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S. Monniaux and Z. Shen

Abstract

Different boundary conditions for the Navier-Stokes equations in bounded
Lipschitz domains in R3, such as Dirichlet, Neumann, Hodge, or Robin boundary
conditions, are presented here. The situation is a little different from the case of
smooth domains. The analysis of the problem involves a good comprehension
of the behavior near the boundary. The linear Stokes operator associated to the
various boundary conditions is first studied. Then a classical fixed-point theorem
is used to show how the properties of the operator lead to local solutions or global
solutions for small initial data.

Introduction

The aim of this chapter is to describe how to find solutions of the Navier-Stokes
equations

u—Au+Vr+ u-Vu=0 in (0,7) x @,
divau =0 in (0,T) x 2, (NS)
u(0) = ug in £2,

in a bounded Lipschitz domain Q C R3 and a time interval (0,7) (T < o0), for
initial data u( in a critical space, with one of the following boundary conditions
on 0Q2:

1.

3.

Dirichlet boundary conditions:

u=020, (Dbc)

also called “no-slip” boundary conditions, which can be also decomposed as a
nonpenetration condition v - # = 0 and a tangential part v X # = 0 which model
the fact that the fluid does not slip at the boundary; this is commonly used for a
boundary between a fluid and a rigid surface;

. Neumann boundary conditions:

A(Vu) + (Vu) Jv—7v =0, Ae(—1,1], (Nbc)

which can be rewritten as Ty (u, 7)v = 0 where Ty (1, ) 1= A(Vu) + (Vu) T —
w1d; if A = 0, (Nbc) becomes d,u = mwv; if A = 1, Ti(u, ) is the Cauchy’s
stress tensor so that (Nbc) can be viewed, for instance, as an absence of stress
on the interface separating two media in the case of a free boundary; (Nbc) can
be decomposed into its normal and tangential parts and can be rewritten in the
following form:

A+)v-du=mn, [(AVw)+ (Vu) )], =0 1)

Hodge boundary conditions:
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v-u=0, vxcurlu=0, (Hbc)

also called “absolute” boundary conditions (see [53, Section 9] or “perfect wall”
condition (see [1]); they have been studied in, e.g., [4] and [24]; they are related
to the more traditionally used “Navier’s slip” boundary condition:
vou=0, [(Vo)T + (Vu)], =0. )
See discussion below (see also a detailed discussion in [35, Section 2]).
4. Robin boundary conditions:

v.u=0, vxcurlu=oau, o >0; (Rbc)

since v - u = 0, u is a tangential vector field at the boundary, so it makes sense to
compare it to the tangential part of the vorticity: it describes the fact that the fluid
slips with a friction proportional to the vorticity. Remark that (Hbc) is recovered
if @ = 0 and (Dbc) if o = oo.

In the boundary conditions above, v(x) denotes the unit exterior normal vector at a
point x € 92 (defined almost everywhere when 92 is a Lipschitz boundary).

As explained in [35, Section 2 and Section 6], the Hodge boundary condi-
tions (Hbc) are close to the Navier’s slip boundary conditions (2). Indeed, if €2 is
assumed to be smooth enough, say of class <€2, under the condition v - u = 0, the
following holds:

[(Vu)—r + (Vu)v] = —v xcurlu +2Wu

tan
where )V is the Weingarten map (also called the shape operator, see [45, Chapter 5])
on €2 acting on tangential fields (see also [17, Section 3]). In particular, the term
Wu is a zero-order term, depending linearly on the velocity field u and is equal to 0
on flat portions of the boundary.

The strategy in this chapter to solve the Navier-Stokes equations with one of
the boundary conditions described above is to find a functional setting in which
the Fujita-Kato scheme applies, such as in their fundamental paper [20]. In all
situations, the idea is to study the linear problem to prove enough regularizing
properties of the Stokes semigroup so that the nonlinear problem can be treated via a
fixed-point method. For the last two types of boundary conditions (Hbc) and (Rbc),
the Navier-Stokes system is rewritten as follows:

du—Au+ Vo —uxcurlu=0 in (0,T) x £,
divu =0 in (0,7) x €, (NS”)
u(0) = up in Q.

This is motivated by the form of the boundary conditions and the fact that, for a
smooth enough vector field u,
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(u-Vyu= %V|u|2 —u x curl u,

so that (NS) becomes (NS’) with the pressure  replaced by the so-called dynamical
pressure 7 + %|u|2 (see, e.g., [24] or [4]).

In this chapter, @ C R is a bounded, simply connected, Lipschitz domain. The
chapter is organized as follows. In Sect. 2, the Dirichlet-Stokes operator is defined in
the L? setting and then in the L” theory. Existence of a local solution of the system
{(NS), (Dbc)} for initial values in a critical space in the L>-Stokes scale is then
shown. In Sect. 3, the previous proofs are adapted in the case of Neumann boundary
conditions, i.e., for the system {(NS), (Nbc)}. In Sect. 4, the system {(NS’), (Hbc)}
is studied for initial conditions in the critical space {u € L3(Q; R3); divu =
0in Q,v-u = 0 on 2}, whereas in Sect. 5, the system {(NS”), (Rbc)} is considered

ina %' domain.

2 Dirichlet Boundary Conditions

For a more complete exposition of the results in this section, as well as an extension
to more general domains, the reader can refer to [34,41] and [51]. The case where
2 is smooth was solved by Fujita and Kato in [20]. In [15], the case of bounded
Lipschitz domains €2 was studied for initial data not in a critical space.

2.1 The Linear Dirichlet-Stokes Operator

2.1.1 TheL? Theory
The following remarks about L? vector fields on Q will be used throughout this
chapter.

Remark 1. For @ C R? a bounded Lipschitz domain, let u € L*(2;R?) such that
divu € L*>(Q2:;R). Then v - u can be defined on 9L in the following weak sense in
H™2(3Q;R): for ¢ € HY(Q;R),

(u, Vg)o + (divu,d)o = (v - u, ¢)sq, 3)

where ¢ = Tr, ¢, the right-hand side of (3) depends only on ¢ on 92 and not

on the choice of ¢, its extension to Q. The notation (-, )z stands for the L2-scalar
product on E.

The following Hodge decomposition holds on vector fields: L?(2; R?) is equal

1
to the orthogonal direct sum Hp & G, where

Hp = {ue L*(Q;R):;divu =0in Q,v-u = 00n IQ} 4)
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and G = VH'(Q;R). This follows from the following theorem due to Georges de
Rham [12, Chap. IV §22, Theorem 17°]; see also [55, Chap.I §1.4, Proposition 1.1].

Theorem 1 (de Rham). Let T be a distribution in 62°(2; R?) such that (T, ¢) =
0 for all ¢ € €°(2%R3) with divg = 0 in Q. Then there exists a distribution
S € €°(2R) such that T = VS. Conversely, if T = VS with S € €°(Q2:R)/,
then (T, ¢) = 0 for all ¢ € 6°(Q;R?) with divg = 0 in Q.

Remark 2. In the case of a bounded Lipschitz domain & C R?, the space Hp
coincides with the closure in L?(2; R?) of the space of vector fields u € 62°(Q2; R?)
with divy = 0 in Q.

Denote by J : Hp < L*(;R?) the canonical embedding and P : L?*(Q;R3) —
Hp the orthogonal projection, called either Leray or Helmholtz projection. It is
clear that PJ = Idy,, Define now the space V), = HJ (2; R*) N Hp: it is a closed
subspace of H (Q2;R?). The embedding J restricted to V), maps Vp to Hj (Q2; R?):
denote it by Jo : Vp <> HJ(Q;R?). Its adjoint J| = Py : H'(Q;R?) — V] is
then an extension of the orthogonal projection IP. The space Hp is endowed with
the norm u +— | ul|, and Vp with the norm u — ||Vu||5.
The definition of the Dirichlet-Stokes operator then follows.

Definition 1. The Dirichlet-Stokes operator is defined as being the associated
operator of the bilinear form:

3
a VD X VD — R, a(u, U) = Z(B,Jou, 8,»J0v).

i=1
Proposition 1. The Dirichlet-Stokes operator Ap is the part in Hp of the bounded
operator Ao p : Vp — V), defined by Ao pu: Vp — R, (Ao, pu)(v) = a(u,v), and
satisfies
D(Ap) = {u € Vp:Pi(—A$)Jou € Hp},
Apu=Py(=A)Jou u e D(Ap),

where A% denotes the weak vector-valued Dirichlet-Laplacian in L*(Q2;R>). The
operator Ap is self-adjoint, invertible, —Ap generates an analytic semigroup of
1

contractions on Hp, D(A3) = Vp, and for all u € D(Ap), there exists w €
L*(2:;R) such that

JApu = —AJou+ Vr ®))

and D(Ap) admits the following description:
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D(Ap) = {u € Vp:am € L*(R) : —AJou+ Vr € Hp}.

Proof. By definition, for u € D(Ap) and for all v € Vp,

n

(Apu.v) =a(.v) = Y (0;Jou.0;Jov)
j=l

==Y a1 (9o, Jov) gy = =1 (=) Jou, Jov)
j=1

=y (P1(=A)Jou, v}y, .

The third equality comes from the definition of weak derivatives in L?; the fourth
equality comes from the fact that Z'j’-=1 85 = A. The last equality is due to the fact
that J(; = ;. Therefore, Apu and P; (—A)Jyu are two linear forms which coincide
on Vp; they are then equal, which proves that Ay p = Pi(=A)Jy : Vp — V.
Moreover, the fact that u € D(Ap) implies that Apu is a linear form on Hp, so
that the linear form P (—A)Jyu, originally defined on Vp, extends to a linear form
on Hp (since Vp is dense in Hp by de Rham’s theorem). The fact that Ap is self-
adjoint and —A p generates an analytic semigroup of contractions comes from the
properties of the form a: a is bilinear, symmetric, sectorial of angle 0, and coercive
1

on Vp xVp. The property that D(A}) = V) is due to the fact that 4 p is self-adjoint,
applying a result by J.L. Lions [29, Théoreme 5.3].

To prove the last assertions of this proposition, let u € D(Ap). Then Apu € Hp
and Py J (Apu) = PJ (Apu) = u. Moreover, if u € D(Ap), u belongs, in particular,
to Vp. Therefore, Jou € H}(Q;R?) and (—A)Jou € H™1(Q;R?). The following
identities take place in V):

]P](.](ADM) - (—A)J()M) = ]P]J(ADM) — P](—A)J()u = ADM — ADM =0.

By de Rham’s theorem, this implies that there exists p € €>°(2;R) such that
J(Apu) — (—A)Ju = Vp: Vp € H™'(Q:R?), which implies that p € L?>(Q:R).
O

The relations between the spaces and the operators described above are summa-
rized in the following commutative diagram:
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J
Vb (—0>H0

(e

In the case of a bounded Lipschitz domain  C R?, the following property of
D(A ) also holds; see [34, Corollary 5.5].

3
Proposition 2. The domain of A}, is continuously embedded into Wol'3(§2; RY).

It has been proved by R.Brown and Z.Shen [7] that the domain of Ap
is embedded into W,”(S2:;R?) N W322(Q,R3) for some p > 3. The proof
Proposition 2 uses the well-posedness result for the Poisson problem of the Stokes
system [16, Theorem 5.6], similar to the corresponding result proved in [26] for the
Laplacian.

2.1.2 Thel? Theory
P. Deuring provided in [14] an example of a domain with one conical singularity
such that the Dirichlet-Stokes semigroup does not extend to an analytic semigroup
in L? for p large, away from 2. M.E. Taylor in [54], however, conjectured that this
should be true for p in an interval containing [%, 3], which was indeed proved 12
years later by the second author in [51].

Let 65+, (€2) denote the space of vector fields u € €2°(2: R?) with divu = 0 in
Q and

L2(Q) = the closure of 42 (Q) in L”(Q: R?). (6)

Note that if Q is Lipschitz and p = 2, L2(Q) = Hp. In view of Proposition 1, the
Dirichlet-Stokes operator in the L7 setting for 1 < p < oo is defined by

Ap,=—Au+ V. (7)
with the domain
D(4p,) = {u e WP (Q:R%): divu=0in Q and

3)
— Au+ Vr € L2(Q) for some 7 € L”(Q)}.
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Since €,% () C D(Ap,,), the operator Ap , is densely defined in LZ(Q) and
Ap p(u) = P(—=A)u for u € ‘5;’;’(9) If p = 2, Ap,, agrees with the Dirichlet-
Stokes operator Ap defined in the previous subsection.

The following theorem was proved in [51].

Theorem 2. Let Q be a bounded Lipschitz; domain in R3. Then there exists & >
0, depending only on the Lipschitz character of Q, such that —Ap , generates a
bounded analytic semigroup in LY () for (3/2) —e < p <3 +=.

It was in fact proved in [51] that if Q is a bounded Lipschitz domain in RY,
d > 3, then —Ap , generates a bounded analytic semigroup in L (2) for

2d <p< 2d + 9)
— —c — +¢,
d+1 P=a=
where ¢ > 0 depends only on d and the Lipschitz character of 2. This was done by
establishing the following resolvent estimate in L?:

I(Ap.p + 27" fllrascsy < Cp AT LS e @scay (10)
forany f € 6°°(Q;C?) with div f = 0 in Q, where p satisfies (9),
AeZg:={zeC: 1 #0and|argz)| <7 — 6},

and 6 € (0,7/2). The constant C, in (10) depends only on d, 6, p, and Q.
It has long been known that if Q is a bounded 4> domain in R, the resolvent
estimate (10) holds for A € ¥y and 1 < p < oo (see [21]). Consequently, the
operator Ap , generates a bounded analytic semigroup in L? forany 1 < p < oo,
if Q is €°. The case of nonsmooth domains is much more delicate. As mentioned
earlier, P. Deuring constructed a three-dimensional Lipschitz domain for which
the L? resolvent estimate (10) fails for p sufficiently large. This was somewhat
unexpected. Indeed it was proved in [48] that the L? resolvent estimate holds for
1 < p < oo in bounded Lipschitz domains in R* for any second-order elliptic
systems with constant coefficients satisfying the Legendre-Hadamard conditions
(the range is d2—jf3 —e < pc< dz—f3 + ¢ for d > 4). It is worth mentioning that
it is not known whether the range of p in Theorem 2 is sharp.

The approach used in [51] to the proof of (10) is described below. Consider
the operator T3 on L?(2;C%), defined by Ty(f) = Au, where A € Xy and

u € HJ(2; C?) are the unique solution to the Stokes system:
—Au+Vao+iu=f in €2,

divu =0 in 2, (11
u=20 on 092.
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Note that T} is bounded on L?(Q;C%) and || Ty ;2—;2 < C. To show that T;
is bounded on L?(Q;CY) and ||T}|zr—»zr < C for2 < p < dz—fl + &, a real
variable argument is used, which may be regarded as a refined (and dual) version
of the celebrated Calderén-Zygmund lemma. According to this argument, which
originated from [8] and was further developed in [49,50], one only needs to establish
the weak reverse Holder estimate:

1/pa 1/2
(f wr)y™se(f ) (12)
B(xo,r)NQ B(x0,2r)NQ

for pg = dz—fl, whenever u € HO1 (22; C?) is a (local) solution of the Stokes system:

—Au+Vr+Au=0,
divu =0

13)

in B(xo,3r) N for some xo € Q and 0 < r < ¢ diam($2). The extra ¢ in the range
of p is due to the self-improvement property of the weak reverse Holder inequalities
(see, e.g., [25]).

To prove the estimate (12), the Dirichlet problem for the Stokes system (13) is
considered in a bounded Lipschitz domain € in R?, with boundary data u = f on
0%, where f € L?(9Q;C%) and Js0 f - v = 0. The goal is to show that

1) 200) = C 11 f l1200)- (14)

where (1)* denotes the nontangential maximal function of u and is defined by
W)*(Q) := sup {|u(x)| x eQand |x — Q| < Codist(x, aQ)}

for any Q € 9Q (Cp > 1 is a large fixed constant depending on d and 2). This,
together with the inequality

()™ el )

which holds for any continuous function « in €2, leads to

o) elfp” s

The desired estimate (12) follows by applying (15) in the domain B (xo, tr) N 2 for
t € (1,2) and then integrating the resulting inequality with respect to ¢ over (1, 2).
Finally, the nontangential maximal function estimate (14) is established by the
method of layer potentials. The case A = 0 was studied in [11, 18], where the
L? Dirichlet problem as well as the Neumann type boundary value problems with
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boundary data in L? for the system —Au + V = 0 and divu = 0 in a Lipschitz
domain 2 was solved by the method of layer potentials, using the Rellich-type
estimates:

~ | ranu||L2(aQ)-

H ap Lz(asz)

Here g—‘; is a conormal derivative and V,u denotes the tangential derivative of
u on 092. The reader is referred to the book [27] by C.Kenig for references on
related work on L? boundary value problems for elliptic and parabolic equations in
nonsmooth domains. In an effort to solve the L? initial boundary value problems for
the nonstationary Stokes equations d,u— Au+ Vz = 0 and divu = 0 in a Lipschitz
cylinder (0, T') x 2, the Stokes system (13) for A = it with T € R was considered
by the second author in [47]. One of the key observations in [47] is that if A = it
and 7 € R is large, the Rellich estimates for the system (13) involve two extra terms
[T1"2]|ull 220 and | 7| lu-v | g1 (aq), Where H~'(3Q) denotes the dual of H'(3<).
While the first term |z |'/2|u| 12(3e) Was expected in view of the Rellich estimates
for the Helmholtz equation —A + it in [6], the second term [z|||u - V|| —1(30) Was
not. Let

b
op o e

By following the general approach in [47], it was proved in [51] that if (u, ) is a
suitable solution of (13) in €2, then

du
”%”LZ(BQ) ~ || Ventt|| 290) + M|1/2”””L2(3Q) + [Allu - vl =160 (16)

holds uniformly in A for A € ¥y with [A| > ¢ > 0. As in the case of Laplace’s
equation [56], the estimate (14) follows from (16) by the method of layer potentials.
The reader is referred to [51] for the details.

2.2 The Nonlinear Dirichlet-Navier-Stokes Equations

The system {(NS), (Dbc)} is invariant under the scaling u, (¢, x) = A u(A%t, Ax),
(A%t,Ax) € (0,T) x Q (A > 0): if u is a solution of {(NS) (Dbc)} in (0, T) x S for
the initial value u, then uy is a solution of {(NS), (Dbc)} in (0, ;) X % Q for the
initial value x — Aug(Ax).

The goal here is to find the so-called mild solutions of the system {(NS), (Dbc)}
for initial values u in a critical space, in the same spirit as in [20].

1
Lemma 1. The space D(A}) is a critical space for the Navier-Stokes equations.
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1
Proof. The space D(A})) is invariant under the scaling u (x) = Aug(Ax) for x €
+Q, 1 > 0. Indeed, it suffices to check that |Juy|> = A2 |lull» and ||Vuy |, =

1
Az | Vull> and apply the fact that D(A})) is the interpolation space (with coefficient

2) between H p, closed subspace of L?(Q2:R?), and Vp = D(A ), closed subspace
of HJ(2;R3). m|

For T > 0, define the space &7 by
1 3 1
& = {u € ([0, T]: D(A3)): u(r) € D(A%). /(1) € D(A}) forall £ € (0, T)

and sup [t Abu(t)]l + sup ||tA4Du(t)||2<oo}
t€(0,T) 1€(0,T

endowed with the norm

lullsr = sup IIA u(t)|2 + sup IIIZAZBM(I)II2+ sup IIIA“DM'(I)IIz

1€(0,T) t€(0,T) t€(0,7)
The fact that &7 is a Banach space is straightforward. Assume now that u € &7
and that (Jou, p) (with p € L?(Q;R)) satisfy {(NS),(Dbc)} in H'(Q;R%):

indeed, every term Vp, 9, Jou, —AJou, and (Jou - V)Jou independently belongs
to H~'(Q;R?). Apply P, to the equations and obtain

u'(t) + Apu(t) = —IP ((Jou . V)Jou)

since P;Vp = 0 and Pi(—A)Jou = A pu. The problem {(NS), (Dbc)} is then
reduced to the abstract Cauchy problem:

u'(t) + A()’Du([) = —IPI ((J()u . V)J()u)

(17)
u0) = uy, ueér,
for which a mild solution is given by the Duhamel formula:
u=oa-+¢(u,u), (18)

where a(t) = e '4Pyg and

é(u, v)(1) = /0 e(=9)4p (—%Pl((Jou(s)-V)Jov(s)+(Jov(s)-V)Jou(s))) ds

(19)
The strategy to find u € &7 satisfying u = o + ¢(u, u) is to apply a fixed-point
theorem. For that, & needs to be a “good” space for the problem, i.e., « € & and
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¢(u,u) € & . The fact that @ € & follows directly from the properties of the Stokes
operator Ap and the semigroup (e~42),5.

Proposition 3. The mapping ¢ : & x & — & is bilinear, continuous, and
symmetric.

Proof. The fact that ¢ is bilinear and symmetric is immediate, once it is proved that
it is well-defined. For u, v € &7, let

[ (@) = =3Pi((Jou(t) - V) Jov(t) + (Jov(t) - V) Jou(r)), 1€ (0,T).  (20)
By the definition of & and Sobolev embeddings, it is easy to see that
(Jou(r) - V)Jou(t) + (Jov(t) - V) Jou(r) € L*(Q:R?)
and
| ou(t) - V) Jov(0) + (Jov(t) - V) Jou(®) |, < C 173 [lull sy v,

where C is a constant independent from #, which gives the following estimate:

| F O], < €73 ullslvls @1

Therefore,
i Ld -4 -3
b Ol = [ 1ahe™ = Ly € 5™ ully ol ds
0
! 1 _3
=C( [ (=575 ds) sy v sy
0

and since fot (t—s)"tsids = fol (1—5)"%s~1 ds, the following estimate is finally
obtained:

A5 . v)O)l2 = C llull e, 0] & (22)

1
The proof of the continuity of ¢ = A} ¢ (u, v)(¢t) on Hp is straightforward once the
estimate (22) is established. The proof of the fact that

INTAL S )02 < C lulle, (0] (23)

|wo

1 3
is proved the same way, replacing A}, by A}, and using the fact that
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3 . 3
|45 e || qppy < C (¢ —5)74

and

t 1
/ (t— s)_%s_% ds = t_% / (1-— s)_%s_% ds.
0 0

It remains to prove the estimate on the derivative with respect to ¢ of ¢ (u, v). Rewrite
f as defined in (20) as follows:

f(s) = =3PV - (Jou(s) ® Jov(s) + Jov(s) ® Jou(s)) (24)

where # ® v denotes the matrix (#;v;)1<; j<3 and the differential operator V- acts
on matrices M = (m; j)i<; j<3 the following way:

3
V.M = (; a,'m,-,,-)lsjﬁ.
Foru,v € & ands € (0,7T),
fl(s) =—1P V- (Ju/(s) ® Jou(s) + Jou(s) ® Jv'(s)
TV (s) ® Jouls) + Jov(s) ® Ju’(s))
Forall s € (0,7),
sHIJu () ® Jov(s) |2 < llsTu/ (9)lls ]I+ Jov(s)lle

< s Apu (D lls* A5v(s) 2
< llullevller,

where the first inequality comes from the fact that L3 - L® < L?, the second
1
inequality comes from the Sobolev embeddings D(A4}) < L*(Q;R%) and

1
D(A}) <> L%(Q;R?), and the third inequality follows directly from the definition
of the space &7. Of course the same occurs for the other three terms Jou(s) ® Jv'(s),

_1
Jv'(s) ® Jou(s), and Jov(s) ® Ju'(s). Therefore, since A;,*> maps V to Hp,

i _l
sup [Is*Ap* f(5)ll2 < ¢ lulle vl (25)
0<s<T

It is straightforward that
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b, v) (1) = /02 e £t — 5)ds + /02 e =D £(5yds 1€ (0,T),

and therefore

o, v)' () = e_%ADf(%) + /02 Al%)e_SADA(;%f’(t —s)ds

L

2
+/ —Ape 7940 £(g)ds,
0

which yields
11

si ( —s)%

A T |
+ o - ds )l ol
0 (t—us)* st

1

= UjlerliViier,
t 0 (1—0‘)4510'1

where the estimates (21), (25) and the fact that —A p generates a bounded analytic
semigroup (so that ||A%e "2 || 4,y < C17%) were used. This last inequality
together with (22) and (23) ensures that ¢ (u, v) € & whenever u, v € &7. |

43000/ Ol <5 17 (6) ]+ ( as) e vl

This section is concluded by applying Picard’s fixed-point theorem (see, e.g.,
[28, Theorem 13.2] or [42, Theorem A.1]) to obtain the following existence result
for the system {(NS), (Dbc)}.

Theorem 3 (Existence). Let Q C R3 be a bounded Lipschitz domain and let uy €
1
D(A}). Let a and ¢ be defined as above:

1
(i) If |Afuoll2 is small enough, then there exists a unique u € &g solution of
u=o+ ¢(u,u).
1
(ii) For all uy € D(A}), there exists T > 0 and a unique u € &7 solution of
u=ao+ ¢(u,u).

1
Uniqueness in the larger space 6 ([0, T); D(A4})) can be obtained, by applying
[40, Theorem 1.1]. The argument there is somewhat stronger though, since unique-
ness in 6, ([0, T'); L?) is proved, using a maximal regularity result by Z. Shen [47,
Theorem 5.1.2].
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1
Theorem 4 (Uniqueness). Let u, v € 6,([0, T); D(A},)) both be mild solutions of
the system {(NS), (Dbc)}, i.e., they both satisfy (18). Thenu = v on [0, T).

Before proving this theorem, the following lemma is shown, similar to [39,
Proposition 2].

Lemma 2. Let p € (1,0) and T € (0, T]' ¢ defined by (19) maps

L?(0,; D(A )) x L*°(0, t; D(AD)) to L?(0, t; D(AD)) Moreover, there exists a
constant C, > 0 independent of T such that

I8 @0 o0, peatfy = o 1l cipiayty 1P oo o.mpialy®y- (26)
Ifv e L*®(0, t; Vp), the following improved estimate holds
1
||¢(M, U)” % E KP T4 ||u||Lp(O’T;D(A})/4))||v||Loo(0qT;VD)’ (27)

LP(0.7:D(4p))

where K, > 0 is a constant independent of .

Proof. First, let M be the maximal regularity operator on Hp: for all ¢ €
L?(0,t; Hp), Mg is defined by

t
Mop(t) :=/ Ape 7940 p(s)ds, ¢ € (0,7).
0

Since Hp is a Hilbert space and —A p generates an analytic semigroup in Hp, the
operator M is bounded on L?(0,t; Hp) forall p € (1,00) and all T > 0; see, e.g.,
[13]. Moreover, | M| .#rro.r:Hp)) is independent of 7. Then

)

Ab(u.v) = M(A," f)

where f is defined by (24). For u € L?(0, t; D(A Yand v € L*°(0,1; D(AD)
by Sobolev embeddings, Ju ® Jv + Jv ® Ju € LP(0,t; L*/>(Q;R?)), with the
estimate

”JM ® Jv + Jv ® Ju”Lp(O,.[;LB/Z(Q;R?)) = C ||M|| 1/4 1/4

LP(0,1;:D(A ))” ||L°°(OTD(A )’

where the constant C depends only on the constant of the embedding D(A ) —

L3(Q;R%). This implies that f € LI’(O, 75 Pl(W”ﬁ/z)) Since D(A ) —

W, (22; R?) (see Proposition 2), the embedding Py (W ~'3/2(Q2; R?)) (D(AD))
_3

holds and therefore A,* f € L?(0, t; Hp) with
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-
”AD f”Lp(O,T;HD) = C ||u||LF(0,I;D(A]D/4))”v”L‘X’(O.I;D(A]DM)).

Using the L? maximal regularity result in Hp gives (26).
1
To prove (27), let u € L7(0,7;D(A})) and v € L*°(0,1;Vp). Using the
1
embeddings D(4},) < L3(2;R3) and Vp < LO(Q;R?),

[Ju® Jv+ Jv® Julprorn2@ry) < C ||”||LP(O.T;D(A;)/4))||U||L°°(0,r;VD)-

As before, this implies that f € L?(0, t; VIS), and therefore

1 ) _1
Ao = [ AL (4} F©) a5, 1 e 0.0,
0
Using the analyticity of the semigroup (e '?),5¢ in Hp and Young’s inequality,

i _3
[Apd @, V)lLrouy) <Cllt 174 lzron el ,p o oyt lvlizee©.evp)-

O
Proof of Theorem 4. The proof is inspired by the method described in [39] (see also
[2, Section 8]). Let p € (1,00), € > 0 to be chosen later and w := u — v €
1 1
¢»(0,T;D(A})) C LP(0,T;D(A})): w satisfies

w=¢,w)+d(w,v) =d(w,u+v—2a)+2¢(w,x)

=¢w,u+v—20a)+ 20w, o —a;) + 20w, «;)
where () = e "4Puy,, with ug, € Vp satisfying the estimate [|uo, — u0||D(A1/4)
D
< ¢&. Using Lemma 2, w is estimated in L?(0, t; D(Ai)) as follows:

||W”L1’(O,r;D(A1/4))
1
= ”W”LP(O,I;D(AI/“)) (Cp(”u +v— 2a”L°°(0,r;D(AlD/4)) + 8) + KP T4 ”MO.EHVD)

= KI’(E + gs(f)) Wl £ 0,e:D0a174y)s

where g.(t) = |lu + v — 2|| y T T3 [l vy vy 0. This shows that

0o(0.1:D(4 4
Lo°(0,7;D(A}Y
choosing & > 0 small enough, there exists © > 0 such that [|w| .« ;parey) =<
% Wl £r(0.c;p(4174)); in other terms, w = 0 on [0, 7) (recall that w is continuous on
[0,T)).If T = T, then it was proved that u = v on [0, T). If t < T, by continuity,
w(t) = 0 also holds. The previous reasoning can be iterated on intervals of the
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form [kz, (k 4+ 1)) to prove ultimately that w = O on [0, T') (remark again that all
constants C,, K, k, appearing in the estimates above are independent of 7). O
3 Neumann Boundary Conditions

In this section, the system {(NS), (Nbc)} is studied. The results proved in [37] will
be only surveyed, the method to prove existence of solutions being similar to what
has been done in Sect. 2.

3.1 The Linear Neumann-Stokes Operator

Before defining the Neumann-Stokes operator, the following integration by parts
formula will be useful.

Lemma3. Let L € R, u,w: Q — R3, m,p: Q — R be sufficiently nice functions
defined on the Lipschitz domain @ C R3. Let Lyu = Au + AV (divu) and define
the conormal derivative:

N, )= (AVu+ (Vu)")v — v on dQ. (28)

Then the following integration by parts formula holds:

/(L)LM—VJT)-WdXZ—/[I)L(VM,VW)—]TdiVW]dX-F/ 8ﬁ(u,ﬂ)-wda
Q Q Elo)
(29)

:/(LAW—Vp)-udx+/[7rdivw—pdivu]dx
Q Q

+/ [02(u, 7r) - w — 3% (w, p) - u] do, (30)
Q2

where

3
LGEO =Y Eijlij+ A& 80, forE = (<< and { = (G i j<s-
ij=1
Recall that Vu = (Biuj)lsi,jﬁ.
The space L2(2; R?) admits the following Hodge decomposition, dual to the one
L
shown in Sect.2: Hy @ Gg, where Gy := {VTL’; T E HO1 (Q;R)} and
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Hy := {u e L*(;R?%);divu = O}. (31)

Following the steps of the previous section, define Vy = H'!(Q;R*) N Hy and
Jy i Hy — LZ(Q;R3) the canonical embedding, Py = J}, : LZ(Q;R3) — Hy
the orthogonal projection, and Jv i Vy — H 1(Q;R?) the restriction of Jy on
Vy and J, = Py : (H'(Q:R?) — V}, extension of Py to (H'(2;R%))’. The
Neumann-Stokes operator is defined as follows.

Definition 2. Let A € R. The Neumann-Stokes operator A, is defined as being the
associated operator of the bilinear form:

ay:Vy xVy >R, a)(u,v)= / IA(VjNu,VjNv) dx
Q

In the case where A € (—1, 1], the bilinear form a, is continuous, symmetric,
coercive, and sectorial. So its associated operator is self-adjoint, invertible and the
negative generator of an analytic semigroup of contractions on Hy.

The following proposition is a consequence of the integration by parts for-
mula (29), [37, Theorem 6.8] and [29, Théoréme 5.3].

Proposition 4. Let A € (—1, 1]. The Neumann-Stokes operator A, is the part in

Hy of the bounded operator Ay : Vy — Vy, defined by (Appu)(v) = a(u,v).

The operator A is self-adjoint, invertible, — A, generates an analytic semigroup
1

of contractions on Hy, D(A}) = Vy and for all u € D(A}), there exists w €
L?*(R2;R) such that

IyAuu=—AJyu+ Vr (32)
and D(A}) admits the following description:
D(4y) = {ue Vy;3m € LX(%R) : f = —AJyu+Vr € Hy and 3, (u, ) y = 0},

where 3 (u, ) s is defined in a weak sense for all f € (H'(2;R?)) by
(0, ) £ Whan = iy (fs ©) g +/ L(VJu, VW) dx — ;2(m,div¥),»
Q

for ¥ € HY(Q) and ¢ = Tryq V.

Remark 3. If f € (H'(Q;R?)), the quantity 9*(u, ) s exists on 92 in the Besov
space Bii 02 R3) = H™: (02, R?) according to [37, Proposition 3.6].
2
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Thanks to [37, Sections 9 & 10], a good description of the domain of fractional
powers of the Neumann-Stokes operator A, can be given. In particular, in [37,
Corollary 10.6], it was established that

3
D(A}) is continuously embedded into W3 RY). (33)

3.2 The Nonlinear Neumann-Navier-Stokes Equations

The results in Sect.3.1 allow to prove a result similar to Theorem 3 for the
Navier-Stokes system with Neumann boundary conditions {(NS), (Nbc)}. As in the

1
previous section, it is not difficult to see that D(A4;) — L3(Q2;R?) is a critical space
for the system. For T € (0, oo], following the definition of &7 in Sect. 2, define

Fr = {u € ([0, TY; D(A%)); u(t) € D(A/%), u'(t) € D(A%) forallt € (0,T]

3 I
and sup ||t%Aiu(t)||2 + sup [tAu' (D)]|2 < oo}
t€(0,T) 1€(0,T)

endowed with the norm

1 13 1
lullz = sup [Aju@®ll2+ sup [tz Afu(@®)ll2 + sup [ltAfu' (1)]2.
t€(0,7) t€(0,T) t€(0,7)

The same tools as in 2.2 apply, so the following result can be proved (see [37,
Theorem 11.3]).

1
Theorem 5. Let @ C R® be a bounded Lipschitz domain and let ug € D(A}). Let
B and  be defined by

B(t) = e Muy, 1 >0,

and for u,v € Fr andt € (0, T),
W v) (1) = /0 I (LB ) (Tyi(s)- V) Ty v(s) + Ty v(s) - V) Fyu(s)) ds -

1
(i) If ||Afuoll2 is small enough, then there exists a unique u € Fo, solution of
u=pB+vu,u).
1
(ii) For all uy € D(Ay), there exists T > 0 and a unique u € Fr solution of

u= B+ vu,u).
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A comment here may be necessary to link the solution u obtained in Theorem 5
and a solution of the system {(NS), (Nbc)}. If u € Fr, then ' € Hy and (Jyu -

V)Jyu € L2(2;R"). Moreover, if u satisfies the equation u = f + ¥ (u, u), then u
is a mild solution of

Apu = —u' —Py((Jyu-V)Jyu) € Hy.

Going further,
INPy((Iyu-V)Iyu) = (Jyu-V)Jyu—Vq

where ¢ € H}(Q;R) satisfies

Aq = div(Jyu-V)Jyu) € H(Q:RY).
Therefore, by definition of A}, there exists = € L*(Q,R) such that

—AJyu+ Vi = Jy(Ayu) = —JIyu' — (Iyu-V)Jyu + Vg

and at the boundary, (u, 7r) satisfies (Nbc) in the weak sense as in Proposition 4.
Since ¢ € H, (2;R), (u, w — q) satisfies also (Nbc). This proves that (u, 7 — q) is
a solution of the system {(NS), (Nbc)}.

The uniqueness is true in a larger space than .%7: for each ug € D(A%), there is
at most one u € %, ([0, T); D(A+)), mild solution of the system {(NS), (Nbc)}. For
a more precise statement, see [37, Theorem 11.8].

4 Hodge Boundary Conditions

Most of the results presented here are proved thoroughly in [36] for the linear theory
and [35] for the nonlinear system. The linear Hodge-Laplacian on L”-spaces is first
studied and then the Hodge-Stokes operator before applying the properties of this
operator to prove the existence of mild solutions of the Hodge-Navier-Stokes system
in L. Some recent developments/improvements can be found in [30].

4.1 The Hodge-Laplacian and the Hodge-Stokes Operators

We denote by H the space L?(Q2;R?). Let

Wr = {u € H;curlu € H,divu € LZ(Q;R) andv-u = 0on 852},
and Wy :={ue€ H;curlu € H,divu € L*(Q;R) and v x u = 0 on 9Q},
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(subscript T is for “tangential” and N for “normal”) both endowed with the scalar
product

{(u, v)w = (curlu, curl v)g + (divu, divv)g + (4, v)q,
where (-, -) ¢ denotes the L?(E)-pairing.

Remark 4. As in Remark 1 for a bounded Lipschitz domain €2 and a vector field
w € H satisfying curlw € H, define v X w on 92 in the following weak sense in
H™2(3Q:R3): for ¢ € H'(Q:R3),

(Clll‘l w;, ¢)Q - (Wv Cur]¢)9 = (V xXw, (P)MZ (34)

where ¢ = Tr‘39¢, the right-hand side of (34) depends only on ¢ on d$2 and not on
the choice of ¢, its extension to 2.

Remark 5. In the case of smooth bounded domains, i.e., with a ! boundary
or convex, the spaces Wy and Wy are contained in H'(Q;R?) (see, e.g., [3,
Theorems 2.9, 2.12, and 2.17]).

This is not the case if €2 is only Lipschitz. The Sobolev embedding associated to
the spaces Wr y is as follows: Wry — H 2 (R2; R?) with the estimate

lull gz < C [llull> + llcurlully + |divul,].  ue Wry: (35)
see, for instance, [9] or [32, Theorem 11.2] where it was proved moreover that

if u € Wr y, then u has an L? trace at the boundary 9 :

w, = -uy+ v xu)xve LR, (36)

and ||u|6Q ||Lz(BQ;R3 <C [||u||2 + |lcurl u||, + ||div u||2] (37)
Remark 6. If Q is of class €', the previous result applies also if u € L?(Q;R?)
with curlu € L?(Q;R?), divu € LP(Q;R),and v-u = 00on dQ (or v x u = 0 on
aQ2) if p € (1, 00) (see [32, Theorem 11.2], where it was proved that if 2 is only
Lipschitz, it is also true for p in a range around 2).

Remark 7. The Helmholtz projection P : L?(2; R3) — H defined in Sect. 2 (after
Remark 2) maps also Wy to the space {u € Wr;divu = O} =:Vr.

The projection Py : L*(Q;R3) — Hy defined in Sect. 3 (before Definition 2)
maps also Wy to the space {u € Wy:;divu = 0} =: Vyn.

On Wr x Wr, we define the following form:
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by : Wr x Wr - R, br(u,v) = (curlu, curl v) + (divu, div v),

where (-, -) denotes either the scalar or the vector-valued L2-pairing. Similarly, we
define

by : Wy x Wy = R, by(u,v) = (curlu, curl v) + (div u, div v).

Proposition 5. The Hodge-Laplacian operators By and By, defined as the associ-
ated operators in H of the forms by and by, satisfy

v x curlu

D(Br.y) ={u € Wrn:Vdivu € H,curlcurlu € H and .
' ’ (divu)v

=0on 8&2}

BTA,NM = - Au, ue D(BTN) (38)
Proof. Letu € Wy and v € H}(Q;R?) C Wy y. Then
br.n(u,v) = g—1{—Vdivu + curl curl u, U)Hol = y—1{—Au, v)H(}

so that By yu = —Auin H™'(Q;R?).

The proof of Proposition 5 is described now in the case of by defined on Wy xWry.
The case of by defined on Wy x Wy can be proved with the same arguments (using
Py instead of P in what follows). Let D be the space

D := {u € Wr;Vdivu € H,curlcurlu € H and v x curlu = 0 on 89}.

Ifu € D, then Bru = —Au € H and therefore u € D(Br).
Conversely, assume that u € D(B7). Then (Id — P)Bru € H satisfies for all
veWr

((Id —P)Bru,v) = (Bru, (Id — P)v) = by (u, v) — by (u, Pv)

= (divu, divv) = yy (=Vdivu, v)w;.

so that —Vdivu = (Id — P)Bru € H. Then curlcurlu = Bru + Vdivu € H. It
remains to prove that v x curl u = 0 on d€2. Remark that it makes sense to consider
the tangential part of w := curlu on the boundary dQ2 since it was just proved
that curlw € H, and, therefore, thanks to (34), v xw € H _%(89;}1@). For all
¢ € H2(0Q:R%) N L2, (09: R), there exists ¢ € H'(Q:R*) such that ¢, = .

In that case, ¢ € Wy, and therefore

(—Vdivu + curlcurlu, ¢) = (Bru, ¢) = br(u, ¢)
= (divu, div ¢) + (curl u, curl ¢)
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= (=Vdivu + curlcurl u, @) — y—11250)(v X curlu, @) y11230)-

It proves that y-1230)(v X curlu, ) yippe) = 0 forall ¢ € H%(BQ;R3) N
L2 (92:R%), and then v x curlu = 0 on Q. O

Since the forms b7,y are continuous, bilinear, symmetric, coercive, and sectorial,
the operators —Br y generate analytic semigroups of contractions on H; Bry is

self-adjoint and D(B;/ 1%,) = Wr n. The following property will be useful in the next
section; it links By and By, as shown in [43, Proposition 2.2].

Lemma 4. For u € H such that curlu € H, the following commutator property
occurs for all € > 0:

curl (1 + ¢Br)'u= (1 + eBy) 'curl u. (39)

Proof. Letu € H such that curlu € H. Letu, = (1 +&eBr)'uand w, = (1 +
eBy) 'curlu.

Step 1: curlu, € D(By).
By (38), it holds curlu, € H, curlcurlu, € H, div(curlu,) = 0 € HY(Q),
v X curlu, = 0 on 9€2, and div (curlu,) = 0 on d2. To prove that curlu, €
D (Br), it remains to show, thanks to (38), that curl curl (curlu,) € H. This is
due to the fact that
curl curl (curl u,) = curl (—Aw,) in H™ (2, R?).

Since
1 1
—Au, = By (1 +eBy) 'u= - (u — us)
e
and curl u,, curlu € H, the claim follows.
Step 2: curlu, = w,.
By Step 1, curlu, € D(By). Moreover, in the sense of distributions,
(1 4+ eBy)(curlu,) = curl u, — eAcurlu, = curl (us — sAug) = curlu
since u, — eAu, = (1 + eB7)(1 + ¢B7)~'u = u. Therefore,
curlu, = (1 + eBy) tcurlu = w,

which proves the claim.



24 S. Monniaux and Z. Shen

To prove that the operators By y extend to L?-spaces, it suffices to prove that
their resolvents admit L2 — L2 off-diagonal estimates. This was proved in, e.g., [36,
Section 6] (see also [30]).

Proposition 6. There exist two constants C,c > 0 such that for any open sets
E,F C R?such that dist (E, F) > O and forallt > 0, f € H and

u=(d+*Bry)"'(IIr f),

it holds

dist (E.F)
t

||115u||2 + t||llEdivu||2 + I||HECHI'1M||2 <Ce™ ¢ ” ]lFf”z. 40)

Proof. Start by choosing a smooth cutoff function & : R* — R satisfying £ = 1 on
E,§ =0o0n F,and ||VE|e < dm(k—EF) Then define = % where § > 0 is to be
chosen later. Next, take the scalar product of the equation:

u— leu = llpf, ue D(BT,N)

with the function v = n?u. Since n = 1 on F and |jul, < |1l f |, it is easy to
check then that

Inull3 + 20 divull3 + £[|n curl ul|3

< I1r £113 + 20 VE oot [ ull2 (I div ull> + [ curl ull,)

dist (E,F)
4kt

and therefore, using the estimate on || V&| o, and choosing § =
lnull3 + 22 lln divals + |l curlul)3 < 2|[1LF £]3.

Using now the fact that n = elon E,

dist (E.F)

[Tgulls + ¢ Ugdivul, + ¢ Ugcurlull, < V2™ @ |[g £,

which gives (40) with C = v2and ¢ = . o

With a slight modification of the proof, it can be shown that for all 8 € (0, ),
there exist two constants C, ¢ > 0 such that for any open sets E, F C R? such that
dist(E, F) > 0,and forallz € 2,y = {w € C\ {0};|argz| < 7w — 0}, f € H
and

u=(zZld+ Bry) " '(IF f),

it holds
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. 1
2l Ugullz + 2] [ Lpdivully + |22 [ Ugcurlull, < € e SEDEE 1, £,
41

Following [31] and [10] (see also [30]), there exist Bogovskii-type operators R;, T;,
i =1,2,3,and K, 5, L, such that for all p € (1, 00),

Ry : LP(:RY) — WIP(QiR), Ty : LP(Q:R?) — W, P (2 R),

Ry: LP(RY) — WIP(RY),  Th: LP(QR?) — Wy P (2 RY),

Ry LP(2:R) — W'P(Q:R%),  Ty: LP(QR) — W, 7 (2 RY),

Kis: L?(Q:RY) - WP (Q;R?), and L1, : L?(Q:R%) — W01~”(Q;R3)
satisfying

Rocurlu + VRyu=u—Ku Yue LP(Q:;R?) with curlu € L?(Q;R)
and curl Kju = 0 if curlu = 0, “42)
Rsdivu + curl Rou = u— Kou, Vue LP(Q;R?) withdivu € L?(Q:R)
and div Kou = 0if divu = 0, 43)
Treurlu +VTiu=u—Liu, Vuce LP(Q;R3) with curlu € L?(Q2; R),

vXxu=0o0n0dRandcurl Lju = O0ifcurlu =0,
(44)

Txdivu +curl Thou =u— Lyu, VYuce L”(Q;R3) with divu € L?(2; R),
V-u=00ndQ and div Lou = 0 if divu = 0. 45)

With these potential operators (at this point, only the relations (43) and (45) are
needed) and (41), it is easy to prove that (see, e.g., [30])

z(zId + BT)—I is bounded in HDP and in G, for p € [g 2] uniformly inz € ¥,_¢

(46)
where H}) = {u e LP(Q;R¥) st.divu = Oandv-u = Oon 8&2} and G, =
VWLP(Q;R) are defined for p € (1,00); if p = 2, then H?: =Hpand G, =G
defined in Sect. 2. With the same reasoning, one can prove that

z2(zId+ By)~" is bounded in Hy, and in G for p € [£,2] uniformly inz € ;4

47)
where HY) = {u € LP(Q;R%) st.divu = 0} and G, := VW, ”(2:R) are
defined for p € (1,00); if p = 2, then H} = Hy and G,y = G defined in
Sect. 3.
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Proposition 7. The resolvents {z(zId+ Bry) 'z e Eﬂ_g} are uniformly bounded
in LP(Q;R3) forall p € (q(’),qo), where qo := min{6, 3+ 8} (¢ > 0 depends on
).

Proof. By [19, Theorems 11.1 and 11.2], the projections defined in Sect.2 and
Sect. 3

PP and Py extend to bounded projections on L? (2; R?) for p € (B+9).3+ 8),
(48)

_ 3+4e 3\, : :
where ¢ > 0 depends on 92 (and (3 + &)’ = e < 3 if Q is of class 4, then

& = oo. This means in particular that H} coincides with the space L5 (£2) defined
in (6) for all p € ((3 + ¢)’.3 + ¢). Therefore for all p € (g, 2], the resolvents
{z(zld+ Br,y)™"'.z € £;_¢} are uniformly bounded in L?(2; R?). The same result
forall p € [2,qo) is obtained by duality. O

Corollary 1. The semigroups (e '57N),q extend to bounded analytic semigroups
on LP(Q:;R?) for p € (q(. 90) and satisfy

| Vedive™ P )], < Coll fll, [Vicul@®™ ), < Collfl,  @49)
||tVdiv (e7BrN f)||p <K,fl, Ht curl curl (e 787N £) “p < K’p||f||p (50)
forall f € LP(Q;R3).

Proof. The estimates (49) and (50) in the corollary above come from the fact that
for p € (¢(. qo), the negative generators By, , of the semigroups (e'57:¥),- ¢ satisfy

D(BY y) ={u € L?(Q;R%):divu € WHP(Q;R%), curlu € LP(Q:R?),
curlcurlu € LP(Q;R*),v-u=0and v x curlu = 0 on BQ} (51)
BTQ,NM =—Au, uec D(BﬁN).

This can be proved the same way we proved Proposition 5, (case p = 2) using the
fact that P and Py are bounded in L?(2; R). O

Remark 8. Letw € L*(2;R?) such that curlw € L?(;R>*) and v x w = 0 on 2.
Then v - curlw = 0 in H7%(8SZ).

If the operator Br is restriced on Hp and the operator By on Hy, the following
Hodge-Stokes operators Ar and Ay defined by

D(Ar) = {u € Hp N Wy:curlcurlu € L*(Q2;R?) and v x curlu = 0 on GQ}
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Aru = curlcurlu  foru € D(Ar)
and
D(Ay) = {u € Hy N Wy:curlcurl u € LZ(Q;R3)},
Anu = curlcurlu foru € D(Ay)

are obtained. The construction of the Hodge-Stokes operators is strongly related
to the particular Hodge boundary conditions. As seen in Sect. 2 and 3, this doesn’t
hold in general. The reason behind this is that the Helmholtz projection P commutes
with B7 and Py commutes with By . Remark 8 ensures that if u € D(Ar) as defined
above, v - curlcurl u = 0 on 9€2, so that curl curlu € Hp.

The properties (46) and (47), together with a duality argument and the fact that
the projections P and Py are bounded on L?(Q2;R?) for p € ((3 +e),3+ 8), prove
that (e7'47),>( extends to an analytic semigroup on H g (its generator is denoted
by —Ar,,) and (e 7'4¥),5, extends to an analytic semigroup on HJ (its generator
is denoted by —Ay, ) forall p € [g q()). Moreover, the estimates (49) and (50) are
valid if B,y is replaced by A7,y forall p € [£, g0).

Lemma 5. Ifu € H}, and curlu € L3(Q:;R?), then u € H}, for all p € 3. q).

Proof. Thanks to the relation (42),
u="Pu= P(churlu + Klu)

since PVR;u = 0. The mapping properties of R, and K; show that Rycurlu +
Kiu € L*(2,R3% N L%, R?), which proves the claim of the lemma. This has
been done in, e.g., [35, Sections 3 and 4]. O

Remark 9. One can actually prove that the operator —Ar,, generates an analytic
semigroup in H}} forall p € (1,3 + ¢). The same holds for —An,p on Hﬂ. See [30]
for more details.

Remark 10. In [54], ML.E. Taylor conjectured that the Dirichlet-Stokes operator
generates an analytic semigroup in HJ) for p € ((3 +e),3+ 8), which was proved
in [51]. The question of optimality of this range is still open; the counterexample
provided by P. Deuring in [14] is for p > 6. We see here that, for the Hodge-Stokes
operator, one can allow all p € (1,3 + ¢).

4.2 The Nonlinear Hodge-Navier-Stokes Equations

The nonlinear Hodge-Navier-Stokes system ((NS’), (Hbc))
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ou—Au+ Vo —uxcurlu=0 in (0,7) x Q,

divu =0 in (0,7) x Q,

v.u =0, vxcurlu=0 on (0,7T) x 9L,
u(0) = up in Q,

is considered for initial data u in the critical space H, in the abstract form:
' (t) + Arpu(t) — P(u(r) x curlu(r)) = 0, uy € Hj. (52)

The idea to solve (52) is to apply the same method as in Sect. 2 and 3.

With the properties of the Hodge-Stokes semigroup listed in the previous
subsection (and more particularly Lemma 5), the following existence result for (52)
is almost immediate. For T' € (0, 0o], define the space ¢ by

Gr :{u € (0. T): H}) N 6((0, T); HY'): curlu € €((0. T): L3 (. R?))

. 5
with sup (||s T+ u () |3(146) + ||ﬁcur1 u(s)||3) < oo}
0<s<T

endowed with the norm

8
lullgy = sup (lu()lls + IsTF u(s) 3045 + [1Vs curluls)|5),

0<s<T

where 0 < § < 5 (¢ > 0 coming from (48)).

Theorem 6. Let @ C R? be a bounded Lipschitz domain and let uy € Hj,. Let y
and ® be defined by

y(t) = e ey, 1 >0,

and foru,v € 9y, andt € (0,T),

O u,v)(t) = /0 t e~ I (L) ((u(s) x curl v(s) + v(s) x curl u(s)) ds.

(i) If lluolls is small enough, then there exists a unique u € Yo, solution of u =
y + O(u, u).

(ii) For all uy € Hg, there exists T > 0 and a unique u € 9r solution of u =
y + O(u, u).

For a complete proof of this theorem, we refer to [35, Section 5].
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5 Robin Boundary Conditions

As studied in [5], the system ((NS’), (Rbc)) can also be considered. See also [22,
38, 46, 52]. Recently, this has also been investigated in an L2-setting for smooth
domains 2 but with the friction coefficient « replaced by a (time-dependent) matrix
[0,T] x 92 > (t,x) = B(t,x) € A5(R) with L7 coefficients, admitting v (x)
as eigenvector for almost every (z, x); see [43]. It is also worth mentioning that the
material here is part of a project with Jiirgen Saal [44]. In the following, consider
a > 0 a constant. Note that the proofs in this section go through if & : 922 — [0, c0)
is an L°°-function.

5.1 The Robin-Hodge-Laplacian
Recall the notations at the beginning of Sect.4.1: H = L*(22;R?) and
Wr = {u € H;curlu € H,divu € Lz(Q;R) andv-u = 0on BQ}.
On Wr x Wr, define the form:
by : Wy x Wr = R,  by(u,v) = (curlu, curl v)g + (divu,divv)g + (o u, v)sq.

Recall that according to (36), any u € Wy admits an L’-trace on 32, so that
{(au, v)yq makes sense for every u, v € Wr.

Remark 11. The previous property holds also in L?, 1 < p < oo, provided €2 is
of class €'. More precisely, any u € L?($2,R?) with curlu € L?(Q,R?), divu €
LP(2,R),and v - u = 0 on Q2 admits an L”-trace on 2 which satisfies

ltgye e posmey < C(llullp + leurlull, + lldivull ).

See, e.g., [33, Proposition 6.2]: in the case of a &' domain 2, the exponent g in
that result (related to the solvability of the Poisson problem for Neumann boundary
data and the regularity of the Poisson problem for Dirichlet boundary data) is equal
to 00.

The form b, is continuous, bilinear, symmetric, coercive, and sectorial, so
that the associated operator B, on H is self-adjoint; —B, generates an analytic

semigroup of contractions and D(Bol/ 2) = Wr. The operator B, is called the
Hodge-Robin-Laplacian. It has the following description:

D(By) ={u € Wr:;Vdivu € H,curlcurlu € H and v X curlu = ¢ u on 89}

Bou = — Au, u € D(By,). (53)
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Remark that for u € Wr, uj,, € L*(32;R?) and if moreover curl curlu € H, the
tangential vector field v x curl u belongs to H -3 (092; R3). Therefore, the identity
vxcurl u = o u above holds in H~2 (0€2; R?). The proof of (53) follows the lines of
the proof of Proposition 5, thanks to the following result (see, e.g., [43, Lemma 2.3],
inspired by [33, Proof of Proposition 2.4 (iii)]) of which we also give the proof.

Lemma6. 1. Let g € L*(0Q,R?). Then there exists w € H with curlw € H such
that for all p € Wy

(g’ ¢)3Q = (Curl w, ¢)Q - (W’ Curld’)ﬂ' (54)

Moreover, there exists C > 0 such that

wlla + llcutlwllz < CligllL2p0.r3)- (55)

2. Ifin addition g € L% _(092; R?) (which means that g € L*(0Q;R*) andv-g = 0

tan
on 0X2), then there exists w € H such that curlw € H and (54) holds for all
¢ € H'(Q). And in that case g = v x w in H™/2(0Q;R?).

Proof. 1. Define the space X := {(¢,curl¢); ¢ € Wr}. Itis a subspace of H x H.
As already mentioned, every ¢ € Wy admits an L>-trace at the boundary 9
and therefore v x ¢ € L?(dQ:;R?) for all ¢ € Wr. Since g € L*(0Q;R?), it
is immediate that v x g € L2(0Q;R?) = (LZ(E)Q;R3))/. Thus, v X g acts as a
linear functional on X as follows:

(v x g)(p,curlp) :=(vx g,vxp)yg forallp e Wrp.
By the Hahn-Banach theorem, there exist (v, v2) € H x H such that
(v x g)(¢,curlp) = (v, curl p)o + (v2, Pp)o  forall ¢ € Wr,

where (H x H)/ has been identified with H x H. Choose ¢ € H (2;R*) C Wy
and obtain that

0= g—i{curlv; + v2,¢)H3.

This gives that curlv; + v, = 0in H7'(Q;R3). Set w := —v; € H, so that
curlw = v, € H. Moreover,

(vxg,vx¢)yg =—(w,curlp)g + (curlw, ¢p)q forall ¢ € Wr. (56)

Since ¢ € Wr, ¢),, € L2, (02, R?), and it is clear that ¢ = (v X ¢) X v, so that

the left-hand side of (56) coincides with
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(g.¢)oa forallp € Wr, (57)
which proves (54).
The existence of C > 0 such that (55) holds follows from the closed graph

theorem since {u € H;curlu € H} is complete for the norm |[u||o + ||curl u|,.
2. Assume now that g € L2 (9Q;R?). Let w € H such that curlw € H and (54)

tan
holds. Since v x g € L?(dR:R?), we can approach it in L?(dQ2;R?) by a
sequence (¢, )nen of vector fields ¢, € H'/?(dQ2, R?). In particular,

G XV — (VX g)xv=g inL*0Q;R* asn — oo.

By assertion 1, for each n € N, there exists w, € H such that curlw, € H
satisfying

(on X v, P)aq = (curlwy, Pp)q — (wy,curlp)q forall ¢ € Wr.
Thanks to the estimate (55), it is immediate that

w, —— w and curlw, —— curlw in H.
n—>oo n—>oo

Letnow ¢ € H'(Q:;R?). Fore > 0, let ¢, = (1 + ¢B7)"'¢. Then ¢, € Wr,
and thanks to Lemma 4,

0 — ¢ and curlg, = (1 +¢eBy) ‘curl ¢ — curl¢ in H.
&> e—>

This implies also that
VX —>vx¢ in H'20Q:RY).
Therefore, foralle > 0Oandn € N
(VX e, on)an = (0n XV, Pe)oq = (curlw,, de)o — (wn, curl g¢)q.
First take the limit as & goes to 0 and obtain (recall that ¢, € H'/2(0Q;R?))

H—12{v X ¢, ©;) 12 = {curlw,, d)q — (wy, curl p)q.

Since ¢ € H'(Q,R?), the first term of the latter equation is also equal to (¢, x
Vv, ¢)sq. Taking the limit as n goes to oo yields

(g,Poq = (curlw, p)g — (w,curl p)q

which proves the claim made in 2.
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Remark 12. 1f Q is of class %', one can prove that Lemma 6 is also valid in L?
instead of L2 for all p € (1, o), identifying the dual of L? with LY (noting that g
defined in Proposition 7 is equal to co).

Proof of (53). For the time being, denote by D, the set on the right-hand side
of (83). Let u € Dy: Au = —curlcurlu + Vdivu € H, and for all v €
Wr 0 HY(Q;R?),

(—Au,v)q = (curlcurlu, v)g — (Vdivu, v)g
= (curlu, curl v)g + (v x curlu, v)yq + (divu, divv)g

= (curlu, curl v) g + (divu,divv)g + a{u, v)sq

= by(u, v).

The second equality comes from the integration by parts formula. In the third
equality, the characterization of elements in D, has been used. Thanks to the
density of Wr N H'(Q;R?) in Wr, this proves the inclusion D, € D(B,) and
that Byu = —Auforu € D,.
Conversely, let u € D(B,). Letn = —Bou € H, g = au. Since uj,, €
L2 (32;R?), Lemma 6 shows the existence of w € H with curlw € H such that
au = v X won 9. Therefore, the boundary value g = « u satisfies the conditions
of [33, Theorem 1.2] with p = 2. Then there exists a unique & satisfying

it e Wr,curlcurli € H,divii € H' (),
Ani=n€H, (58)
vxcurli = g € H7'2(0Q:R%),

For all v € Wr, integrating by parts,

(curl it, curl v) o + (div iz, divv)g = (—Ail, v)g — (v x curlit, v) a0

( ﬂ»v)sz—(& )
= (Byu, v)q — (@ u, v)sg
=by(u,v) — a{u, v)yg

= (curlu, curl v) o + (divu, divv)g.

The second equality comes from the fact that u is the solution of (58). The third
equality is a simple reformulation of the previous line using the notations introduced
before. The fourth equality uses the fact that B, is the operator associated with
the form b,. Finally, the last equality comes directly from the definition of b,.
Therefore, we proved that v = u — &z € Wy and satisfies curl v = 0 and divv = 0.
Since 2 is simply connected, this proves that v = 0, or equivalently u = u, and
then that u € D, from which follows the inclusion D(B,) C D,.

Ultimately, it has been proved that D(B,) = Dy. O
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As in the case of Proposition 6, Gaffney-type estimates hold.

Proposition 8. There exist two constants C,c > 0 such that for any open sets
E,F C R? such that dist (E, F) > 0 and for all t > 0, f € H and

u=(Id +1*By)~ (g f),

it holds

dist (E.F)

||HEM||2+I||HEdiV M||2+I||HECHIIM||2+I\/& ||HEM||L2(BQ;R3 <Ce “ ¢ ||HFf||2
(59)

Proof. The proof goes as in the case @ = 0 (Proposition 6 for Br). Choose a smooth
cutoff function £ : R?> — R satisfying £ = 1on E, £ = Oon F, and | VE|eo <
ﬁEF) Then define = e% where § > 0 is to be chosen later. Next, take the
scalar product of the equation:

u—t>Au=llp f, ueD(By)

with the function v = n?u. Since n = 1 on F and |jul, < |1l f |, it is easy to
check then that

2 20 Ao l2 4 f2 2., 2 2
Inully + 2 lindivul; + 7lncurlull; + “allnull; o0 .ps)

< Ip £113 + 20| VE oot [n ull2(In div ullz + [l curlull)

dist (E,F)

and therefore, using the estimate on || V& ||« and choosing § = ==,

Inull3 + 22l divul3 + e llg curl ull; + ellnul}2gg.e < 210 f15-

Using now the fact that n = ¢% on E,

dist (E,F)

I L pullo+¢ | Updivul+e | Upcurlul,+t e [ Upull 2p0m) < V2e™ % |1 £,

which gives (59) with C = v2and ¢ = . o

As before, with a slight modification of the proof, it can be shown that for all
6 € (0, ) there exist two constants C, ¢ > 0 such that for any open sets E, F C R3
such that dist (E, F) > Oand forallz € X,y = {a) e C\ {0};|argz| < w — 9},
f € H and

u= (d + B,)"'(llg f),

it holds
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1 ) 1
z[[[Tgull2 + |z|2 [Ugdiv |, + |z]2 [T gcurl ul|
1 e it
+ |22 Vo [ Mgul 2503 < C e~ AUCEDER 1p £, (60)

With the same arguments as for the Hodge-Laplacian, the analogue of Proposition 7
and Corollary 1 can be obtained, as well as (51) for B,: for all p € (q(’), qo):

{z(zId + B, ze Eﬂ_g} is uniformly bounded in L?(2; R%); (61)
(e™"Be),5( extends to a bounded analytic semigroup on L?(Q:R?); (62)
|Vidive™ )], < Collfllps |Vieuwde ), <Clfll: (63)

| Vdiv (e_’B"‘f)”p < Kol fll,. |¢curlcur (e_‘B"f)Hp <K, fll,- (64

Moreover, if Q is of class €', the following description of B, »» the negative
generator of (e7'B«),5q in L”(Q2; R?) holds:

D(B,.,) = {u € L?(Q:R’);divu € WHP(Q:R?), curlu € LP(; RY),
curlcurlu € L?(Q;R*),v-u = 0and v x curlu = o uu on 99} (65)
By pu=—Au, ueD(Bqy,),
To prove that, the result in Remark 6 has been used, as well as the solvability of (58)
in L? for p in the interval ((3 +¢),3+ e) = (1, 00) in that case ([33, Theorem 1.2]
is also valid in this range of p).

5.2 The Robin-Hodge-Stokes Operator

From now on, assume that € is of class €. Let p € (1,00). Let g € L?(Q:R%),
with divg = 0. By Remark 1 (also valid for p € (1,00) with the obvious
changes), it holds v - g € B;,},/p(E)Q) and also v - g satisfies the condition

B;;/p(am(v - g, H)B{llé-ppl(aﬁ) = 0. By [19, Corollary 9.3], the problem

geW'(Q), Ag=0inQ, dqg=v-gondQ (66)
has a unique (modulo constants) solution satisfying moreover

1941, < 1V &l g (©7)
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Consider the operator
T, :D(B,,) — W'(Q), ur—gq

where ¢ is the solution of (66) with g = —curl curl u.

Lemma 7. For p € (1,00), u € D(By ), the following estimate holds

VT pull, < oz(||curlu||p + ||div u||p) (68)
Proof. Let p € (1,00) and u € D(Ba,). Let ¢ € B))” (3Q2). Let ® € W7 (Q),
so that ®|,, = ¢ (recall that % =1- #). Thanks to the description of D(By,,)
given by (65) and the formula (34) (also valid in L?), there holds

v - curl curl u, ¢ curlcurl u, V@) = (v x curlu, V®)

) g1/ =
BYP(99)

=a (U, VO)yo = a (curlw, V) g,

By /7 (09) {

where w € L?(2;R?) with curlw € L?(2;R?) is determined by Lemma 6, 2 (for
g = u; see Remark 6). Therefore by Remark 11,

v - curlcurlu||3;117/,,(m) < Cllcurlw|, < CllullLrpo:r3)
< C(llull, + llcurlull, + [|divul| ).

Since 2 is bounded, ||lu||, can be estimated in terms of |curlu|, and |divu|,,
which gives (68). |

Next result links the operator I', and B, , with the Robin-Hodge-Stokes
resolvent problem for z € X, _g:

w—Au+Vg=f in Q,
divu=0 in 9, (69)
veu = 0, vxcurlu = aou on 0.

Proposition 9. Let p € (1,00). Let z € X,—9 and f € H}. Then (u,q) €
D(By.p) x W'P(Q) is a solution of (69) if, and only if, u € D(B,,p) N H}, satisfies
2 — Au+ VT u = f and in that case ¢ = T pu.

Proof. =»: Assume that (u, q) € D(By,,)x W7 (Q) is a solution of (69). Applying
the divergence to the first equation of (69) and using the fact that divu = 0,
there holds Awr = 0. Moreover, taking the normal component at the boundary
of the same equation, d,g = v - Au = —v - curl curl u (recall that, since f €
H},v- f = 0on dQ) and therefore ¢ satisfies (66) with g = —curl curl ,
which implies by definition of I', that ¢ = I",u. This shows thatu € D(B, ;)N
H} and satisfies zu — Au+ VI u = f.
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«<: Conversely, let u € D(B, ) N H} satisfying zu — Au + VI ,u = f and
define v := divu € W'P(Q). Then v satisfies zv — Av = 0 in Q: apply
the divergence to zu — Au + VI,u = f and remark that div f = 0 and
divVI,u = ATl'yu = 0. Moreover, taking the normal component of zu —
Au+ VI,u = f at the boundary, —0,v + v - curlcurlu + 9,T",u = 0 on
02 (we wrote —Au = —Vv + curlcurl u), and therefore d,v = 0 on 0.
Uniqueness of the Neumann problem for the Laplacian,

(zv—Av =0inQ2 and 0J,v =Oon89):> (v =0),

shows that v = divu = 0. Therefore, (u,T,u) € D(B,,,) x WIP(Q) is a
solution of (69).
O

Proposition 9 allows to define the part of B, , in H}. In this case, the pressure
term VI',u appears as a small perturbation of the main term given by —Au. This
happened already in the case of Hodge boundary conditions (¢ = 0): VI',u = 0;
see (68) and the comment Sect. 4 after the definitions of A7 and Ay .

Definition 3. Let p € (1, 0c0). The Robin-Hodge-Stokes operator denoted by A, ,
is an unbounded operator in H}, defined by

D(Ay,,) = D(B,.,) N HE, Agpu =—Au+VIu, ueD(Ay,). (70)

Remark 13. If p = 2, it is easy to see that A, 5 is the operator associated with the
continuous, bilinear, symmetric, coercive form a, defined as follows:

ag: Wr N Hp)x (Wr N Hp) = R, aq(u,v) := {curlu,curlv)g + (@ u, v)jq.

Therefore, A, is self-adjoint, and — A, » is the generator of an analytic semigroup
of contractions in Hp.

Lemma 8. Let p € [2,00) and u € D(A,, ). Then u € LQTF(Q;R3).

Proof. By definition, if u € D(A,,), then u,curlu € LP(Q2;R?), divu = 0 €
LP(2), and v - u = 0 on 0R2. By [32, Theorem 11.2] (note that B,l,(f < LY
in dimension 3), there holds u € L* (2:R?). Apply the same reasoning to curl u:
curlu, curlcurlu € L?(Q;R?), diveurlu = 0 € L?(Q),and v x curlu = au €
L7(3Q;R?), so that curlu € L%(Q; RY). Using again that v - u = 0 on 9<2, there

9p
holds u € L (;R3). O

Theorem 7. For all p € (1,00), the operator —A, , generates an analytic
semigroup in H 5 satisfying the estimates
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Hx/;curl (e ar f) ||p <Gyl fll, and Htcurlcurl (e Hur £) ||p <K, fllp,
(71)
forall f € H andallt > 0if p > 2.

Proof. Let z € ¥;_y. By Proposition 9,

(zld + Aqp) = (Id = VI, (zld + B, ,)~')(zld + Ba ).
Lemma 7 and (63) imply that for all f € L?(Q;R?),

IVE,(Eld + Bup) ™ £l < a(lleurl (1d + Bap) ™' £,

+ ||div (zId + B, ,) "' fll,) < C 77 1

This proves that, for |z| large enough (|z| > 4C?a?), zId + Ay, : D(Aq,,) — H}
is invertible with

(zId + Aoz.p)_1 = (zId + Ba,p)_l (Id - VFP(ZId + B"-P)_l)_l

and
”Z(Zld + Amp)_l ”f(Hg) = 2||Z(Zld + Ba.p)_l “3(LP(Q;R3)) <L

Moreover, the same reasoning gives

|| \/chrl (zZld + Ay )" ||$(H£;LP(Q;R3))
< 2| izl curl (z1d + Be )™ ||,,S,”(L”(Q;R3)) sl (72)
and

H curl curl (zId + A(,(,,,)f1 || AHLLY @R <2 || curl curl (zId+ By )

: ||$(LP(Q;R3))§1
(73)
To prove that zId + Ay, : D(As,) — Hp is invertible if z € £, with
|z| < 4C%a?, proceed by induction. The assertion is proved for p > 2 (the range is
obtained 1 < p < 2 by duality since A, ; is self-adjoint in Hp). Assume first that
p € [2.2]. so that D(Ay) <> HJ by Lemma 8. Let z € £, with |z| < 4C?a?
and let = z + 8C?a?. There holds w € X, _4 and |w| > 8C%a? — |z| > 4C%a>.
Therefore, for f € H} < Hp,

(Zld + Ay2) ' f = (@Id + Ay )" f + 8C2a*(wld + Ay ,) " (2ld + A40) 7' f,

which gives
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H (ZId + Aa,Z)_lf”p =< Ca”f”pv

and this proves that zId + A4, : D(Aq.,) — H} is invertible with the norm of
its inverse controlled by a constant depending on «. For any p > 2, the previous
procedure can be iterated using again Lemma 8 valid for all p > 2. Estimates of the
form (72) and (73) are straightforward. Eventually, the result claimed in Theorem 7
is obtained for p > 2. As mentioned earlier, the case 1 < p < 2 is obtained by
duality. O

5.3 The Nonlinear Robin-Hodge-Navier-Stokes Equations

The nonlinear Robin-Hodge-Navier-Stokes system ((NS’), (Rbc))

ou—Au+Vr —uxcurlu=0 in (0,7) x Q,
divu=0 1in (0,7) x Q,
v-u =0, vxcurlu=cauon (0,T) x 92,

u(0) = uy in Q,
for initial data u is considered in the critical space H 13) in the abstract form:
' () + Ag,pu(t) —P(u(t) x curlu(t)) = 0, up € Hj. (74)

Recall that €' domains Q are considered here. The idea to solve (74) is to apply the
same method as in previous sections.

With the properties of the Robin-Hodge-Stokes semigroup listed in particular in
Theorem 7, the following existence result for (74) is almost immediate. For 7' €
(0, 00], define the space %7 by

S = {u € 6,([0.T); H3): curlu € 6((0. T); L3 (. R?))

with sup ||/scurlu(s)|s < oo}

O<s<T

endowed with the norm

lull e = sup (lus)lls + [I+/s curluls)]s).

O<s<T

Theorem 8. Let Q@ C R3 be a bounded Lipschitz domain and let uy € H 13). Let y
and ® be defined by

y(t) = e Mady, 1 >0,



Stokes Problems in Irregular Domains With Various Boundary Conditions 39

and foru,v € 7, andt € (0,T),
O(u,v)(t) = /t e_(’_S)A“(%IP’)((u(s) x curl v(s) + v(s) x curlu(s)) ds.
0

(i) If ||uoll3 is small enough, then there exists a unique u € % solution of u =
y + O(u, u).

(ii) For all uy € H3, there exists T > 0 and a unique u € % solution of u =
y + O(u, u).

Elements of the proof. Remark that, as in Lemma 5, for u € 5¢7, (thanks to (42))
there holds u = P(Racurl u+ K u) € 6((0, T); HS) with sup /s |[u(s)lle < [lull-
0

<s<T
The proof goes as in the previous sections. O

6 Conclusion

In the case of a smooth bounded domain in R”, it was proved by Y.Giga and
T. Miyakawa in [23] that the Dirichlet-Navier-Stokes system admits a local mild
solution for initial values in L" (critical space for the system in dimension 7). Their
method relies on the fact that the Dirichlet-Stokes operator, as defined in Sect. 2,
extends to all L? spaces and is the negative generator of an analytic semigroup
there, which was proved in [21]. The situation in Lipschitz domains is different.
For instance, P. Deuring provided in [14] an example of a domain with one conical
singularity such that the Dirichlet-Stokes semigroup does not extend to an analytic
semigroup in L? for p large, away from 2 (in this example, p > 6).

As already mentioned, E. Fabes, O. Mendez, and M. Mitrea proved in [19] that
the orthogonal projection P defined in Sect.2 on L?(2;R?) extends to a bounded
projection on L”(2;IR?) for p in an open interval containing [%, 3] (f Q is 4",
then this interval is (1, 00)). This led M. Taylor in [54] to formulate the conjecture
that the Dirichlet-Stokes semigroup defined originally on Hp extends to an analytic
semigroup on L7 for p in the same interval as in [19]. This is actually true as shown
in Sect. 2.1.2. It is not known whether this range is optimal, i.e., for any p > 3 (or
any p < %), is there a bounded Lipschitz domain such that the Dirichlet-Stokes
semigroup (e~'4P),5( does not extend to a bounded analytic semigroup in H}?
When considering Hodge boundary conditions (Hbc), the range where (¢ 747),5
extends to a bounded analytic semigroup in H g is however larger (see Remark 9,
based on results in [30]).

To apply the Fujita-Kato scheme as in Sect. 2.2, proving that the Dirichlet-Stokes
semigroup (e ~'4”),( extends to an analytic semigroup in H3}, seems to be the first
step to obtain mild solutions of the Navier-Stokes system with Dirichlet boundary
conditions. The next step is to be able to estimate Ve~"4? in the L3 norm, which is
not as straightforward as in the L? case where |[Ve ™42 f ||, = ||A})/ze_’ADf||2.
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Finally, it would be very satisfactory to obtain a theory for Robin boundary

conditions (Rbc) in Lipschitz domains as studied in Sect. 5 for %' domains.
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