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AUTOMORPHISMS AND QUOTIENTS OF
QUATERNIONIC FAKE QUADRICS

AMIR DZAMBIC AND XAVIER ROULLEAU

A Q-homology quadric is a normal projective algebraic surface with the
same Betti numbers as the smooth quadric in P3. A smooth Q-homology
quadric is either rational or of general type with vanishing geometric genus.
Smooth minimal Q-homology quadrics of general type are called fake quad-
rics. Here we study quaternionic fake quadrics, that is, fake quadrics whose
fundamental group is an irreducible lattice in PSL;(R) x PSL,(R) derived
from a division quaternion algebra over a real number field. We provide
examples of quaternionic fake quadrics X with a nontrivial automorphism
group G and compute the invariants of the quotient X/G and of its mini-
mal desingularization Z. In this way we provide examples of singular (-
homology quadrics and minimal surfaces Z of general type with g = p, =0
and K2 =4 or 2 which contain the maximal number of disjoint (—2)-curves.
Conversely, we also show that if a smooth minimal surface of general type
has the same invariant as Z and same number of (—2)-curves, then we can
construct geometrically a surface of general type with cf =8,c;=4.

1. Introduction

In this paper we will be interested in Q-homology quadric surfaces, which are
normal projective algebraic surfaces with the same Betti numbers as the quadric
surface in P, that is, by = 0 and by = 2. A smooth @-homology quadric S has the
following numerical invariants: p,(S) =¢(S5) =0, e(S) =c2(S) =4, and c%(S) =8.
By the classification theory of algebraic surfaces, such S is either a Hirzebruch
surface ¥, (with £g=P! xP!) or § is of general type. The latter S is either minimal
or has at most one exceptional curve. Blowing down this (—1)-curve we obtain a
fake projective plane, that is, a smooth minimal surface of general type with the
same Betti numbers as the projective plane P2, being an example of a @-homology
projective plane. By the analogy with fake projective planes, we define a fake
quadric to be a minimal smooth Q-homology quadric of general type (see [Barth et al.
2004, p. 231; Hirzebruch 1987, p. 780; Iskovskikh and Shafarevich 1989, p. 195]).
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All known fake quadrics have H x H, the product of two copies of the complex
upper half plane, as the universal covering. Hence, such a fake quadric X is of the
form X = I"'\HxH, where I' is a torsion-free and cocompact discrete subgroup in
Aut(H x H), the group of holomorphic automorphisms of H x H. Essentially, we
distinguish between two classes of such quotients according to the structure of I'.

One class of fake quadrics consists of surfaces I \[HxH with the property that
the group I" is reducible. By reducible we mean that there exists a subgroup of
finite index I'" ="y x I'; of " such that the group I'; acts on H and C; =H/T; is a
smooth algebraic curve. This case is now well understood and the full classification
of these fake quadrics, named also fake quadrics isogenous to a higher product, has
been achieved by Bauer, Catanese and Grunewald in [Bauer et al. 2008]. In practice,
this classification and construction is done geometrically by classifying triples
(Cq, C3, G) of two smooth curves C; of general type and a group G, such that G
acts faithfully and freely on the surface C; x C, and the quotient (C; x C)/G has
the asked invariants.

In this paper we will focus on fake quadrics of the other class, which we call
quaternionic fake quadrics. These fake quadrics are Shimura surfaces, that is,
quotients of H x H by cocompact irreducible arithmetic lattices I' in Aut(H) x
Aut(H), defined by an indefinite quaternion algebra over a totally real number field.
Within the general framework of Prasad and Yeung on fake compact symmetric
Hermitian spaces the quaternionic fake quadrics belong to the class of so-called
arithmetic fake A1; see [Prasad and Yeung 2012].

Using the previous work of Kuga, the first quaternionic fake quadrics have been
constructed in [Shavel 1978]. We know that these surfaces are rigid and thus that
there are only a finite number of them, but at the moment we do not have a complete
list of all these surfaces. We have a list of commensurability classes of fake quadrics
defined by quaternion algebras over quadratic fields (see [DZambié¢ 2013]).

The situation for quaternionic fake quadrics is very similar to the case of fake
projective planes. By the theorem of Klingler (and also Yeung), all fake projective
planes are quotients of the 2-dimensional complex unit ball B2 by cocompact
arithmetic lattices I' C PU(2, 1). This provides an arithmetic construction of
these surfaces, but it is generally not easy to handle and construct these sur-
faces geometrically, for instance, as a quotient or ramified cover of some known
surfaces.

In order to remedy this situation, Keum [2012; 2008; 2006] studied quotients
of fake projective planes by groups of automorphisms. In this way, he obtained
surfaces of general type with geometric genus p, = 0 and was able to rebuild a
fake projective plane by only knowing the properties of the quotient surface.

The aim of this paper is to study automorphisms of quaternionic fake quadrics
and the quotients of these surfaces by groups of automorphisms. Let X =I"\HxH
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be a Shimura surface. We say that a curve C < X is a Shimura curve if it is a
totally geodesic submanifold of X.
The first main result we obtain is the following:

Theorem A. An automorphism of a smooth Shimura surface X = I'\HxH has
only finitely many fixed points or it is an involution whose fixed point set is a disjoint
union of smooth Shimura curves.

An automorphism of a quaternionic fake quadric X has only finitely many fixed
points. There exist quaternionic fake quadrics X with automorphism group isomor-
phic to

Z)27, (Z)27)%, Dy, Ds, Dg, or Dy,

where D, is the dihedral group with order 2n.

Let us remark that the knowledge of surfaces of general type with p, = 0
and a large automorphism group can be interesting to check whether the Bloch
conjecture holds (see, for example, [Inose and Mizukami 1979]). The computations
in [DZambi¢ 2013] lead us to the conjecture that the order of the automorphism
group of a quaternionic fake quadric is always less or equal 24 (see Section 4).

The second aim of this paper is to study the minimal desingularization of the
quotient of a quaternionic fake quadric by a group of automorphisms, in order to
obtain new surfaces with p, = 0.

Theorem B. Let X be a quaternionic fake quadric and G a finite group of auto-
morphisms of X. The minimal desingularization Z of the quotient X /G has the
following numerical invariants:

G c%(Z) c2(Z) | Singularities on X/G | Minimal | «(Z)
7/27 4 8 4A, yes 2
7/37 2 10 2A31+24A; ? 2
7/6Z —4 16 2461+ 245 no ?
7]87 =2 14 Ag3+ Ags no ?
7/10Z7 —12 24 2A10.1+24A9 no ?

(Z)27)? 2 10 6A, yes 2

Dy 0 12 4A1+As3+ As no >1

Dy —1 13 4A1+ Ag3+ As s no ?

Here, « indicates the Kodaira dimension of the surface Z.

We obtain also results and restrictions for the groups Z/47, 7/57 and D3. We
note that the surfaces of general type we obtain have vanishing geometric genus
and could be therefore interesting from the point of view of the classification of
surfaces with p, = 0. We intend to study these surfaces more closely, regarding,
for instance, the fundamental groups in a future paper.
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A curve C on a surface is called nodal if C ~ P! and C? = —2. A nodal curve
is the resolution of a nodal singularity. The surfaces Z we obtain as the quotient of
a fake quadric by an automorphism group (Z/27)", n € {1, 2} have the maximum
number of nodal curves (the so-called Miyaoka bound [1984]). If minimal, the
surfaces obtained by taking a quotient by the groups Z/37 and D3 have also the
maximum number of quotient singularities. Similarly to Keum’s construction of
fake projective planes, we can reverse the construction.

Proposition C. Let Z be a smooth minimal surface of general type with g = p, = 0.

(a) Suppose that c% =4, 2, or1, Pic(Z) has no 2-torsion, and that there is a
birational map Z — Y onto a surface containing 8 — c]2 nodal singularities
Ay. There exists a smooth minimal surface of general type S with invariants
c% =2cp =8 and a (Z/2Z2)"-cover S — Y ramified over the nodes, with m
such that 2™ = 8/c%.

(b) Suppose that c% =2, Pic(Z) has no 3-torsion, and that there is a birational map
Z — Y onto a surface with 2A3 1 4+ 2A, singularities. There exist a smooth
surface S with invariants c% =2c) =8 and a (Z/3Z)-cover Z — Y ramified
over the singularities of Y.

The proof of part (a) of this proposition uses mainly the results of Dolgachev,
Mendes Lopes, and Pardini [Dolgacheyv et al. 2002] and illustrates their theory. The
proof of part (b) is more original because it mixes two types of singularities.

The paper is structured as follows: We begin recalling the known facts on
quotients of surfaces (Section 2) and on quaternionic fake quadrics (Section 3).
In Section 4, we provide examples of fake quadrics having a large group of au-
tomorphisms, we then compute the quotients surfaces (Section 5) and reverse
the construction in the opposite direction: starting with a surface with the same
invariants as the quotient, we construct a surface with c% = 2¢, = 8 (Section 6).

2. Generalities on quotients of a surface

In this section we recall results from the theory of quotient surface singularities and
their resolution. The main reference for these topics is [Barth et al. 2004]; see also
[Roulleau 2012].

Let S be a smooth algebraic surface and let G be a group of automorphisms
acting on S. We denote by S/G the quotient surface and by n: Z — S/G the
minimal desingularization map. If G = (o) is cyclic, we will often write S/o to
denote the quotient S/(o’).

Proposition 2.4 (topological Lefschetz formula). Let o be an automorphism acting
on S and S° the fixed point set of o. We have
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j=4
e(87) =Y (=) Tr(c|H' (S, Z)ms),

j=0
where H' (S, Z)n; is the group H (S, Z) modulo torsion.

Note that for a fake quadric X we have g = p, = 0; thus
H' (X, D)m = (0}, H*(X,)®C = H' (X, Qx).

Corollary 2.5. Let X be a fake quadric and o an automorphism of order n > 1
acting on G. We have e(X°) =2 or 4. If o = 1?2 for an automorphism t (for
example, if n is prime to 2), we have e(X°) = 4.

Proof. Since X is a fake quadric, the space H 1(X, Qx) is 2-dimensional and is
generated by the classes of 2-curves in the Néron—Severi group. As an automorphism
preserves the canonical divisor, the invariant subspace of H!(X, Qy) is at least
one-dimensional. Therefore the trace of ¢ on H!(X, Q) is 2 or 0. If we suppose
that this action is not trivial, then 2 divides the order of o, moreover we see that
the action of o2 is always trivial. ([

Let & be a primitive n-th root of unity. Let us recall that for 1 <¢g <n —1
coprime to n, the quotient of C? by the action of

(x,y) > (6x,87y)

has a unique singularity, called an A, , singularity. For n, m > 0 two numbers, we
write [n, m] for n —1/m. The A, , singularity is resolved by a Hirzebruch—Jung
string (see [Barth et al. 2004]), that is, a chain of smooth rational curves Cy, ..., Ci
such that C; intersects C;1 transversally in one point for 2 <i <k—1 and Ci2 =—n;
with integers n; > 2 determined by the relation

n
—=[ny,[n2, ..., [mg—1, ne]. . 11
q

As is conventional, we denote A, ,_1 by A,_1.
Let S be a surface with p, =g =0 and let o be an automorphism of order n > 2
such that the fixed points of the ok, k=1,...,n—1 are isolated.

Proposition 2.6 (holomorphic Lefschetz fixed point formula [Atiyah and Singer
1968, p. 567]). Let S° be the fixed point set of o. Then

1
1: 9
Z det(l —do|Ts s)

seS?

where dog|Ts s denotes the action of o on the tangent space T ;.
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Suppose moreover that the automorphism o has prime order p. Let & be a
primitive p-th root of unity. Let ; be the number of isolated fixed points of o
whose image in S/o are A, ; singularities.

Proposition 2.7 (Zhang’s formula [2001, Lemma 1.6]). We have

p—1

Y riai(p)=1

i=1
where
—1
k 1

1
“(P) =3 2 TEH A E

=1

~

In particular, we have

ai(p)=1505-p), a(p)=5101-p), a) =7, a)=3.

Let1 <i < pand 1 <k < p be such that ik = Imodp. As A,; = A,x,
the notations for r; and r; in Zhang’s formula can be confusing. However, as
a;(p) = ax(p), there should be no trouble in taking the convention that r; 4 ry is
the total number of A, ; = A, ; singularities, rather that choosing a representative
i or k for every such pair (i, k).

Let us recall that an automorphism of a vector space is called a reflection if all
its eigenvalues but one are equal to 1. Let S be a surface and G an automorphism
group acting on S. Suppose that for every automorphism of G the fixed point set is
finite. Let s be a fixed point of G; recall (see [Barth et al. 2004]):

Lemma 2.8. The action of the group G on the tangent space Ty s is faithful and
contains no reflections.

In particular, if G is cyclic of order n, the singularity type of the image of the
fixed point s in the quotient S/G is always A, , with g prime to n.

Lemma 2.9. The Euler number of S/ G is given by the formula
1

e(S/G) = G

(€($)+ Y _(n—De(Sy)),

n>2

where S, = {s es | |Stab(G, s)| = n}. The Euler number of the minimal resolution
Z is the sum of e(S/ G) and the number of irreducible components of the exceptional
curves of the resolutionw: Z — S/G.

Let Cy, ..., Ci be the irreducible components of the one dimensional fibers of
m: Z — §/G. We have the relations K7 = n*Kg/g — Z’:]f a; C;, for rational

i=

numbers a; such that K, C, = -2 — C,f and Cy* K, =0. Moreover, we have the
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equality K § /G= K § /1G], where |G| is the order of G. As K5 is ample, the canonical
Q-divisor K, is ample and 7*K g, is nef. We remark also that K% < K§/G.
Recall that the Kihler lemma implies that for a dominant rational map between
varieties, the pull back map among the spaces of sections of sheaves of holomorphic
forms are injective, therefore we obtain (see also [Roulleau 2012] for a proof in the

case of surfaces):

Lemma 2.10. Let S be a surface with g = pg = 0. The minimal resolution Z of the
quotient of S by a group G has also g = p, = 0.

Suppose that S is moreover minimal of general type and the fixed points of
automorphisms in G are isolated.

Lemma 2.11. If K % =0, the surface Z has Kodaira dimension k > 1. If K % >0,
the surface Z has Kodaira dimension k = 2.

Proof. (We follow the ideas from [Keum 2008].) The quotient surface has ¢ = p, =0
and thus x(Oz) = 1. Let m > 1 be an integer. Then

8

—m < 0;
|G|

—szn*KS/G = —ng/G = —
therefore H(Z, —mK ) = {0} for every m > 1. Let m > 2; then from the Serre
duality and Riemann—Roch we obtain

—1
H(Z. mKz) = x(Oz) + %

KZ+h'(Z, mKy).

If K % > 0, it immediately follows that Z is of general type. If K % =0, the surface
has h°(Z, 2K 7) # 0 and cannot be rational by the Castelnuovo criterion. Moreover,
as x = 1 it cannot be a ruled surface. Suppose that Z is an Enriques surface. As
K% =0, it is a minimal surface, but this is impossible because 1°(Z, 3K ) # 0;
therefore x > 0. O

3. Automorphisms of smooth Shimura surfaces and generalities on
quaternionic fake quadrics

Let us give a more detailed description of Shimura surfaces and quaternionic fake
quadrics. First, recall that a lattice I' < PSLy(R) x PSLy(R) = AutH x AutH
is irreducible if it is not commensurable with a product I'; x I'; of two discrete
subgroups I'1, I'; C PSL(R). Equivalently, the image of I under the projection
onto one of the factors PSL;(R) is a dense subgroup of PSL;(R). Irreducible
lattices in PSL;(R) x PSL,(R) can be constructed arithmetically in the following
way. Let k be a totally real number field of degree g = [k : Q] > 2, and let
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B=(a, B :=(1,i, j,ij), withi>?=a €k, j>=p ek, ij =—ji, be aquaternion
algebra over k such that

(3-1) BaoR = [] B” = My®R) x My(R) x H x -+ x Hp_.
\—/_J

peHom(k,R) g—2

Here, B” = (a”, B°)r and Hg = (—1, —1)R denotes the skew field of Hamiltonian
quaternions. Let Oy be the ring of integers of k and O a maximal order in B, that
is, a maximal subring of B which is a complete Oy-lattice in B. Finally, let O' be
the subgroup of all elements in O of reduced norm one.

The isomorphism (3-1) induces an embedding of O! into SL>(R) x SLy(R) by
taking the element y € O! to the pair (y*1, y*?) € SL(R) x SLy(R), where y# is
the image of y in B”. The group O' then acts on H x H as a group of fractional
linear transformations. Namely, if (z, w) € H x H is a point and an element y € O
is identified with two matrices y*' and y*? € SL,(R), then

y(z, w) = (y"z, yw).
After dividing out by the ineffective kernel, one considers the group
I'h = O'/{£1} C PSLy(R) x PSLy(R)

and it can be proven that 1"(19 is an irreducible lattice in PSL, (R) x PSL,(R). More-
over, this lattice is cocompact if and only if B is a division quaternion algebra (see
[Vignéras 1980, p. 104]). In general we say that a subgroup I' C PSL, (R) x PSL, (R)
is an arithmetic lattice if there exists k, B, p;, p2, O as above such that I" is com-
mensurable with Fg,). Since PSL,(R) x PSL,(R) is a semisimple real Lie group
of real rank 2, the famous arithmeticity theorem of Margulis [1991, Theorem (A),
p- 298] (or see [Zimmer 1984, Theorem 6.1.2, p. 114]) states that any irreducible
lattice I' in PSL,(R) x PSL,(R) is an arithmetic lattice.

Let I" be irreducible and cocompact (arithmetic) lattice in PSL, (R) x PSL,(R)
and X :=I"\HxH be the orbit space of the discontinuous action of I on H x H.
Then, there is a natural structure of compact algebraic surface on Xr. Such a surface
Xr is called (compact) Shimura surface and can be seen as the compact analog of
a Hilbert modular surface. We know that X is smooth if I' is torsion free. The
numerical invariants of a smooth X are computed in [Matsushima and Shimura
1963]; see also [Shavel 1978]. It follows that a smooth Xt is a fake quadric if and
only if ¢(Xr) =4 (see [Shavel 1978]).

Let us now study automorphisms of smooth Shimura surfaces Xr = I'\HxH
where I' is a cocompact and irreducible torsion-free lattice in AutH x AutH.
Let u: Hx H— H x H be the involution exchanging the two factors. The group
Aut(H x H) is the semidirect product of AutH x AutH by the group generated by 1.
Let NT (resp. NoI") be the normalizer of I' in Aut(H x H) (resp. in Aut H x Aut H);
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NoI" is a subgroup of NT" of index 1 or 2. The following result is crucial for our
computations.

Theorem 3.12. The automorphism group of the smooth Shimura surface Xr is
(isomorphic to) NT'/ . An automorphism has only finitely many fixed points or it
is an involution whose fixed point set is a union of smooth Shimura curves.

There exists an involution with a purely one-dimensional fixed point set if and
only if NT" # NyoT'.

An automorphism of a fake quadric has only finitely many fixed points.

Proof. Since H x H is the universal covering of X, every automorphism o of X
lifts to an automorphism y of H x H; this ¥ normalizes I" and two elements y, y’
both represent o if and only if y 'y’ € T'. Hence, o defines an element yT" of the
group NI'/I". Conversely, for a class yI" € NI'/I", the map o : X — X defined
by o(I'x) = yI'x = yT'y ~'yx = 'yx is an automorphism of X. We thus proved
that Aut(X) = NT'/T.

We say that 0 € Aut(X) = NI'/T", witho = yI" € NI/ T, is a factor preserving
automorphism if y is in NyI'.

Let us denote by Fr a fundamental domain in H x H of I". Let 0 € Aut(X)
be a nontrivial factor preserving automorphism and let s be a fixed point, with
representative (z1,z2) in Fr. Let y € NoI' be a representative of o such that
v(z1,22) = (yP'z1, y®z2) = (21, z2). The point s is an isolated fixed point of o if
and only if y has finitely many fixed points in Fr.

Since (y*”'z1, yPz2) = (21, 22), z1 is a fixed point of y”! and z; is a fixed
point of y”2. The only automorphisms of H with fixed points in H are elliptic
transformations or the identity. An elliptic transformation has a unique fixed point
in H.

By Shimizu’s theorem [1963, Theorem 2], ! is trivial if and only if y#* is
trivial. Since we supposed that o is nontrivial, at least one — and thus both — of
the y#i are elliptic elements of PSL,(R). Thus the point (z1, z») is the unique fixed
point of y in H x H, therefore the point s is an isolated fixed point of o.

Suppose now that o € Aut(X) is not a factor preserving automorphism. Let
y' € NT arepresentative of o € NI'/T'". There exists y = (y1, y2) € AutH x AutH
such that y' = yu € Aut(H x H). Suppose that o has an infinite number of fixed
points. Then by the above discussion, the factor preserving automorphism o> (with
representative (y M)z = (Y1y2, y2y1)) must be the identity and (y|y2, y2y1) must be
in I'. Let s =I'(z1, z2) be a fixed point of o. There exists A € I" such that

(r1z22, 221) = A (21, 22).

After the change of the representative '’ by A~!y’, we can assume that A = 1, thus
22 = Y221, Y1¥221 = 21 and Y1222 = 2. Since (¥1y2, y2¥1) 1s in the group I' in
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which a nontrivial element has no fixed points, we obtain that y»y; = y1y» = 1.
Since y1y2 = 1, the point (¢, y»t) (for t € H) satisfies

Y (t, yat) = (t, yat),

therefore there are no isolated fixed points for o and its fixed point set is purely
one-dimensional. The image of the disk A = {(z, y»t) | t € H} in X is a smooth
Shimura curve (see, for instance, [Granath 2002, Chapter 7]) fixed by o.

Assume now that X is a quaternionic fake quadric and that the fixed locus C
of o is a smooth curve. The topological Lefschetz formula (see Corollary 2.5)
implies that the genus of the irreducible components of C is negative, thus the
automorphism has only a finite number of fixed points. (]

Remark 3.13. Note that according to Theorem 3.12 and the proof of Corollary 2.5,
the quotient of a quaternionic fake quadric by a group G is a Q@-homology quadric
if and only if each automorphism o € G has 4 fixed points, otherwise this quotient
is a Q@-homology projective plane. All the cyclic groups G which we will study in
Section 5 give examples of Q-homology quadrics, with the only possible exception
for automorphisms of order 4.

4. Quaternionic fake quadrics with nontrivial automorphism groups

As already mentioned, a series of examples of quaternionic fake quadrics has been
constructed in [Shavel 1978]. There, the author concentrates on arithmetic lattices
rs Fg,) which are defined by quaternion algebras over real quadratic fields of class
number one. More recently, in [DZambi¢ 2013], more examples of quaternionic
quadrics associated with quaternion algebras over quadratic fields have been found.
In this section we will give examples of some known quaternionic fake quadrics
together with their automorphism groups. We refer the reader to [Vignéras 1980]
and [Deuring 1968] for generalities on arithmetic theory of quaternion algebras.

Let us first make a few general observations, before we discuss the exam-
ples in detail. For technical reasons it is more practical to consider the group
PGL] (R) x PGLJ (R), where PGL] (R) = GLJ (R)/R* and GLJ (R) is the group
of all 2 x 2 matrices with positive determinant, instead of PSL,(R) x PSL;(R). We
identify PGL;r (R) x PGL;r (R) with the group AutH x AutH of factor preserving
holomorphic automorphisms.

From the point of view of Theorem 3.12 we will be interested only in automor-
phism subgroups G < NI'/T" = Aut(Xr) of factor preserving automorphisms, that
is, with NI" = NoI' < AutH x AutH, which we will do in the following. In all the
considered examples the normalizers NI" will be normalizers of maximal orders
and all such lattices can be described arithmetically as follows (see [Borel 1981]).
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If Xt is a quaternionic fake quadric, there is an associated tuple (k, p1, p2, B, O)
as described in Section 3. The quaternion algebra B is for fixed p;, p2 uniquely de-
termined (up to isomorphism) by the reduced discriminant dg = v; - - - v, the formal
product over finite places v; of k where B is ramified, that is, B ®; k,, 2 Ma(k,,).
This is a special case of H. Hasse’s deep classification theorem for simple algebras
over number fields (see [Deuring 1968, VIL.5, Satz 9, p. 119] or [Vignéras 1980,
Chapitre III, Théoreme 3.1, p. 74] ). Hence, (k, p1, 02, B, O) = (k, p1, p2,dg, O).
In the following we will often abbreviate such a datum which determines the quater-
nion algebra B with B(k, dp) or B(k, v ---v,). Let us fix a datum B(k, vy ---v,)
and let B be the group of all x € B* such that the reduced norm Nrd(x) is totally
positive. It is known that

(4-1) NTS={xeB"|xOx~' =0}/k*

is a maximal lattice. N F(Jg contains F(19 and F(19 isnormal in N F(Jg with N Fzg / F(l9 =
(Z/27)" an elementary abelian 2-group with / > r and r is the number of ramified
places in B (see [Shavel 1978], for instance). If the class number of k is one (as
will be the case in all the considered examples) there is an alternative description
of N Fzg as

(4-2) NI'l={a=o0]-- 0 it € B* | Nrd(a) totally positive,
T ek*, L€ O € €10, 1}, Nrd(g;) divides dp }/ k*

(see [Shavel 1978, p. 223]). It follows that a quaternionic fake quadric X with
r>s F(lg will have an elementary abelian 2-group as the automorphism group
Aut(Xr). All Shavel’s examples will provide such automorphism groups.

A fake quadric with automorphism group 7 /27. There are examples of quater-
nionic fake quadrics X whose automorphism group is Z/27 and, as mentioned
above, they already appear in [Shavel 1978].

For example, let k = Q(+/2) and let B = B(k, p3p7) be the (unique) quaternion
algebra over k which is ramified exactly at the two finite primes p3 and p; of k
lying over the rational primes 3 and 7 respectively. Since k has the class number
one, there is the unique (up to conjugation) maximal order O in B. Consider the
group Fé. By [Shavel 1978, Proposition 4.7], Xl—(l9 is smooth. By the already
mentioned general result of Matsushima and Shimura [1963], g (X rl ) =0. The
Chern number > (X - L ) is computed via the volume formula of Shimizu (see [Shavel
1978, Theorem 3.1]). Since the prime 3 is inert and 7 is decomposed in k, this
formula gives c(X rl ) = 8. The normalizer of F(19 isN FZ,S and by [Shavel 1978,
Proposition 1.3 and Proposition 1.4], we have

Aut(Xpy) = Li/Ly = ([ps]. [p7]) = (Z/22)°,
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where L is the group of principal fractional ideals of type (p3)(p7)1? (I a principal
fractional ideal) for which one can find a totally positive generator and L, consists
of all principal ideals of type (a?) with a € k (see also [Shimura 1967, Section 3.12]).
Let I'y, be the kernel of the canonical homomorphism

NT5 —> Li/Ly —> {[p7]).

By Shavel’s criterion [1978, Theorem 4.11], Iy, is torsion free and as [y, : F(lg] =2,
er3 is a fake quadric with Aut(pr3) =7/27.

A fake quadric with automorphism group (Z/27)%. Consider again k = Q(+/2)
and now the quaternion algebra B = B(k, paps) over k which is ramified exactly
at the two finite places p, and ps. Again there is the unique maximal order O in
B and as in the previous example, Shavel’s results show that X1 is smooth. The
prime 2 is ramified and 5 is inert in k and therefore Shimizu’s volume formula gives
(X r ) =4. Hence X ry is a fake quadric. With the same arguments as in the

previous example Aut(Xp ) is isomorphic to (Z /27).

A fake quadric with automorphism group of order 20. Consider k = Q(+/5) and
the quaternion algebra B = B(k, pops) over k which is ramified exactly at the
primes p, and ps. In this case the group F(lo (where O is again a maximal order
in B), contains torsion elements of order 5 and no other torsions (see [Shavel 1978,
Proposition 4.7 and Theorem 4.8]).! Volume formula of Shimizu gives in this case
(X r ) =4/5. Let us now give a torsion-free subgroup I' < F(l9 of index 5. The
corresponding surface X will be a fake quadric. Since p, is ramified in B, there is
a prime ideal B, in O lying over p, and satisfying m% =p20. Let

O'Py) = {x € O' | x =1 mod P>}

and F(lg(‘Bg) the image of O' () in F(IQ. The group F(lg(‘lkz) is a normal subgroup
in F1 and the index can be computed via the localization of B at p,. Namely, observe
first that Fé / T} o (B2) is isomorphic to the factor group O'/O'(B»). This is because
—lisin O! (‘,Bz) Let Oy, be the maximal order in By,, that is, Op, = O Qq, O, ,

where Oy, is the ring of integers in kp,. Its maximal ideal &Bz is the topologlcal
closure of 13,. By the strong approximation property, O' /O (3,) = / (9 (‘132).
Note that B;z = O;z, since Oy, is the subring of By, consisting of elements whose
reduced norm is less or equal 1. We use a theorem of C. Riehm [1970, Theorem 7]
by which

Oh,/0}, (B2) = ker (0, /F)" BN (Ok,, /92)*) = ker(Fg = B =27/57

1 Theorem 4.8 of [Shavel 1978], the symbol ( ) for p = 2 should be read as the Kronecker
symbol; that is, ( )— 14 d==+1mod8and=—1 <:>d +3 mod 8.
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(Here Nr is the surjective homomorphism of multiplicative groups arising from
the norm map for the field extension Fj¢/F4.) Since FO(‘,BZ) is embedded in

(‘,Bz) / £ 1 and the latter group is a pro-2-group (again by [Riehm 1970]) it
cannot contain elements of order 5. Therefore, Fé,) (PB») is a torsion-free group
and Xt} (p,) is a fake quadric. Since Fgg contains a 5-torsion and Féo normalizes
Fb(‘l?z), Xrl, 3, contains an automorphism of order 5. In order to determine
the full automorphism group Aut(Xr. (%,)) we first need to find the normalizer
of F(19(5132). By definition, elements of N F(Jg normalize O, that is, xOx~! = O.
Lety € F}Q(‘Bz). Since the class number of k is one, every two-sided O-ideal is
principal and we can choose IT, € O such that 1,0 = 3,. Moreover, as B is
uniquely determined by the property that the Or-ideal Nrd(®}3;) is po, we can choose
[T, such that Nrd(IT;) = 2. Then y = £(1 +mIl;) with m € O. For x € NFZ,S we
have xyx~!' =14+ xmIlox™' = 1 4+ m/'xTT,x~" with some m’ € O. The element
xTTox~! lies in O and Nrd(xTT,x~!) = Nrd(I1,) = 2. Since B, = (II,) is the
unique prime ideal over 2, xTTox~! € P, and xyx~! € Fb(‘Bg). It follows that the
normalizer of F(lg(‘Bz) is N F+. This leads to an exact sequence

(4-3) 1 — T/ THPB2) —> NTE/TH(PB2) — NT5/ Ty —> 1
which we can write abstractly as
11— 7/57 — AUt(Xr}Q(nz)) —> 727 x 7 /27 —> 1.

Let A € O! satisfy A = —1, that is, A gives rise to a 5-torsion in F(lg. Then A
satisfies the equation A> — ”Tﬁ)n + 1 =0 over k. We can assume that A generates
I'h/TH(P2). Let g = A+ 1. The reduced norm of g is Nrd(g) = (A + (A + 1) =
Nrd(A) + Trd(A) +1 =2+ 1+‘[ 5+‘[ , where Trd is the reduced trace and
x — x is the standard 1nv01ut10n of first kmd on B. Since 5*‘[ is a totally positive
generator of the prime ideal over 5, g defines an element of N F+ (see (4-2)). On
the other hand g2 = (A +1)2 = A2+ 24+ 1 = (554 — 1) 21— (3551
This shows that g has order 10 in N F+ and hence glves an element of order 10
in N F(JS /T o (PB2). Moreover the image of gin NT}, o/ F is not trivial. Using the
computer algebra system PARI, we can check that both ramified primes p, and
ps are not split in k(/—2). This implies that k(~/—2) C B (see [Shavel 1978,
Proposition 4.5]) and we can take /=2 as the generator [1, of B¥,. Hence, I,
considered as an element of N F(Jg, is of order 2 and the images of g and I, in
N Fzg / F(19 generate this group.

Lemma 4.14. Let g and T1; be elements constructed above. Then in N Fzg we have
the relation T1ygTT> = g~ modulo T o (B2).

Proof. The element I1, generates J3,. Consider g and I1, as the elements of the
localization By, of B at p;. This is a division quaternion algebra over kp, and has a
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representation
By, = Ly, ® I Ly,,

where Ly, is the unique unramified quadratic extension of ky, (see [Vignéras 1980,
p. 34]). For every t € L,,, we have I, = I»f, where 7 is the Galois-conjugate of
tin Ly,. The element g lies in ky, (1) = ky, (§5) which is an unramified quadratic
extension of ky,, so Ly, = ky, (1). Therefore g € Ly, and gIT, =Tl,g. Because gg
is in k* we have that g = g~! considered as an element of N F(Jg C By, /k;,. This
gives a relation

Mgl =g"!

in NFZ,;, since H% =1in NF?Q'. Also, g and IT,gIT, = g~ ! are not equal modulo
F(19 (*32) because this would imply that g’e F(IQ(‘BQ). But as F(19 (B, ) is torsion-free
and g2 is of finite order, this is impossible. (]

Proposition 4.15. With above notations we have
Aut(XrL ) = Dio.

Proof. By the above discussion, Aut(XT. ¢p,)) is of order 20 and is generated by
elements g of order 10 and IT, of order 2 satisfying ITogI1, = g~!. The only group
of order 20 with these relations is Dj. O

A fake quadric with automorphism group of order 8. We consider k = Q(+/5)
and B = B(k, pap11), the unique quaternion algebra ramified exactly at the primes
po and py. Since 2 is inert and 11 is decomposed in k, Shimizu’s volume formula
gives cp(X ry )= %(4 —1)(11 — 1) = 2 as the value of the second Chern number
of the quotient X rl where again F(l9 is the norm-1 group of a maximal order in B.
As before, results of [Shavel 1978] show that F(19 contains only torsion elements of
order 2 and no other torsions (Here, observe that 2 is split in @(\/—_15), hence, by
[Shavel 1978, Theorem 4.8] there are no elements of order 3 in '}, and note that
there are no elements of order 5 because 11 = 1 mod 5 which implies that p;; is
split in k(&5) ). Since p;; is ramified in B, there is the unique prime ideal 1 in O
such that ‘Bf , =p110. Consider the principal congruence subgroup

O'(B11) ={x € O" | x =1 mod P}

and o (*Py1) its image in F}D. It is a normal subgroup in Fég. The quotient
Fgg/ Fb(‘ﬁll) is isomorphic to O!/ 4+ O!(P;;) because —1 ¢ O (By;). In order to
compute the latter quotient we change over to the localization at the prime p;;. Let

BPII = B®kkp11 = B®k G:lll-

This is the unique division quaternion algebra over Q1. We write Op,, = O ®q, Z11
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for its maximal order. As in the previous example let f:]\31 1 denote the prime ideal
of Op,,. We have

0'/0 B =0y, /05 Fin)

by the strong approximation theorem. By Riehm’s result [1970, Theorem 7],

p”/Op“(‘Bn) gker((opn/i}ll)* RN Ok, /P11)¥) Zker(Fiy; — Ffy).

Since Fjp1 = [Fll(éflg) where &1, denotes a primitive twelfth root of unity we
conclude that (9;J . pn | (‘Bll) is isomorphic to w12 = (§12). Hence

To/THPB) = p”/iop”(mll) = ue = (&6)-

Let us now define an intermediate group

={x €T} | x mod Py € (£2) C ue)-

I'< F(19 is a subgroup of index 2, hence ¢, (X ) = 4. Moreover, I is torsion-free
since it cannot contain elements of order 2. For if an order-two element x is in I,
then its image x mod 3, in I"} o/ FO(‘,Bl 1) lies in a cyclic group (.56) of order three,
hence it must be the identity. But this means that x is in FO(‘Bl 1). On the other
hand FO (B11) is torsion-free because it embeds in a pro-11 group (’)p11 (‘,Bn) /1.
This contradicts the assumption on x. All this shows that X is a fake quadric.

Proposition 4.16. Let N F('f) be defined as in (4-1). Then N F(Jg is the normalizer of
I" and NF('S/ I is isomorphic to Dy.

Proof. As a subgroup of index 2 in F the group I' is normal in Fl On the other
hand, for the same reason as in the previous example, FO (B11) as well as FO is
normal subgroup in N F+ This already implies that I" is normal in N FJr because
any conjugate of I will be a subgroup between I (‘BH) and I'}, of 1ndex 2in I},

There is only one such group, namely T, since I'} /F (‘]311) =7/6Z. Slmllar
exact sequence as (4-3) now shows that Aut(Xr) is an extension of Z/27Z by the
Klein’s four group. Since the 2-torsions in F(19 come from embeddings of fourth
roots of unity into O there is A € O' such that A> = —1. Let g = A + 1. Then, as
Trd(A) = 0, we have Nrd(g) = (A + 1)(A+ 1) =2 and also g% = (A + 1)?> = 24
which implies that g defines an element of order 4 in N FZ,S and hence an element
of order 4 in N Fg / I'. Moreover, the image of g in N F(Jg / F(l9 is not trivial. Since
both prime divisors 2 and 771; of the reduced discriminant do not split in k(y/—711)
(as can be checked using PARI, for instance), the element I1y; = ./—7; is in B and
moreover I1;; defines an element of N I“:g of order 2 such that the images of I1;;
and g in N Fé; / F(lg generate this group. Same argument as in Lemma 4.14 gives a
relation between I1;; and g: consider I1;; as the generator of the prime ideal 8.
Locally, By, can be written as By, = Ly, © [111Ly,,, where Ly, = ky,, (§12) is
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the unique unramified quadratic extension of k,,, = Q1 with the multiplication
rule tITy; = Iy;7 for all t € Ly,,. The element g is in Ly, namely g = 1 +$132.
Then g1y = 1112 = 11 (1+&123) = 11 (1 +&7,). In NT'; the relations g = g~
and H%l = 1 hold, hence Iy gIT;; = g~ in Nl";g. Also g # g~ ! modulo T,
since otherwise g2 would be in I which is not possible because g is torsion and
" torsion-free. N F(Jg /I is isomorphic to D4 which is the only group of order
8 generated by two elements I1;; of order 2 and g of order 4 with & # g* and
Mgl =g L 0

Remark 4.17. Considering k = (Q2(+/13), the quaternion algebra B = B(k, p2p3),
and I' = F(19 (*B3), the arguments as in the examples before will show that X - L eps)
is a fake quadric whose automorphism group is isomorphic to Dy.

A fake quadric with automorphism group Dg. This time we consider the quadratic
field k = Q(~/2) and the quaternion algebra B = B(k, p2p3). The norm-1 group
Fgg of a maximal order in B contains torsion elements of order 3, but no elements
of order 2, because p3 is decomposed in k(~/—1). The second Chern number of
the quotient X% is CZ(XF}Q) =09—-1)/6=4/3. Let F}Q(‘Bz) be the principal
congruence subgroup corresponding to the prime ideal B, C O, defined by the
relation iB% = p,O. Again by Riehm’s theorem and with arguments as in Section 4,
F(19 (*B») is torsion-free normal subgroup in 1“(19 of index 3, hence Xrl,(3,) is a fake
quadric. The automorphism group Aut(Xr,,)) is isomorphic to the factor group

NTS/To(Ra).
which is an extension of F(lg/ I‘é)(‘Bz) =7/37 by NFéS/ F(lg =7/27 x 7]27.
Proposition 4.18. We have Aut(Xtl,(x,)) = D.

Proof. Let A € O be an element with A> = —1 and g = A + 1. Such A exists since
F(19 contains 3-torsions. We can take £A to be the generator of F(19 / F(19 (B,). Since
Trd(A) = 1, we have Nrd(g) = 3 which implies that g defines an element in N Fzg.
Additionally g2 = A% 42X + 1 = 31 which means that g has order 6 considered
as an element of N F(Jg. The totally positive element 7, = 2 4 +/2 € k generates
p2 and since neither 73 = 3 nor 7, are split in k(y/—m3), [T, = \/—m, lies in B
and defines an element in N F(Jg of order 2 such that the classes of g and I, in
N Fg / F(lo generate this group. In particular, I1, is a generator of 3;. Locally
By, = Ly, @ TIxLy,, where Ly, = Q> (&¢) is the unramified quadratic extension of
kyp, = Q,. As in previous examples, g lies in Ly, and IT,gll, = g = g lin NFES.
This gives a relation IT,gIT, = g~ ! in NF(Jg/ F(IQ(‘BQ). As I is not a power of g,
the finite group generated by g and I1, is isomorphic to Dg. (]
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Automorphism groups of order 16 and 24. There are more examples of quater-
nionic fake quadrics with a nontrivial automorphism group. For instance, all exam-
ples in Shavel’s paper have Z/2Z or (Z/2Z)? as the full group of automorphisms.
As in previous examples we show

Proposition 4.19. Let B(Q(+/2), pa, p7) be the indefinite quaternion algebra over
k = @(«/i) with reduced discriminant dg = pop7 and F(lg (B7) the congruence
subgroup in F(19 corresponding to a maximal order O in B with respect to the prime
ideal P37 of O lying over the ramified prime p7. Then Xrb(%) is a fake quadric
with the automorphism group Aut(XFéj(%)) = Dg.

Proof. The proof goes along the same lines as in the examples before. By Riehm’s
Theorem, I',,/ T, (P7) = Z/4Z and we obtain c2(Xr1 gs,)) = 4 by Shimizu’s
formula. By Shavel’s criterion for the existence of torsions, we find that the
maximal order O contains a primitive eighth root of unity A which leads to an
element of order 4 in Fg,). We can take A as a generator of this quotient. As in the
examples before take g = 1 + A. Then, as A satisfies A> — v/21 4+ 1 = 0 over k,
Nrd(g) = Nrd(A 4+ 1) =2+ V2, hence g defines an element in NFZ,S. We have
g2 =22 421+ 1=+/21+421 = (24 +/2)x. Hence, g is an element of order 8 in
N F(‘g and its image in N F(Jg / F(l9 is not trivial. The rational prime 7 is split in k, so
there are two possible choices of p7. Fix a prime p7 = (77) (m7 =3+ V2 say). Both
77 as well as 7, are ramified in k(,/—m7), hence \/—m7 € B defines an element
17 € B which defines an order-2 element in N F(Jg. As in the previous examples we
have I1;¢I1; = g because locally in By,, [1; = \/—77 generates the unique prime
ideal of the maximal order Oy, and g lies in the unramified quadratic extension
Ly, = Q7(&g). This gives a relation IT;¢gI17 = g lin NFg/ F(19(5137). Also IT7 is
not a power of g modulo I‘}Q(‘Bﬂ since the reduced norms of 17 and g are different
primes. The only group of order 16 with these relations is Ds. ([

Let us finally sketch the construction of a fake quadric with an automorphism
group of order 24.

Proposition 4.20. Ler B(Q(v/3), pa, p3) be the indefinite quaternion algebra over
k = Q(/3) ramified over the prime ideals p, and p3 and let F}?(‘Bz‘lh) < F}Q
be the principal congruence subgroup with respect to the principal ideal 3,33
of a maximal order O C B lying over pp3. Then X%@z%) is a fake quadric
with |Aut(X rh (%%)N = 24. The automorphism group Aut(X rl, (%%)) contains a
cyclic subgroup of order 12.

Remark 4.21. The full automorphism group in this case has order 24. To our
knowledge, this is the largest known automorphism group of a fake quadric. The
precise abstract group structure of Aut(X rl, (Po,)) 1S not known to us, since the
local method, used in previous examples does not apply directly in this case.
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Proof. That X L OBas) has the correct numerical invariants follows again from
Riehm’s Theorem, Shimizu’s formula and the observation that for the index we
have [T} : TH(B2P3)] = [T : THEB)ITY : TH(B3)1. By Shavel’s criterion,
B contains k(&12) where &), is a primitive twelfth root of unity, hence there is an
element A € O with A° = —1. To show that F(IQ(‘BZ‘,I%) is torsion-free we have to
exclude the existence of 6-torsions in Fé(mg‘lﬁ). But since the reduced trace of A
is £+4/3 which is not congruent 2 modulo p»p3, A is not contained in F(IQ (B2B3).
The element g = A + 1 has norm Nrd(g) = 2 + +/3 which is a totally positive unit
of O unit, hence g lies in I‘:g = O1 /0%, where O denotes the group of all units
whose reduced norm is totally positive. The group F(Jg is an index-2-extension of
F(19 since the fundamental unit 2 4 +/3 is totally positive. Also g% = (24 v/3)A
which shows that g has order 12 in F(Jg < NF:;. The image of g in NI“(Jg/ I‘éf) is
not trivial and the discussion in [Shavel 1978, pp. 223-224] shows that N Fzg /T
is generated by the class of an element [T € N F(Jg with Nrd(IT) = mp7r3 where
po = (m2), p3 = (m3) (note that the generators m, and 73 cannot be chosen totally
positive). Therefore, Aut(X L (@32%))) is of order 24 and is an extension of Z/6Z
by the Klein’s four group. ([

5. Computations of the quotient surfaces

Let S be a quaternionic fake quadric, G a group of automorphisms of S, §/G the
quotient surface and let 7: Z — §/G be the minimal desingularization map.
Let us first study the case where G is generated by an involution o.

Proposition 5.22. An involution o has 4 fixed points. The invariants of Z are
K%=4, =8, g=pg=0, =5,
The surface Z is minimal of general type.

Proof. By Lefschetz’s formula (Proposition 2.6), 1 = ZS:J(S) }1, therefore o has 4
fixed points. Their images in S/o are 4 A; singularities, resolved by 4 (—2)-curves
on Z. The invariants of Z are easy to compute.

The surface Z is of general type and is minimal because Kz is the pullback of

the nef divisor Kg/¢. O

Proposition 5.23. Let G = (o) = Z/3Z. The singularities of the quotient surface
S/G are 2A31 4+ 2A3,5. The resolution Z has general type, and

Kz=2, =10, g=p,=0.

Proof. We use the notations of Zhang’s formula (Proposition 2.7). In this case this
formula gives r1 +r, = 4. An A3 1 singularity is resolved by a (—3)-curve, and
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we have

2 _8 i

73 3
Therefore r| =2 and r, = 2. The singularities of S/ G are 2A3 1 +2A3 . Moreover,
as ¢ = p, =0, we have ¢c; = 10. Z is of general type by Lemma 2.11. U

Proposition 5.24. There is no quaternionic fake quadric S with G = (Z/37)* C
Aut S.

Proof. Let o1, 07 be the two generating elements of G. Let p be one of the 4 fixed
points of o7 (see Proposition 5.23). Since o7 and o, commute, the set of fixed
points of 7 is sent to itself by o7, indeed there are two orbits of 2 elements because
of the different local type of the action of ;. Now o, has order three, hence it
acts trivially on these 2 orbits and the conclusion is that there are 4 fixed points for
the action of the whole group G. The faithful action of G on the tangent space of
p can be diagonalized, hence there are elements with one eigenvalue equal to 1,
contradicting Lemma 2.8 and Theorem 3.12. ]

Proposition 5.25. Let G =7 /4Z. The singularities of the quotient S/ G are 2A4,1+
2A43 or A1 +2A43. The invariants of the resolution Z are

KZ=0, =12, g=p,=0
in the first case, and in the second case Z is minimal and satisfies
K;=2, =10, ¢q=p,=0.
Remark 5.26. Proposition 5.34 gives an example of the first case.

Proof. Let s be a fixed point of an order 4 automorphism o acting on S. As the
involution o2 has only isolated fixed points, the eigenvalues of o acting on T g
cannot be (i, —1) or (—i, —1). Let a, b, c be the number of fixed points such that
the eigenvalues of o are (i, i), (—i, —i) and (i, —i) respectively. The Lefschetz
holomorphic fixed point formula implies

Ly P S 1 and atbte=dor2
——+—4+-=1 an =4or2,
2 21 "2 “ ¢

thus there are two cases:

(1) a=>b =1 and c = 2. The singularities of S/G are 2A4,1 +2A4 3.

(2) a=b =0 and ¢ = 2. In this case, the singularities of S/G are A; +2A43
because o2 has 4 fixed points.
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An Ay, singularity is resolved by a (—4)-curve Cy and an A4 3 singularity is
resolved by a chain of three (—2)-curves and we have

k=2
KZ :TI,'*KS/O— —Z %Ck,
k=1

thus K % = % — 2 =0 1in the first case. Additionally,
e(S/0) =34+ (414 =4,

thus ¢(Z) = 4 + 8 = 12. The invariants in the second case are computed in a
similar way. O

Proposition 5.27. Let G = Z/5Z. The singularities of S/G are 4As, or As | +
2As52+ As 4 0r 2As1 +2As 4. The invariants of the surface Z are, respectively,

K2: 2 _ 2 _
=0 Ki=-1  Kj=-2
Cy) = 12 Cr = 13 Cr = 14,

and in any case ¢ = py = 0.

Remark 5.28. (1) In Proposition 5.31 below, we give an example of a surface such
that the quotient by an order 5 automorphism has 2As | +2As 4 singularities.

(2) By the same kind of arguments as for (Z/ 37)? (see Proposition 5.24), there is
no fake quadric S with (Z/ 57)> C Aut .

Proof. Using the notations of Proposition 2.7, the number of fixed points r; +r +
r3+rq equals 4. As e(S/o) = %(4 + (5 — 1)4) = 4, Zhang’s formula yields

1 1 1
(alv"'9a4)= (Oa 40 40 E)v

with
Z4airi =ry+r3+2rs=4.

Thus r; = r4. Therefore the possibilities for (ry, r2, r3, r4) are (0, i, j, 0) with
i+j=4,0or(l,i,j, 1) withi+ j=2,or (2,0,0,2). The singularities on the
quotient are, respectively,

4A5’2 or A5,1 + 2A5’2 + A5’4 or 2A5,1 +2A4.
A singularity As; (i =1, ..., 4) contributes (respectively)
9 2 2
_3’ _39 _35 0
to K. Thus the self-intersection number is

K7 =1@8-9r —2(r2+713)),
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and according to the possible tuples (ry, ..., r4) as above: K % =0,0or K % =—1,
or K% = —2. As e(S/G) =4, we get c; = 12, 13, or 14 according to the three
possible singular loci.

Let us justify our computation of K. 2. An As, -singularity is resolved by a
(— 5) -curve C5, thus we have to add — —C5 to the canonical divisor. This contributes
( ic 5) =—3 2t0 K 2. On the other hand, an As >-singularity is resolved by a chain
of two curves Cp, C3 with C,f = —k. We have to add —%C3 — %CQ tom*Kg/, and
the contribution to K % is

2 1 2 2
(5C3+5C)" =—3.
Finally, note that As 3 = As >, and the As 4-singularity does not contribute to K % U

Proposition 5.29. If G = Z/6Z, then S/G has singularities 2A¢,1 + 2As,5. The
minimal resolution Z has invariants

K%=—4, co=16, ¢g=p,=0.

Proof. Let s be a fixed point of an order 6 automorphism o . Let « be a primitive third
root of unity. By Lemma 2.8, the action of o on T ¢ has eigenvalues (—«, (—a)?) or
(—a?, (—a®)*) witha =1or5. Letry, r, and r3 be respectively the number of fixed
points of o with eigenvalues (—«, —a), (—a?, —a?) and (—a, —°). Lefschetz
fixed point formula (Proposition 2.6) implies the relation
r + r

(14+a)?  (1+a?)?
therefore r| = r, and —r| +r3 = 1. By Corollary 2.5, o has 2 or 4 fixed points. The
only possibility for (rq, r3) is therefore (1, 2). The singularities are 2A¢ 1 + 2465
and the minimal resolution Z of S/o has K2 = % -2 % = —4. Moreover e(Z) =
t@+5-9+2+2-5=16. a

+r3=1,

Let us study the case G = Z/87.

Proposition 5.30. Let o be an order 8 element acting on S. The singularities of
S/o are 2Ag 3+ 2Ag 5. The resolution Z of the quotient surface is a surface with

Ki=-2, c(Z)=14, q=pg=0.

Proof. Let p be a fixed point of o and let &, be a primitive eighth root of unity
such that o acts on Ty , with eigenvalues S(p) and E( ) for g, € {0, ..., 7}. There
are no reflections, so we have S( y # 1 and S( y #1for j=1, 7 thus g, is
prime to 2: g, € {1, 3,5, 7}. Let ay, a3, as and a7 be the number of fixed points p
with ¢, =1, 3, 5 or 7 respectively. We have ) a; =2 or 4. By summing over the
powers ok fork=1,...,7 in the formula of the holomorphic Lefschetz theorem,
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we get
k=7
_ g~k
yese kot det(1 —do*|Ts, p)
and thus
u=3 k=7
any+1

_ 1 5 9 21
(1 — £k (1 — gkQu+D)) =zd1+ 3043+ 305+ Fas.
u=0 k=1

The possibilities for (ay,...,as) are (4,0,0,0), (2,1,1,0), (1,0,0,1) and (0, 2,2,0).

For ¢2 of order 4, we have seen that the singularities of S/ o? are 2A41+2A43
or A; +2A43. Thus the only possibility for (ay, ..., as) is (0, 2, 2, 0), and the
singularities of S/o are 2Ag 3 +2Ag 5. The Euler number of S/o is

e(S/o)=x(@4+7-4) =

1

2 1
3—3

Slnce3_3——and8 2— we get

e(Z)=4+2.242-3=14.

It is easy to check that a singularity Ag 3 decreases K % by 1 and a singularity Ag s
decreases K% by %, thus we obtain K% = % -2-1-2- % = -2. U

Proposition 5.31. Let S be a fake quadric with G = Z/10Z C Aut(S). The singu-
larities of the quotient surface S/ G are 2A10.1 +2A10.9. The resolution Z has the
invariants

K*=-12, =24, q=p;=0.

Proof. Let o be an automorphism of order 10 acting on S. It has 2 or 4 fixed points.
As the involution o> has 4 fixed points, o cannot have 2 fixed points. Therefore

e(S/G) = %(44— (10-14) =

Let & be a primitive fifth root of unity and p a fixed point. There exist a = a(p) and
b =b(p) integers invertible mod 5 such that the action of o on T, has eigenvalues
(—&9, —£b4). The Lefschetz holomorphic fixed point formula yields

1
=2 (1+&9(1+&90)

peS?

For b =1, 2, 3, 4, the sum

- 1
= ; (1+£7)(1+ &)
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isequal to —4, 1, 1, 6, respectively. Recall again that Aj9 3 =A19,7. Fork e {1, 3, 9},
let r; be the number of points in S7 giving an A singularity. The Lefschetz fixed
point formula gives

4 =—4r; 4+ r3 + 6r9.

Taking care of the relation | + r3 +r9 =4, we have the following possibilities for
(ry,r3,r9): (0,4,0), (1,2,1) and (2, 0, 2).

The resolution of an Ao 3-singularity is a chain of 3 curves C3, Cé, C4 with
intersection numbers (—2) — (—2) — (—4). We have to add —é(Cz + Cé + Cy) to
m*Ks,c. Bach singularity contributes (—%(Cz +C)+ Cy)? = —g to K%.

Similarly, the resolution of an A ;-singularity is a (—10)-curve C1g9. An Ajg,1-
singularity decreases K§/G by (—%Clo)2 = —35—2.

When the singularities of S/G are respectively 4A10.3, A10.1 +2A103+ A10.9
and 2A19,1 +2A10,9, we have: K% = 1% —4. g =—4, K% = 1% — 35—2 —2. g —0=-8

and K % = 1% -2 35—2 = —12, respectively. The Euler number of Z is respectively
4+4+4.2=12,441+2-249=18and 4+ 2+ 2-9 = 24. Only the last case is
possible because 12 has to divide K % +e(Z2). O

Proposition 5.32. Let G = (Z/27)*. The quotient surface S/G contains 6 A;
singularities. The surface Z is minimal of general type and has the invariants

K:=2, =10, g=p,=0.

Proof. A faithful representation of G on a 2-dimensional space contains reflections,
therefore by Lemma 2.8, there are no points fixed by the whole G. The group G
contains 3 involutions. Each of these involutions has 4 isolated fixed points whose
image in X are 2A; singularities. Thus there are 6A; singularities on S/G and we
have

e(Z)=e(S/G)+6=1(@4+12)+6 = 10.

Moreover, K7 = n* Ky, is nef and K§/G = K§/4 =2. By Lemma 2.10, we have
qg=pg=0. ([

Remark 5.33. (a) Fabrizio Catanese and Miles Reid pointed out to us that a mini-
mal surface of general type with c% =2¢r =38, p, =0 and automorphism group
containing G = (Z/27)? such that each involution has only isolated points
must deform, therefore (Z/27)* cannot be a subgroup of the automorphism
group of a quaternionic fake quadric, which is a rigid surface. The complete
argument is as follows: The minimal resolution Z of the quotient Y = X/G
of a fake quadric X by G would be a numerical Godeaux surface, that is, a
surface with c% =1 and with the maximal number of nodal curves, being equal
to 7. We do not know whether such a surface exists, but from coding theory
one would have a covering S — Y with group G ramified only over the nodes.
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The covering surface S would have c% =38, py = 0. However, the Kuranishi
family of deformations for the surface Z has dimension greater or equal to
the expected dimension, which is 8 = 10y — 2c%, and the 7 nodes impose at
most 1 condition each, because of the morphism of the global deformation
space to the local deformation space of the singularities. Therefore this family
of 7-nodal numerical Godeaux surfaces would have 1 modulus, and therefore
also the above surfaces S would vary in moduli. However, quotients of the
bidisk by an irreducible subgroup are rigid, for instance, by a theorem of Jost
and Yau.

(b) For G =7/47 x Z /27, the quotient surface S/ G has singularities 2A| +2A3
and the desingularization Z has invariants K % =l,0=11,g=p,=0. We
do not know if a fake quadric S with such automorphism subgroup exists.

Proposition 5.34. Let G = D4 acting on the fake quadric S. The singularities of
S/G are 4A1 4 A4 3+ Aa 1. The resolution Z of the quotient surface has invariants

K2=0, c(Z)=12, q=p,=0.
The elements of order 4 in D4 have 4 fixed points.

Proof. Let t and a be the generators of D4 such that r* = 1, a®> = 1 and ar = a.
The elements of order 4 are ¢ and #3. The elements of order 2 are a, ta, t2a, ta
and £2.

There cannot be a point of S that is fixed by the whole group G because any faith-
ful 2-dimensional representation of G contains a reflection (x, y) — (x, —y) and
thus such a point would lie on a curve fixed by an involution, but an automorphism
of S has only isolated fixed points.

First case: Suppose that ¢ has 4 fixed points, Fix(t) = {p1, ap1, p2, ap>}. The
Euler number of /G is

e(S/G) = %(44—(2— DE-4)+ @ —-1)4) =4.
The singularities on S/ G are 4A; + A4 3 + A4,1 and therefore
e(Z)y=44+4+3+1=12.

Moreover K% = % + (—%)2(—4) =0.
Second case: Suppose that ¢ has 2 fixed points, Fix(¢) = {p1, ap1}. The Euler
number of ¢(S/G) would be

1@+ Q2-DI8+@—-12)=1,

but this is not an integer. (]
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Proposition 5.35. Suppose that the dihedral group Dg of order 16 acts on fake
quadric S. The singularities of S/Dg are 4A + Ag 3 + Ag.s. The resolution Z of
the quotient surface has invariants

Ki=—1, c(Z)=13, q=pg=0.

Proof. Let t and a be generators of Dg such that t® =4 =1 and at = t"a. Order 8
elements in G are ¢, 13,17, ¢’; order 4 elements are 72, ¢°; order 2 elements are a,
ta, t?a, ta, t*a, ta, t°, t'a and t*.

By the discussion on order 8 elements, ¢ has 4 fixed points, say pi, api, p2, aps.
Let p be a fixed point of an involution o # t*. The orbit of p under G consists of
8 elements, each is a fixed point of an involution # ¢*. The quotient surface has
é -8-4A1 + As 3 + Ag 5 singularities. We have

e(S/G)= @4 +1-8-4)+7-4) =4,

and e(Z) =4+4+2+4+3=13. MoreoverK2=%—1—%=—1_ O

6. Reconstruction of a surface knowing its quotient

Miyaoka [1984] gives a bound on the number of disjoint (—2)-curves on a minimal
smooth surface Y. This implies in particular that if c% =4,2o0r 1 and x(Oy) =1,
there are at most 4, 6 and 7 such curves respectively. The surfaces with C12 =4, 2
we obtained as quotient of quaternionic fake quadrics reach that bound. For the
cases c% = 2 these surfaces seem to be the first known ones with that property.
Dolgachev, Mendes Lopes, and Pardini [2002] study rational surfaces with the
maximal number of (—2)-curves. For that aim they use and develop the theory of
(Z/27)"-covers ramified over A; singularities. Using their results, we obtain:

Proposition 6.36. Let Y be a smooth minimal surface of general type with g =
pe =0 and ,Pic(Y) =0.

(a) Ifcl(Y)2 =4, co(Y) =8 and Y contains 4 disjoint (—2)-curves Cy, ..., Cy,
then there exists a double cover of Y ramified over the curves C;. The minimal
model of this covering has invariants c% =2c;=8andq < 1.

®) Ifc1(Y)?> =2, c2(Y) =10 and Y contains 6 disjoint (—2)-curves Ci, ..., Ce,
then there exists a bidouble cover of Y ramified over the curves C;. The
minimal model of this covering has invariants c% =2cp=8and g <2.

(c) If c Y) =1,c(Y) =11 and Y contains 7 disjoint (—=2)-curves Cy, ..., Cy,

then there exists a (Z/27)3-cover of Y ramified over the curves C;. The
minimal model of this covering has invariants c% =2c;=8and q < 2.
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Let [, be the field with 2 elements. Let Cy, ..., Cy be k (—2)-curves on a
smooth surface Y. Let

v FoF — Pic(Y)®F,

be the homomorphism sending v = (v, ..., v¢) to >_ v;C;. We say that the curve
C; appears in the kernel ker  if there is a vector v = (vy, ..., v¢) in ker ¢ such
that v; = 1. For v in keryr, we denote by L, an element of Pic(Y) such that
2L, =) v;C; (we sometimes identify elements of F, with 0, 1 in Z). We have:

Proposition 6.37 [Dolgachev et al. 2002, Proposition 2.3]. Suppose that ,Pic(Y) is
zero. There exists a unique smooth connected Galois cover w: Z — Y such that the
Galois group of w is G = Hom(ker ¥, G,,), the branch locus of 7 is the union of the
C; appearing in ker  and the surface Z obtained by contracting the (—1)-curves
over the (—2)-curves in Y has invariants

KZ=2Kjcx(Z)= x(0z) =2"x(Oy) —k2' 7 and «(Z)=x(Y),
where r =dim V.

Proof of Proposition 6.36. We have to prove that for our surface Y, ker has
the required dimension and that all the curves appear in ker,. For c%(Y )y=4
and 2, we have by(Y) = h'1(Y) =6, 8 and 9 respectively. As we supposed that
2Pic(Y) =0, the space Pic(Y)®F; is h'1-dimensional. As pg =0, it has moreover a
nondegenerate intersection pairing and therefore the dimension of a totally isotropic
space in Pic(Y) ® [, is at most [hl’1 /2] = 3, 4, and 4 dimensional respectively.
The image of v is the totally isotropic space generated by the curves C;, therefore
the dimension r of ker ¢ is at least 1, 2 and 3 respectively.

A smooth double cover of a surface with n nodes can exist only if # is divisible
by 4 (see [Dolgachev et al. 2002]). Therefore the vectors v = (vy, ..., vg) in ker ¢
(of dimension < 7) have weight 4, that is, the number of indices j such that v; =1
is 4.

In case (a), ker ¢ is one-dimensional, generated by w; = (1, 1, 1, 1). For (b),
as every vector in ker iy has weight 4, by [Beauville 1980, Lemme 1], we have
k>2"—1 and thus r <2 and r < 3 respectively. Moreover, it is easy to check that
in the case (b), the space ker ¢ is (up to permutation of the basis vectors) generated
by w; =(1,1,1,1,0,0) and w, =(1,1,0,0, 1, 1).

In case (c) [Beauville 1980, Lemme 1] implies that ker ¢ is (up to permuta-
tion) generated by w; = (1,0,0,1,1,0, 1), w, = (0,1,0,1,0,1,1) and w3 =
0,0,1,0,1, 1, 1).

The surface Z obtained by contracting the (—1)-curves over the (—2)-curves C;
is minimal because no surface with cf = 3¢, =9 has an order 2 automorphism. [J

Let us give a bound on the irregularity.
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Lemma 6.38. Let Y be a surface of general type with x = 1 and g = 0 containing
a 2-divisible set of 4 (—2)-curves. Let Y' — Y be the double cover. Then g(Y') < 1.

Proof. As q(Y) = 0, the involution o on Y’ given by the cover Y’ — Y acts as
multiplication by —1 on H°(Y’, Qy-). Therefore, o acts trivially on NH 0y, Qy).
As py(Y) =0, the map NHOY, Qy)— HO(Y', \>Qy/) must be 0. Let Y/ — Y”
be the blow-down map of the 4 (—1)-curves over the 4 nodal curves of Y. If
g(Y") > 1, Castelnuovo—De Franchis Theorem implies that there is a fibration
onto a curve B of genus g(Y”). By [Zucconi 2003], we get that ¢g(Y”) < 2 and if
qg(Y") =2, then Y” is an étale bundle of genus 2 fibers onto a genus 2 curve B and
K 12,,, = 8. In that case, there is a commutative diagram

Y - X

A \:
B — P!

where the vertical maps are genus 2 fibrations and X is the surface obtained by
contracting the 4 (—2)-curves on Y. This diagram is obtained from B — P! by
taking base change and normalizing. Since Y” — X is unramified in codimension 1,
the 6 fibers of X — P! occurring at the 6 branch points of B — P! are double.
Since X has only 4 singular points, X — P! has at least two double fibers contained
in the smooth locus of X, but a multiple fiber on a genus 2 fibration cannot exist
(because of the adjunction formula). Thus g < 1. ([

Let us now consider a smooth minimal surface of general type Z with K2 =2,
c2 = 10, g = p; = 0 such that there is a birational map onto a surface ¥ with
singularities 2A3 | +2A3 5.

Proposition 6.39. Suppose that sPic(Z) = 0. There exists a smooth triple cover X
of Y ramified precisely over the singularities of Y. The surface X is of general type
and has invariants c% =2cp = 8.

Proof. Let Dy, D; be the (—3)-curves over the singularities Az ; and let D3, ..., Dg
be the (—2)-curves over the singularities A3z >, with indices satisfying D3 D4 =
DsDg = 1. Let W — Y be the blow-up at the intersection points of D3, D4 and of
Ds, Dg. Let Cy, ..., Cg be the strict transforms of the D; in W. Let

¥ F3® — Pic(W) @ F3 = HX(W, [3)

be the homomorphism sending v = (vy, ..., v¢) to Y v;C;. The image of ¥ is a
totally isotropic subspace in H>(W, F3). As by(W) = 10, this image is at most
5-dimensional and therefore dimkerv > 1. Let v = (vy, ..., vg) € ker, v # O.

We choose the representatives of F3 in {0, 1, 2}. There exists a unique invertible

sheaf L such that
3L = Z v C,‘.
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Let T be the triple cover of W ramified over the r curves C; such that v; # 0.
The surface T is smooth outside the curves C; with v; = 2. Let R be the minimal
resolution of 7 and let f: R — W be the composite map. By [Urzda 2010,
Propositions 2.2, 4.1 and 4.3], the invariants of R are

Ki =nm [*(Kw +3%),  c2(R) =3cx(W)—4r, x(Og)=3x(Ow)—}r,
where ¥ is the sum of the » curves C; such that v; # 0. Therefore »r = 3 or 6 and
K:=0, c(R)=36—4r, x(Ow)=3-1ir

As there are at least 3 curves C; in the branch locus, one of the curves Cs, ..., Cg is
in that branch locus. Say it is C3. Let E be the exceptional curve going through Cs.
As C3E = C4E =1 and E ) _v;C; is divisible by 3, it forces C4 to be also in
the branch locus and thus » = 6 (and dimker ¢ = 1). The inverse image of the 6
(—3)-curves are (—1)-curves. By the formula giving K, the inverse image of the
two exceptional curves are (—3)-curves meeting two (—1)-curves. We can therefore
effectuate 8 blow-downs and we obtain a fake quadric. It has general type because
Y has general type, it is minimal because the quotient of a fake plane by an order 3
automorphism with 4 isolated fixed points has 4A; singularities. (]
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