D. CRAVEN, Perverse equivalences and Broué’s conjecture II: The cyclic case. Preprint, 2012.

F. DiGNE, G. LEHRER, J. MICHEL, On character sheaves and characters of reductive groups at
unipotent classes. Pure Appl. Math. Q. 10 (2014), 459-512.

F. DIGNE, J. MICHEL, Representations of Finite Groups of Lie Type. London Math. Soc. Student
Texts, 21. Cambridge University Press, 1991.

R. DipPER, G. JAMES, Representations of Hecke algebras of type B,. J. Algebra 146 (1992),
454-481.

R. DipPER, M. GECK, G. Hiss, G. MALLE, Representations of Hecke algebras and finite groups
of Lie type. Algorithmic Algebra and Number Theory (Heidelberg, 1997), 331-378, Springer, Berlin,
1999.

O. DuDAS, A note on decomposition numbers for groups of Lie type of small rank. J. Algebra 388
(2013), 364-373.

O. Dubpas, G. MALLE, Projective modules in the intersection cohomology of Deligne-Lusztig
varieties. C. R. Acad. Sci. Paris Sér. I Math. 352 (2014), 467-471.

O. Dupas, G. MALLE, Decomposition matrices for low rank unitary groups. Proc. London Math.
Soc. 110 (2015), 1517-1557.

O. Dubpas, G. MALLE, Decomposition matrices for exceptional groups at d = 4. J. Pure Appl.
Algebra 220 (2016), 1096-1121.

P. Fong, B. SrINIVASAN, The blocks of finite classical groups. J. reine angew. Math. 396 (1989),
122-191.

P. FONG, B. SRINIVASAN, Brauer trees in classical groups. J. Algebra 131 (1990), 179-225.

M. GEcCK, Verallgemeinerte Gelfand—Graev Charaktere und Zerlegungszahlen endlicher Gruppen
vom Lie-Typ. Dissertation, RWTH Aachen, 1990.

M. GECK, Basic sets of Brauer characters of finite groups of Lie type II. J. London Math. Soc. 47
(1993), 255-268.

105



106
[23]
[24]

[25]

[26]

BIBLIOGRAPHY

M. GECK, The decomposition numbers of the Hecke algebra of type Ef. Math. Comp. 61 (1993),
889-899.

M. GECkK, G. Hiss, Basic sets of Brauer characters of finite groups of Lie type. J. reine angew.
Math. 418 (1991), 173-188.

M. GECkK, G. Hiss, Modular representations of finite groups of Lie type in non-defining charac-
teristic. Finite Reductive Groups (Luminy, 1994), 195-249, Progr. Math., 141, Birkh&user Boston,
Boston, MA, 1997.

M. GEck, G. Hiss, F. LUBECK, G. MALLE, AND G. PFEIFFER, CHEVIE — A system for computing
and processing generic character tables for finite groups of Lie type, Weyl groups and Hecke algebras.
Appl. Algebra Engrg. Comm. Comput. 7 (1996), 175-210.

M. Geck, G. Hiss, G. MALLE, Cuspidal unipotent Brauer characters. J. Algebra 168 (1994),
182-220.

M. Geck, G. Hiss, G. MALLE, Towards a classification of the irreducible representations in
non-describing characteristic of a finite group of Lie type. Math. Z. 221 (1996), 353—386.

M. GECK, N. JACON, Representations of Hecke algebras at Roots of Unity. Algebra and Applica-
tions, 15. Springer-Verlag London, London, 2011.

M. GEck, J. MULLER, James’ conjecture for Hecke algebras of exceptional type. I. J. Algebra 321
(2009), 3274-3298.

M. GEck, G. PFEIFFER, Unipotent characters of the Chevalley groups D4(q), ¢ odd. Manuscripta
Math. 76 (1992), 281-304.

J. A. GREEN, Walking around the Brauer tree. J. Austral. Math. Soc. 17 (1974), 197-213.

J. GRUBER, G. Hiss, Decomposition numbers of finite classical groups for linear primes. J. reine
angew. Math. 485 (1997), 55-91.

F. HIMSTEDT, F. NOESKE, Decomposition numbers of SO7(q) and Spg(q). J. Algebra 413 (2014),
15—40.

R. HowLETT, Normalizers of parabolic subgroups of reflection groups. J. London Math. Soc. 21
(1980), 62-80.

N. JACON, An algorithm for the computation of the decomposition matrices for Ariki-Koike alge-
bras. J. Algebra 292 (2005), 100-109.

G. JAMES, The decomposition matrices of GL,(q) for n < 10. Proc. London Math. Soc. (3) 60
(1990), 225-265.

C. KOHLER, Unipotente Charaktere und Zerlegungszahlen der endlichen Chevalleygruppen vom
Typ F,. Dissertation, RWTH Aachen, 2006.

G. LusztiG, Representations of Finite Chevalley Groups. CBMS Regional Conference Series in
Mathematics, 39. American Mathematical Society, Providence, R.I., 1978.

G. LuszTtic, Characters of Reductive Groups over a Finite Field. Annals of Mathematics Studies,
107. Princeton University Press, Princeton, NJ, 1984.

G. LuszTiq, A unipotent support for irreducible representations. Adv. Math. 94 (1992), 139-179.
G. MALLE, D. TESTERMAN, Linear Algebraic Groups and Finite Groups of Lie Type. Cambridge
Studies in Advanced Mathematics, 133, Cambridge University Press, 2011.

J. MICHEL, The development version of the CHEVIE package of GAP3. J. Algebra 435 (2015),
308-336.

E. NorTON, On Harish-Chandra series of finite unitary groups and the sl,-crystal on level 2 Fock
spaces. Preprint, arXiv:1908.09694, 2019.

A. PAOLINL,On the decomposition numbers of SOF (2f). J. Pure Appl. Algebra 222 (2018), 3982
4003.

N. SPALTENSTEIN, Classes Unipotentes et Sous-groupes de Borel. Lecture Notes in Mathematics,
946, Springer Verlag, 1982.

T. A. SPRINGER, Regular elements of finite reflection groups. Invent. Math. 25 (1974), 159-198.
J. TAYLOR, Generalised Gelfand—Graev representations in small characteristics. Nagoya Math. J.
224 (2016), 93-167.



