ComputelnvariantDensities

November 8, 2023

Load the badic package:

[1]: |from badic import *

1 Example of dimension 1
[2]: a = dag.MatricesGraph([matrix([[1,0],[1,2]1]1), matrix([[1, 11,[1,0]11)1)
print(a.is_complete())

show (a.alphabet)

True

10 1 1
1 2/J’V1 0
[3]: d = a.invariant_density()

print(a.is_invariant_density(d))
show(d)

True

[(Zak,+-mlg(m0 +—x1)]

[4]: show(a.domains_polyhedra())

(7)#)



2 Examples with any set of quadratic numbers appearing in den-
sities

[92]: | # compute the language L_sqrt(2) of words less than uv oo in lexzicographicaly
—order,
# where uv 0o is the ezpansion of sqrt(2) for the fully substractive algorithm,
~on two letters

dag.L(sqrt(2)) .plot()

[92]:

[93]: # construct a win-lose graph from a set of quadratic numbers
a = dag.winlose_from_set_of_quadratic_numbers([sqrt(2)])
a.plot(

[93]:



[94]: x = sqrt(2)
K.<b> = NumberField(x.minpoly(), embedding=QQbar(x)) # NumberField to express,
~the result

show(a.invariant_density(ring=K))

2(5v2+7) 122+ 17
(z.(3v2+4) +22(2v2+3)) (20(V2+2) + 22, (V2+1)) (20(7vV2+10) + 2, (5v/2+ 7)) (z0(2V2+3

[95]: # construct another win-lose graph from another set of quadratic numbers
a = dag.winlose_from_set_of_quadratic_numbers([sqrt(2), sqrt(3)])
a.plot()

[95]:



[97]: K2.<c> = K.extension(sqrt(3) .minpoly(), embedding=QQbar(sqrt(3))) # add sqrt(3),
~to previous field
K3 = K2.absolute field('d')
K4.<e> = NumberField(K3.gen() .minpoly(), embedding=K3.gen() .minpoly().
sroots(ring=QQbar) [0] [0]) # convert it
show(a.invariant_density(ring=K4))

8v3vV2+3v20V3V2 + 62+ 12 V6 + /86 +50+6

3<$0(4\/§+7) —1—5131(7\/%—}-4))(901(3\/54—4) +2$0(2\/§+3))’ (x0(5\/§+9>+$1<3\/§+5)>($0(2ﬂ+

3 Example whose density has a Cantor of singularities

[51] a = DetAutomaton([(0,0,0), (0,1,1), (1,031), (132,0), (2a150)3 (2’1,1)])
a.plot(

[51]: {} {)
[N
0
LN A1

[62]: # plot the complicated domain
a.plot_domains(N2=12, colors='hsv').show(figsize=20)



[63]: # compute a domain language (but labeled with 0 and 1)
am = a.mirror_languages () [2]
am.plot ()

[53]:

[54]: # compute the boundary language defined in Proposition 5.2
b = am.boundary_two_letters()
b.plot()

[54]:



[65]: # check that the boundary has no isolated point
b.boundary_two_letters() .has_same_language_as(b)

[65]: True

4 Cassaigne algorithm as a win-lose graph

[66]: a = dag.CassaigneWinLose()
a.plot()

[56]:

Display 10 steps of the algorithm from state 1:
[67]: a.plot_algo(1,10)

[57]:
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Compute an exact invariant density:

[58]: show(a.invariant_density())

1 1 1

(930 +x+ 552)(330 + I1)<$0 + 332)7 (330 +o+ 552)(350 + ) () + 332)’ (mo +x+ 932)(330 +35) (21 + 75)

Plot domains:

[59]: a.plot_domains()

[59]:



Display description of domains:

[60] : show(a.domains_polyhedra())

Convert the win-lose graph to a matrices graph:
[61]: a.matrices_graph() .plot()

[61]:



100
010

101
010

4.0.1 Make an extension of the win-lose graph of the

[62]: # compute the flip-flop for some
As = [[(2,0,0),(0,1,1)],[(2,1,1)]]

a2 = a.flip_flop(AS)
a2.plot()

[62] :

set of edges

Cassaigne algorithm:



Plot domains of the extension:

[63]: a2.plot_domains()

[63]:

Display corresponding matrices:
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[64]: 1s = a2.domains_polyhedra()
for d in 1s:
show(d)

12 2

112 |R

111

11 1 2
11 RRul 11 2 |R
1 2 2 2 2 3
2 1 2 11 2
112 |Rul 101 |R
1 1 111

011

11 R3

111

—_

— = =
N DN

N
N Sy—

11 2 2 1
REU| 1 0 RZU| 1 1
2 1 2 2 1

Compute an exact invariant density:

[65]: 1d = a2.invariant_density()
print(a2.is_invariant_density(1d))
1d

True

[65]: [1/(C(2%x0 + 2*xx1 + x2)*(2*xx0 + x1 + x2)*(x0 + x1 + x2)),

1/((2%x0 + 2*xx1 + 3*x2)*(2*x0 + x1 + 2*x2)*(x0 + x1 + 2*x2)) + 1/((x0 + 2*x1 +
2%x2) % (x0 + x1 + 2*x2)*(x1 + x2)),

1/((2%x0 + 2*xx1 + x2)*(2*x0 + x1 + x2)*(x0 + x1)) + 1/((2*x0 + x1 + x2)*(x0 +
x1 + x2)*(x0 + x2)),

1/((x0 + 2*xx1 + x2)*(x0 + x1 + x2)*(x1 + x2)),

1/((2%x0 + 2%x1 + 3*x2)*(2*x0 + x1 + 2*%x2)*(x0 + x1 + x2)) + 1/((x0 + 2*x1 +
2%x2)*(x0 + x1 + 2*x2)*(x0 + x1 + x2)) + 1/((2*x0 + x1 + 2*x2)*(x0 + x1 +
2xx2) *(x0 + x2)),

1/((x0 + 2*x1 + x2)*(x0 + x1 + x2)*(x0 + x1))]

11



[66]: for 4 in 1d:
show(d)

1
(2w + 221 + 29) (220 + 71 + T9) (g + 71 + T5)

1 1
+
(2330 +2z + 3552)(2330 +x+ 2932)(% +xy +21,) (‘TO +2mz +2$2)($0 + 9+ 225) (71 + 75)

1 1
+
(2mg + 221 +29) (220 + 11 +T9) (g + 1) (23 + Ty + X)) (T + Ty + Xo) (T + To)

1
(g + 221 +29)(wg + 1 + 25) (71 + T5)

1 1
+ +
(2zy+2x, +325)2xg+ 2, +225) (g + 21 +25) (mog+221 +235) (2 + 21 +225) (g + 21 +22) (22 + 24

1
(g + 221 + @5) (T + @1 + 39) (7 + 1)

Check that it is indeed an invariant density:

[67]: a2.is_invariant_density(1ld)

[67]: True

4.0.2 Make another extension with infinite sum

[68]: # compute the flip-flop for another set of edges

As = [[(2,0,0)],[(0,1,1)1,[(1,2,2)]1]

a2 = a.flip_flop(AS)

cc = a2.strongly_connected_components ()

print(cc)

a2 = a2.sub_automaton(max(cc, key=lambda x:len(x)))
a2.plot()

dict_values([[O, 1, 2, 3, 4, 5, 6, 7, 811)
[68]:
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[18]: a2.plot_domains()

[18]:

[69]: for d in a2.domains_polyhedra():
show(d)

— = N
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1 1 01 1
+(111>(1 2)[}%1
s\ 0 1 1 11 2

101\ /21 2
+(110)(112)Ri
e\ 1 1 1 2 1 3

11 1\ /112
+(110)(101)[Ri
e\ 0 1 1 111

101\ /111
+(111)(112)Ri
e\ 0 1 1 1 1

1 1N’ /11 2
+(110)(101)[Ri
e\ 1 1 1 2 1 2

111\ /123
+(110)(122>[Ri
s\ 0 1 1 11 2

101\ /011
+(110)(111)[Ri
e\ 1 1 1 11 2

101\ /112
+(111)(213)[Ri
N\ 0 1 1 2 1 2

[70]: | # this computation works, but the result is too big
#a2. invariant_density ()

4.0.3 Make another extension with more complicated domains

[71]:  # compute the flip-flop for another set of edges
#AS = [[(2,0,0)],[(0,1,1)],[(1,2,2)]]

As = [[(2,0,0)0],[(0,2,2)]]
a2 = a.flip_flop(AS)
cc = a2.strongly_connected_components ()

print(cc)
a2 = a2.sub_automaton(max(cc, key=lambda x:len(x)))

14



a2.plot()

dict_values([[0, 1, 2, 3, 4, 5]1)
[71]1:

[72]: a2.plot_domains()

[72]:

15



[73]: for d in a2.domains_polyhedra():
show(d)

E—J m[Ri, where L is recognized by a Det Automaton with 5 states and an alphabet of 6 letters
meL

L—ﬂ mR3, where L is recognized by a DetAutomaton with 5 states and an alphabet of 6 letters
meL

L—l_-J mﬂ?i, where L is recognized by a Det Automaton with 5 states and an alphabet of 6 letters
meL

H-J mR3, where L is recognized by a DetAutomaton with 5 states and an alphabet of 6 letters
meL

Lﬁ_—J m[Ri? where L is recognized by a Det Automaton with 5 states and an alphabet of 6 letters
meL

tl—J mR3, where L is recognized by a DetAutomaton with 5 states and an alphabet of 6 letters

meL

[74]: | # automaton describing the infinite union of triangles for the domain of one,
~state
d.a.plot()

[74] :
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[75]:

[75]:

110
010

001

a2.invariant_density()

[Sum of |det(m)|/prod(m x) for
an alphabet of 6 letters,
Sum of |det(m)|/prod(m x) for
an alphabet of 6 letters,
Sum of |det(m)|/prod(m x) for
an alphabet of 6 letters,
Sum of |det(m)|/prod(m x) for
an alphabet of 6 letters,
Sum of |det(m)|/prod(m x) for
an alphabet of 6 letters,
Sum of |det(m)|/prod(m x) for
an alphabet of 6 letters]

recognized by
recognized by
recognized by
recognized by
recognized by

recognized by
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5 Cassaigne algorithm

[76]: # Cassaigne as full-shift with matrices
a = dag.Cassaigne()
a

[76] : DetAutomaton with 1 state and an alphabet of 2 letters

[77]: a.plot_algo(a.initial_state, 10)

[77]:

A

———

T

[78]: show(a.invariant_density())

1
(g + 21 + 7)) (T + 1) (71 + 79)

5.0.1 Make an extension:

[79]: # exztension
Im = a.alphabet
a = DetAutomaton([(0,1m[0],0),(0,1m[1],1),(1,1m[0],0),(1,1m[1],1)]1,,
~avoidDiGraph=True)
a.plot()

[79]:

18



010] 1107 [110
100] ooy [00L
011

[80]: 1d = a.invariant_density()
show(1d)

1 1

(2o + 221 + o) (2o + 2 + 39) (2o +21) " (g + 221 + 25) (g + 71 + o) (21 + T)
[81]: a.is_invariant_density(1d)

[81]: True

5.0.2 Make an extension of the extension:

[82]: # flip-flop
#AS = [[(0,1m[0],0)], [(1,im[1],1)]]

As = [[(0,1m[0],0)], [(1,1m[0],0)], [(1,Im[1],1)]]
a2 = a.flip_flop(AS)

cc = a2.strongly_connected_components ()

print(cc)

a2 = a2.sub_automaton(max(cc, key=lambda x:len(x)))
a2.plot()

dict_values([[0, 1, 2, 3, 5], [4]])
[82]:

19



[83]: a2.plot_domains()

[83]:
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[84]: 1d = a2.invariant_density()
for d in 1ld:
show (d)

1
(2w + 221 + 29) (7o + 271 + o) (2o + 71 + T3)

1
(g + 221 +229) (g + 221 + 75) (71 + 73)

1
(229 + 231 + 29) (g + 221 + 23) (79 + 71)

1
(2xy + 32 +2x5)(xg+ 22, + 225)(2y + 221 + 25)

1
(2xg+ 32y +225) (g + 221 +225)(2¢ + 1 + 25)

[85]: a2.is_invariant_density(1d)

[85]: True

5.0.3 Another extension of Cassaigne algo with infinite union of triangles

[86]: A = dag.Cassaigne() .alphabet
a = DetAutomaton([(0,1,A[0]),(0,1,A[1]),(1,1,A[0]),(1,0,A[11)])
a.plot()

[86] :
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[87]: a.plot_domains()

[87]:

010
100
011

22

[010]
[100]




[88]: for d in a.domains_polyhedra():
show (d)

— N
—_ = =
N DN =
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— =
= O

= o O

==
O = =
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[89]: show(a.invariant_density())

1
]EZN (G4 2)2y + (+2)z9 + 20)((J + 2)2y + (G + Dag + 20)((F + D2y + (5 + Dy +2¢)’ jEZN ((G+2)z+(G+1)
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6 Reverse algorithm

[46]: # reverse algorithm
= dag.Reverse()
a.plot_algo(0,5)

[46] :
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[47]: a.plot_domains()

[47] :
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[48]: 1d = a.invariant_density()
show (1d)
a.is_invariant_density(1d)

2
(2o + 1) (2o + o) (21 + T2)

[48]: True

6.0.1 Make an extension of the reverse algorithm:

[49]: # extension
Im = a.alphabet
a = DetAutomaton([(i,1m[j],j) for i in range(len(lm)) for j in range(len(lm))],,
~avoidDiGraph=True)
a.plot(

[49]:

25



[60]: a.plot_domains()

[50] :
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[61]: 1d = a.invariant_density()
for 4 in 1d:
show (d)

2
(220 + o1 + 29) (7o + 271 + T9) (T + 1)

2
(2 o + Tq + $2)($0 + Tq + 21’2>($0 + IL‘Q)

4
(2w + 2y + 29) (T + 221 + 29) (79 + 71 +273)

2
(To + 221 + @) (2o + @y + 225) (2 + 25)

[52]: a.is_invariant_density(1d)

[62]: True

27



6.0.2 Make an extension of the extension:

[53]: # flip-flop
AS = [[(3,1m[0],0),(3,1m[1],1),(3,1m[2],2)], [(3,1m[3],3)]]
a2 = a.flip_flop(AS)
cc = a2.strongly_connected_components ()
print(cc)
a2 = a2.sub_automaton(max(cc, key=lambda x:len(x)))
a2.plot()

dict_values([[0, 1, 4], [2, 3, 5, 6, 711)
[63]:

[100]
[010]
[111]

[54]: 1d = a2.invariant_density()
print(a2.is_invariant_density(1d))
for d in 1d:

show (d)

28



True

2
(220 + 21 + 29) (7o + 271 + 29) (7o + 77)

2
(xg+ 3z +2x9)(xg+ 221 +329) () + 25)

4
(229 + 21 + 29) (79 + 271 + T9) (g + 71 + 275)

4 2
+ e
(2xg+ 32y +329)(xg+3x1 +225) (g + 22, +32,) (2x9+32;+3xy)(xg+32, +229)(xg+221 +25) (2

2
2xg+ 1 +x5)(Tg + 21 +225) (29 + 25)

[65]: a2.plot_domains()

[55] :

[93]: a2.plot_domains(exact=False)

[93]:
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a2.domains_polyhedra()

1s =
for d in 1s:

[56] :

show(d)

1
2
1

2
3
3

1
3
2

AN N M
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[571: 1s[3].e.1[0][0].det()

[67]: 4

7 Poincaré

[68]: | # Poincare
a = dag.Poincare()
a

[68]: DetAutomaton with 1 state and an alphabet of 6 letters

[59]: a.plot_algo(0,4)

[59]:

[60]: a.plot_domains()

[60]:

31



[61]: 1d = a.invariant_density()
print(a.is_invariant_density(1d))
show (1d)

True

1
ToL1To

7.0.1 Make an extension of Poincaré algorithm:

[62]: # extension
Im = a.alphabet
a = DetAutomaton([(i,1m[j],j) for i in range(len(lm)) for j in range(len(lm))],.
~avoidDiGraph=True)
a.plot()

[62]:

32



(100
iy
o1
iy
011
[001]

[111]

[011]

[001]

[110]

[010]

[111] ]

[63]: 1d = a.invariant_density()
print(a.is_invariant_density(1d))
for 4 in 1d:

show(d)

33
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True

1
($0-+-x1 +5) (21 + 73)7y

1
(g + 1 + 23) (70 + 1) 7

1
(T + 21 + 7)) (20 + 9) T

1
(T + 21 + 29) (70 + 71 )74

1
(g + 1 + 2o) (7 + T9) Ty

1
(g + 21 + @) (71 + T9) T4

7.0.2 Make an extension of the extension:

[64]: | # flip-flop
Im = a.alphabet
AS =,
-[[(3,1m[0],0),(3,1m[1],1),(3,1m[2],2), (3,1m[4],4),(3,1m[5],5)], [(3,1m[3],3)]1]
a2 = a.flip_flop(AS)
cc = a2.strongly_connected_components ()
print(cc)
a2 = a2.sub_automaton(max(cc, key=lambda x:len(x)))
a2.plot()

dict_values([[O, 2, 5, 7, 111, [1, 3, 4, 6, 8, 9, 10]11)
[64] :

34



100
[001] %1 1 1}
[101]

[101]
[111]

[001]
[65]: 1d = a2.invariant_density()
print(a2.is_invariant_density(1d))
for d in 1d:
show(d)
True
1

(T + 21 + 29) (20 + 73) 29
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1
(g + 1 + To) (71 + T9)T9

1
(2xy+ 3z +x9) (g + 22174

1
(xo + o+ m2)(x0 + 552)550

1 1

+ +
(2xg+ 321 +25)2xg+ 22 +29) (g + 27 +25) (2x5+327 +29)(xg+227 +25)(xg+ 2, +25) (229 + 324

1
(xo + oy + 29) (7 + T3) 74

1

(g + 21 + 7)) (70 + 1) 7

[66]: a2.plot_domains()

[66]:
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[67]: for d in a2.domains_polyhedra():
show(d)

110
010 |R
111
100
110 |RY
11
10 2
2 13 |R
00 1
111
01 R3
011

O N =
=N DN
— W N
== =
O = =
=W N
=N DN

VR
O = =

2 2 1 1
3 |RBU| 3 2 1 R3 U R3
1 111

—_
—_

1
1
1
1 11

0
0 01

—_
—_

(
(
(
(
RBU(
(
(

— W N
o = O
) L e}
N— N— N—— N— N—
p2y)
+ w

8 Brun as a win-lose graph

[76]: # Brun as win-lose graph
a = dag.Brun() .winlose() .minimize_winlose() # convert it to a win-lose graph
a = a.sub_automaton(max(a.strongly_connected_components(), key=lambda x:
»len(x))) # keep only the main strongly connected component
a.plot()

[76]:
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[77]: a.plot_algo(0,10)

[771:

i\,
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N
\&‘ft

[78]: 1d = a.invariant_density()
print(a.is_invariant_density(1d))
for d in 1d:

show (d)

True

1

(3w + 1 + @) (wg + 1) (T + 73)
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[79]: a.plot_domains()

[79]:

1
(g + 321 + 29) (7o + 1) (71 + 73)

1
(g + 21 + 329) (7 + T9) (21 + 73)

1

(2 Ty + xq + xZ)(ZCO + xq + xz)(xo + .1'1)

1

(.Z'O + Xy + 2372)(370 + Ty + 1'2)(.’171 + 332)

1

(.TO + Xy + 2$2)(x0 + Zq + mz)(xo + .'172>

1

(g + 22 + x9) (g + 21 + 25)(T9 + 71)

1

(2zy+ 1 + x9) (g + 21 + 25)(Ty + 25)

1

(g + 22 + x9) (g + 21 + 25) (T + 25)
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[80]:

[80] :

[81]:

[82]:

[82]:

9 Generalization of Cassaigne algorithm

# generalization of Cassaigne algorithm to higher dimension
a = dag.Cassaigne(4)

a

DetAutomaton with 1 state and an alphabet of 2 letters

1d = a.invariant_density()
print(a.is_invariant_density(1d))
show (1d)

True

1
($0‘+’$1 + Ty Jr’2133)@0 + 2+ Ty +—x3)(x0‘+—$2 jL’5‘7:5>(931‘Jf’91”2 *’fs)

# extension

Im = a.alphabet

a = DetAutomaton([(i,1m[j],j) for i in range(len(lm)) for j in range(len(lm))],
~avoidDiGraph=True)

a.plot O

0001
0101
1000

0010

1001
0001
0100
0010

1001
0001
0100
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[83]: 1d = a.invariant_density()
print(a.is_invariant_density(1ld))
for d in 1d:

show(d)

True

1
(xo + xq + 2%'2 + 2%3)(1‘0 +$1 +x2 + 2%3)(1‘0 +-’If1 +x2 + [L'3)(CUO +x2 + 1'3)

1
(fCO +x1 + 21'2 + 2.%'3)(-%0 +5U1 +x2 + 21’3)(370 +$1 —|—l‘2 +x3)($1 +ZC2 +x3)

[84]: # flip-flop
AS = [[(0,1m[0],0)]1,[(0,1m[1],1)]]
a2 = a.flip_flop(AS)
cc = a2.strongly_connected_components()
print(cc)
a2 = a2.sub_automaton(max(cc, key=lambda x:len(x)))
a2.plot()

dict_values([[0], [1, 2, 311)
[84]:
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[1001]
[0001]
[0100]
[0010]

[0001]
[0101]

0001] [1000] [1001]
[0101] [0010] [0001]
[1000] [0100]
[0010] ‘alb [0010]

[0001]

[0101]

[1000]

[0010]

[85]: 1d = a2.invariant_density()
print(a2.is_invariant_density(1d))
for d in 1d:

show (d)

True

1

(2xg + 21 + 229 +223) (g + 71 + 229 + 223) (g + 71 + To + 273) (7 + T1 + Ty + 73)

1
(xg+ 2y +229+223) (g + 1 + 2o +223)(Tg + 1 + Ty + 23) (T + X9 + T3)

1
(2xg+ 2y +2x5+2x3) (T + 27 + 225+ 223) (g + 21 + 25 + 225) (g + 25 + X3)
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[86]: 1ls = a2.domains_polyhedra()
from badic.density import formulae_to_matrices

ls = [formulae_to_matrices(d) for d in 1s]
g = plot_tri(identity_matrix(4))
for 1,color in zip(ls, ["red", "orange","yellow","green", "cyan", "blue",

<"purple", "magenta"]):
for m,_ in 1:
g += plot_tri(m, fill=True, color=color, text=False)

g

[86]: Graphics3d Object

[87]: show(a2.domains_polyhedra())

4 4
[R+7 |R+’

== =
N — =
[NCR NGRS
NN~ DN
=)
—= = =
N — = =
N DN ==
N — =
— = O
N DN = =
NN =N

10 Cassaigne with 8 coordinates

[88]: | # generalization of Cassaigne algorithm to higher dimension
a = dag.Cassaigne(8)
a

[88] : DetAutomaton with 1 state and an alphabet of 2 letters

[89]: # extension
Im = a.alphabet
a = DetAutomaton([(i,1m[j],j) for i in range(len(lm)) for j in range(len(lm))],,
~avoidDiGraph=True)
a.plot(

[89]:
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[90]:

dict_values([[0],
[90] :

[10000001]
[00000001]
[01000000]
[00100000]
[00010000]
[00001000]
[00000100]
[000000 10

# flip-flop
As = [[(0,1m[0],0)], [(0,1m[1]
a2 = a.flip_flop(AS)
cc = a2.strongly_connected_components ()
print(cc)
a2 = a2.sub_automaton(max(cc, key=lambda x:len(x)))
a2.plot()

(1, 2, 31D

[00000001]
[01000001]
[10000000]
[00100000]
[00010000]
[00001000]
[00000100]
[00000010]

[10000001]
[00000001]
[01000000]
[00100000]
[00010000]
[00001000]
[00000100]
[00000010]

»1)1]
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[0000000 1]
[01000001]
[10000000]
[00100000]
[00010000]
[00001000]
[00000100]
8000001 0]



[00000001]
[01000001]
[10000000]
[00100000]
[00010000]
[00001000]
[00000100]
[00000010]

10000001
00000001

[0000000 1]
[01000001]

[ ]

[ ]
[10000001] [01000000] [00000001]\_ [10000000]
[00000001] [00100000] [01000001] [00100000]
[01000000] [00010000] [10000000] 00010000]
[00100000] [00001000] [00100000] [0\ 001000]
[00010000] [00000100] [00010000] [00000100]
[00001000] [00000010] [00001000] 0001 0]
[00000100] [00000100]
[00000010] [00000010]

[10000001]
[00000001]
[01000000]
[00100000]
[00010000]
[00001000]
[00000100]
[00000010]

[91]: 1d = a2.invariant_density(check=False)
print(a2.is_invariant_density(1d))
1d

True

[91]: [1/((x0 + 2*x1 + 2%x2 + 2*x3 + 2*x4 + 2*x5 + 2%x6 + 2*xx7)*(x0 + x1 + 2%x2 + 2%x3
+ 2xx4 + 2*x5 + 2%x6 + 2*xx7)*(x0 + x1 + X2 + 2%x3 + 2*x4 + 2%x5 + 2*x6 +
2%x7)*(x0 + x1 + x2 + x3 + 2%xx4 + 2%x5 + 2%x6 + 2*%x7)*(x0 + x1 + x2 + x3 + x4 +
2%x5 + 2%x6 + 2xx7)*(x0 + x1 + x2 + x3 + x4 + x5 + 2*x6 + 2*x7)*(x0 + x1 + x2 +
x3 + x4 + x5 + x6 + 2*xx7)*(x0 + x1 + x2 + x3 + x4 + x5 + x6 + xX7)),

1/((x0 + x1 + 2%x2 + 2%xx3 + 2*x4 + 2*x5 + 2%x6 + 2*xx7)*(x0 + x1 + x2 + 2%x3 +
2*%x4 + 2%x5 + 2*x6 + 2*x7)*(x0 + x1 + x2 + x3 + 2%x4 + 2*xx5 + 2*x6 + 2*x7)*(x0 +
x1 + X2 + x3 + x4 + 2%x5 + 2*x6 + 2*x7)*(x0 + x1 + x2 + x3 + x4 + x5 + 2%x6 +
2xx7)*(x0 + x1 + x2 + x3 + x4 + x5 + x6 + 2*x7)*(x0 + x1 + x2 + x3 + x4 + x5 +
X6 + x7)*(x0 + x2 + x3 + x4 + x5 + x6 + x7)),
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1/((x0 + 2*x1 + 2*x2 + 2*xx3 + 2*x4 + 2%x5 + 2*x6 + 2*x7)*(x0 + x1 + 2%x2 + 2*x3
+ 2%x4 + 2%x5 + 2%xx6 + 2*x7)*(x0 + x1 + x2 + 2%x3 + 2*x4 + 2*x5 + 2%x6 +
2%x7)*(x0 + x1 + x2 + x3 + 2*xx4 + 2*x5 + 2%x6 + 2*xx7)*(x0 + x1 + x2 + x3 + x4 +
2*x5 + 2%x6 + 2%x7)*(x0 + x1 + x2 + x3 + x4 + x5 + 2%x6 + 2%x7)*(x0 + x1 + x2 +
x3 + x4 + x5 + x6 + 2*x7)*x(x1 + x2 + x3 + x4 + x5 + x6 + x7))]

11 Jacobi-Perron

[94]: | # Jacobi-Perron

a = dag.JacobiPerron() .matrices_graph() .minimize() # convert it to a matricesy
wgraph
a.plot()

[94] :

[97]: | # keep only the interesting strongly connected component

am = a.sub_automaton(max(a.strongly_connected_components(), key=lambda x:
~len(x)))

am.plot()
[971:
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[98]: am.plot_domains()

[98]:
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[99]:

[99]:

# convert it to a win-lose graph
b = am.winlose() .minimize_winlose()
b.plot()
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[100]: # plot domains of the win-lose graph
b.plot_domains()

[100] :
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[101]: b.plot_algo(16,10)

[101]:
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12 Symmetric Jacobi-Perron

[102] : | # Symmetric Jacobi-Perron
a = dag.SymmetricJacobiPerron() .matrices_graph() .minimize() # convert it to ay
smatrices graph
a.plot(

[102]:

o1



[211]
[221]
[111

[211]
[111]
[221]




[103]: # keep the interesting strongly connected component
am = a.sub_automaton(max(a.strongly_connected_components(), key=lambda x:
»len(x)))

am.plot ()

[103]:

[91]: am.plot_domains()

[91]:
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[104]: | # convert it to a win-lose graph
b = am.winlose() .minimize_winlose()
b.plot()

[104] :

[93]: b.plot_domains()

[93]:
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[95]: b.plot_algo(0,10)

[95]:

95



13 Arnoux-Rauzy
[105]: | # Arnouz-Rauzy

a = dag.ArnouxRauzy ()

a

[105] : DetAutomaton with 1 state and an alphabet of 3 letters

[106]: a.plot_algo(0,7)

[106]:

14 Arnoux-Rauzy-Poincaré

[107]: | # Arnouz-Rauzy-Poincare
a = dag.ArnouxRauzyPoincare() .matrices_graph() # convert it to a matrices graph
a.plotQ

[107]:

56



[154]: a.plot_domains()

[154] :

— =
e

[=R=2
o—o
— e

[
[
[
[110]
[111]
[100] [1o0]
[0o1]
[110]
[111]
[011]
[121]

o7

L[100]
[011]
[010)




[108]: | # rational languages describing the domains
a.domains_languages ()

[108] : [DetAutomaton with
DetAutomaton with
DetAutomaton with
DetAutomaton with
DetAutomaton with
DetAutomaton with
DetAutomaton with

states and an alphabet of 32 letters,
states and an alphabet of 32 letters,
states and an alphabet of 32 letters,
states and an alphabet of 32 letters,
states and an alphabet of 32 letters,
states and an alphabet of 32 letters,
states and an alphabet of 32 letters]

ENEENEENEENEENEENEEN

15 Example with a complicated domain

[109]: from badic import *
a = DetAutomaton([(0,0,0),(0,1,1),(1,0,1),(1,1,2),(2,1,3),(3,0,3),(3,1,3)1,.
-i=0, avoidDiGraph=True)
a.plot()

[109]:
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[110]: am = a.mirror() .determinize() .minimize()
am.plot ()

[110]:

[3]: am.plot_domains()

[3]:

[111]: # description of domains as unions of simplicies
for d in am.domains_polyhedra():
show(d)
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[112]: # invariant density
for d in am.invariant_density():
show (d)

1
JEZN (B + 4z +32)((J+ zg +24)

1
2 (125 +5) +45+8)xg + (27 +5)x)((I(J +3) + 25 + 5)zg + (§ + 3)21)

7,9eN

1
JZ@.; (254 3)zo + (25 +5)21)((G + Do + (4 2),)

1
2 @7+ ey 1802027 B 1 227
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1
Z ((1(25+5)+4j+8)xg+ (25 +5)x)((1(j+2) + 25+ 3)xy + (5 +2)zy)

jieN

1
2 (27 +3)x + (25 4 5)21)((J + )z + (7 + 3)21)

jen
1
(g +3zy)2y

1
(xg+3x1)(zg+224)

16 Other examples with complicated domains

[113]:  # describe a set with an accumulation points from the Cassatigne algo
from badic import *
a = dag.Cassaigne()
A = a.alphabet
a = DetAutomaton([(0,A[0],0),(0,A[1],1),(1,A[1]1,2),(2,A[0],2),(2,A[1],2)], i=0,,,
~avoidDiGraph=True)
a.plot()

[113]:

010
1001 110
o1l 00 1] 00 1]

010 @ 010

[114]: am = a.mirror() .determinize() .minimize()
am.plot()
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[114]:

[10]: am.plot_domains(colors=["green","red","black","blue"]) .show(figsize=15)
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[115]: for d in am.domains_polyhedra():
show (d)

011
1 2 2 |R
11 2
010 010\ /111
1 1Yl 1ot 2 1 2 |R
00 1/a\0 0 1 11 2
010 010\ /011
1 1| 1ot 12 2 |R
00 1/a\0 0 1 11 2
111
2 1 2 |R
11 2
[116]: for d in am.invariant_density():
show (d)
1

(T + 22 +229) (7 + 277 + T9) (71 + 75)

EE:“ ' '16

(1 + 25+ T — ((-1) = 25— 9)ay +4ay) ((—1) =25 —5)ag — (1)) + 2+ 7)ay —425)((+

ZE: 16

S (17 + 25+ T)ag — (=1 =25 = 9)ay +4a,) ((=1) +25 +3)zg — ((—1) =2/ —5)ay +42,)((j +2)

1
(g + 221 +229) (29 + 231 + 9) (29 + 71 + T3)

[117]: # describe a set with infinitely many accumulation points from the Cassaigne,
<algo
a = dag.Cassaigne()
A = a.alphabet
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a =

~DetAutomaton([(0,A[0],0),(0,A[1],1),(1,A[0],1),(1,A[1],2),(2,A[1],3),(3,A[0],3),(3,A[1],3)]
-1=0, avoidDiGraph=True)

a.plot(
[117]:
[0 10] [010]
100 100
%011% [110] %011% [110] [110]

[001] [001] [001]
@ [010] @ [010]@ [010]

[118]: am = a.mirror() .determinize() .minimize()
am.plot()

[118]:

[110]
[001]
[010]

[110]
[001] [010]
[010] [100]
[011]

Hoo [110]
[010] [011] [o1]
[100]

[159]: am.plot_domains() .show(figsize=15)

64



[119]: | # describe each domain as union of triangles
for d in am.domains_polyhedra():
show(d)

010 010 011
101 |lH| o1 1 2 3 |R
001/ N\001 12 2
010 010\ /010 010\ /111
1 o1 |H[f1o1 011|101 2 1 2 |R
001/ ew\0 01 10 1/#n\0 0 1 11 2
010 010\ /011
01 1 || 1o01 12 2 |R
1 01/am\0 0 1 11 2
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[120]:

# compute density of each state
for d in am.invariant_density():
show (d)

}E: 8

ot (1) +25+5)20 — (=1 =25 = 7)ay +4ay) ((—1) + 25+ 3)ap — ((—1)) — 25— 5)ay +42,) (G +2)

j{:__

A (2(ED +) (0 +25+11) = 2(CD) = 1) () +25+7) + (D) =20 —1) (1) =25 —9) )=

zg: ‘ | 16

T (07 + 25+ T)ag + (1) + 25+ 1)y — (=17 = 25— 9)2,) (1) + 25+ 3) 2 + (1) + 25+ 7)a

}E: 8

ot () 425+ 7)2g — (=1 =25 = 9)ay +4ay) (=1 + 25+ 5)ag — ((—1)) = 25— 7)ay +42,)((j +2)

D

A (2(ED + ) (0 +25+11) =2 (1) = 1) (=07 + 25 +7) + (1) =20 = 1) (-1)) =25 —9) ),
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16
Z (=1 +2j+7)ag + (=1 + 25+ 11 )2y — ((=1)" =25 = 9)ap ) (1) =25 = 5)ag + (1)’ =2 -9

JEN

1
(xg+ 321 +2x5) (g + 22, +225) (21 + 24)

1
(xg+ 32 +25) (g + 22 +225) (g + 22, + T5)

describe accumulation points from the Reverse algo
= dag.Reverse()
a.alphabet

[124]:

=u
~DetAutomaton([(0,A[0],0),(0,A[1],0),(0,A[3],0),(0,A[2],1),(1,A[2],2)]1+[(2,m,2)
ofor m in A], i=0, avoidDiGraph=True)

a.plot()

#
a
A
a

[124] :
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011
101

110

011
101

110

0

[125]: am = a.mirror() .determinize() .minimize()

[125] :

am.plot ()
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[126]: am.plot_domains(colors=["green","red","black","blue"], N2=200).show(figsize=15)
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[127]: for d in am.domains_polyhedra():
show (d)

2 3 3
3 2 3 |R
3 3 2

L—ﬂ mR3, where L is recognized by a DetAutomaton with 5 states and an alphabet of 4 letters
meL

E—J m[l?i, where L is recognized by a Det Automaton with 5 states and an alphabet of 4 letters

melL
2 3 3 3 2 1 3 1 2
132 |RU|[23 1 |RU|323|R
1 2 3 3 3 2 2 1 3
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[128]: for d in am.invariant_density():

show (d)
8
(Bxyg+3xy +225)(3xy+22; +325)(225+ 321 +325)

\det . . .
Z where L is recognized by a DetAutomaton with 5 states and an alphabet of 4 letters
meL

|det(m . . .
Z I where L is recognized by a Det Automaton with 5 states and an alphabet of 4 letters

mz

meL

4 4
+ +-
Bag+3xy+229)Bxyg+ 22, +325) 220+, +25) Brg+3w+2x9)225+ 321 +335) (29 + 22, +25) (

[129]: # automaton describing the density of state 1
am.invariant_density () [1].a.plot()

[129]:

| T s N s B e I s I s B s B e |

[130]: # describe accumulation points from the Reverse algo
from badic import *
a = dag.Reverse()
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A = a.alphabet

a = DetAutomaton([(0,A[2],0),(0,A[0],1)]+[(1,m,1) for m in A], i=0,
~avoidDiGraph=True)

a.plot(
[130]:

Ib_lll:;l’_ll
b
— O O
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[131]: am = a.mirror() .determinize() .minimize()
am.plot()

[131]:

[181]: am.plot_domains()

[181]:
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[132]: | # describe domains as infinite unions of triangles

for d in am.domains_polyhedra():
show (d)

[133]: # compute density of both states

for d in am.invariant_density():
show (d)

54 - 27
) . .

ot (4020 — (1)) +2(2 27 + (=) )ay + (427 — (=1))ay) (2(2- 2+ (1) g + (42 — (1) )2y + (¢
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(Z | | 54 - 2

(42— (1 )ag+ (42— (1) )y +2(2- 2+ (—1))ay) (420 — (=1 )arg +2(2- 20 + (=) )y +
17 Domains approximating a given shape

[226]: | # construct an automaton approzimating a disk, using the reverse algorithm
from badic import *
a = dag.Reverse()

from badic.cautomata import proj_to_pt
center = proj_to_pt((1,1,1))

def in_disk (m, r):
for ¢ in m.columns():
p = proj_to_pt(c) - center
if norm(p) >= r:
return False
return True

r0 = .11 # radius of the approzimated disk

A = a.alphabet

Im = [((m*m2*m3*m4*mb*m6*m7) .transpose()*A[2], [m7,m6,m5,m4,m3,m2,m]) for m in
oA for m2 in A for m3 in A for m4 in A for m5 in A for m6 in A for m7 in A]

#lm = [((m*m2*m3*m4*m5*m6) . transpose () *A[2], [m6,m5,m4,m3,m2,m]) for m in A for,
om2 in A for m3 in A for m4 in A for m5 in A for m6 in AJ

#lm = [((m*m2*m3*m4*mb5) . transpose () *A[2], [m5,m4,m3,m2,m]) for m in A for m2 iny,
w4 for m3 in A for m4 in A for m5 in AJ

#lm = [((m*m2*%m3*m4) . transpose () *A[2], [m4,m3,m2,m]) for m in A for m2 in A for,
om3 in A for m4 in Al

#lm = [((m*m2+*m3) . transpose D *A[2], [m3,m2,m]) for m in A for m2 in A for m3 iny,
A]

#lm = [((m*m2) . transpose(D*A[2], [m2,m]) for m in A for m2 <in AJ

Im = [(m,1) for m,1 in 1m if not in_disk(m, r0)]

#lm = [((A[0]*A[1]).transpose(D*A[2], [A[1], A[0]])]

g = plot_tri(identity_matrix(3))

for m,1 in 1m:

g += plot_tri(m, text=False, fill=True, alpha=.3)
g.show(figsize=15)
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0.8

0.6 1

0.4 1

0.2 1

T T T T
0.2 0.4 0.6 0.8

[227]: | # construct the automaton
a = dag.Empty(A=A)
for m,1 in 1m:
a = a.union(dag.Word(l, A=A).concat(dag.AnyWord(A=4)))
a #.plot()

[227]: DetAutomaton with 125 states and an alphabet of 4 letters

[228]: # compute the corresponding matrices graph (which is an extension of the,
sreverse algorithm)
am = a.mirror().determinize() .minimize()
am.set_final states(am.states)
am #.plot()

[228]: DetAutomaton with 1006 states and an alphabet of 4 letters
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[346]: g = am.plot_domains(colors=[(random(), random(), random()) for _ in range(am.
~n_states)], N2=200)
g.show(figsize=15)

[1]:
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