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Domain Perturbation for the first Eigenvalue
of the Dirichlet Schrodinger Operator

W. Arendt, S. Monniaux

Introduction.

Let © C RY be an open connected set. We consider the Dirichlet-Schrédinger
operator H = —A% +V on L%(Q) (where Ag denotes the Laplacian with Dirichlet
boundary conditions and V is a suitable potential).

In a recent paper, F. Gesztesy and Z. Zhao [15] showed that the first eigen-
value A\(H) of H is a strictly monotonic function with respect to the domain Q (up
to capacity, see below for the precise statement). Their proof is given with help of
probabilistic methods.

The purpose of this article is to give an analytic proof of this result. In fact,
we prove a generalization, allowing the potential to vary as well.

Our proof is based on a domination argument for positive irreducible semi-
groups (Section 2). In the main theorem (Theorem 3.1), the difference of two open
sets is measured by capacity. Somé results concerning this notion are established
in Section 1. In particular, we give a short proof of the fact that

HY Q) ={uec H'RY) :4=0q.e on Q°}

using the characterization of closed order ideals in H'(Q) which has been given
recently by Stollmann [24]. This seems to be of independent interest.

Acknoledgement : The motivation for this work comes from a stimulating
talk by Michael Demuth during the conference ”Partial Differential Equations”
held in Holzhau in July 1994.

1. A characterization of H}(Q2) by capacity.
Let © ¢ RY be an open set. Let

HY(Q) = {u € L3 (Q): % cL?*(Q),j= 1,...,N}

the first Sobolev space, which is a Hilbert space under the norm

1/2
ey = ([ 190z + [ juas)
Q Q

(see [9, Chapter IX]). We need some basic properties of capacity and refer to
Bouleau & Hirsch [8], Fukushima [14] or Ma & Rockner [17] for details.
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The capacity of a subset A of RY is defined by
cap(A) = inf {/ |V|?dz +/ lo|?dz : ¢ € HYRN), 0 > 10 a.e., AC 0} .
RN RN

Here 1o denotes the characteristic function of O, open subset of RV.
One says a property is true quasi everywhere in RY (g.e.) if there exists a
set A C RV of capacity 0 such that the property is true for all z € RN \ A.

A function u : RY — R is called quasi-continuous if for every € > 0 there
exists an open set O, C R¥ such that cap(O;) < € and u is continuous on RV \ O,.

It is well known that every v € H(RY) has a quasi-continuous repre-
sentative, i.e. there exists a quasi-continuous function & € H(RM) such that
u(z) = @(z) a.e. The function 4 is unique g.e.

By H{ () we denote the closure of the space of all test functions C°(f) in
H(Q) (see [9, Chapitre IX]). It can now be characterized as follows.

Theorem 1.1. One has
H}(Q) ={uec H'RY): i(z) =0 ge on RV \ Q}.

This characterization is well-known to potential analysts. A proof is given by
Deny (13, Theorem 2, p. 143] (another is contained in [16, Theorem 3.1, p. 241],
or [14, Example 3.3.2, p.81]). Here we give a short proof based on a recent result
of Stollmann [24] characterizing closed ideals in H(RY). Recall that H'(RY) is
stable under the operation of taking the absolute value, i.e.

u € HY(RY) implies |u| € H'(RN) and Olul _ sign(u)a—u, j=1,...,N (L1)
a’ZIj 8.’1,‘]'

(see [11, Chap.IV, §7, p.934] ; a proof by semigroup theory is given in [1, Section

2]).
A subspace J of H!(RY) is called an ideal if for u € J, v € H}(RY),

|v| < |u| a.e. implies v € J.

Theorem 1.2. (Stollmann [24]). A subspace J of H'(RY) is a closed ideal of
H(RY) if and only if there exists a Borel set Y in RN such that

J={uec H'RM): 4w =0 g.e. on Y}

Remark. The ideal property is important for the characterization of domination
for semigroups defined by forms, see Stollmann and Voigt [25] for a special case
and Ouhabaz [19], [20] for a general investigation. We refer to Schaefer [22] and
Batty & Robinson [6] for basic properties of ordered Banach spaces.
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In order to prove Theorem 1.1, we first show
Lemma 1.3. H}(f) is a closed ideal in H(RY).

Proof. (a) By [9, Lemme IX.5, p.111], one has u € H} () whenever
u € HY(RY) such that supp(u) is compact and included in .

(b) It is easy to see (and also follows from an abstract result by Borwein &
Yost [7, Corollary 1]) that u +— |u| is a continuous mapping on H'({2). Conse-
quently, for u € H}(RM) also v +— u A v, v+ u V v are continuous mappings.

(c) Let u € HE(Q), v € HY(RY), 0 < |v| < |ul. Let ¢, € C(Q) such that
0n — u in H}(Q). Then v, = (vV —|gn|) A len| € HE(Q) by (a) and v, — v by
(b). Thus v € H}(R2). O

We need the following well-known properties of capacity.

cap(AU B) < cap(A) + cap(B) for all Borel sets A, B ¢ R" ; (1.2)

lim cap(A,) = cap( U An)
noee n€eN
whenever (A,)nen is an increasing sequence of Borel sets. (1.3)

If Y ¢ RY is a Borel set, we let

Do(Y)={ue H'RY): 4=0ge onY*}

Proposition 1.4. If C°(Q2) C Dy(Y') then cap(2\Y) =0.

Proof. Assume that cap(2\Y) > 0. Let (K, )nen be an increasing set of compacts

such that
U E.=2.
neN

It follows from (1.3) that cap(K, \Y) > 0 for some n € N.
Let 0 <1k, <p € CX(Q). Then ¢ ¢ Dy(Y). O

Proof of Theorem 1.1. By Theorem 1.2, there exists a Borel set Y such that
H}(2) = Do(Y). It follows from Proposition 1.4 that cap(Q\Y) = 0.

This implies that Dg(Q2) C Do(Y). In fact, let u € Dg(£2).

Then N = {z € Q¢ : u(z) # 0} is of capacity 0.

Since {z € Y°: u(z) #0} C (R\Y)U N, one has

cap{z € Y°: a(z) # 0} < cap(2\Y) + cap(IN) = 0.

Thus u € Do(Y).
Conversely, since C°(£2) C Do(£2) and Dg(f2) is closed in H!(RY), it follows
that Do(Y) = H}(Q) C Do(Q). O

Corollary 1.5. Let A, @ C R be open sets. Then H}(Q2) = H(A) if and only if
cap(QAA) =0.
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Proof. Assume that cap(QAA) # 0. Then cap(Q\ A) # 0 or cap(A \ Q) # 0.

If cap(Q\ A) # 0, then by Proposition 1.4 there exists ¢ € C°(2), such that
¢ & Do(A) = H3(A). In the other case, C°(A) ¢ HE(Q).

The converse implication follows directly from Theorem 1.1. O

2. Domination and eigenvalues for positive irreducible semigroups.

Let (9,v) be a o-finite measure space, let A C Q be a measurable subset and let
p € [1,00). We identify LP(A) = LP(A,v) with a subspace of LP(Q) = LP(Q,v),
extending functions in LP(A,v) by 0 on Q\ A.

The following theorem is a generalization of [2, Theorem 1.3] (where it is
assumed that A = Q). The argument is similar, but for the sake of completeness
we include the proof.

Theorem 2.1. Let T be a bounded irreducible positive Cp-semigroup on LP(2) with
generator A, and let S be an irreducible Cy-semigroup on LP(A) with generator
B. Assume that
(a) 0< S(O)f <T()f (0< f € L(A), t > 0)
(b) ker B #0
Then v(Q2\ A) =0 (so that LP(Q) = LP(A)) and S(t) = T'(¢) (¢t > 0).
" We clarify some notations. If f : © — R is measurable, we write

f>0if f(x) >0v —a.e.;
f>0if f>0and v({z: f(z) #0}) >0;
f>0if f(z) >0v—ae.

If Q € L(LP(Q2)), we write Q@ > 0 if Qf > 0 whenever 0 < f € LP(Q).
The semigroup T is irreducible if R(u, A) := (1 — A)~! > 0 for all (equiva-
lently one) p > 0 (see [18, p.306]).

By A’ we denote the adjoint of A on L? (),

Lemma 2.2. Let 0 < u € LP(Q) such that AR(X\, A)u > u for all A > 0. Then
u € ker A, u > 0 and there exists ¢ € ker(A4’), ¢ > 0.

Proof. Let 0 < ¢ € LPI(Q) such that < u, o >> 0. Since T is bounded, one has
sup{|[AR(A, A)|[, A > 0} < oo. Thus AR(\, A)' o has a w*-limit point ¢ € LP(Q,v)’
as A\, 0.
Clearly, ¢ > 0 and < u,p >>< u,po >> 0. Thus ¢ > 0.
Sincefor 0 < p<1,0< A< 1,

A
HR(, AY AR, AY oo = 25 (ROVAY 9o = B(,A) o),

it follows that ¢ € ker(A4’).
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If0 < f € LP(), then < f,po >=< pR(u,A)f,p >> 0 since ¢ > 0 and
uR(1,A)f > 0. Hence ¢ > 0.

Finally, AR(A\,A)u —u > 0 and < AR(\,A)u — u,p >= 0. Since ¢ > 0, it
follows that AR(A\,A)u —u =0, (A > 0) ; i.e. u € ker(A). O

Proof of Theorem 2.1. Let 0 # v € ker(B) C LP(A), u = |v|.

Then u = |AR(\,B)v| < AR(A\,B)u < AR(MA)u, (A > 0). It follows from
Lemma 2.2 that u € ker(B) Nker(A) and u > 0 on €. Since u € LP(A) so that
u(z) =0 a.e. on R\ A, it follows that (2 \ A) =0 and so LP(Q?) = LP(A) =: E.

Let 0 <% € E’. Then ~ —

(AR(MA) — AR(A\,B) )¢ > 0 and < u,(AR(A\,A) — AR(A\,B)' )¢ >= 0

since u € ker(A) Nker(B). Thus (AR(NA) — AR(A\,B)')y = 0 since u > 0. Since
spanE’, = F', it follows that R(X\,A)’ = R(\,B)’ (A >0) andso A= B. O

If B generates a bounded Cp-semigroup and ker(B) # 0, it is easy to see that
also ker(B') # 0. The converse is true if 1 < p < oo, but not for p = 1. So it is
natural to ask whether in Theorem 2.1 it suffices to assume that ker(B’) # 0. The
following example shows that this is not the case.

Example 2.3. Let N > 3, 0 < m € C,(RY). Denote by A the Laplacian on
LY(RY) = E. Then there exists us > 0 such that

sup{ |42 ™| 211y, ¢ >0} < oo
(see [23, B5.2 ]). Let 0 < py < pg, S(t) = efAtmm) T(t) = eH(A+ram) Then
0 < et < S(t) < T(t). In particular, both semigroups are irreducible. By [5,

Remark 3.9], there exists 0 < ¢ € ker(B’), B = A + pym. However, S # T. It
follows from Theorem 2.1 that ker(B) = 0. O

3. Strict monotonicity of the bottom of the spectrum.

Let © C RN be an open set and denote by A& the Dirichlet Laplacian on L?(Q),
i.e. —Ag is associated with the Dirichlet form

a(u,v) = /QVUVU dz, D(a) = H3 ().

We consider a potential V' € L} (RY) such that V'~ is relatively bounded with
respect to the form a with form bound less than 1 ; i.e. we assume that there exists
0<a<1,p>0such that

/V“uzdzga/ |Vu|2d:v+,8/ u’dx (3.1)
Q Q Q

for all u € H}(Q).
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Then we can define the self-adjoint operator H = —A% + V as usual to be
the operator associated with the closed symmetric lower bounded form b on L2(Q2)
given by

D(b) = {u € H}(Q) : /(;V_uzd:c < o0},

blu,v) = / VuVv dx+/ Vuv dx.
Q Q

By M(H) = inf{o(H)}, we denote the bottom of the spectrum of H.
Now let A C RY be another open set and U € L}, (RY) another potential

satisfying (3.1). Let H = —A¢ + U. Assume that

ACQand V <U. (3.2)
Then it is not difficult to see that

AH) > MH), (3.3)

(see the remark following Proposition 3.3 below).
Our aim is to prove the following result on strict monotonicity in (3.3).

Theorem 3.1. Assume in addition to (3.2) that
(a) A, Q are connected;
(b) \(H ) is an eigenvalue of H.
Then M\(H) = A(H) if and only if cap(2\ A) =0and U =V a.e. on Q.

This theorem has been proved by Gesztesy and Zhao [15] by probabilistic
methods in the case where U = V. We give an analytic proof based on domination
(see Section 2).

Before giving the proof we mention that in Theorem 3.1, one cannot replace
condition (b) by the condition that A(H) is an eigenvalue of H. This can be seen
by the following example.

Example 3.2. Let A = Q@ = RN, N > 5. Let 0 < m € C.(R"). Then py =
sup{p > 0 : A(—A — um) = 0} € (0,00) (see e.g. [5, Remark 2.11 or Section 4]).
Thus A\(—A — pgm) = 0. Moreover, by [10, Proposition 4.1], 0 is an eigenvalue of
—A — pom. Letting

U:—,uom,Vz—%m, and A=B=A,

one sees that the conclusion of Theorem 3.1 is false in this situation. Moreover,
Theorem 3.1 implies that 0 is not an eigenalue of —A — um for any 0 < p < po.
For the proof of Theorem 3.1 we identify again L?(A) with a subspace of
A?(9) extending functions by 0, and A%(Q) with a subspace of A2(R"). Note that
H generates a Cp-semigroup et on A2(2). By the spectral theorem one has
lle™ || = e=X (¢ > 0). ' (3.4)
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Proposition 3.3. One has
0<etHf<etHf (0< feL?A),t>0). (3.5)

Note that e f and e~*# f are both functions defined on RY by our conven-
tion and the inequality (3.5) holds a.e. As a consequence one has |le || < ||e~t#||
(t > 0) and so (3.3) follows with help of (3.4).

As in [3] and [4] we denote by Ag the pseudo-Dirichlet Laplacian on A%(Q);
i.e., —Aq is associated with the form aq given by

D(aq) ={y, :u € HY(RM);u(z) = 0 a.e. on Q°},

aq(u,v) = / VuVv dz.
Q
Then by [3, Section 7] or [4],

ethaf = lim efAac)f (¢ > 0) (3.6)
n—00

for all f € L?(), where A denotes the Laplacian on A%(RY). The Dirichlet
Laplacian is obtained by a second approximation. Let 2, C {2 be open such that
Qp, is compact, Q, C Qpy1 (n € IN) and Q = {J,,cn 2n- Then

Ao f = lim etPanf (f € L2(Q), t > 0). (3.7)
n—oo
Remark. One has etA% = etAa if Q is of class C? (see [9, Chapitre IX]).
Proof of Proposition 3.3.
First step : Domination for the Dirichlet Laplacian .

It follows from the Trotter product formula that
efB=nlne) § < gHA-nlac) £ (0 < f e L2(RN) t < 0).
Thus it follows from (3.6) (and the same formula with Q replaced by A) that
etArf <ethaf (0 < feL?A), t>0). (3.8)
Let A,, be open sets such that A, is compact, A, C _fxn+1 CA(nelN)

and {J,cy An = A. Choose Q, open such that A, C 2, C 2, C Q41 C Q and
Unen Qn = Q. Then it follows from (3.7) and (3.8) that

etAif = lim e f < lim etAonf = etAgf (0 < feL?*),t>0). (3.9)

n— 00
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Second step : Perturbation by V~ and U™

Let V,; =inf{V~,n}, U, =inf{U~,n}. Since V < U one has U~ < V™~ and
U, <V, (n€NN). It follows from the Trotter product formula and (3.9) that

HBRHUD) § < HAGHV) £ (3.10)
for all 0 < f € L2(A), t > 0. If we show that

et(A;{+U—)f — lim @AtV f (3.11)
n—00
for all f € L?(A), and hence the analogous formula for A + V~ as well, we can
conclude from (3.10) that

HARFUT) £ < (HAGHVT) ¢ (3.12)

for 0 < f € L3(A), t > 0.

In order to show (3.11), recall that [U,w? < [U~u? < a [ [Vul® + 8 [ |uf?
for u € H}(A), where 0 < o < 1. Let ¢ = 3+ 1.

Then

JIVulP = [Uzu +c [ luf? 2 (1-a) [ [Vuf? + [ [uf? > (1 - o) [ullaa)

Denote by b, the form associated with —A — U, + ¢l and by b the form
associated with —A — U~ + ¢I. Then b, > b,+1 and lim b, (u,u) = b(u,u) for
u € D(b) = D(by) = HE(A).

Now it follows from [21, Theorem S16, p.373]

et(A;(+U-~c)f: lim et(Aj‘\+U;—c)f7 f € L3(A).

n—00

This implies (3.11) and the proof of (3.12) is finished.
Third step : Perturbation by V't and UT.

Let U = inf{U*n}, V;} =inf{V* n}.
Then V,F < U} and thus it follows from (3.12) that

et(A;‘\+U_—U;{')f < 6t(Aé+V"—V:')f (3.13)
for 0 < f € L?(A), t > 0, n € IN. It follows from [21, Theorem S14] that
Jim HARFVTUNf = e (f € LX),
and

lim etAa+V =V — e~ tHf (fe L2(Q)).

n—00

Hence passing to the limit in (3.13) yields the claim (3.5). O
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Proposition 3.4. Assume that A is connected. Then (e’tﬁ )

semigroup on L2(A).

t>0 is an irreducible

Proof. It follows from [12, Theorem 3.3.5] that etAh f > 0 whenever t > 0, 0 <
f € L2(A).

Now we argue as in [5, Proposition 1.3] : we can assume that U~ = 0 (since
et(BR-UT) < eAX-U)) Tt follows from [21, Theorem S16, p.373] that

AR f = lim fAR-UTHUD ¢ (f € L2(A)). (3.14)

n—o0

Let 0 < f € L2(A). Let t > 0. We show that e(®A-U") £ 5 0.
If not, there exists M C A with positive Lebesgue measure and e!(2A-U") f(z) =
0a.e on M.

Since et(AA-UTHUL) f < ¢tnet(AR-U") ¢ (n € IN), it follows from (3.14) that
(et f)(z) = 0 a.e. on M, a contradiction. O

Proof of Theorem 3.1. Since 2 and A are connected, both semigroups e *# and

e tH are irreducible. Assume that A(H) = \(H). Replacing U by U — A(H) and
V by V — A(H) we can assume that A\(H) = A(H) = 0. It follows from Theorem
2.1 that (Q2\ A) has zero Lebesgue measure and H = H. Denote by b, b the forms
associated with H and H, respectively. Then b = b. In particular :

{u € HAQ) : /ﬂv+|u|2dx < oo} — D)
= D(b) = {u € Hi(A) : /AU+|u|2dx < oo}.

Assume that cap(2 \ A) > 0. Then it follows from Proposition 1.4 that
there exists ¢ € C(Q) \ HE(A). Thus ¢ € D(b) \ D(b), a contradiction. Thus
cap(2\ A) = 0. It follows from Corollary 1.5 that Hg(2) = Hg(A).

Since b = b one has

/|Vu|2da: + /Vuzdz = / |Vu|?dz + / Uu?dz for all u € C°(A)
and so

/A(V — U)uldz = 0 for all u € C(A).

Since V — U > 0 a.e., this implies that V' — U = 0 a.e. This completes the
proof of the direct implication in Theorem 3.1. The other is obvious. O
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