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Abstract
Under regularity conditions on the family of (unbounded, linear, closed) operators
(L(t))te(o,) (T > 0) on a Banach space X , there exists an evolution family (V (¢, s))7>t>s>0

on X such that U(t,s)z = L(t)"*V(¢,s)L(s)x is the unique classical solution of the
non-autonomous evolution equation

u'(t) + Lul) = 0 , t>s,
(nCP){ u(s) - .

for z € D(L(s)). Moreover, the evolution semigroup associated to the evolution family
(V(t,8))r>t>s>0 on Co((0,T; X), the Banach space of continuous functions f from

d
[0,T] into X satisfying f(0) = 0, is generated by the closure of —L(-)(E + L())L()™L.
An application to parabolic partial differential equations is given.

1. Introduction

Consider the non-autonomous linear abstract Cauchy problem

u'(t) + L(t)u(t) = 0 , t>s,

) [ Y10+ 2O -

on a Banach space X and suppose that the operators {(L(¢), D(L(t))),t € I :=
(0,T]} are sectorial and invertible, and satisfy the following conditions.

(A1) There exists an angle ¢ € (0, g) such that for all ¥ € (p,7) there exists a

My
1+ ||

constant M, with [|(A+ L(£)) || zx) <
tel.

, for all A € ¥,y and for all

(A2) There exists an angle v € (¢, g) and two powers «, (0 < a < < 1) such
7 (8 — a) (cos )t (sinv)®
2+ 1)T8- ’

that, for ¢ =

-1 -1 -1 clt— 5|”6
LA+ L) (L) — L) )leex) < Trpa

holds for all A € ¥,_,, and for all ¢,s € I,
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where ¥y := {2z € C \ {0};|arg(z)| < 0} for 6 € (0,7).

Condition (A2) was introduced (in a somewhat weaker form) by P. Acquistapace
and B. Terreni [2]. It is known that (nC'P) has a unique classical solution on the
spaces D(L(t)), see [1], Theorem 2.3 or [19], Theorem 3.2, (cf. [4], Theorem 2.3.2
and the references therein). In [2], the authors constructed an evolution operator
(U(t,5))i>s solving (nCP) by means of suitable integral equations, and by using
techniques of fractional powers ; Yagi [19] generalized the results of [2]. They ob-
tained also that (U(t,s)):>s is of parabolic type, i.e., U(t,s)X C D(L(t)) for t > s
and ||L(t)U(t,s)|| < ;& for T>¢> s> 0.

In this paper we propose to give a “simple” proof of the solvability of (nCP).
More precisely, we prove that the closure of the operator —L(+)(% + L(-))L(-) ! on a
suitable domain D generates an evolution semigroup (7°(t));>o on the Banach space
Co(I; X) = {f € C([0,T]; X); f(0) = 0}, endowed with the sup-norm. By a simple
trick we deduce that L(-)™'T(t—s)L(-) gives the classical solution of (nC'P). Finally
an application to parabolic partial differential equations in L'(Q) is given.

2. The abstract result

In this section, (X, || -||x) denotes a Banach space. We consider a family (L(t)):es
(I =(0,T] for T > 0) of sectorial and invertible operators on X verifiying (A1) and
(A2). On the Banach space Cy(I;X), we define the multiplication operator A as
follows

D(A)={f € Co(I; X); f(t) € D(L()) for all t € T & L(-)f(-) € Co(I; X))},
(Af)()=L(t)f(t), forallte I and f € D(A).

We consider also the derivative on Cy(I; X), denoted by B, as follows

D(B) = {feCY0,T];X); f,f € Co(I; X)}
Bf = [f', forall f e D(B).

Remark 1.  The operator —A generates a bounded analytic Cy—semigroup on
the space Cy(I;X).

Proof. Indeed, the domain of A is dense in Cy(I; X), since theset {x € X ; I f €
D(A) : f(t) = z} contains D(L(t)) for all t € I, t > 0 (for x € D(L(t)),
consider the function f: 71 — X defined by f(7) = ¢(7)L(7) ' L(t)z for a function
Y € Co(I; R), with ¢(t) = 1), and therefore is dense in X . We can use then Lemma
4.5 of [14] to conclude. Moreover, it follows from the assumption (A1) that, for all
M, —

9 e (o,7), [N+ A eorx)y < TTM holds for all A € ¥, _y. This implies that
—A generates a bounded analytic Cp—semigroup on Cy(I; X) ([15], Theorem 5.2).

u

We denote now by A, (n > 1) and B, (m > 1) the Yosida approximations
of A and B, i.e., A, = nA(n+ A)~" and B,, = mB(m + B)~'. Those operators
A, (n>1)and B, (m > 1) are bounded on Cy(I;X) and the following assertions
hold
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(¢) lim ||A,f — Afllcoxy =0 for all f € D(A) and

n—o0

Jin 1B f = Bf iz =0 for all f € D(B).

(i) Jim e = el = 0 and fim o™ = e ey =0
uniformly on every compact subset of [0,00) for all f € Cy(I;X).
We define (Spn(t))i>0 as the Cyp—semigroup generated by the bounded op-

erator —(A4, + By,) on Cy([; X), for all n,m > 1. We have the following result
concerning the convergence of these semigroups.

(i7i) For n > 1 fixed, the operator —(A, + B) defined on D(B) generates a
Cy—semigroup {S,(t) = e #4+5) t >0} (as a bounded perturbation of —B).
Moreover, we have

Jlim |Snm (t) f = Su(t) fllcor;x) = 0 uniformly on every compact subset of [0, co)
for all f € Cy(I; X).

For all f € Cy(L;X) and ¢t > 0 we have
t
Spm(t)f = e tAne=tBn f 4 / A Ky ot — 0) Ay Spm(0) f do,
0

where K, ,,(0) = A2e=74n(e79Bm A1 — A-1e=oBm) for all o > 0 (for a fixed ¢t > 0, we
differentiate the function [0,] 3 0 s e~ (=) Ane=(t=)Bm g (5)f and then integrate
between 0 and t).

We let now m go to oo and we obtain (using (i) and (7i7)), for all n > 1
and t > 0,

Su(t)f = et AR (E— 0) Ay S(0) f do,

where K, (0) = A2e 74 (e 7BA L — A Le ?B) for all o > 0.
Multiplying this equality with A, on the left and applying it to A 'f, we
obtain for all ¢t > 0

T,(0)f = AP A o Kot — 0)Tu(0) f do, (1)

where T,,(t) = A, S, ()AL, ¢ >0, n > 1.
Remark 2.  Foreach n > 1, K,(0) =0 on Cy([; X) for all o > T'.

We denote by K, the convolution by K, on C°([0,00); L(Co(I; X))), the
space of all bounded continuous functions defined on [0,00), with values in the
space of bounded operators on Cy(I; X) considered with the strong topology, with
its natural norm U — sup ||U(%)||z(co(r;x)) - That is, we let

>0

(KUY () f = /Ot Kot — 0)U(0)f do forall £ > 0 and f € Co(I; X)
for U € C*([0,00); L,(Co(I; X))).
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Remark 3. It is easy to see that, forall A€ ', and all n > 1,

1 < 1 |1 2
min{ —, ———— & .
In — Al ~ sinv n’ 1+ |\l

Here, T', denotes the path (0o, 0] e Ue [0,00), where v was defined in (A2).

Lemma 4. For n > 1 and U € C*([0,00); Ls(Co(I; X))), for all f € Co(I; X),

we have )
sup [|(KnU) (0) fllcorixy < 5 sup [U() flleorx)
>0 >0

Proof. For f e Cy(I;X), we have forall n > 1 and t € I

Ea())() = —— [ A La(t)(A = La(t)~"-

2ir Jr,
(La(t =) " = Lo(t) ) f(t =) xa(t = 5) dA,

where L,(0) =nL(c)(n+ L(o))~! for 0 € I and n > 1. This gives then

N0 = 50 [ 355 207 _L(t)>_1.

(L(t = 5)"" = L) f(t = s) xu(t — 5) dA.

Taking the condition (A2) and Remark 3 into account, we obtain for all s > 0

1 |Ae™| c s’
sup (KDl < 5= | ) = 1| ey

2

1 0o c sP re-Tscosv ;
< — o .
T /0 (sinv)e(ri-o 4 (siny)l-o) r t‘el? [ flleoer;x)

Therefore, we have for all s > 0, using the expression for ¢ in (A2),

s"7 | Fll ot - (2)

0 —«
||Kn(5)f||CQ(I;X) < 9 TB—a

This gives the following estimate for n > 1, U € C%([0,00); L,(Co(I; X))), f €
Co(I; X) and t > 0

t
IR flleox) < /0||Kn(t_U)||E(CO(I;X))||U(U)f||CO(I;X)dU

T
< ([ 1o ey ) s 0@ s
T /8 — —a—
([ s o do) sup 106 e
1
= 3 sup [|U(0) f || co(z;x)5
>0
where we have used Remark 2. This completes the proof. [ ]
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The operators K, defined on C®([0,00); L,(Cy(I; X))) are uniformly bounded (with

respect to n > 1) with norm less than or equal to 3 Then, for all n > 1,

(1 -K,)""=>_KP is a bounded operator with norm less than or equal to 2. More-
p=0

over, if we denote by K the following family of bounded operators on Cy([; X) :

K(0) = 0, and K(o) = A%e (e "PAL — A~le ?B) for ¢ > 0, and by K the

convolution by K on C®([0,00); £L,(Co(I;X))), we obtain as in Lemma 4

B—a g .
15 () Flleowrsx) < Srpma S| fll o) (3)

for f € Cy(I; X) and
1
su KU)(t ) < = sup ||U(¢t i
up IEU)(#) ]| (co(r;x)) < 5 S WU ) l|.ccotr;x))

for U € C*([0,00); Ls(Co(I; X))). We have

(Knlo) = DN =
o e (= L) = = L) ) (L =) = L))

29w Jr
xr(t—o)f(t—o) dA

1 [ N A B
“ b o (o)
LA = L) (Lt = 0) T = LT xa(t = 0) f(t = o) dX.

By a similar computation as in the proof of Lemma 4 one can see that

lim [| Ky (0) — K(0)||c(cosxy) =0 for every o > 0.

So by (2), (3), Remark 2 and the Lebesgue dominated convergence theorem we
obtain, for f € Cy(I; X) and U € C*([0, 00); Ls(Co(I; X))),

i sup [|(KaU) (1) — (KU)(®) flleori) = 0-
This implies
lim sup [|((7 = KC,) ' U)(t) f = (I = K)T'U) @) fllcorix) = 0 (4)

=0 >0

for U € C*([0,00); L,(Co(I; X))) and f € Co(I; X).
Consider now {U,(t) = A e ne BA-L t >0} for n > 1. For each n > 1,
we have U, € C°([0,00); Li(Co(I; X)).

Lemma 5.  There exists a constant M > 0 such that Sup NUn(t) || 2ecoersxy < M

for all n > 1. Moreover, denote by U the following famzly of bounded operators
on Co(I;X) : U() =1 and U(t) = Ae e BA-L for t > 0. Then we have
U € C*([0,00); L(Cy(I; X)) and

lig sup U (0] = U)oy =0 for all ] € Coll; X),

n—o0 t
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Proof. Using the same methods as in Lemma 4, we have for all n > 1 and
f € OU([’X)a

1Un(t)f — e e™ P fllewry = 147 Ka(t) flleox)

1 e ct’

= = 11| e

’ 1+ |25

1 ['(a)

S 5 (,B—OZ) m ||f||Co(I;X) for all t € [O,T]

and U, (t) =0, e"*ne™™® =0 on Cy(I; X) for all ¢t > T. Therefore, we obtain
1 I'(«)
Stl>1103|| (t) — e e lleuxy < 5 (8- a) Tla+1)

Since sup{|le™" e~ || z(cor;x)), t > 0,m > 1} < oo, we have
SUP{HUn(t)HE(CO(I;X))at 2 O,n 2 ]_} < Q.

On the other hand, since

(KOS () = o [ DL L) (L -7 - L))
xr(T —t) f(r—1t) dA

for ¢ > 0 and s € I, it follows from (A1) and (A2) that the function A'K()f is
continuous on [0, 00) for every f € Cy(I; X) and, as above, we have

sup{|[|[A 'K (t)|], t > 0} < .

This implies that [0,00) 3 ¢t +— U(t) = AT K(t) + e7e~'P is a strongly continuous
and bounded function. Since we have, for all f € Cy(I; X), U,(t)f —U(t)f =
(ACK, () f — ATTK () f) + (e Mne B f — e e B f) for t € [0,T] and U,(t)f —
U(t)f =0 for t > T, it suffices to prove that

lim sup [|4,'K,(t) — A" K(t)]| ¢(cor.x)) = 0.

n=00 4e10,T]

For this purpose, let f € Co(I; X) and ¢,7 € I. Then we have
(A Ky (t) = ATK (1) ) (1) =

% N e (()\ — Ln(T))—l _ ()\ _ L(T))—l) (L(T _ t)_l B L(f/—)_l) .
Xi(r = 1) f(r =) dA
= % . Ae L (T) A = Lo (7)) N(L(7)™" = Lo(7)™") -

L(r)(A = L(7))"H(L(r =)™ = L(r) ™) xr(7 — ) f (T — 1) dA

1 e A -
—%/pun_ﬁ(”(l_g‘”ﬂ) |

L()(A = L(1) "M (L(T = )™" = L(1)™") xa(r = ) f(r — 1) dA.
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So using (A1), (A2) and Remark 3, we obtain
(A, Kat) = ATK@) H(Dllx <

1 [Ae cth
o — (M, +1) ———=—|dA .
27 </F,, |n — Al (M, +1) 1+ Mt [dAL) (| flleocrsx
C (MV + 1) 8 /oo re—treosv ‘ { 1 9 }
< | T ming s d |
B T sin v ( o 1+4rl-a min n’1 +r r ||f||Co(I,X)

MI/ 1 00 . 1 2
< CUB LD o ([T oo min{ 22 ) ey

7 sin v n 1+r

2 Mu+1 — o0 — — . 1
< | A e Wleas 0 ts
mamveemne o oo rteTdr) | flleuixy i 5 <t<T
2 M,+1 .
WSiflI(J(COS—l_I/))a nﬂl—a F(a) ||f||Co(I;X) if t < %
S e (My41)  £73° o
7sinv(cosv)lte nﬁ%a F(a + 1) ||f||Co(I;X) if n <t < T

1 2¢(M,+1)

— 5% 7wsinv(cosv)lte

(D(a) + T(a + 1)) max{T "7, 1} flloogrsn),

and the lemma is proved. [ ]
We can now give the main result of this section.
Theorem 6.  Under the assumptions (A1) and (A2), with the same notations as
those used in this section, the sequence consisting in the bounded Cy— semigroups
({Tn(t),t > 0})n>1 converges strongly (as n goes to 0o ) to a bounded Cy— semigroup
{T'(t),t > 0} uniformly in [0,00) which satisfies, for all f € Co(I; X),
t
T(t)f = U(t) + / K(t —0)T(0) do  for all t > 0. (5)
0
Proof. = We know, by (1), that T, = (1 — K,,) "'U,,. From Lemma 4 we have
sup (I = ) (U = U0 leary < 2500 [0 0)f = VO e
Using then Lemma 5 and (4), we obtain, for f € Cy(I;X),
Jim sup [[T,() f = T(1) f|| = 0,
>0
where T(t) = (I — K)~'U)(t), t > 0, which gives (5). Since (T,(t))i>0 is a

Cy—semigroup for all n > 1, we can easily see that (7'(t));>¢ is also a Cy—semigroup
(the strong continuity follows from the convergence, and the semigroup formula for

T,(-) gives the one for T(-)). u
Remark 7.  The restriction concerning the constant ¢ in (A2) can be weakened.
In fact, the solutions of the problem

u'(t) + (R+L({)u(t) = 0 , t>s5,
u(s) = x ,

are the same, modulo a factor e %(=%) as the one of (nCP). For R > 0 large

enough, the family (R + L(t));cs verifies the conditions (A1) and (A2) (in (A2), the
power « is maybe replaced by o' € («, 5)). See also [12].
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3. Applications to non-autonomous Cauchy problems

In this section we apply our abstract result to the non-autonomous Cauchy problem

u'(t) + Lt)u(t) = 0 , t>stel,

wen | ou) = 0

where I = (0,7], (L(t))ser is a family of closed linear densely defined operators in a
Banach space X and x € D(L(s)) for a fixed s € I. The section concludes with an
application to parabolic partial differential equations.

Recall that u € C([s,T]; X) is called a classical solution of (nCP) if u €
ClY([s, T]; X)n{v € C([s,T]; X);v(t) € D(L(t)), L(-)v(-) € C([s,T]; X)} and satisfies

'+ L(u=0 in [s,T], u(s) = z.
We prove here the following result.

Proposition 8.  Let X be a Banach space, (L(t))ie; o family of closed linear
densely defined operators in X which is subject to (A1) and (A2), and let s € I and
x € D(L(s)). Then the Cauchy problem (nCP) admits a unique classical solution
u. Moreover, u is given by

u(t) = (AT (t - s)Af)(t), te€lsT],

where (T'(t));>o is the Cy-semigroup obtained in Theorem 6 and f € D(A) with
fls) = .

Proof. For each n > 1 we consider the generator G,, := — A, (A, + B)A; !, with
domain D(G,) = {g € Co(I;X) : A 'g € D(B)}, of the Cy-semigroup (T,,(t))i>o
given in Section 2. Since, for every ¢ > 0, T,,(t)g € D(G,) if g € D(G,), we obtain
the following

d
—(e IBANT (0 —5)g) = e ©TIEBA LT, (00— s)g

do
+ e IDBAIG T (0 — 5)g
= —e7IBT (60— 5)g

forn>1, s <o <t and g € D(G,). Integrating over [s,t], we obtain

t
AT (= s)g — e TP ATg = —/ e "IPT (o — s)g do,

S

for all ¢ € D(G,). Since D(G,) is dense in Cy(I; X), this also holds for every
g € Co(I; X). Since the semigroup (7,(t));>o is bounded independently of n € IN,
we can pass to the limit as n goes to co, and Theorem 6 yields

¢
ATt —s)g—e 9BA g = —/ e BT (0 — 5)gdo

S

forall t > s and all g € Cy(I; X). In particular for g = Af with f := o(-)L(-) ' L(s)x
such that ¢ € C®°(I) and ¢(s) =1 for a fixed s € [ and = € D(L(s)), we obtain

u(t) = (ATt~ )AND) = o - [ " L{o)u(o)do.
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This proves the existence of a classical solution of (nCP).

To show the uniqueness we use the same procedure as in [2], p. 56, (cf. [18],
p. 257). We consider a classical solution v of (nC'P) and set w(o) := e~ (= LWy(g)
for o € [s,t], where s is fixed in I and ¢ > s. Then, for each o € [s, 1],

w'(oc) = L(t)e I Oy(g) — e =IO L(5)0(0)
= Lt)e IO (L(o) ™t = L(t) Y L(o)v(o).

Therefore, by integrating over [s,¢] and applying L(¢) to both sides, we obtain
L(t)v(t) = L(t)e 9104 4 /St L(t)?2e L0 (L(o) L — L(t) Y L(o)v(o)do.
;From the definition of classical solutions of (nC'P) we have
v,v' =—Av € C([s,T]; X)
and then the previous equation can be rewritten as follows
(I — K,)Av = Ae O 94,

where (K,0)(t) := [! L(t)2e= 2O (L(o)™" — L(t)~" ) (0)do for all functions ¢ €
C([s,T]; X) and t € [s,T]. The same computation as in the proof of Lemma 4 implies
that

Ks € L(C([s,T); X)) and [|[Ks|| z(c((s,mp5x)) <

DO | —

Therefore, we obtain
Av = (I — K,)"H(Ae™(=942) = Au
and then the uniqueness of the classical solution of (nCP) follows. u
We now show that the closure of —L(-)(4 + L(:))L(-)~" on a suitable domain
is the generator of the semigroup (7(¢));>o given by (5).
From [14], Theorem 6 (see also [16], Theorem 2.4 and [17], Theorem 2.6 for
more general situations) it follows that the semigroup (S,(t)):>o generated by —(A,+

B) is an evolution semigroup. This means that there is a family (U, (¢, s))r>¢>s>0 of
bounded linear operators satisfying

() the function {(t,s) € I X I :t> s} > (t,s) — Uy(t, s) is strongly continuous,
(i1) [|Un(t,s)|| < M, for a constant M, > 1 and ¢t > s, (t,s) € [ x I,
(13i) Un(t,r)U,(r,s) = Un(t,s) for T>t>r>s>0
such that
(Sn®))(1) =Un(r,7 =) f(T —t)x1(r —t), t>0,7€and feCy(l;X).
Hence, (T,(t)):>o is also a bounded evolution semigroup and
(T f)(1) =Vo(r, T =) f(T —t)xi(r—t), t>0,s€land feCy(l;X),
where V,,(t,s) = L,(t)U,(t,s)La(s)", T >t > s> 0.

By Lemmas 4, 5 and Theorem 6 we have the following assertions:
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(a) There is a constant M > 1 such that ||V, (¢,s)|| < M for all n > 1 and
T>t>s>0.

(b) The semigroup (1'(t));>o is a bounded evolution semigroup, i.e.,

(T f)(r)=V(r,7r=t)f(tr—t)x;(t—t), t>0,s€land fe Cy(l;X).

(¢) lim  sup ||Vp(t, )z — V(t,s)x|| =0 for every z € X.

N0 (1 YeIXI t>s
(d) The evolution family (V (¢, s))r>i>s>0 is given by
V(t,s) = L®)U(t,s)L(s)™", T >t>s>0,
where U(t,s) is the classical solution of (nC'P) given by Proposition 8.

Using the same idea as in [11], Proposition 2.9 (see also [17], Proposition 1.13) we
obtain the following result.

Corollary 9.  Let (G,D(G)) be the generator of the semigroup (T'(t));>o corre-
sponding to the evolution family (V(t,5))r>i>s>0. Set

D = lin{f € Co(I; X): f(s) =(s)V(s,s0)x, s € I,
where sy € I,z € X, € CH(I),9(s) =0 for s < sp}.

Then D C D(A(A+ B)A™) .= {f € Co([;X) : A7'f € D(B) & (A+ B)A™'f €
D(A)} and D C D(G). Moreover, (G, D(QG)) is the closure of (—A(A+ B)A™!, D).

Proof. Let ¢y € C/(I), sy € I, and z € X. Assume that ¢(s) =0 for s < sy and
set f(s) = (s)V(s,so)x, s € I. Then, from (b), it is easy to see that (T'(¢)f)(r) =
Y(r — )V (7, so)x, 7 € I. Hence, f € D(G) and (Gf)(1) = —¢'(1)V (7, s0)x, T € I.
Therefore, T(t)D C D C D(G) for t > 0. From (d) we have (A 'f)(r) =
Y(T)U(T, 80)L(s0) ‘2 and since U(T,s,) gives the classical solution of (nC'P), we
obtain A™'f € D(B) and

(BA Y f)(1) = ' (1)U (7,50) L(s0) * — (7)V(7,80)2, T €I
This implies that f € D(A(A+ B)A™!) and
(—A(A+ B)AT f)(r) = =4 (1)V (1, 50)x = (G f)(7).

Due to [13], A-I, Proposition 1.9, it remains to show that D is dense in Cy(I; X).
This follows from the strong continuity of the evolution family (V'(¢,s));>s and by
considering a partition of unity. For more details see [17], Proposition 1.13 (cf. [11],
Proposition 2.9). u

Remark 10. If we replace Cy(I; X) by LP(I; X) for 1 < p < oo and assume that
the Banach space X has the UM D—property (for definitions and properties of such
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spaces see [7], [8] and [6]) then we obtain more. Suppose that L(t) € BIP(X) for all

t € I and that there are constants K4 > 0 and ¢4 € (0, §) such that

IL(t)%|| < K4e?4¥l for all s € R,

forall t >0, A € ¥,_,,. Then A+ B considered as an operator in L?(I; X) with
D(A+ B) = D(A) N D(B) is sectorial (see [12], Theorem 1). Therefore one can see
that the operator —A(A + B)A™" with

D(A(A+B)A Y)Y ={feCy(;X): A'f € D(B) and (A+ B)A'f € D(A)}
is the generator of the evolution semigroup (7°(t));>o given by (5).

Remark 11. Let ug € D and consider the function u(t,a) := (T'(t)uo)(a), t > 0
and a € I. By Corollary 9, we obtain that u is the unique solution of the following
partial differential equation

{ Su(t,a) = —L(a)(u(t,a) + Z(L(a) 'u(t,a))) , t>0,a€l,
u(0,a) = up(a) : acl.

Remark 12.  The solution of (nCP) satisfies u(0) = 0 since we work in the
space Cy(I;X). This is not a restriction. Indeed, we extend L(-) to the interval
J = (=1,T] by setting L(t) := L(0) for t € (—1,0). Clearly, the extension
still satisfies (A1) and (A2) with the same constants and one can do the same in
Co(J;X) :=={f:[-1,T] — X continuous and f(—1) = 0} instead of Cy(/;X).

Example 13. By using Proposition 8, we can solve in L'(Q) the following non-
autonomous partial differential equation:

Du(t,z) = divla(t,x)Vu(t,2)], t>s x€Q,
(x) ¢ Buloga(t,x) = n(z)- (a(t,x)Vu(t,z)) + b(t,x)u(t,z) =0, t > s, x € 09,
U(S,l‘) = Ug(l’), S Qa

where s € I, 2 ¢ R is a bounded domain of class C2?, n(z) denotes the outer
normal of Q at x € 9Q and wuy is a given function in L'(Q).
We shall assume the following conditions:

(1) a:[0,T]x Q — Sym(n) satisfies the strong ellipticity condition, i.e., there exist
a constant ag > 0 such that y-a(t, x)y > agly|?, forall t > 0, x € Q, y € RY.

(2) a,a,, € C°([0,T],C(Q)) and b,b,, € C°([0,T],C(09)) for some § > 1.

We denote by L(t),t € [0,T] the realization of the differential operator

—div[a(t,z)V-] in L'() under the boundary conditions Bu|sq = 0 (cf. [3], Section
9).
From a result of Amann [3] (see also [5], Theorem 3.2 and the references therein)
follows that the family L(-) satisfies (A1) and in [18], 6.13, it is proved that (A2)
holds. Therefore Proposition 8 implies that (x) has a unique classical solution in
LY(9Q).
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