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1 Introduction

The purpose of this series of lectures is to give a flavor of the concept of maximal regularity.
In the last ten-fifteen years, a lot of progress has been made on this subject. The problem of
parabolic maximal LP”—regularity can be stated as follows.

Let A be an (unbounded) operator on a Banach space X, with domain D(A). Let p €]1, c0].
Does there exist a constant C' > 0 such that for all f € LP(0, co; X), there exists a unique
u € LP(0,00; D(A)) N LF(0, 00; X) solution of v’ + Au = f and u(0) = 0 verifying

16| Lo (0,00,x) + 1A% £ (0,005x) < 1 f 1 Lp (0,005 7

This problem, in its theoretical point of view, has been approached in different manners.

1. If —A generates a semigroup (7'(t))¢>0, the solution w is given by the formula

u(t):/o T(t—s)f(s)ds, 130,

and therefore, the question of maximal LP—regularity is to decide whether the operator R
defined by

Rf(t):/0 AT(t —s)f(s)ds, t >0,

for f € LP(0,00; X), is bounded in LP(0, 00; X). In the favorable case where the semigroup
is analytic, K has a convolution form with an operator-valued kernel, singular at 0. The
study of boundedness of R in LP(0, c0; X) leads then to the theory of singular integrals.

2. One way to treat this convolution (in ¢) operator is to apply the Fourier transform to it.
The problem is now to decide whether M (t) = A(isI + A)~!, s € R is a Fourier multiplier.
This has been studied by L. Weis in [40] who gave an equivalent property to maximal
regularity of A in terms of bounds of the resolvent of A.

3. Another approach is to see this problem as the invertibility of the sum of two operators
A+ B where B is the derivative in time. G. Dore and A. Venni in [16] followed this idea,
using imaginary powers of A and B.

All these characterizations are not always easy to deal with when concrete examples are con-
cerned. To verify that a precise operator has the maximal LP—regularity property needs other
results. This has been the case for operators with gaussian estimates ([21] and [12]) and more
recently for operator with generalized gaussian estimates ([24]). Among a very large literature,
let us mention the surveys by W. Arendt [4] and P.C. Kunstmann and L.Weis [25] where the
theory of maximal regularity is largely covered.

The first part is dedicated to the study of this problem in a theoretical point of view. In a
second part, we will give examples of operators having the maximal LP—property : generators
of contraction semigroups in LP(£2), generators of semigroups having gaussian estimates or gen-
eralized gaussian estimates. Applications to partial differential equations, such as the semilinear
heat equation of the incompressible Navier-Stokes equations, are given in a third part. Finally,
in a last part, we give some results on the non-autonomous maximal LP—regularity problem.



Many results proved in the autonomous case are also true in the non-autonomous case provided
we assume enough regularity (in ¢) on the operators A(t). This condition may be removed
if the operators A(t) have the same domain D, and in that case, only continuity is required.
This non-autonomous maximal LP—regularity is far from being understood, but is nonetheless
important for applications to quasi-linear evolution problems.



2 The theoretical point of view

2.1 Statement of the problem

Let X be a Banach space and A be a closed (unbounded) operator with domain D(A) dense
in X. Let f :[0,00[— X a measurable function. We consider the problem of existence and
regularity of solution to the following equation

(st = go. e

Definition 2.1. Let p €]1,00[. We say that A has the (parabolic) maximal LP—regularity
property if there exists a constant C' > 0 such that for all f € LP(0,00; X), there is a unique
u € LP(0,00; D(A)) with «' € LP(0, 00; X) satisfying (2.1) for almost every ¢ €]0, co[ and

HUHLP(D7OO;X) + HU,HLP(O,OO;X) + HAu”LP(O,oo;X) < CHfHLP(D,oo;X)' (22>

2.1.1 Analytic semigroup
Not all operators have the property (2.2). In particular,

Proposition 2.2. Let A be an operator on a Banach space X with the maximal LP—regularity
property for one p €]1,00[. Then —A generates a bounded analytic semigroup on X.

Proof. Let z € C with Re(z) > 0. Define f, € LP(0,00;C) by

1
Re(z)

ft)=e if 0<t<

< %el(z) and ft)=0 if t>

Step 1. Let x € X and denote by u, the solution of (2.1) for f = f, ® x. Define then
R,z = S?e(z)/ e, (t) dt.
0

Then the following estimates hold

—
=
~

IR:zllx < Re(2)llusllzoo,00) 1t = €Ml 1o 0,00)

—~
N
~

< Re(2) C | fellimoseicy 12l - €l o
1
(3) eP —1)r
< oo
pr

The first estimate comes from the Holder inequality applied to the integral form of R,z, p’ denot-
ing the conjugate exponent of p : %#— ]% = 1. The inequality (2) is obtained by estimating u, by
f via the maximal LP—regularity property of A ; remark that || f|| zr(0,00;x) = [I.f2ll 2r(0,00:0) 7] x -
The last estimate comes from the calculations of the different norms of the previous line. By

writing R.x as
[ee]
R.,x = Relz) / el (t) dt
z 0
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(by performing a integration by parts), the same arguments as before give the estimate

1
1 el —1)r
|Buallx < = 0 LoD .
I
Therefore, we get
| Ruallx < el (2.3
x — ||z :
X =T || X
1
with M = ¢ (@D
p?
Step 2. Let now 2 € D(A). We have
R.(zI + A)x W zR,x + R, Ax

—
N
~

Re(z) /000 e *tul (t) dt + Re(z2) /000 e Au(t) dt

Re(z) /000 e * f.(t)z dt @ e

—
w
=

The first equality is straightforward. The first term of the second equality comes from the
integration by parts as in Step 1, whereas the second term comes from the fact that Au, €
LP(0,00; X) by the maximal LP—regularity property of A. The equality (3) comes from (2.1)
and equality (4) is obtained by a simple calculation, reminding that f = f, ® x.

Step 3. The equality R,(zI + A)z = x for all € D(A) together with (2.3) ensure that R, is
the resolvent of —A in z. Therefore, the spectrum of A 0(A) C C; = {z € C;Re(z) > 0} and
there exists M > 0 such that for all z € C with Re(z) > 0, we have (2.3). This implies that —A
generates a bounded analytic semigroup in X. O

Let us consider for a moment a slightly different problem. We might ask what happens if
the initial condition in (2.1) is not equal to zero.

Remark 2.3. Once we know that —A generates a semigroup (7'(¢)):>0 on the Banach space X,
we can study the following initial value Cauchy problem

{u’(t)+Au(t) =0, t>0 (2.4)

u(0) = wo.

It is known that the solution w is given by w(t) = T(t)ug, t > 0. This solution u belongs to
LP(0,00; X) if and only if ([30], Chapter 1) the initial value ug belongs to the real interpolation
space (X, D(A)) 1 ) (where p’ is the conjugate of p : % + 1% =1).

p/ )

2.1.2 Independence with respect to p

Proposition 2.4. Let A be an operator on a Banach space X with the maximal LP—regularity
property for one p €]1,00[. Then A has the maximal LI—regularity property for all q €]1, c0].

To prove this fact, we need the following auxiliary theorem due to A. Benedek, A.P. Calderén
and R. Panzone



Theorem 2.5 (Theorem 2 of [7]). Let X be a Banach space and let p €]1,00][. Letk: R — Z(X)
be measurable, k € L, (R\ {0}; Z(X)). Let S € Z(LP(R; X)) be the convolution operator with
k, i.e. for all f € L*°(R; X) with compact support, one can write Sf as follows

Sf(t)= / k(t —s)f(s)ds, Vt¢ suppf. (2.5)
R
Assume that there exists a constant ¢ > 0 such that
/ |k(t —s) — k(t)”rg(x) <e¢ VseR. (2.6)
[t|>2]s]

Then S € L (L1(R, X)) for all q €]1, 0.

Proof. We prove that S is bounded from L'(R; X) to L. (R; X) where L) stands for L'—weak
and is defined as follows

LL(R, X) = {f : R — X measurable ;supa - |{t € R; | f(¢)]|x > a}‘ < oo}.
a>0

Let f € LY(R; X) and fix A > 0. By the Calderén-Zygmund decomposition applied to R 3 ¢
IIf(t)|lx (see Theorem 6.7 below, in the case n = 1), we may decompose f into a “good” part g
and a “bad” part b= )", by. We have then Sf = Sg+ >, Sb; and therefore

{teRsISFOlx > A} < {r e RilISglx > 2} u{t e R spnllx > 5 )

The measure of the first set is easy to estimate. Since g € L' N L, we have g € LP and since
S is bounded in LP, we have

0 15903,
{rerilsooly >3} & —pEn

3)»
(i) 2P HSHP L(LP(R: X)) lg Hp
< =
(3) 2p||5||pg LP(R:X 1 1-1\p
< gt (HngllgHoo”)
@ 2°|IS||®
2 2 1£1l (277~

- AP
and therefore \
A{t € RilSoOIx > 5| < LIS e, 111 (2.7

Inequality (1) is obvious. Inequality (2) comes from the fact that S is bounded in LP by

1 1—-1
hypothesis. Inequality (3) comes from Hoélder inequality || - ||, < || - [|7]] - oo ©- Inequality (4)
comes from the fact that ||g|l1 < ||f|l1 and ||g]|cc < 2 by construction in the Calderén-Zygmund
decomposition. It remains now to estimate the quantity

'{t € R [|Sb(t)[x > ;}‘ .

7



We decompose the set as follows

{t € R; [|Sb(t)|x > g} cEU {t eR\ E;||Sb(t)|[x > %}

where E = (J oy Qk (Qk beeing the double of (). We already have, by the Calderén-Zygmund
decomposition, |E| < 2A7!||f||1. The last term remaining to estimate is the measure of the set

{t ER\ E;|Sb(t)||x > g}

and that is where the assumption (2.6) comes in. We denote by s the center of Q, k € N. We

have
1)
/ 1Sb(1)||xdt < Z/ H/ k(t—s)bk(s)dsH dt
R\E ken YR\E 1 JQy X
®)
< Z/ H/ (k(t = ) = k(t = s))b(s) ds||_dt
ren Y R\E U JQx X
)
< S [ [kt = ) = ke = sl ()l xds d
ken Y R\Qk JQx
4) (5)
< Sef Il < 2l
keN Y@k

The first inequality comes from (2.5) since t € R\ E and therefore, for ¢ ¢ supp by = Q. The
second inequality is in fact an equality since ka b, = 0 by construction of the bg’s. The third

inequality is obvious and inequality (4) comes from the fact that, for t € R\ Q} and s € Qy, we
have |(t — s)| > 2|(t — s) — (t — sg)|. We can then apply (2.6). The last inequality is obvious
taking the Calderén-Zygmund into account. Therefore, we have

{rerisunly >3} < i1+ |{rer\ sl > 3]
< Dl +y [ 18Ul
5 JR\E
< 2(11_26) 112 (rsx)-
Together with (2.7), this gives
A{teRilIsF@Ix > A < Cllf ) (2.8)

where
C = 4p||5||pf(Lp(R;X)) +2(1 4+ 2¢),

which means that S is of weak type (1,1). By Marcinkiewicz interpolation theorem (see Theo-
rem 6.5 below), the operator S is of strong type (g, q) for all ¢ €]1,p[. Moreover, it is easy to
see that §’, the adjoint operator of S is of the same form as S : S’ is bounded in L?' (R; X)
(where ;1) + 1% = 1) and of weak type (1,1) by the same arguments as before, which implies by
the Marcinkiewicz interpolation theorem that S’ is of strong type (q,q) for all ¢ €]1,p'[, and
therefore, by duality, S is of strong type (g, q) for all ¢ €]p, oo[. We have then proved that S is

a bounded operator in LY(R; X) for all g €]1, oo|. O



Proof of Proposition 2.4. Let A be an unbounded operator on a Banach space X such that —A
generates an analytic semigroup (7'(t))¢>0. Define k : R — Z(X) by

k(t)= AT(t)ift >0 and k(t)=0ift < 0.

Then k is measurable, k € L} (R \ {0}; £(X)). Pick any s € R ; we have

t

1) t—s
/ Ik(t— 3) — k() et 2 / [ ATy dr| o dt
[t]>2]s] 1>2]s|

(2) t—s 1
< c / 5 dr|dt
t>2[s| ' Jt T
1 1
® ¢ - 7’ dt
t>os| 1T —58
(4)
< Cln2.
The first equality comes from the fact that k vanishes on | — 0o, 0[ and that an analytic semi-

group is differentiable on 0, +oc[, its derivative at a point ¢t > 0 beeing equal to AT(t). The
second inequality is due to the following property of analytic semigroups : for all n € N
sup [[t" A"T'(t)| #(x) < oo. As for equality (3), it is obtained by integrating ftt_s 7—12 dr, the last
>0

inequality comes from the exact integration of the integral

/t>2s

which gives In2 if s > 0, 0 if s =0 and ln% if s < 0. Therefore, we can apply Theorem 2.5 and
conclude then that the property of maximal LP—regularity is independent of p €]1, oo[. O

1
t—s

1
—f)dt,
t

2.2 Necessary and sufficient conditions
2.2.1 Maximal regularity in Hilbert spaces

In the special case where the Banach space X is actually a Hilbert space, the reverse statement
of Proposition 2.2 is true.

Theorem 2.6 (de Simon, 1964). Let —A be the generator of a bounded analytic semigroup in
a Hilbert space H. Then A has the maximal LP—regularity property for all p €]1, c0l.

Proof. This theorem is due to de Simon [15]. Denote by (T'(t))+>0 the semigroup generated by
—A and let f € L%(0,00; D(A)). Then it is easy to see that u given by

t
u(t) = / T(t—s)f(s)ds, t>0 (2.9)
0
is the solution of (2.1), and Au has the form

Au(t):/Rk(t—s)f(s)ds, £>0,



where we have extended f by 0 on |—o0,0[ and k() = AT'(t) if t > 0, k(t) = 0if ¢t < 0. Applying
the Fourier transform (in ¢) .#, we obtain for all x € R

F(Au)(z) = /ReitxAu(t)dt

_ /R /R et — 8)f(s) ds dt
_ /R /R =T () £ () ds dt

= /0 e_imT(t)</Re_isfo(s) ds) dt
= (iz+A)TTAZ(f)(z) = A(iz + A)LF(f)(z).

Since —A generates a bounded analytic semigroup, we have

sup |AGiz + A) " 2oy < o0,
e

and therefore
|7 (Au) | 2wy < | F ()l 22 w:m)-

Since .# is an isomorphism on L?(R; H), this implies that

lAullp2 ey < el fllL2w:m)-

This proves that A has the maximal L?—regularity property. By Proposition 2.4, the proof is
complete. n

2.2.2 UMD-—spaces

The question now arises, whether all negative generator of bounded analytic semigroup in any
Banach space X has the property of maximal LP—regularity. This question, posed by Haim
Brézis, was first partially answered by T. Coulhon and D. Lamberton in [13]. To describe their
result, we need to define the notion of UM D—space. Actually, we give here a property of
UM D—spaces equivalent to the original definition. For more on this subject, see [10] and [9].
The Hilbert transform H f of a measurable function f is, whenever it exists, the limit as e — 0T
and T — +oo of

Herf(t) = ! /<| e Mds, teR.

™ S

Definition 2.7. A Banach space X is said to be of class UMD if the Hilbert transform H is
bounded in LP(R; X) for all (or equivalently for one) p €]1, co].

Example 2.8. 1. A Hilbert space is in the class UM D.

2. If X is a Banach space in the UM D—class, then LP(2; X), for Q@ c R? and p €]1, oo, is
also in the UM D—class.

Theorem 2.9 (Coulhon-Lamberton, 1986). If the negative generator of the Poisson semigroup
on L?(R; X) has the mazimal LP—property, then the Hilbert transform is bounded in L*(R; X).

10



This theorem implies that if X is a Banach space with the property that every negative
generator of a bounded analytic semigroup has the maximal LP”—property, then necessarily X is
of class UM D. The converse was an open problem until the work of N. Kalton and G. Lancien
[22] where it was proved that such a Banach space is “essentially” a Hilbert space.

Theorem 2.10 (Kalton-Lancien, 2000). On every Banach lattice which is not isomorphic to
a Hilbert space, there are generators of analytic semigroups without the maximal LP—reqularity

property.
Proof of Theorem 2.9. The Poisson semigroup (P(t));>0 on L?(R; X) is defined as follows

(PON@) = [ s =0y, s €Rt>0, fe PRX).

r T(y? +1?)
This semigroup is bounded analytic and its generator —A satisfies

£2 2 )
(AP(t)f)(x) :/wa(x—y)dy, reRt>0, felLl*R;X).

This relation is obtained by taking the derivative in ¢ of P(t)f. As we have already seen,
the assumption that A has the maximal LP—regularity property in L?(R; X) implies that the
operator

2,2

fro (]o,oo[xRa(t,x)H/Ot(/RMf(t—s,x—y)dy) ds)

is bounded in L%(0,00; L*(R; X)) = L%(]0,00[xR; X). By the change of variables y — s = u,
y+s=v,x—t=1u and x + ¢ =0/, and the change of function F(u,v) = f(¥5%, *5*) the
operator K defined by

+o0 _
(/ S Fl/' —u,v' —v) dv) du, (u',v") € E,

wre ) = [ ([ o

R

is bounded in L?(E; X), where E = {(u,v) € R*v > u}. It means then that there exists a
constant C' > 0 such that

/R([OOIIKF(u’,v/)H%(dv/) du' < C /R(/:OO HF(u,v)H?Xdu) du, (2.10)

for all F € L?(E; X). Let now a > 0 and ¢ € L*(R; X) and take

F(U,U) = ¢(U)XO<U7U<1'

Then we have oo
L 1P oo du= ol mx (211)

Computing K F', we get

KF(/' ') = / (/v’—U’-Fu _7%2 dv) d(u' —u)du

R max{u,u+(v'—u')—1} (UQ + u2>

11



and therefore, if 0 < v' —u’ < 1 we have

KF,v) = /R <2[(v’ —u fu)2 +u?? i)(ﬁ(u' —u)du

: </R o~ d“) -7 RO,

or equivalently if 0 < v’ — ' <1

2u
v — !+ u)? 4 u?

H(e)(u') = —% KF(, o) + </R — o — ) du> .

We take the norm in X, square it and then integrate in v" between u’ + % and v/ +1and v’ € R
we obtain

5 [ IO’ <2 (UK + 10l ) (212
since ou / ,
| s o~ W du = (s = )
where
ay(u) = 2u ueR :

m[(w + u)? 4+ u?)?’

aw € L'(R) for all w € [3,1]. Putting (2.10), (2.11) and (2.12) together, we conclude that the
Hilbert transform is bounded in L?(R; X) and therefore X is of the UM D—class. O

2.2.3 R—boundedness

All the details about the following results can be found in [40]. For X and Y Banach spaces, we
denote by Z(X,Y") the space of bounded linear operators from X to Y, (R, X) denoting the
rapidly decreasing functions from R to X. As before, .% denotes the Fourier transform (in t).
Definition 2.11. A function M : R\ {0} — Z(X,Y) is said to be a Fourier multiplier on
LP(R; X) if the expression Rf = .% 1 (M ﬁ(f)) is well-defined for f € .(R; X) and R extends
to a bounded operator R : LP(R; X) — LP(R;Y).

It has been observed by G. Pisier that the converse of Theorem 6.6 is true : if X =Y and
all M satisfying for some constant C' > 0,

IM(t)|¢xy) <C and |tM'(t)]| »(xy)y < C forallteR\ {0}

are Fourier multipliers in L?(R; X), then X is isomorphic to a Hilbert space. Therefore, to
decide whether a particular M is a Fourier multiplier, some additional assumptions are needed.
This was done by L. Weis in [40] in 2001. His result gives also an equivalent property to maximal
regularity in terms of R—boundedness of the resolvent of the operator.

Definition 2.12. A set 7 C Z(X,Y) is called R—bounded if there is a constant C' > 0 such
that for all n € N, Ty, ...,7,, € 7 and 1, ..., T, € X,

/01 H jérj(S)zjjHYds < 0/01 H jérj(s)xjHde’ (2.13)

12



where (r;j)j=1,...n is a sequence of independent {—1,1}—valued random variables on [0, 1] ; for
example, the Rademacher functions 7;(¢) = sign(sin(2/nt)). The R—bound of T is

R(7) = inf{C > 0;(2.13) holds}.

Remark 2.13. If X and Y are Hilbert spaces, a set 7 C Z(X,Y) is R—bounded if and only if it
is bounded.

We have already seen that the maximal LP—regularity property of an operator A on a Banach
space X is equivalent to the boundedness in LP(0, 00; X) of the operator R given by

Rf(t) :/0 AT (t —s)f(s)ds, te€[0,00[, f€ LP(0,00;X). (2.14)

When taking (formally) the Fourier transform of Rf, we get
F(Rf)(0) = A(icI + A)L.Z(f)(0), o €R.

Therefore, if M denotes the operator valued function M (o) = A(iol + A)~!, our problem is
now to find conditions on M (and therefore on A and its resolvent) assuring that M is a Fourier
multiplier in LP(R; X).

Theorem 2.14 (L. Weis, 2001). Let X and Y be UM D—Banach spaces. Let
M :R\ {0} - Z(X,Y)

be a differentiable function such that the sets

{M(t),t eR\ {0}} and {tM’(t),t eR\ {0}}
are R—bounded. Then M is a Fourier multiplier on LP(R; X) for all p €]1, cc].
References for the proof. This theorem can be found in [40], Theorem 3.4. O

Applying this theorem to our problem of maximal LP—regularity, we get the following result.

Corollary 2.15 (L. Weis, 2001). Let X be a UM D—Banach space and A be the negative
generator of an analytic semigroup on X. Then A has the maximal LP—reqularity property if

and only if the set {ia(z’al +A)7L o€ R} 1s R—bounded.
Idea of the proof. This can be found in [40], Corollary 4.4. Denoting as before
M(o) = A(icl + A)™!, o €R,
we have M (o) = io(icl + A)~! — I. Therefore, if
My : 0 —io(icl + A)~?

is a Fourier multiplier, so is M. The first part of Theorem 2.14 applied to My holds by the
assumption that

io(icl + A)™', 0 €R
{ j

is R—bounded. For the second part, we must show that {cM{(c),o € R} is also R—bounded.
For that purpose, remark that o M/(c) = My(o)(I — Moy(0)). O

13



3 Examples

In this section, we give three classes of operators in L?—spaces having the maximal LP—regula-
rity property. We consider analytic semigroups in L?(Q, 1) which can be extended to LP(, u)
((2, 1) being a measure space) for p in a subinterval of |1, co[ containing 2.

3.1 Contraction semigroups

3.1.1 The abstract result

The result presented here is due to D. Lamberton in [28].

Theorem 3.1 (D. Lamberton, 1987). Let (2, u) be a measure space and A the negative generator
of an analytic semigroup of contractions (T(t));>o in L*(Q, ). Assume that for all q € [1,00],
the estimate

IT(t)fllq < |Ifllg holds for allt >0 and all f € L*(2) N LI(Q).

Then the operator A has the mazimal LP—regularity property in L1(S).

Reference for the proof. The proof of this theorem can be found in [28]. The idea of it is to
remark first that A has the maximal LP—regularity property in L?(Q2) by Theorem 2.6. The
strategy is to show that the convolution operator R defined by

Rf(t) = /Ot AT (t —s)f(s)ds, t >0, fe LP(0,00; LP(Q2)) = LP(]0, 00[x )

is bounded in LP(]0,00[x(2). We already know that this is true if p = 2. To get the other
p €]1,00[, D. Lamberton uses Coifman-Weiss transference principle (this is the core of the
proof). Once this is proved, by Theorem 2.4, we conclude that A has the maximal L —regularity
property in L(). O

3.1.2 An application

This theorem can be applied to show that certain operators have the maximal LP—regularity
property, such as the Laplacian in LP(Q) (2 C R™ sufficiently regular) with Dirichlet, Neuman
or Robin (Fourier) boundary conditions.

Proposition 3.2. Let Q C R"™ be a domain such that the Stokes formula (integration by parts)
applies. We denote by v the outer normal unit at O2. Let A; (j = D, N or R) be the unbounded
operator defined in L*(Q) by

D(A;) = {ue H'(Q);Auec L*(Q) and bj(u) =0 on 9Q}
Aju = —Au,

where bp(u) = u, by (u) = dyu and br(u) = au+ dyu for a > 0.

Proof. Thanks to Theorem 3.1, we only need to show that —A; generates an analytic semigroup
(Tj(t))e>0 in L?(Q2) and that this semigroup satisfies the estimate

IT5 () fllg < Ifllg, ¢ >0, £ € L*(Q)NLYQ). (3.1)
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Case j = D. This case corresponds to Dirichlet boundary conditions. The first assumption
to verify is that —Ap generates an analytic semigroup (Tp(t))i>o in L*(Q). Let ap be the
sesquilinear form defined by

ap(u,v) :/QVU-de, u,v € Hy(;C).

This form ap is sesquilinear, continuous and coercive. It is easy to show that Ap is associated
to the form ap and therefore generates a bounded analytic semigroup. It remains to show that
(3.1) holds for j = D. Let ¢ € [1,00[ and let

u(t) = Tp(t)f, t >0,

be the solution of the Cauchy problem

% + Apu(t) = 0, u(0) = f € L*(Q) N LI(Q).
Multiplying this equation with v = |u|9"2ux,z0 and integrating on €2, we obtain for all ¢ > 0,
0 = %(t)v(t) dx — / v(t) Au(t) dx
o Ot o

1d
= - g q-2 2
= gl /Q u(t)]?dz) + /Q (D) Vu(t) Pxuro da

+ [P0 Vo da

Q

= Z(‘|U||g>(t)+(q—1)/Q|u(t)]qZ\Vu(t)IZXU;Ade

and therefore d
= (luliz) @ <0

which implies that [[u(t)|lq < [|f|lq- We can let ¢ — oo to obtain ||u(t)||ec < || flec. This shows
(3.1) for j = D.

Case j = N. This case corresponds to Neumann boundary conditions. It goes more or less
as the previous case. The integrations by parts can be performed and give 0 for the boundary
terms since d,u = 0 at the boundary. As before, the first assumption to verify is that —Axy

generates an analytic semigroup (T (t))t>0 in L*(Q2). Let ay be the sesquilinear form defined
by

an(u,v) = / Vu-Vvdr, u,ve HY(Q;C).
Q
This form ap is sesquilinear, continuous and coercive. It is easy to show that Ay is associated

to the form ay and therefore generates a bounded analytic semigroup. It remains to show that
(3.1) holds for j = N. As in the previous case for

u(t) =Tn(t)f, t >0

the solution of the Cauchy problem

27: +Anu(t) =0, u(0) = f € L*(2) N LY(Q),
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we have

0 = ?;Z(t)v(t) dm—/ﬂv(t)Au(t) dz

- )| )9~ 2
th /|u |dx /]u |Vu()| Xu=0 d
+/ uV(\u(t)]q_2)-VuXu¢0 dx
Q

= Z(Hu”g>(t)+(q—1)/Q|u(t)]qZ\Vu(t)IZXu;éde

< (Iulig) 1) <0

which implies that |lu(t)|q < || fllq. We can let ¢ — oo to obtain |[u(t)||s < || f|lco- This shows
(3.1) for j = N.

Case j = R. This case corresponds to Robin (also called Fourier) boundary conditions. The
first assumption to verify is that —Ag generates an analytic semigroup (Tg(t))¢>0 in L?(€2). Let
apr be the sesquilinear form defined by

and therefore

a(u,v):/Vu-Vvdx—i—/ auvdo, wu,ve HY(Q;C).
Q 0

This form ap is sesquilinear, continuous and coercive. It is easy to show that Ag is associated
to the form ar and therefore generates a bounded analytic semigroup. It remains to show that
(3.1) holds for j = R. As in the two previous cases for

u(t) =Tr(t)f, t >0

the solution of the Cauchy problem

?;; + Apu(t) = 0, u(0) = f € L2(Q) N LYQ),
we have
0 = %(t)v(t) o — /Q o(B) Au(t) dz

= th /u ]qdm /\u N2V (t) [* Xz d

-2y .y o w(t)|u(t)]|9u o
+ /Q WV ([u(0)]72) - Vitxuso d /may (Olu(t)]*2u(t) d

d

= (1) + @D [ O Va0 do

+/ a|u(t)|?do
o0

and therefore



which implies that ||u(t)|q < || fllq. We can let ¢ — oo to obtain |[u(t)||s < || fllco- This shows
(3.1) for j = R.

It suffices now to apply Theorem 3.1 to obtain that the operators A; (j = D, N or R) have the
maximal LP—regularity property in L9(Q2) for all p,q €]1, 00| (Proposition 3.2). O
3.2 Gaussian bounds

3.2.1 Pointwise estimates

The result presented here is due first to M. Hieber and J. Priiss ([21]) and was somewhat
extended by T. Coulhon and X.T. Duong ([12]). The theorem below is adapted to semigroups
with Gaussian estimates (so, not stated in the full generality).

Theorem 3.3 (Hieber-Priiss 1997, Coulhon-Duong 2000). Let Q C R™. Assume that T(t))i>0
is an analytic semigroup in L*(Q) with representation for all f € L*(Y) and z € C, |argz| < ¢

7)) = [ pezn)f) s, e,
where the kernel p, for t > 0, enjoys the following estimates

Ip(t,z,y)| < cg(bt,z,y), =,y €, (3.2)

|z—y]? ‘
e~ 4t . Then the semigroup (T'(t))e=0 can be extended as

with ¢,b > 0. Here g(t,z,y) =

(47rt)%
an analytic semigroup in LI(Q2) for all ¢ €]1,00[ and its negative generator A, has the mazimal
LP—regularity property for all p €]1, c0].

Lemma 3.4. Let be the hypotheses of Theorem 3.3 hold. Then there exist 0 €]0, 5| and constants
c1,b1 > 0 such that

Ip(z,z,y)| < c1g(biRe(2),z,y), =z,ye, z€C,largz|<e (3.3)

and consequently there are two constants co, by > 0 such that

g(bat,z,y), t>0, z,y €. (3.4)

gt <

Proof. This result is well-known (see e.g. Davies’ book [14]). The estimate(3.4) follows from
(3.3), using the Cauchy formula for the holomorphic function z — p(z, z,y). O

Idea of the proof of Theorem (3.3). Let Q = [0,00[x§2. The space (Q,u,d), where u is the
Lebesgue measure on R™*! and d is the quasi-metric defined by

d((t2). (5,9)) = o =yl + [t = s,

is of homogeneous type (has the doubling property : there exists a constant C' > 0 such that
if we denote B(&,7) = {n € Q;d(£,1) < r?} then u(B(&,2r)) < eu(B(€,7))). Let K be the
operator with kernel

(), () = P00 0y e
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We know that the operator K defined by
KO = [ K& dun), ac =) <Q

is bounded on L?(Q) : this is only a reformulation of the maximal L?—regularity property on
L?(2). The strategy is to prove that K is of weak-type (1,1). By interpolation, we can then
prove that K is a bounded operator on Li(Q) for all g €]1,2]. A duality argument is then used
to prove that K is bounded on LY (Q) (where % + % =1: ¢ € [2,00[). Therefore, using the
p—independence of the maximal LP—regularity property (see Theorem 2.4), we finish the proof.
Of course, the core of the proof is to show that K is of weak-type (1,1). For that purpose,
since the kernel £ has a behavior like (3.4), we have to study a singular integral. We will use a
(regularized) Calderén-Zygmund decomposition (see Theorem 6.7) adapted to the problem. For
any f € L}(Q), for all a > 0, there exist g,b; € L'(Q) with the properties

(@) [9(&)| < ko, for p—a.e. £ € Q ;

(i3) there exist balls B; = B(&, ;) C Q (i.e. (t,z) € B(&,mi) if |[# — 24]? + |t — t;] < r? and
& = (t;,x;)) such that supp b; C B; and

/Q 16:(6)] dul€) < mop(By):

(i11) Y u(B) < ~|fl
i=1

(1v) any £ € @ belongs to at most Ny balls B;.

We “regularize” the functions b; by applying an operator R; defined by a kernel p; : @ — R as
follows
pl(gv 77) = @l(t - S)X[(t—ri)+,t](s)kri (.’L‘, y)7 where 5 = (tv I‘), n= (S’ y)
_lol
and where @;(0) = 7,—11 2(;1) e 7. This idea was first applied by X.T. Duong and A. M¢Intosh in
[17]. We can show that Z R;b; € L*(Q) with norm, in L?(Q) controlled by az || f|l1. Therefore,
i=1

if we write

Kf=Kg+> KRbi+ ) (K- KR;)b,
i=1 i=1
only the last term is still to be investigated, the first two coming directly from the fact that K
is bounded in L?(Q). It remains to show that

u({ee@s|> (K - KR)bi(©)| > a}) <estallf|h.
i=1
This can be done once we prove that

/ k(&) — ki€, m)|dp(€) < est,
d(&m)>cr;

where k;(&,n) = fQ k(& Q)pi(¢,n)du(C) is the kernel of KR;. Indeed, the proof at this step is
very much like the proof of Theorem 2.4, using this last estimate. O
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Example 3.5. Consider a divergence form second order operator . = —divAV with Dirich-
let boundary conditions in a domain  C R™ with A € L*(Q; #,(C)) with antisymmetric
imaginary part. Then it has been proved by E.M. Ouhabaz ([35] and [36]) that —L gener-
ates an analytic semigroup in L?(f2) with gaussian estimates. Therefore, L has the maximal
LP—regularity property on L4(Q) for all g €]1, 00[, by Theorem 3.3.

3.2.2 Generalized Gaussian bounds

The abstract result It is sometimes not clear, or not true, whether a semigroup in L?(Q)
has Gaussian estimates of the type (3.2). However, it is sometimes possible to prove a weaker
form, namely a local integrated bound of the following form. To make the notations shorter, we
will use
I Lo @)@ = | - lloo—a

and

A(z,p, k) = B(z,(k+1)p) \ B(x,kp), €, p>0, keN.
Definition 3.6. Let 2 C R" be a domain. Let A be the negative generator of an analytic
semigroup (7T'(t));>0 in L%(2). We say that A has generalized Gaussian estimates (qo,q1)
(where 1 < gp < g1 < o0) if one of the following properties holds :

(1) the semigroup (7'(t))s>0 satisfies

(i1
X0t TOX et s < |Bla p(e)] 0~ 5 k() (3.5)
fort >0,z €Q, k€N, p:]0,00[—]0,00[, and (h(k))r>1 satisfying

1
h(k) < cs(k 4+ 1)7° for some & > oy —
q0 qO

(2) or the resolvent of A satisfies

(L1
X B (T + 2A) ™ X ae oty lo—ar < |B(s p(t)| %0 a0 h(k) (3.6)

for z € $p = {w € C\ {0};|arg(w)| < 7 — 0}, t = |2|72, 2 € Q, k € N, p :]0, 00[—]0, o],
and (h(k))g>1 satisfying
s n 1
h(k) < cs(k +1)7° for some § > — + —.
qo 90
Remark 3.7. A semigroup satisfying the Gaussian estimates (3.2) satisfies the two bounds above
for all 1 < gg < q1 < .

These kinds of bounds for gy = 2 are easier to prove than the pointwise Gaussian estimates
(3.2), more particularly the second one (3.6). Indeed, it is, for instance for divergence form
elliptic operators, only a matter of partial integration, as we will see below for the Lamé operator
(see Theorem 3.10).

Theorem 3.8 (Kunstmann, 2008). Let Q C R" be a domain. Let A be the negative generator
of an analytic semigroup (T(t))i>0 in L*(Q) satisfying (3.6) with ¢1 > qo = 2, then A has the
mazximal LP—regularity property in L1(Q) for all q € [2, q1].

References for the proof. This result is due to P.C. Kunstmann [24]. The original statement
uses (3.5) instead of (3.6), and is presented in a more general context : instead of Q@ C R™,  is
assumed to be a space of homogeneous type. O

19



An example We apply here the previous result to the Lamé operator, which appears in the
linearization of the compressible Navier-Stokes equations.

Definition 3.9. The Lamé operator with Dirichlet boundary conditions, denoted by L, is
defined on L?(Q;R") as the operator generated by the following sesquilinear form

K(u,v):u/Vu-Vvdx—i-(/\—&-u)/divudivvd:c, u,v € Hy (R,
Q Q

where > 0 and 4+ A > 0. Since ¢ is continuous, coercive, the operator L is self-adjoint,
generates a bounded analytic semigroup in L?(Q;R").

Theorem 3.10. Let Q2 be a domain in R™ (n > 3). Then the Lamé operator with Dirichlet
boundary conditions has the maximal LP—regularity property in L1(Q) for all q €] n_ _2n [.

n+2’ n—2
Proof. Fix an arbitrary point z € 0, z € Xy, where
Yp = {w € C\{0}; |arg(w)| < 7 — 0},
t= \z|_% and an arbitrary partition of unity {7;,j € N} of R" such that
M € C(B(,20)R), 1y € 6 (Bla,271)\ Bz, 27 );R), )

0<n; <1, |Vl <5t Mi2emi =1,

where B(z,7) is the ball in R" with center at * € R? and radius » > 0 and decompose f €
L?(92,R") as follows

F=>_F fi=nifi  w=>_u;, uj=(I+L)7'f; € D). (3.8)
=0

j=0

We will prove that for all p € [2, %], there exists two constants C, ¢ > 0 such that

1 . 1
|z|[/ |uj|de]” < Oe—C”t”(i—%)[/ |fj|2dy]2 VjeN. (3.9)
QNB(z,t) Q

This will be done in three steps.

Step 1. Pick a new family of functions (¢;);>1 such that &; € €>°(B(x,2/7!t);R). Taking the
L?—pairing of f?uﬁ with both sides of zu; + Lu; = f;, and keeping in mind that &;f; = 0 for
each j > 1 we may write, based on integration by parts that

[ Sy +u [ @19uiPdy+ 3+ p) [ SidivagPay (3.10)
Q Q Q
= [ (& lluslig | [a1Tus] + -+ vy ] ) do
Q

From this, via Cauchy-Schwarz inequality and a standard trick that allows us to absorb like-
terms with small coefficients in the left-hand side, we get

2] /Q EJu;Pdy < C /Q V82l 2y (3.11)
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and, since A + p > 0,
| @wupay<c [ VeIV P (3.12)
Q Q

Step 2. Much as in [6], we now replace the cutoff function &; in (3.11) by another cutoff function
¢®% — 1 (which has the same properties as &), with

2|

= > 2
T 2V0|VE

In a first stage, this yields

1
[ tusllenss —1Pay < 1 [ fusPleess Py
Q Q
then further
[ twPiesspay < [ juPay, (3.13)

in view of the generic, elementary implication

1
1F =gl < S =171 < 2gll-

If we now assume that the original cutoff functions (&;);>2 also satisfy

K

0§ <1, §=lonB(xt) and |V§]e < o5

it follows from the definition of j that a; > ¢27 and from (3.13) that

) cst
o / 2y < 4 / Py < / £12dy,
QNB(z,t) Q

the second inequality coming from the fact that — L generates an analytic semigroup. This gives
then

[ wPay<ce® [ gPay, (3.14)
QNB(z,t) Q
The same procedure allows to estimate Vu on B(z,t) using (3.12) as follows
H |V [2dy < Cee? / f[2dy. (3.15)
QNB(z,t Q

Those two estimates are also valid if j = 0 since the resolvent of L is bounded in L?(Q;R™).

Step 3. Let p = 2* = 24 Sobolev’s embedding in a (Lipschitz) domain D C R™ (n > 3) of
diameter R > 0 for a function v € H'(D), after rescaling, reads as follows

1
/|u|pdy <C’ /|u! dy +R /|Vu|2dy 2 . (3.16)
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Combining this inequality with (3.14) and (3.15), and keeping in mind that |z| = t%, we have

for all j € N
_2n_ L:Lz 1 —c2d 3
|zy(/ jus|=2dy) 7 < Ctle 2(/ f5[2ay)*. (3.17)
QNB(z,t) Q

By interpolation, using (3.14) and (3.17), the generalized Gaussian bound (3.9) is proved for all
2<p< B

By Theorem 3.8, we may conclude that L has the maximal LP—regularity property in the
space LI(;R™) for all ¢ € [2,-2%[. By duality (since L is self-adjoint), we can prove also
2n

that L has the maximal LP—regularity property in LI(Q;R™) for all ¢ €];=5,2], which proves
Theorem 3.10. O
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4 Applications to partial differential equations

In this section, we will apply maximal LP—regularity results to show the uniqueness of solutions
of certain partial differential equations. We start with a toy problem, studied by F. Weissler
in [41]. This will lead the way to prove uniqueness of mild solutions of the incompressible
Navier-Stokes system.

4.1 A semilinear initial value problem

We are interested in the following equation

QU _Au = u? in ]0,T[xQ
u(t,z) = 0 on ]0,T[x00 (4.1)
u(0) = wo in €Q

where T' > 0 and 2 C R™ is a domain with no particular regularity at the boundary. We assume
that n > 4. The critical space where we are looking for solutions is LP(Q2) with p = 5. This
space is critical in the sense that if p > %5, then the nonlinearity u? is a “small” perturbation of
the linear part Au and if p < 5, then the nonlinearity “wins” and the methods applied here are
not appropriate. Our purpose is to show that the solution w € €([0,T]; LP(R2)) of (4.1) (in an
integral sense defined below) is unique in the space €([0,T]; Lz (Q)).

Definition 4.1. We say that u is an integral solution of (4.1) with ug € L2(Q) on [0,7] if
u e €([0,T]; Lz () and u satisfies
t
u(t) = T(Ouo + [ Tt = s)(u(sP)ds, te 0.7,
0

where (T(t))¢>0 is the semigroup generated by the Dirichlet-Laplacian in L7 (£2), which we
denote by —A.

4.1.1 Existence

Theorem 4.2 (F. Weissler, 1981). Let n > 4. For any initial condition ug € L% (Q), there
exists T €]0,T] and u € €([0,7]; L2 (Q)) integral solution of (4.1) in [0,7]. If [[uol[z is small
enough, then T =1T.

Proof. We will show the local existence of an integral solution of (4.1) via a fixed point method.
We reformulate the problem as to find a Banach space & containing € ([0, T; Lz (2)) such that
a=T(-)up € Er and there exists u € Er verifying

u=a+ B(u,u),
where B is the bilinear operator defined by
t
B(u,v)(t) = / T(t—s)(u(s)v(s))ds, tel0,T].
0
We need B to be continuous on & x Er. We choose

&r = {ue €0, T); LE@Q)it = tiu(t) € €((0, T} LF (@)},
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and we define the norm in this space to be
1
luller = sup [lu(®)[|z + sup tifu@)]z ueér.
0<t<T 0<t<T 3
This space & endowed with its norm is a Banach space. We remark first that (7°(¢));>0 is a

bounded analytic semigroup in LP(Q2) for all p €]1, 0o, which implies in particular that for all
a > 0, there exists a constant ¢, o > 0 such that

[t AT (t)||p < cpa, t>0.
Therefore, it is easy to check that a € &r. We will show next that
B :E&r xEp — Ep
is continuous. Let u,v € &p. Then we have
t > t2u(t)o(t) € C([0,T]; LE (Q)
with norm bounded by ||ullg, ||v]le, and therefore
162 A72 (u(t)o()) |2 < cllulle,l[vlle,

for all ¢ € [0, 7] since W5 c L7 in dimension n by Sobolev embedding. We have then

Blu,v)(t) & /0 T(t — 5)(u(s)o(s)) ds

—~
N

t ) N 1
2 /0 VIS AT (1 = ) ATH(Ru(5)0(s) s ds

—~
N

which gives the estimate for all ¢ € [0,T]

IBau®l; < c

—~
N

ceg ylulerlioler( [ —=zas)
2

< WCCg,%HU\\eTHvHeT-

—~
N

since
/t 1 J 1 1
g = = .
0 \/t—S\/g 0 \/1-0’f %\/1—4’/‘2
The same arguments are used to estimate ti |1B(u, v)(t)||z. For u,v € &, we have
1.3
[£2 A7 (u(t)v(t))[l2n < clluller[[vller

since we have already seen that t%A_%(u(t)v(t)) € L2(Q) and by the Sobolev embedding
W33 c L3 in dimension n. Therefore, we have

1 1) 1 [ 3 _1
[ B 0)(O)lle < cean sluller ol (¢ /0 (t—s) %574 ds)
2) 1 3 1
< cey |yv||gT(/0 (1-0)totdo).

1
)

We can conclude the proof of the existence theorem by applying Picard fixed point theorem as
long as [lalle; < ﬂ and this is the case if |lug[z is small enough. The argument must be

4]
adapted a little if [|ugl|z is not small by adjusting 7" so that the result remains true. O
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4.1.2 Uniqueness

Theorem 4.3 (F. Weissler, 1981). Assume that n > 5. Let u1,up € €([0,T); LZ(Q)) be two
integral solutions of (4.1) for the same initial value ug € L2 (Q). Then u; = uy on [0,T].

Proof. With the same notations as in the previous proof, u; and ug are both solutions of the
equation
u=a+ B(u,u).

If we denote by v the difference between u; and us, then v must satisfy the equation
v = B(v,u + us),

with uy,ug,v € €([0,T]; L2 () and u1(0) = ug(0) = ug, v(0) = 0. To prove that v = 0 on
a small interval [0, 7] (which implies then that v = 0 on the whole interval [0,77]), we need
the following auxiliary lemma, which proof lies below, and this is where we use the maximal
regularity property for the Dirichlet-Laplacian in Lz Q).

Lemma 4.4. The bilinear operator
B:LI(0,T;L2(Q)) x €([0,T); L (Q)) — LI(0,T; L= (1))
is bounded for all q €]1, 00].
Let € > 0 be fixed. Choose ug. € €°(£2) such that
[uo — uoellz <e.
We decompose B(v,u; + ug) into three parts :
B(v,u1 + uz) = B(v,u1 + uz — 2ug) + 2B(v,up — uo¢) + 2B(v, ug¢).
We can estimate the first two parts thanks to Lemma 4.4. This gives then for any 7 €0, T
|B(v, u1 + ug — 2up)||
< Cllv]

L49(0,7;L % () (4.2)
La(0,m; L () (”“1 — 0l go,r.% o) T lIu2 = UOHC([OJ];L%(Q)))

and

| B(v, up — o) ) < Celv|| (4.3)

”Lq(o,nﬁ( La(0,5L3 ()"

Since |lu; — u0||c( — 0 as 7 — 0 for ¢ = 1,2, it remains to estimate the last part

0.71:L% () .
B(v,up.). Since ug. € €°(12), then vug € L9(0,7; L2 (€2)) and

1-1
1B(v, o))l < Mt~ fv]]

oo

La(o.mi2 % (U0

It is now obvious that || B(v,ug.)l|| — 0 as 7 — 0. Combining this last result with

La(0,m;L 3 ()
the estimates (4.2) and (4.3), we obtain that for ¢ and 7 small enough,

1
1B wr w2l oo it @) < 5 1ot @)

Since v is solution of v = B(v,u; + uz2) on [0,7], and then in particular on [0, 7], this implies
that v = 0 almost everywhere on [0, 7]. Since moreover v is continuous on [0, 7], we conclude
that v = 0 (everywhere) on [0, 7]. These arguments show that {¢ € [0,7];v = 0} is an open set
in [0,7] and by continuity of v, this set is also closed. Since it is not empty, it is necessarily
equal to the whole interval [0, 7] by connexity. O
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Proof of Lemma 4.4. For u € LI(0,T; Lz (Q)) and v € %([0,T]; LZ(Q)) the product uv is in
L9(0,T; L7 (f)). Therefore,

fit— A7 u(t)o(t)) € LY0,T; Lz (Q)).

Since the Dirichlet-Laplacian enjoys the maximal L?—regularity (see Proposition 3.2) in L3 (),
we have

t
1B ity = = A [ ATE= 95
< Cllul

L9(0,T;L 2 ()

Loorsed @) Ploqoris @)

the constant C' coming from the maximal LI—regularity property of A in Lz (Q). O

4.2 Uniqueness for the incompressible Navier-Stokes system

The (incompressible) Navier-Stokes system in the whole space R™ reads as follows

%—?—Au—{—Vﬂ—{—(u-V)u = 0 in ]0,T[xR"
divu = 0 in ]0,T[xR" (4.4)
u(0) = wy in R”

where
w:[0,T] xR" - R" and 7:[0,7]xR" =R

denote the velocity of a fluid and its pressure. The notation (u - V)v for u and v vector fields

n
stands for Z u;0;v. We assume that there is no external force. We can reformulate this system
i=1
in a functional analysis setting as follows. Let A be the operator with domain W?2P(R"; R") (for
a p €|1, 00l),
Au = P(—Au) where P = I + V(—A) " div,

[P is the Leray projection and is bounded in LP(R"™; R™) since the Riesz projections are bounded.
As in the case of the semilinear heat equation, there is a critical space for (N.S). In the scale
of Lebesgue spaces, the critical space here is L™ (R™;R"™), which means that if p > n, then the
nonlinearity (u-V)u appears as a “small” perturbation of the linear part P(—Au) and if p < n,
then the nonlinearity “wins”.

The existence of integral solutions of (4.4) (see Definition 4.5 below) for an initial condition
ug € L"(R™;R™) has been proved by T. Kato in 1984 in [23]. The proof is similar to the proof
of the existence of solutions for the semilinear heat equation (Theorem 4.2). A good reference
for this problem is the book by P.G. Lemarié-Rieusset [29].

Definition 4.5. We say that w is an integral solution of (4.4) with uy € L™(R™;R"™) with
divug =0 on [0, 7] if uw € €([0,T]; L"(R™; R™)) and u satisfies

u(t) = ePug — ]P’/Ot et=9)Ay . (u(s) ® u(s)) ds, te]l0,T],

where (em)tzo is the semigroup generated by the Laplacian denoted by A.
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Remark 4.6. (i) Since u is a divergence-free vector field, we have
(u-V)u= Zui&-u = Z@Z(uzu) =V (u®u),
i=1 i=1

which explains the form of u in Definition 4.5.

(43) In the previous definition, we want the semigroup (') to act on a distribution V(u ®
u) € W12, This makes sense since in the case of the whole space R"™, the heat semigroup
acts on all W*P(R", R"), s € R, p €]1, 00[.

Theorem 4.7 (T. Kato, 1984). Let uy € L™(R™;R") satisfy divug = 0. Then there ezists
T >0 and u € €([0,T]; L™(R™;R™) integral solution of (4.4). If ||uo||ln is small enough, then
the solution u is global (i.e. we can take T = c0).

Idea of the proof. The proof follows the line of the proof of Theorem 4.2 by working on the space
& = {u e Z([0, T): L"(R™ R™); divu = 0 in R" and
t s VIVu(t) € €(0,T); L”(R”;///n(R))},
endowed with the norm

lullez = sup fJu(t)lln + sup VE[Vu(t)[|s-
0<t<T 0<t<T
We are looking for u € Er solution of u = a + B(u,u) where B is defined by

B(u,v)(t) = —P /0 e(t_S)A(%V (u(s) @ v(s) +o(s) Suls) ) ds, 1€[0.T]  (45)

and a(t) = e"®ug, t € [0,T]. O

Theorem 4.8 (G. Furioli, P.G. Lemarié-Rieusset, E. Terraneo, 2000). Let uy,us be two integral
solutions of (4.4) for the same initial value ug € L™(R™; R™) satisfying divug = 0. Then u; = ug
on [0,T].

Proof. This result was first proved by G. Furioli, P.G. Lemarié-Rieusset and E. Terraneo in [18]
(see also the very nice review on the subject by M. Cannone [11]). The proof presented here is
based on [33] and of the same spirit as the proof of Theorem 4.3. The basic idea is to reformulate
the problem of uniqueness as to show that u = u; — ug is equal to zero on the interval [0, T].
The function u satisfies the equation v = B(u,u; + ug) where B is defined by (4.5) above. As
shown by F. Oru in her PhD-thesis, the bilinear operator

B :¢([0,T]; L"(R™;R")) x €([0, T]; L"(R"; R")) — ([0, T]; L"(R"; R™))

is not bounded. Had it been continuous, the proof of uniqueness of integral solution of the
Navier-Stokes system would have been straightforward. The idea of [18], in dimension n = 3,
was then to lower the regularity of the space L3(R3;R3) and consider a Besov space E instead
(or, as shown by Y. Meyer in [31], the weak L3 space, namely L3>°(R3; R3)) to obtain a bounded
bilinear operator B in €([0,T]; E) x €([0,T]; E).
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The proof of [33] relies on a slightly different idea : instead of weaken the regularity of
the space in the x—variable, we consider a Lebesgue space LP in time instead of the space of
continuous functions in time. As in the proof of Theorem 4.3, we write

u = B(u,u1 —ug) + B(u,ugs — ug) + 2B(u,up — uo ) + 2B(u, up )

where ug ¢ is chosen in €2°(R™;R™) close to ug in the L”—norm. To be able to show that u =0
on a small interval [0,7] (7 > 0) with the same method as in the proof of Theorem 4.3, we
only need a result on the same kind as Lemma 4.4, see Lemma 4.9 below. At that point, the
argument goes exactly as before. O

Lemma 4.9. The bilinear operator
B: LP(0,T; I"(R™;R™)) x €((0, T); L (R"; R™)) — LP(0, T; L"(R™; "))

is bounded for all p €]1,00[. More precisely, for all p €]|1,00[, there exists a constant ¢, > 0
such that for all w € LP(0,T; L™ (R™;R™)) and all v € €([0,T]; L"(R™;R™)), we have

| B(w, ) || o (0,137 (Rrsrny) < Cpllwll o o,m;n (R ey 10 | (j0, 7,27 (R 7)) -

Proof. To prove this lemma is exactly where the maximal LP—regularity property of the Lapla-
cian —A comes in. We rewrite B(u,v) as

Blu, )0 = B(-2) [ =08 LAY () ds

where [ = —%V (u®v+v®u). The only thing to prove is then that we can estimate (—A)~!f
in the LP(L™) norm with respect to the norm of w in LP(L"™) and the norm of v in ¢’ (L™). Indeed,
since we know that —A has the maximal LP—regularity property, this would imply the result.
We have by Sobolev embeddings

1(=A) " fllLom)

IN

CI=A) "l
C|’fHLp(W71:%)
Cllu®v+veu)|,

IN

IN

(L%)

IN

CllullLezmy vl

and therefore we have proved Lemma 4.9. ]
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5 Non-autonomous maximal regularity

In this section, we deal with non-autonomous problems of the form

W)+ Ault) = ft) t>s

w(s) = us, (5.1)

s > 0. Compared with the problems studied before, the difference is now that the operator
A itself depends on the time ¢. The main consequence is that the operators % and A do not
commute anymore. We will present here results without proofs (references for the proofs are

however given).

5.1 Coefficients regular in time

We will here assume that the operators {A(t),t € [0,7]} defined on a Banach space X are
uniformly (in ¢ € [0,7]) sectorial for all ¢ € [0,7T] (see Definition 6.9 below : this implies in
particular that —A(t) is the generator of an analytic semigroup in X for all ¢ € [0,7T]) and

satisfy the so-called Acquistapace-Terreni condition : there exist constants ¢ > 0, « € [0, 1] and
d €]0,1] such that

clt — s°

|a@ar+ a@)aw - A<S)*1]Hg<x> =T

(5.2)
holds for all ¢,s € [0,T] and A € g = {z € C\ {0}; |arg(z)| < m — 6}. This condition implies
in particular Holder continuity in time of ¢ — A(¢)~!. Let us point out that the Acquistapace-
Terreni condition allows however the domains D(A(t)) to depend on ¢. This condition has
been first used by P. Acquistapace and B. Terreni in [1] (and in a somewhat more abstract
form by R. Labbas and B. Terreni in [26] and [27]) to prove the existence of an evolution
family {U(t,s),t > s > 0} (for all t > s > 0, U(t,s) is a bounded operator in X) so that
u(t) = U(t, s)us, t > s, is the solution of (5.1) with f = 0. The general form of a solution of
(5.1) is then given by the formula

u(t) = U(t, s)us +/ U(t,r)f(r)dr.

Definition 5.1. We say that the family of operators {A(t),¢ € [0, 7]} has the maximal LP—re-
gularity property if for all f € LP(0,7T; X), there exists a unique solution u of (5.1) (with s =0
and ug = 0) satisfying v’ € LP(0,T; X) and

u(t) € D(A(t)) for a.a. t € [0,T] and t— A(t)u(t) € LP(0,T; X).

5.1.1 Independence with respect to p

As much as in the autonomous case (see Proposition 2.4), under the condition (5.2), the property
of maximal LP—regularity is independent of p €]1, col.

Theorem 5.2. Let X be a Banach space. Let o/ = {A(t),t € [0,T]} be a family of uni-
formly sectorial operators on X satisfying the Acquistapace-Terreni condition (5.2). Assume
that o/ enjoys the mazimal LP—regularity property for one p €]1,00[. Then </ has the mazimal
Li—regularity property for all q €]1, o0[.
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Reference for the proof. The proof of this theorem is due to M. Hieber and S. Monniaux and
can be found in [20], Theorem 3.1. The idea of the proof is to show that the condition (5.2)
implies a Hormander-type condition for the operator S defined by

Sf(t) = /O tA(t)e’(t’s)A(t) f(s)ds, tel0,T]

which is the singular part of the operator f +— A(-)u(-) for u the solution of (5.1) with s = 0 and
uog = 0. Therefore, applying Theorem (2.5), since S is bounded in LP(0,T; X) for one p €]1, 0o,
it is bounded in L?(0,7; X) for all ¢ €]1, oo]. O

5.1.2 The case of Hilbert spaces

Theorem 5.3. Let X = H be a Hilbert space. Let o/ = {A(t),t € [0,T]} be a family of
uniformly sectorial operators on H satisfying the Acquistapace-Terreni condition (5.2). Then <f
enjoys the mazximal LP—regularity property for all p €]1, 00].

Reference for the proof. The proof is due to M. Hieber and S. Monniaux and can be found in
[20], Theorem 3.2. It appears as a corollary of Theorem 5.4 and Theorem 5.2 below with the
symbol a defined by

A0)(iTI + A(0)) 7L, t <0,
a(t,7) =< A@)(itI + A(t))™, t €[0,T],
A(T) (Tl + A(T))" 4t > T.

Indeed, it suffices to show that a satisfies the conditions of Theorem 5.4 to get the maximal
L?—regularity property of &/ and it remains to apply Theorem 5.2 to obtain the maximal
LP—regularity property for all p €]1, ool. O

Theorem 5.4. Let H be a Hilbert space and a € L*°(R x R; £ (H)) such that & — a(z,§) has
an analytic extension (with values in £ (H)) in Sy = {£z € C;|arg(z)| < 0} for one 0 €]0, 5|
and

sup sup ||a(z, 2)|| ¢y < oo.
z€Sy TR

Let u € ./(R; H) and define
_ 1 1x€ ar
Op(a)u(x) = Wi /Re a(xz, &) F (u)(&)d, xeR.

Then Op(a) extends to a bounded operator on L*(R; H).

Reference for the proof. The proof of this theorem is due to M. Hieber and S. Monniaux, The-
orem 2.1 in [20]. This can be viewed as a parameter dependent version of the Fourier-multiplier
theorem in Hilbert spaces. O
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5.1.3 The case of UM D—spaces

A version of Theorem 5.4 was proved by P. Portal and Z. Strkalj in UM D—spaces [37]. This
allows to prove the following result, similar to Theorem 5.3 in the case of UM D—spaces (see
also [40] in the autonomous case). The idea is to replace boundedness of the resolvent in the
case of a Hilbert space with R—boundedness of the resolvent in the case of a Banach space with
the UM D—property.

Definition 5.5. Let X be a Banach space. Let & = {A(t),t € [0,T]} be a family of uniformly
sectorial operators on X. We say that <7 is a family of uniformly R—sectorial operators on X
if it satisfies

R({(l IO + AL e sy te [o,T]}) < o0,

where the R—bound of a set of bounded operators 7, R(7), has been defined in Section 2
(Definition 2.12).

Theorem 5.6 (Portal-Strkalj, 2006). Let X be a UM D—space. Let o/ = {A(t),t € [0,T]} be
a family of uniformly R—sectorial operators on X satisfying the Acquistapace-Terreni condition
(5.2). Then </ enjoys the maximal LP—regularity property for all p €]1,00].

Reference for the proof. The proof of this result can be found in [37], Section 5 (Corollary 14).
O

5.2 Sufficient conditions

5.2.1 Non commutative Dore-Venni theorem

The first theorem about maximal regularity in the non-autonomous setting was proved by
S. Monniaux and J. Priiss in 1997 ([34]) and is a generalization of the theorem of Dore-Venni
(see Theorem 6.13 below) when the operator A depends on ¢ and satisfies a condition of the
type Acquistapace-Terreni (5.2).

Theorem 5.7. Let X be a UM D—Banach space. Let o7 = {A(t),t € [0,T]} be a family of
uniformly sectorial operators with bounded imaginary powers on X satisfying the Acquistapace-
Terreni condition (5.2) such that

1 . s
sup sup< — In||A(#)" €10,=1.
sl Ao <]

Then </ enjoys the mazimal LP—regularity property for all p €]1, ccl.

Reference for the proof. This result is due to S. Monniaux and J. Priiss and its proof, in a
slightly more general setting, can be found in [34], Theorem 1. Remark that in particular, the
bound on {A(t)*, s € R} implies by Theorem 6.13 that every operator A(t) has the property of
maximal LP—regularity. O

5.2.2 Heat-kernel bounds

The result presented here is a generalization of Theorem 3.3 in a non-autonomous setting.
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Theorem 5.8. Let Q C R™ and o = {A(t),t € [0,T]} be a family of unbounded operators de-
fined on L*(Q) such that —A(t) generates an analytic semigroup in L*(). We assume moreover
that o/ satisfies the Acquistapace-Terreni condition (5.2) in L?(Y) and that for all t € [0,T],
the semigroup (e*SA(t))szo has a kernel pi(s, x,y) with uniform Gaussian upper bounds, or more
precisely,

e A f(a) = / pi(s,z,y)f(y)dy, z€Q, te0,T], 5s>0,
Q
and there exist constants c¢,b > 0 (independent of t) such that
pe(s,2,y)| < eg(bs,x,y), z,y€Q, t€(0,T], s>0,

where g was defined in Theorem 3.3. Then &/ enjoys the maximal LP—regularity property in
L) for all p,q €]1, 00].

Reference for the proof. This result is due to M. Hieber and S. Monniaux and its proof, though
in a slightly more general setting, can be found in [19], Theorem 1. Remark that in particular,
the Gaussian bound for p; implies by Theorem 3.3 that every operator A(t) has the property of
maximal LP—regularity. O

5.3 Domains constant with time

The case where the domains D(A(t)) of the operators A(t), t € [0,7] do not depend on ¢, i.e.
D(A(t)) = D C X, was investigated by J. Priiss and R. Schnaubelt in [38], H. Amann in [2],
in view of applications to quasi-linear evolution equations in [3], and by W. Arendt, R. Chill,
S. Fornaro and C. Poupaud in [5].

5.3.1 The abstract result

To state the result in its full generality, we need to define the notion of relative continuity.

Definition 5.9. A function A : [0,7] — £(D,X) is called relatively continuous if for each
t € [0,7] and all € > 0 there exist § > 0 and 1 > 0 such that for all z € D,

[A()x — A(s)z|x <ellzlp+nllelx
holds for all s € [0,T] with |t — s| < 4.

Theorem 5.10. Let A : [0,T] — Z(D,X) be strongly measurable and relatively continuous.

Assume that A(t) has the mazimal LP—regularity property for all t € [0,T]. Then for each

x € (X, D)Lp and f € LP(0,T;X) there exists a unique solution u of (5.1) satisfying u €
p/7

LP(0,T; D) N WP(0,T; X).
References for the proof. This theorem was first proved by J. Priiss and R. Schnaubelt in the
case where A : [0,T] — Z(D, X) is continuous (Theorem 2.5 of [38] ; see also Theorem 7.1 of

[2]). They proved in particular that the hypotheses of the theorem imply the existence of an
evolution family {U(t,s),0 < s <t < T}. The condition z € (X, D).  is to compare with
p/ P

Remark 2.3. The theorem, in its full generality as stated above, is due to W. Arendt, R. Chill,
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S. Fornaro and C. Poupaud (Theorem 2.7 of [5]). They also proved the existence of an evolution
family {U(t,s),0 < s <t < T} and the solution u of (5.1) is given by

u(t) = U(t, s)us +/ Ul(t,r)f(r)dr,
for ¢t € [s,T]. O

5.3.2 Application to quasi-linear evolution equations

Non-autonomous maximal regularity results seem to be a good starting point to study quasi-
linear evolution equations. This has been thoroughly studied by H. Amann (see e.g. [3]). The
problem is the following : find a solution w of

v + A(u)u = F(u) on [0,T], u(0) = uo, (5.3)

with “reasonable” conditions on v — A(u) and u +— F(u). The idea to treat this problem is to
apply a fixed point theorem on the map

vi—u, where u/'(t) + A(v(t))u(t) = F(v(t)), t € [0,T], u(0) = uy. (5.4)

The problem is of course to find a suitable Banach space in which one can apply the fixed point
theorem, i.e. for which the solution of (5.4) has the best possible regularity properties, such as
maximal regularity. The situation studied in [3] is the following. Let

&, = LP(0,T; D) N WP(0,T; X)

be the space associated to maximal LP—regularity for (5.4). The operators A(u) and the function
F satisty, for all u € &,

A(u) € L>(0,T; £(D, X)) and F(u) € LP(0,T; X).

It is also assumed that the restriction of (A(u), F'(u)) on a subinterval J depends only on the
restriction of w on the interval J (i.e. A and F' are Volterra maps).

Theorem 5.11. Under the above assumptions, the problem (5.3) has a unique mazimal solution.

Proof. Reference for the proof This result is due to H. Amann, Section 2, [3]. O
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6 Appendix

We collect here some of the results used in the previous sections, mostly without proofs, but
with references where they can be found.

6.1 Interpolation of operators

Theorem 6.1 (Riesz-Thorin theorem). Let (X, X, ) and (Y,),v) be two fized measure spaces.
Let 1 < po,p1,q0,q1 < 00 and 6 €]0,1[. Let

T:LP(X)+ LP(X) — LY(Y) + L7 (Y)
be a linear operator such that there exist two constants cg,c1 > 0 with
|7 fllpa vy < cill flloeix),  for all f € LP(X), i =0,1.

Then for all f € LP?(X), we have

1T flLao vy < coll fllzeo (x),

1-6 0

1 16,6 1 _10_, 6 _
=0 T andco=cy ey

where — = =% + -~
Do Po +P1’f10

References for the proof. A proof for this theorem can be found in [8], Theorem 1.1.1. Another
nice reference is Terence Tao’s lecture on this subject [39], Theorem 3. O

Definition 6.2. A sublinear operator 7' from a measure space (X, X, 1) to a measure space
(Y, ), v) maps simple functions f : X — C of finite measure support in X to nonnegative-valued
functions on Y (modulo almost everywhere equivalence) obeying the homogeneity relationship

T(cf)=|e|Tf foralceC

and the pointwise bound
T(f +9)l <ITf]+[Tyl,

for all simple functions f, g of finite measure support.

Remark 6.3. If S is a linear operator, then T' = | S| is sublinear.

Definition 6.4. 1. A linear or sublinear operator from X to Y is said to be of strong type
(p, q) if there exists a constant ¢ > 0 such that

1T fllLaqyy < el flleex), V€ LP(X).

2. A linear or sublinear operator from X to Y is said to be of weak type (p, q) if there exists
a constant ¢ > 0 such that

sup |10y € V5T 2 0)"| < ellfliscry. 71 € 22C0)
>0

Theorem 6.5 (Marcinkiewicz interpolation theorem). Let 1 < pg,p1,q0,q1 < 0o and 6 €]0, 1]
such that qo # q1 and p; < q; fori=0,1. Let T be a sublinear operator of weak type (po, qo) and

of weak type (p1,q1). Then T is of strong type (pg,qg) where % = 1p;09 + pil and é = 1;09 + (;%.
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References for the proof. A proof for this theorem can be found in [8], Theorem 1.3.1. Another
nice reference is Terence Tao’s lecture on this subject [39], Theorem 4. O

Theorem 6.6 (Mihlin multiplier theorem). In the case where X and Y are both Hilbert spaces,
if M : R\ {0} — Z(X,Y) satisfies for some constant C' > 0,

IM#)| 2xyy<C  and  tM'(t)||#x,yy < C  forallt € R\ {0}
then M is a Fourier multiplier (see Definition 2.11) in LP(R; X) for all p €]1, c0].

References for the proof. Section 6.1 of [8]. O

6.2 Calderén-Zygmund theory

Theorem 6.7 (Calderén-Zygmund decomposition). Let f € L*(R™) and fit A > 0. Then the
following decomposition for f holds. We can write f = g+ Y by, where

(7) |g] < 2"\ almost everywhere ;

(@) llglls + 22 [1bxlls < 3l £l 5

(1it) there exists a family of disjoint cubes (Qp)ken of R™ such that

1
supp by C Qy;, /bk =0 and > Qx| < | f]1-
k

Proof. Let f € L'(R") and fix A > 0. We may assume | f|[1 = 1. We decompose R" into cubes
of measure § : R" = J,,, Qo.m- Then we have for all m

: /
= | flde < Mlflh= A
’Qo,m| QO,m

We then decompose each cube Qo,m into cubes of measure ﬁ We denote by (Q1,m)m all cubes

for which )

- If| dz > .
‘Ql’m’ Ql,m

The other cubes are denoted by QLm. We repeat this operation with these cubes Ql,m and
obtain cubes (Q2,)m of measure ﬁ for which

1

AT |fldz > A,
‘QQ,m’ Q2,m

the remaining cubes beeing denoted by ngm. After a countable number of steps, we obtain a
family of cubes (Qjm);jmen renamed as (Qk)ren. We now define by, as by, = (f — mq, (f))XQs

with the notation .
mq(f) = Q|/Qfd9€-

9:f—zbk-
%

We denote by g the quantity
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It remains to show that g and the by’s satisfy the conditions (i), (i7) and (ii7) of the theorem.
First, if x € R™ \ U, Qk, then for all j € N, there exists m € N such that x € Q;n,. By
construction, we have

25 [, Ml @)

if x is a Lebesgue point of f. If z € Qp for one k € N, then
Qx|

9(z)] = [mq, ()] < o= 27\,

All together, this gives (i) since the set of non Lebesgue points of f is of measure zero. Again
by construction, we have

suppbr C Qr  and / b = 0.
Qk

Moreover, we have ‘Q—lﬂ Jo, |fI > A Therefore |Q| < %ka |f]. Since the cubes Qj are disjoint,

this gives
1 1 1
< — < — = — .
§:|Qk|_§jA/Q <5 [ =50
k k k

This proves (iii). Finally, we have ||g|l1 < [[f]l1 and ||bg|[1 < 2ka |f| for all £ € N, and this

gives (ii). O

Remark 6.8. The Calderén-Zygmund decomposition works also in a measurable space (E, u, d)
of homogeneous type where p is a o—finite measure and d is a quasi-metric, i.e. there exists a
constant ¢ > 0 such that for any ball B = {y; d(z,y) < r}, if we write 2B the ball with the same
center and 2 times the radius of B, it holds u(2B) < cu(B).

6.3 Bounded imaginary powers

Definition 6.9. A (linear) operator A on a Banach space X is sectorial if it is closed, densely
defined, has empty kernel, dense range R(A) and verifies

sup ||¢(tT + A)_ng(X) < 0.
t>0

Let x € D(A) N R(A). Then one can define for z € C, |Re(z)| < 1

Wow — Sinﬂz(g_ 1
T \z 14z

1
A1x+/ YA+ At AT e dt
0
+/ tz_l(tl—l—A)_ledt).
1

We are now in position to give the definition of operators with bounded imaginary powers.

Definition 6.10. A sectorial operator on a Banach space X has bounded imaginary powers if
the closure of the operator (A%, D(A) N R(A)) defines a bounded operator on X for all s € R

and if sup HA“HgQQ < 0.
[s|<1
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Remark 6.11. If A admits bounded imaginary powers, then (A%),cr forms a strongly continuous
group on X.

Remark 6.12. Conversely, it has been proved in [32] that a given strongly continuous group with
type strictly less than 7 on a UM D—Banach space can be represented as the imaginary powers
of a sectorial operator, called its analytic generator.

In the class of UM D—spaces, a positive result for operators having bounded imaginary
powers has been proved by G. Dore and A. Venni.

Theorem 6.13 (Dore-Venni, 1987). Let X be a Banach space in the UM D—class. Let A be
an operator with bounded imaginary powers (see Definition 6.10) for which the type of the group
(A®)er is strictly less than 5. Then A has the mazimal LP—regularity property.

Idea of the proof. The idea is to show that A+ B with domain D(A) N D(B) is invertible, where
D(A) = L2(0, 00; D(A)), (Au)(t) = Au(t), t >0

and
D(B) = H}(0,00; X), Bu =1/

The operator A has bounded imaginary powers with angle strictly less than § and the operator
B has bounded imaginary powers with angle 5. We define then, for ¢ €]0, 1],

1 c+100 A—sz—l

- dz.
2% “

c—ico  SInTZ

The purpose is to show that BS is bounded and that S = (A+ B)~!, and this is done by letting
¢ — 07 and taking into account that the Hilbert transform is bounded in L?(R; X).

Another (shorter) proof uses the result presented in Remark 6.12 by showing that the group
(A7 B)cr has a sectorial analytic generator. O
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quasi-linear evolution equation, 31, 32

38

Robin boundary conditions, 15

sectorial operator, 28, 35

semi-linear heat equation, 22

semi-linear heat equation, existence, 22
semi-linear heat equation, uniqueness, 24

transference principle, 13

Volterra map, 32



References

[1]

2]

P. Acquistapace and B. Terreni, A wunified approach to abstract linear nonautonomous
parabolic equations, Rend. Sem. Mat. Univ. Padova 78 (1987), 47-107.

H. Amann, Mazimal reqularity for nonautonomous evolution equations, Adv. Nonlinear
Stud. 4 (2004), no. 4, 417-430.

, Quasilinear parabolic problems via maximal reqularity, Adv. Differential Equations
10 (2005), no. 10, 1081-1110.

W. Arendt, Semigroups and evolution equations: functional calculus, reqularity and ker-
nel estimates, Evolutionary equations (Amsterdam), Handb. Differ. Equ., vol. 1, North-
Holland, 2004, pp. 1-85.

W. Arendt, R. Chill, S. Fornaro, and C. Poupaud, LP—mazximal regularity for non-
autonomous evolution equations, J. Differential Equations 237 (2007), no. 1, 1-26.

P. Auscher, S. Hofmann, M. Lacey, A. M°Intosh, and P. Tchamitchian, The solution of the
Kato square root problem for second order elliptic operators on R™, Ann. of Math. (2) 156
(2002), no. 2, 633-654.

A. Benedek, A.P. Calderén, and R. Panzone, Convolution operators on banach space valued
functions, Proc. Nat. Acad. Sci. 48 (1962), 356-365.

J. Bergh and J. Lofstrom, Interpolation spaces. an introduction, Grundlehren der Mathe-
matischen Wissenschaften, no. 223, Springer-Verlag, Berlin-New York, 1976.

J. Bourgain, Some remarks on banach spaces in which martingales difference sequences are
unconditional, Ark. Math. 22 (1983), 163-168.

D.L. Burkholder, A geometric condition that implies the existence of certain singular inte-
grals of banach-space-valued functions, Conference on harmonic analysis in honor of Antoni
Zygmund, Vol. I, IT (Chicago, Ill., 1981) (Belmont, CA), Wadsworth Math. Ser., Wadsworth,
1983, pp. 270-286.

M. Cannone, MR1813331 (2002j:76036), Math. Reviews (2002), available at
http://www.ams.org/mathscinet/pdf/1813331.pdf.

T. Coulhon and X.T. Duong, Maximal reqularity and kernel bounds: observations on a
theorem by Hieber and Priiss, Adv. Differential Equations 5 (2000), 343-368.

T. Coulhon and D. Lamberton, Régularité LP pour les équations d’évolution, Séminaire
d’Analyse Fonctionelle 1984/1985, no. 26, Publ. Math. Univ. Paris VII, 1986, pp. 155-165.

E. B. Davies, Heat kernels and spectral theory, Cambridge University Press, 1989.

L. de Simon, Un’applicazione della teoria degli integrali singolari allo studio delle equazioni
differenziali lineari astratte del primo ordine, Rendiconti del Seminario Matematico della
Universita di Padova 34 (1964), 205-223.

39



[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[30]

[31]

[32]

G. Dore and A. Venni, On the closedness of the sum of two closed operators, Math. Z. 196
(1987), 189-201.

X.T. Duong and A. M¢Intosh, Singular integral operators with mon-smooth kernels on ir-
regular domains, Rev. Mat. Iberoamericana 15 (1999), 233-265.

G. Furioli, P.G. Lemarié-Rieusset, and E. Terraneo, Unicité dans L3(R3) et d’autres espaces
fonctionnels limites pour navier-stokes, Rev. Mat. Iberoamericana 16 (2000), 605-667.

M. Hieber and S. Monniaux, Heat-kernels and maximal LP — L9—estimates: the non-auto-
nomous case, J. Fourier Anal. Appl. 6 (2000), no. 5, 467-481.

, Pseudo-differential operators and maximal regularity results for non-autonomous
parabolic equations, Proc. Amer. Math. Soc. 128 (2000), no. 4, 1047-1053.

M. Hieber and J. Priiss, Heat kernels and mazimal LP — L9 estimates for parabolic evolution
equations, Comm. Partial Differential Equations 22 (1997), 1647-1669.

N.J. Kalton and G. Lancien, A solution to the problem of LP —mazimal regularity, Math. Z.
235 (2000), 559-568.

T. Kato, Strong LP—solutions of the navier-stokes equation in R™, with applications to weak
solutions, Math. Z. 187 (1984), 471-480.

P.C. Kunstmann, On mazimal reqularity of type LP — L1 under minimal assumptions for
elliptic non-divergence operators, J. Funct. Anal. 255 (2008), 2732-2759.

P.C. Kunstmann and L. Weis, Maximal LP—regularity for parabolic equations, fourier mul-
tiplier theorems and H® —functional calculus, Functional analytic methods for evolution
equations (Berlin), Lecture Notes in Math., no. 1855, Springer, 2004, pp. 65-311.

R. Labbas and B. Terreni, Somme d’opérateurs linéaires de type parabolique. I, Boll. Un.
Mat. Ital. B (7) 1 (1987), no. 2, 545-569.

__, Sommes d’opérateurs de type elliptique et parabolique. II. Applications, Boll. Un.
Mat. Ital. B (7) 2 (1988), no. 1, 141-162.

D. Lamberton, E’quatz’ons d’évolution lin€aires associées a des semi-groupes de contractions
dans les espaces LP, J. Funct. Anal. 72 (1987), 252-262.

P.G. Lemarié-Rieusset, Recent developments in the Navier-Stokes problem, Chapman &
Hall/CRC Research Notes in Mathematics, vol. 431, Chapman & Hall/CRC, Boca Raton,
FL, 2002.

A. Lunardi, Analytic semigroups and optimal reqularity in parabolic problems, Progr. Non-
linear Differential Equations Appl., no. 16, Birkh&user, Basel, 1995.

Y. Meyer, Wawvelets, paraproducts, and Navier-Stokes equations, Current developments in
mathematics, 1996 (Cambridge, MA), Int. Press, Boston, MA, 1997, pp. 105-212.

S. Monniaux, A new approach to the Dore-Venni theorem, Math. Nachr. 204 (1999), 163—
183.

40



[33]

, Uniqueness of mild solutions of the Navier-Stokes equation and mazximal LP—regu-
larity, C. R. Acad. Sci. Paris Sér. I Math. 328 (1999), 663-668.

S. Monniaux and J. Priiss, A theorem of the Dore-Venni type for noncommuting operators,
Trans. Amer. Math. Soc. 349 (1997), no. 12, 4787-4814.

E.M. Ouhabaz, Gaussian upper bounds for heat kernels of second-order elliptic operators
with complex coefficients on arbitrary domains, J. Operator Theory 51 (2004), no. 2, 335
360.

, Analysis of heat equations on domains, London Mathematical Society Monographs
Series, vol. 31, Princeton University Press, Princeton, NJ, 2005.

P. Portal and Z. Strkalj, Pseudodifferential operators on Bochner spaces and an application,
Math. Z. 253 (2006), no. 4, 805-819.

J. Priiss and R. Schnaubelt, Solvability and mazimal regularity of parabolic evolution equa-
tions with coefficients continuous in time, J. Math. Anal. Appl. 256 (2001), no. 2, 405-430.

T. Tao, 245C, Notes 1 : Interpolation of LP—spaces, available at http://terrytao.
wordpress.com/2009/03/30/245c-notes-1-interpolation-of-lp-spaces/.

L. Weis, Operator-valued fourier multiplier theorems and maximal LP—regularity, Mathe-
matische Annalen 319 (2001), 735-758.

F. Weissler, FExistence and nonexistence of global solutions for a semilinear heat equation,
Israél J. Math. 38 (1981), 29-40.

41



