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ABSTRACT. Recently, Auscher and Axelsson gave a new approach to non-
smooth boundary value problems with L? data, that relies on some appropriate
weighted maximal regularity estimates. As part of the development of the cor-
responding LP theory, we prove here the relevant weighted maximal estimates
in tent spaces T?+2 for p in a certain open range. We also study the case p = co.

1. Introduction. Let —L be a densely defined closed linear operator acting on
L?(R™) and generating a bounded analytic semigroup (e~*L);>o. We consider the
maximal regularity operator defined by

t
Myf(t,z) = /0 Le =90 f (s, )(x)ds,

for functions f € C.(Ry x R™). The boundedness of this operator on L%(R, x R™)
was established by de Simon in [16]. The LP(Ry x R"™) case, for 1 < p < oo, turned
out, however, to be much more difficult. In [10], Kalton and Lancien proved that
M, could fail to be bounded on LP as soon as p # 2. The necessary and sufficient
assumption for L? boundedness was then found by Weis [17] to be a vector-valued
strengthening of analyticity, called R-analyticity. As many differential operators
L turn out to generate R-analytic semigroups, the LP boundedness of My has
subsequently been successfully used in a variety of PDE situations (see [14] for a
survey).

Recently, maximal regularity was used in a different manner as an important
tool in [2], where a new approach to boundary value problems with L? data for
divergence form elliptic systems on Lipschitz domains, is developed. More precisely,
in [2], the authors establish and use the boundedness of My, on weighted spaces
L?*(R, x R™;tPdtdr), for certain values of 8 € R, under the additional assumption
that L has bounded holomorphic functional calculus on L?(R™). This additional

2000 Mathematics Subject Classification. 47D06, 47A60, 42B37, 42B35, 42B20.
Key words and phrases. Maximal regularity, tent spaces, singular integral operators, off-
diagonal estimates.

2213


http://dx.doi.org/10.3934/cpaa.2012.11.2213

2214 PASCAL AUSCHER, SYLVIE MONNIAUX AND PIERRE PORTAL

assumption was removed in [3, Theorem 1.3]. Here is the version when specializing
the Hilbert space to be L?(R").

Theorem 1.1. With L as above, M, extends to a bounded operator on L*(Ry x
R™; tPdtdz) for all f € (—o0,1).

The use of these weighted spaces is common in the study of boundary value
problems, where they are seen as variants of the tent space T2?2 which occurs for
B = —1, introduced by Coifman, Meyer and Stein in [6]. For p # 2, the corre-
sponding spaces are weighted versions of the tent spaces TP2, which are defined,
for parameters § € R and m € N, as the completion of C.(R; x R™) with respect
to

) p \7
ztm 2 2
gl 7p.2.m (8 dtay) = (/ / / = Blatm) 7 |g(t,y)| tﬁdydt) de |
n 0 n m

the classical case corresponding to 8 = —1, m = 1, and being denoted simply
by TP2. The parameter m is used to allow various homogeneities, and thus to
make these spaces relevant in the study of differential operators L of order m. To
develop an analogue of [2] for LP data, we need, among many other estimates yet
to be proved, boundedness results for the maximal operator My on these tent
spaces. This is the purpose of this note. Another motivation is well-posedness of
non-autonomous Cauchy problems for operators with varying domains, which will
be presented elsewhere. In the latter case, My can be seen as a model of the
evolution operators involved. However, as M, is an important operator on its own,
we thought interesting to present this special case alone.

In Section 3 we state and prove the adequate boundedness results. The proof
is based on recent results and methods developed in [9], building on ideas from [5]
and [8]. In Section 2 we recall the relevant material from [9].

2. Tools. When dealing with tent spaces, the key estimate needed is a change of
aperture formula, i.e., a comparison between the 772 norm and the norm

1
> 1B x,at (y) Zdydt g v
gl g2 == (/ (/0 /n (tin) l9(t,y) T) dr)

for some parameter ov > 0. Such a result was first established in [6], building on
similar estimates in [7], and analogues have since been developed in various contexts.
Here we use the following version given in [9, Theorem 4.3].

Theorem 2.1. Let 1 < p < oo and o > 1. There exists a constant C > 0 such
that, for all f € TP2,

I £llzee < [fllzze < O+ loga)a™ | fizwe,
where T = min(p,2) and C depends only on n and p.

Theorem 2.1 is actually a special case of the Banach space valued result obtained
in [9]. Note, however, that it improves the power of o appearing in the inequality
from the n given in [6] to 2. This is crucial in what follows, and has been shown

to be optimal in [9].
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m(ﬁ+1)

Applying this to (t,y) — ¢
result, where

1
) N
Bwatm 2 2
||g||Tp2m<tﬁdtdy</ ([ [ 2o Py o

Corollary 2.2. Letl <p<oo,meN, a>1, and B € R. There exists a constant
C > 0 such that, for all f € TP>™(tPdtdy),

f(t™,y) instead of f, we also have the weighted

Hf”TT”zvm(tﬁdtdy) < ||f||T£’2’7n(tﬁdtdy) < C(l + log a)an/T||fHTP=2ﬂn(thtdy)a

where 7 = min(p, 2) and C depends only on n and p.

To take advantage of this result, one needs to deal with families of operators,
that behave nicely with respect to tent norms. As pointed out in [9], this does not
mean considering R-bounded families (which means R-analytic semigroups when
one considers (tLe~'F);>0) as in the LP(R; x R") case, but tent bounded ones,
i.e. families of operators with the following L? off-diagonal decay, also known as
Gaffney-Davies estimates.

Definition 2.3. A family of bounded linear operators (1;);>o C B(L?(R™)) is said
to satisfy off-diagonal estimates of order M, with homogeneity m, if, for all Borel
sets E,F CR" all t > 0, and all f € L2(R"):

dist(E, F)™\ -
lemirfls 5 (1+ EHEDT)

In what follows || - || denotes the norm in L?(R™).

M
I1F fll2-

As proven, for instance, in [4], many differential operators of order m, such as
(for m = 2) divergence form elliptic operators with bounded measurable complex
coefficients, are such that (tLe 'L),>( satisfies off-diagonal estimates of any order,
with homogeneity m. This condition can, in fact, be seen as a replacement for the
classical gaussian kernel estimates satisfied in the case of more regular coefficients.

3. Results.

Theorem 3.1. Let m € N, 8 € (—o0,1), p € (m,oo) N (1,00), and 7 =

min(p,2). If (tLe tF);>o satisfies off-diagonal estimates of order M > -, with

T’

homogeneity m, then My, extends to a bounded operator on TP>™(tPdtdy).

Proof. The proof is very much inspired by similar estimates in [5] and [9]. Let
f €. (Ry xR™). Given (t,z) € Ry x R", and j € Z,, we consider

i t) = B(x,t)if j =0,
) B, 274)\B(x, 277 1) otherwise.

o0 o0 o0
We write | Mg fllre2 < > > I+ Y Jj where
k=1j=0

27 k¢ 9 » %
(/ // M)(w dx)

(NS}
<=

t
()L 5
/5 Leb(1, (s )y )ds‘ P dydr)
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Fixing j > 0, £ > 1 we first estimate I, ; as follows. For fixed x € R",

[ee] 27 k¢ 2
Le~(t=9L(1 Ny)d ’ 185 dy dt
A /B(:L’,trln)’/let € ( Cj(l‘,4t%)f(s7 ))(y) S Yy
</OO/ (/M (t = s)Le”7E(1 15, )W) o )Qtﬂ‘Ld dt
“Jo  JBtr) Na-k-1y Oy (watmy! SN T y
oo 27kt ) .
< / / 2*’%( / =) Lem T, f(s ) ()] dy) t# 2 dsdt
0 o—k—1¢ B(z,tm) Cj(x,4tm)

oo 27kt L 9imy\ —2M 2 gn_y
S’/o /Hflt ’ (1 T s) HlB(w,w“t%)f(S’ Iy #77 ds dt
2kh+lg

oo
—ko—2jmM -1 I
<o ko2 /O ( /2 ¢ dt) |1y ko F5:) [ s

o0
k(41— —94 2 _n
SemHGEH=R) 2JmM/0 HlB(w,2j+%+3 i)f(s")stﬂ mds.

sm

In the second inequality, we use Cauchy-Schwarz inequality for the integral with
respect to ¢, the fact that t — s ~ t for s € Up>1[27%71¢,27%¢] C [0, ] and Fubini’s
theorem to exchange the integral in ¢t and the integral in y. The next inequality
follows from the off-diagonal estimate verified by (t — s)Le~ (=)L and again the

fact that ¢t — s ~ t. By Corollary 2.2 this gives

Ik,j S (J + k)2ik(%(%+176)7#)Qﬂ(mMi%)||f||TP,2,m(tﬁdtdy)a

o] oo

where 7 = min(p, 2). It follows that Y > I ; S I|fllre2m@sdiay) since M > 2
k=1;=0

and 2 +1—08 > % (Note that for p > 2, this requires 5 < 1).

m

We now turn to Jy and remark that Jy < (f]Rn Jo(x)%d:r)%, where

Jo(m)_/ooo/n

(= 45;)(y)f(s, y). The inside integral can be rewritten as

t 2 "
/Le*(t*S)L(g(sf)(y)ds‘ P~ dy dt
5
with g(s,y) = 1,

t t
MLg(tv ) - eiéLMLg(iv )

As My, is bounded on L?(Ry x R*;t#~wdydt) by Theorem 1.1 and (e~L);> is
uniformly bounded on L?(R"™), we get

2

B@) S [ g Flo s R
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We finally turn to Jj;, for j > 1. For fixed x € R",

oo t ) .
/0 /n 1B(z,t%)(y)‘/i Le_(t_S)L(lcj(x,z;s%)f(Sa-))(y)dS‘ P dy dt
2

< ” 1 t t— s\ Le 9L (1 ds Qtﬁ_ld ”
=) J B(@,t%>(y>( %|( —s)Le (Cj(IAS#)f(SP))(y)’E) % dy
< &0 1 t i VL9 (] 2 ds AR
S L Y W) %\( —OLECI L DO y

oo pt ;

2\ =M 2 gon
g/o /ﬁ(tis) <1+ t—s) g iy F 5 |7 st
2

oo 2s im
. 27N\ —2 2 g on
m(2M—-2 —2
gTj ( ) /O </ S(t*s) (1+7t s ) dt) ||1B(:E,2j+25771l)f(s’ .)||28 m ds

S

o0
e A L O

where we have used Cauchy-Schwarz inequality in the second inequality, the off-
diagonal estimates and the fact that s < ¢ in the third, Fubini’s theorem and the
fact that s > % in the fourth, and the change of variable o = ﬁ in the last. An
application of Corollary 2.2, then gives

Jj 27 MG | fllgwam wanay) = 527N flleam @ aiay)

and the proof is concluded by summing the estimates. O

An end-point result holds for p = co. In this context the appropriate tent space
consists of functions such that |g(t, y)|2@ is a Carleson measure, and is defined
as the completion of the space €. (R} x R™) with respect to

dydt
s MGl
(x, R"XR+ (z,r)

We also consider the weighted version defined by

||g||§“°°’27m(tﬁdtdy) = sup rfﬁ\/ / |g t y |2t5dydt
(I,T)ER”XR+ z 'r’m,

Theorem 3.2. Let m € N, and B € (—o0,1). If (tLe 'F);>0 satisfies off-diagonal
estimates of order M > 5, with homogeneity m, then My extends to a bounded
operator on T°>™ (t8dtdy).

Proof. Pick a ball B(z, 7w ). Let

:/ , / (ML)t 2) "t dadt.
B(z,rm) JO

We want to show that I? <7 || f[17. 4 gya)- We set

:/ . /|(Mij)(t,x)\2tﬁdxdt
B(z,rm) J0
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where f;(s,x) = f(s,o:)lc (4 ;)(m)l(oﬁ)(s) for j > 0. Thus by Minkowsky in-
5 (z,4rm

equality, I < ) I;. For I, we use again Theorem 1.1 which implies that My is
bounded on L?(R; x R™, t?dxdt). Thus

B[ [P st S o s ooy
B(z,4rm) JO

Next, for j # 0, we proceed as in the proof of Theorem 3.1 to obtain

e} r Q’kt
S
k—1/0 J27k-1t

vt ) I\ —2M )
+/ / t(t —s)” (1+t S) £ (s, )| 22tPds dt.
0o Ji -

Exchanging the order of integration, and using the fact that t ~ ¢ — s in the first
part and that ¢ ~ s in the second, we have the following.
2k+1

B Yt [0 L e, s
r 2s j
2IMyp\ —2M
—g)2 . 2 B
[ = (1 )T I st
2k
I R TAT2

// (1+27m0) "M £5(s, )32 5" dods

s 2 [l s

where we used g < 1. We thus have

9iMp\ —2M -
) G Nt de

A

9, .
132 S2 QJmM(QJT’")n||f||2Toov2,M(tﬁdtdy)’

and the condition M > 57 allows us to sum these estimates. O

Remark 3.3. Assuming off-diagonal estimates, instead of kernel estimates, allows
to deal with differential operators L with rough coefficients. The harmonic analytic
objects associated with L then fall outside the Calderén-Zygmund class, and it is
common (see for instance [1]) for their boundedness range to be a proper subset of
(1,00). Here, our range (%, oo includes [2, o0] as 8 < 1, which is consistent
with [2]. In the case of classical tent spaces, i.e., m = 1 and = —1, it is the range
(24, 00], where 2, denotes the Sobolev exponent . We do not know however, if

this range is optimal.

Remark 3.4. Theorem 3.2 is a maximal regularity result for parabolic Carleson
measure norms. This is quite natural from the point of view of non-linear para-
bolic PDE (where maximal regularity is often used), and such norm have, actually,
already been used in the context of Navier-Stokes equations in [11], and, subsequent-
ly, for some geometric non-linear PDE in [12]. Theorem 3.1 is also reminiscent of
Krylov’s Littlewood-Paley estimates [13], and of their recent far-reaching general-
ization in [15]. In fact, the methods and results from [9], on which this paper relies,
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use the same circle of ideas (R-boundedness, Kalton-Weis  multiplier theorem...)

as
to

1

2
3

[4

(5
6
[7
8
[9
[10
[11

[12
(13

[14

[15

[16

[17

[15]. The combination of these ideas into a “conical square function” approach
stochastic maximal regularity will be the subject of a forthcoming paper.
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