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Chern slopes of simply connected complex
surfaces of general type are dense in [2,3]

By XAVIER ROULLEAU and GIANCARLO URZUA
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Abstract

We prove that for any number r € [2,3], there are spin (resp. non-
spin and minimal) simply connected complex surfaces of general type X
with ¢ (X)/ca(X) arbitrarily close to r. In particular, this shows the exis-
tence of simply connected surfaces of general type arbitrarily close to the
Bogomolov-Miyaoka-Yau line. In addition, we prove that for any r € [1, 3]
and any integer g > 0, there are minimal complex surfaces of general type
X with ¢f(X)/co(X) arbitrarily close to r and 71(X) isomorphic to the
fundamental group of a compact Riemann surface of genus gq.

1. Introduction

Let X be a minimal nonsingular projective surface of general type over
C. Its Chern numbers ¢?(X), co(X) satisfy c3(X) > 0, c2(X) > 0, the Noether
inequality %CQ(X ) — % < ¢(X), and the Bogomolov-Miyaoka-Yau inequality
[Bog78], [Miy77], [Yau77]

ci(X) < 3ea(X),
where ¢2(X) = 3c2(X) if and only if the universal cover of X is the complex
two dimensional ball [Yau77], [Miy83]. The geography problem [Per87] asks:
for which pair of integers (a,b) does there exist X such that ¢?(X) = a and
c2(X) = b7 We refer to [BHPVAV04, VII §8] for general existence results. One
of them, due to Sommese [Som84], states that every rational point in [1/5, 3]
occurs as the slope ¢2(X)/ca(X) of some (irregular) surface X.

Since the early stages of the geography problem, the question was natu-
rally sharpened by imposing the constraint of simply connectedness. Because
of the above result of Yau and Miyaoka, a surface X (of general type) satisfying
c}(X) = 3c2(X) is not simply connected. Is this the only additional restric-
tion? If we divide surfaces according to their index %(c?(X) — 2c2(X)), then
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there are satisfactory results for surfaces with negative index due to Persson
[Per81]. For instance, all rational slopes between 1/5 and 2 are realized as
Chern slopes of simply connected surfaces.

Simply connected surfaces with nonnegative index are more difficult to
find. In the late 70s, it was actually conjectured that any simply connected
surface of general type has negative index (the Bogomolov Watershed Con-
jecture; see [VAVT78|, [Per87]). In 1984, Moishezon and Teicher [MT87] gave
the first examples with positive index. After this, there were several attempts
to fill out this positive index region. One would at least want to fill out the
Chern slope interval [2,3[ as much as possible. In particular, are there simply
connected surfaces of general type with Chern slope arbitrarily close to 37 This
is a well-known open problem; see, for example, [Hol78|, [Hol79a], [Hol79b],
[Hol81], [Per87], [Che87], [PP96, §4], [PPX96], [BHPVdV04, VII§8B], [Urz10],
[Urz11]. The construction of this type of surfaces becomes harder as we ap-
proach 3. The highest known slope was given in [Urz10], proving the existence
of such surfaces with ¢?/co arbitrarily close to % ~ 2.730769. Our main theo-
rem is

THEOREM 1.1. For any number r € [2,3], there are spin (resp. nonspin
and minimal) simply connected surfaces of general type X with ¢ (X)/c2(X)
arbitrarily close to .

In particular, this shows that 3 is indeed the sharp upper bound for slopes
of both spin and nonspin simply connected surfaces. Let us recall that a
simply connected surface is called spin if its canonical class is 2-divisible. For
the topological interest in the existence of spin surfaces we refer to [PP96, §4],
[PPX96].

A key ingredient in the construction of the surfaces X is the existence
of a family of special arrangements of elliptic curves H/, in the blow-up H
of P? at the 12 triple points of the dual Hesse arrangement of lines. These
arrangements are related to special arrangements of elliptic curves in C/Z[(] x
C/Z[¢], where ¢ = €2™/6. The latter were discovered by Hirzebruch in [Hir84].
They are connected to open ball quotients. (See [KHO05] for more on this
type of special arrangements.) The arrangements H/, in H have many simple
4-fold points as singularities (we later call them 4-points) and a particular
divisibility property in Pic(H). This allows us to consider certain cyclic covers
[EV92] which are branched along the arrangement, together with other curves,
but “avoid” the exceptional divisors from all the 4-points. We make use of the
more detailed description of cyclic covers developed in [Urz08], [Urz10] which,
in particular, makes explicit the use of log invariants, classical Dedekind sums,
and lengths of Hirzebruch-Jung continued fractions, to estimate the Chern
slope. To demonstrate that these surfaces are actually simply connected, we
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show that certain blow-ups of the surfaces X admit a fibration to P*, which has
sections and a simply connected fiber; we then use a method from [Xia91]. The
spin issue is more delicate; among other things it involves a choice of specific
multiplicities for the curves in the branch locus.

The construction has many degrees of freedom due to the properties of
the key arrangements of elliptic curves. For example, the surfaces we construct
in the previous theorem admit many deformations. For this, we add a general
arrangement of d lines to the branch locus, where d is essentially independent
of the parameters used in the construction. In addition, the construction allows
us the use of a specific base change, over the fibration to P! mentioned above,
to prove the following.

COROLLARY 1.2. Let g > 0 be an integer. Then, for any numberr € [1,3],
there are minimal surfaces of general type X with c2(X)/c2(X) arbitrarily close
to r and w1 (X) isomorphic to the fundamental group of a compact Riemann
surface of genus q.

The following is an overall outline of the construction of the surfaces X
in the above theorem, in connection to the sections of the paper. Let us fix
r € [2,3] and € > 0. We construct the surfaces X(= X,,) via morphisms
f: X, — Y,, such that there exists a function A: Q-9 — Q and a rational
number z satisfying [A(z) — 7| < e and lim, e 3(X,)/ca(X,) = A(z). To
achieve this, it is crucial to have a special branch divisor A C Y}, for the mor-
phisms f. The surfaces Y,, are built through blow-ups at specific points of the
surface H explained above. The key part of A comes from the arrangements of
elliptic curves H), in H. Roughly speaking, these arrangements are essentially
defined as images of the Hirzebruch’s arrangements ,, in [Hir84], by means of
a cyclic quotient of a blow-up of C/Z[(] x C/Z[(]. In Section 2 we review the
construction of the arrangements H,. In Section 3 we give the quotient con-
struction of H, and we define the arrangements H/,. In Section 4 we compute
their log Chern numbers. These log invariants are central for our asymptotic
results. In Section 5 we prove our main result for spin surfaces. There, we also
discuss all the morphisms involved, the branch divisors A, various divisibilities
in Picard groups, formulas for Chern invariants, and arithmetic numbers which
are relevant in these formulas. Using particular curves in A, we also prove in
Section 5 that X is simply connected. In Section 6, by applying the previous
work in a similar set up, we prove our main result for nonspin minimal sur-
faces. We point out that the functions A have as image either ]1.375,3[ for
spin surfaces or |1, 3] for nonspin surfaces, and so we indeed obtain density for
the closure of these two intervals. At the end of Section 6, we use the nonspin
surfaces to prove the above corollary via particular base changes.
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Conventions. For a nonsingular surface .S, Kg denotes a canonical divisor
of S. An arrangement of curves is a collection of curves {C1,...,C,} on a
surface. We loosely consider it as either a set, a divisor C;+- - -+ C,., or a curve
Ui—; Ci. A k-point of an arrangement is a point of it locally of the form (0,0) €
{(z —a1y)---(x —ary) =0} C Cg’y for some a; # a;. For an invertible sheaf
L, we write L" := L®". The genus of a compact Riemann surface C' is denoted
by ¢g(C). The (topological) fundamental group of Z is denoted by m1(Z).

Acknowledgements. We would like to thank Igor Dolgachev for helpful
discussions and Fabrizio Catanese for pointing out that Proposition 3.1 is a
classical fact due to A. Comessatti (see [CC93, §2]). The main results of
the present article were found while the first author was visiting Pontificia
Universidad Catdlica de Chile under an invitation from the second. Xavier
Roulleau benefited from a sabbatical semester délégation CNRS. Giancarlo
Urzta was supported by the FONDECYT Inicio grant 11110047 funded by
the Chilean Government.

2. Hirzebruch elliptic arrangements
Let ¢ = €2™/6 and let T be the elliptic curve
T =C/Z[c],

where Z[(] = {a+ (b|a,b € Z} are the Eisenstein integers. In [Hir84], Hirze-
bruch constructs special arrangements of elliptic curves in T'x T'. We recall his
construction, trying not to deviate much from his notation. Write (z,w) for
points in 7' x T'. For each n € Z[(], let us denote by U,, the group of n-torsion
points
U, ={(z,w) €T xT|nz=nw=0}.
The group U, has order (nfi)?, where 7 denotes the complex conjugation of n.
(In [Hir84], n is an integer.)
Let us consider the following four elliptic curves:
To={2=0}, Th ={2z=w}, T ={w=0}, T¢ ={z = (w}.
These four curves pass trough (0,0) and do not intersect anywhere else. The
group U, acts on T x T by translation. The stabilizer of each of the four
curves T; in U, has order nn. Therefore, the orbit D; = U,(T;) of T; (i =
0,1, (,00) consists of ni disjoint nonsingular elliptic curves, all being fibers of
the fibrations m;: T'x T — T defined as

mo(z,w) =z, m(z,w) =2 —w, To(z,w)=w, m(z,w)=2— (w.
The arrangement
Hp = Do+ D1+ D¢ + Do

has 4nn elliptic curves. The singularities of #,, are precisely (nn)? 4-points.
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For example, let us take U;_.2, which is the group of smallest order among
all nontrivial groups U, with n € Z[(]. The arrangement H;_c> consists of
twelve elliptic curves, each containing three points of U;_¢2, and nine 4-points;
it gives a Hesse type configuration (123,94).

For n € Z, Holzapfel proves in [Hol86] that the complement in the blow-
up at the n* 4-points of the strict transform of the #, is a ball quotient
by an arithmetic group. Holzapfel also considered other similar special elliptic
arrangements, for example using the Gaussian integers; cf. [KH05]. They would
also work in our upcoming constructions.

3. Dual Hesse and elliptic arrangements

The endomorphism [¢?] of T' x T given by
(€% (2, w) = (2, CPw)

2im/ 6) is an order 3 automorphism of T x T'. Its fixed point set is

(where ( = e
the group of nine elements U;_¢2 C Us.

Let o: B — T x T be the blow-up at the nine points in U;_¢2. The strict
transform of the T; is denoted again by 7;. Thus T? = —3 in B. The auto-
morphism [¢?] acts on B, and it is the identity on each of the nine exceptional
curves of 0. Let H = B/{[¢?]), and let 7: B — H be the quotient map. For

each i, we have the commutative diagram

B—s~H

\Lﬂ'ioa \Lﬂ',:

T —— P!,

where the horizontal arrows are quotients by Z/3Z and the = is the induced
elliptic fibration on H.

PROPOSITION 3.1. The surface H is the blow-up 7: H — P? at the twelve
3-points of the dual Hesse arrangement

(2% =) (@® = 2%)(y° = 2%) = 0.
The image of the strict transform of Hi_¢2 by o is the exceptional divisor of T.

The image of the nine (—1)-curves in B is the strict transform under T of the
nine lines in the dual Hesse arrangement.

Proof. For any i, the elliptic fibration 7}: H — P! has three trees of four
PY’s and nine sections from the image of the curves in Hi_¢2. This implies
that H is simply connected; cf. [Xia91]. Moreover, if C' is the exceptional
divisor of o, then 7*(Ky) + 2C = Kp = C, and so 7*(Ky) = —C and
K% = —3. If ¢(X) is the topological Euler characteristic of X, then we also
have e(H) = 2e(B) + 2¢(C) = 15. The image of C under 7 are nine disjoint
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(—3)-curves, and the image of the twelve elliptic curves in the strict transform
of Hy_¢2 is a divisor in H formed by twelve disjoint (—1)-curves. After we
blow down these 12 curves, we obtain P2, and the nine (—3)-curves become an
arrangement of nine lines with twelve 3-points. It is well known that, up to
a projective equivalence, this is the dual Hesse arrangement; for example, see
[Urz10, Thm.7.2]. O

We now define the arrangements of elliptic curves in H which are going
to be key in the next sections. Let us first to come back to T' x T and the
automorphism [¢?]. For each i € {0,1,(,00}, the curve T; is stabilized by
[¢?] and contains three fixed points including 0. These points are in Ui_¢2,
therefore the orbit U;_c2(T;) consists of three elliptic curves. For n € Z[(], we
recall that D, is a union of nn disjoint elliptic curves which are fibers of ;.
Let us denote again by D; the strict transform in B of D;. We have two types
of elliptic arrangements in H according to the (1 — ¢?)-divisibility of n.

Suppose that 1 — (? divides n. In this paper we consider only this case.
For each i € {0,1,(, 00}, it is immediate to verify that [¢?] acts on the divisor
D;, stabilizing the three curves in the orbit U;_2(7;) and permuting the other
nn — 3 curves.

Let us consider the situation in B. Each curve in U;_2(T;) cuts three
(—1)-curves; the other components of D; are disjoint from (—1)-curves. As we
have said, the (—1)-curves are pointwise fixed by [¢?]. The image of U;_¢2(T;)
under 7 is formed by three (—1)-curves. The other (nn — 3)/3 disjoint elliptic
curves in the image of D; are fibers of 7;. We denote them by &;. Thus we
define in H the following arrangement:

Hyy i=E+ &1+ Eao + &

On T x T, the arrangement #,, has (nf2)? 4-points, which are the n-torsion
points. Since U;_¢2 N Uy, = U;_¢2, the arrangement in B contains ((ni)? — 9)
4-points, none of them lying on the ramification locus of m. Therefore, H/,
consists of 4(nin—3)/3 elliptic curves, and its singularities are precisely 4(nn—3)
3-points and (nn — 3)(nn — 9)/3 4-points. Notice that for any i # j, if I'; and
I'; are elliptic curves in &; and &; respectively, then they intersect transversally
at three points.

4. Log Chern numbers

In this section we recall some basic definitions and facts around log dif-
ferentials; cf. [EV92], [Urz10, §2]. We then compute the log Chern invariants
for the arrangements ., and for certain modifications H,,. This computation
shows the importance of H,, for the upcoming constructions.

Let Y be a nonsingular projective surface. Let A be a simple normal
crossing divisor in Y. This means A is an arrangement of nonsingular curves
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in Y and its singularities are only nodes (i.e., 2-points). The sheaf of log

differentials along A, denoted by Qi.(log A), is the Oy-submodule of Q} ®

Oy (A) satisfying

(1) Q5 (log A)[yr\a = Dy 4-

(2) At any point P in A, we have wp € Q. (log A)p if and only if wp =
Sty ai% + Z?:mﬂ bjdy;, where (y1,y2) is a local system around P for
Y, and {y1 - - ym = 0} defines A around P. (And so it is either {y; = 0}
or {y1y2 = 0}.)
Hence, Q1. (log A) is a locally free sheaf of rank two. Notice that

2

A\ Q3 (log A) ~ Oy (Ky + A).
In analogy to the Chern invariants of a nonsingular projective surface, the log
Chern invariants of the pair (Y, A) are defined as (Y, A) := ¢;(QL (log A)")
for i = 1,2, where Qb (log A)" is the dual sheaf of QL (log A).

The log Chern numbers of (Y, A) are
2V, A) = c1 (2 (log A)V)2 and (Y, A) = c2(Q (log A)").

Hence for A = 0, we recover the Chern numbers of Y, which are denoted
by ¢2(Y) and c3(Y). Sometimes we may drop Y or (Y, A) if the context is
understood.

An arrangement of nonsingular curves A in a nonsingular projective sur-
face Z is called simple crossings if it has only k-points as singularities. The
model example are line arrangements in P?. The log Chern numbers of the pair
(Z, A) are defined as the log Chern numbers of the pair (Y, A), where Y — Z
is the blow-up of Z at all k-points of A with £ > 2 and A is the (reduced) total
transform of A.

PRrROPOSITION 4.1 ([Urz10, Prop.4.6]). Let A= {Ci,...,Cq} be a simple
crossing arrangement in Z. Let t, be the number of k-points in A. Then,

d d
H(Z,A) =(2) =Y CP+ Y Bk —4)tp+4> (9(Ci) — 1)
i=1 >2 i=1
and ¢(Z, A) = co(Z) + Ypsa(k — Dtp + 2501 (9(Ci) — 1).

Let ¢, : Z, — H be the blow-up at all the 4-points of H/,. Let #H,, be the
strict transform of H/, under ¢,. Using the formulas in Proposition 4.1, we
have

G(H,H) = -(nn)? — 1202+ 9, & (H,H,) = (nn)? — 4nn + 18

LW oo

and

_ _ 1
3 Zp, Hp) = (n0)? + 8ni — 36, o(Zn, Hp) = 3(nAi + 12).
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At this point we highlight that the elimination of all 4-points from H,
make a big asymptotical difference with respect to log invariants.

5. Density for spin simply connected surfaces

Recall that for each i € {0,1,00,(}, we have the commutative diagram

TxT<2 B "-H<" 7
i o
T P! P2,

The three singular fibers of n are denoted by F; 1, Fj2, F; 3. Each Fj;
consists of four P's: one central curve N; ; with multiplicity 3, and three
reduced curves transversal to IV; ; at one point each. We write N; = N;1 +
N;2+Nj 3. Let M be the nine P!’s from the lines of the dual Hesse arrangement,
and let N be the twelve exceptional P!’s from its twelve 3-points. We have
N =37i=0,1,¢,00 Ni and

Fi1+ Fio+ Fi3 =M+ 3N;.

Let a > 0,8 > 0 be integers. Let us take n = 12ap, where p > 5 is a prime
number. Let & be 83%p? general fibers of m}. Let d > 0 be an integer, and
let Agg = 38¢, L; be the pre-image under 7 of an arrangement of 8d general
lines in P? (so it does not contain any singularity of H), + 3;-0.1.¢.00 &> and it
is transversal to all of its curves).

For each i, we have that & ~ #Fi, where F; is the class of a fiber of
7’;, and so

3 + Fi1+ Fig+ Fi3 ~ n*F;.
We define ag = a1 = b; = 1 for 1 < i < 4d and a = a¢c = b; = 2p — 1 for
4d + 1 < i < 8d. Let L be the pull-back of the class of a line. Then

8d
0H< > Ba&i+ > 3a&i+ Y. ai(Fii+Fia+Fiz)+) 3biLi>
i=0,1,¢,00 i=0,1,¢,00 i=0,1,¢,00 i=1
is isomorphic to Eép where
Lo := Oy | 6p(6a* + 52)< > aF> +6dL | .
i=0,1,¢,00

For each i, we denote by the same symbol the strict transform in Z,, of
the divisors &;, &/, Lj, F; j. Then

8d
OZn ( Z 3CLZEZ + Z 3&15{ + Z (473 (F@l + }71'72 + Fl”g) + Z 3b1L1>

i=0,1,¢,00 i=0,1,¢,00 i=0,1,¢,00 i=1

is £lep where £ := ¢} (Lo) @Oz, (—3F), and E is the exceptional divisor of ¢,,.
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Consider the blow-up o,: Y,, — Z, at the 4(n? — 3) 3-points of H,. The
exceptional divisor of o, is denoted by G. We denote again the strict transform
of &, &, L;, Fy;, M, N;, N in Y,, by the same symbol. Then we have

8d
Oyn( Z 3a;E; + Z 3(11'51{ + Z 3a;N; + Z 3biLi) ~ £4p,

i=0,1,¢,00 i=0,1,¢,00 i=0,1,¢,00 i=1

where £ := 0} (L1) ® Oy, (—M — 3G).
As in [EV92], this is the data to construct a 4p-th root cover of Y;, branch
along the nodal curve

Noo&+ > g+ > N+ZL

Z 071’C7 l 0’17C? l 0?17<?

We now follow the description in [Urz08, Urz10]. Notice that the branch mul-
tiplicities are either 3 or 3(2p — 1), both coprime to 4p.

We write

8d
YoviAji= > Ba&i+ > 3ai&+ Y, 3ailNi+ Y 3bLj,
j i=0,1,¢,00 i=0,1,¢,00 i=0,1,¢,00 i=1

where the A; are distinct irreducible curves and v; are the corresponding mul-
tiplicities. Set A =3"; A;. The construction follows three steps:

4p—1 4 F 4p—1
X, = I3 Specyn< @ £ ) ELN Specyn< @ E_’)

=0

where fi is the 4p-th root cover defined by the Oy, -algebra EBZ»:E L£~% induced
by £ < Oy, , the morphism f5 is the normalization, where

L0 = ie 0y, ( Z{”ﬂq Aj)

4p

fori €{0,1,...,4p — 1} and [z] is the integral part of , and f3 is the minimal
resolution of the singularities of Specyn<@f~‘£61 £(i)_1). The surface X, is a
nonsingular irreducible projective surface; cf. [Urz10, §1].
Let f: X,, — Y}, be the composition of the above morphisms. We have
the Q-numerical equivalence
Ky, = f* (Kyn + (4174;1)/1) TA,

where A is a Q-divisor supported on the exceptional divisor of f3.

Remark 5.1. In this construction, we can always arrange the multiplici-
ties v; so that 0 < v; < 4p. At the end the corresponding surfaces, X, are
isomorphic over Y,,; cf. [Urz10, §1]. For the sake of simplicity, in this paper we
will not adjust multiplicities.
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The following are key numbers to compute the Chern invariants.

Definition 5.2. Let ¢, m be coprime integers such that 0 < ¢ < m.
(1) The associated Hirzebruch-Jung continued fraction is
m 1

—=a-—71
q €2 —

1

el
We denote its length as l(q,m) :=I.
(2) The Dedekind sum associated to the pair (¢, m) is defined as

aam = £ (2)((2)

where ((z)) =z — [z] — 3 for any rational number x.

These numbers play a central role for the defect caused by the nodes of
A in the Chern numbers of X,,. General connections between Dedekind sums
and geometry can be found in [HZ74].

Remark 5.3. Each of the singularities in Specy, ( @fﬁgl E(i)_l) is over a
node of A. Let P € A be a node in A; N A;. Then the singularity over P is
locally isomorphic to the normalization of

(0,0,0) € {2 = g"iy"i} c C3

x,Y,z?

which is the cyclic quotient singularity ﬁ(l, q), where 0 < g < 4p with v; +
qvj =0 (mod 4p). For details on these singularities, we refer to [BHPVdV04,
111 85]. Let R = Ry +-- '+Rl(q,4p)

(reduced) divisor over P. Let /L-,Aj be the strict pre-images of 4;, 4; in X,
locally over P. Then we have

be the prime decomposition of the exceptional

_ UaAp) _ UaAp)
F(A) =4pAi+ ) cRp and  f*(A;) =4pA; + > diRy,
k=1 k=1

for certain integers 0 < ¢y, dy < 4p, such that the discrepancy of Ry is (see,
for example, [Urz08, §4.3.2], [Urz10] for precise numbers)

d
disc(Ry) = —1 + Z—; + ﬁ.

We recall that disc(Ry) €] — 1,0] N Q is the coefficient of Ry, in A.

In our case, we have two types of singularities. We have singularities
of type ﬁ(l,élp — 1) over the nodes in a A; N A; with v; = v; and of type
ﬁ(l, 2p + 1) over the other nodes.

PROPOSITION 5.4. The surface X,, is simply connected.
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Proof. This is the same proof as in [Urz10, §8]; we recall it. Take a general
point in P € Ly C Y,. Through that point we have the trivial pencil of lines
from P2. Let : Y, — Y, be the blow-up of P. We now take the pulled-back
4p-th root cover f': X/ — Y, coming from the f: X,, — Y,,, so that we have
the commutative diagram

x: Loy

e,

Xy =¥,
where ¢/': X! — X,, is the blow-down of a chain of 4p P1’s, starting with a
(—1)-curve followed by 4p — 1 (—2)-curves. Notice that X/ has a fibration
h: X! — P! with connected fibers, sections, and at least one simply connected
fiber which comes from the line L;. (Singularities coming from points in L,
are resolved through chains of smooth rational curves.) Then we apply [Xia91]
to conclude that X/ is simply connected, and so is X,,. For more details, see
[Urz10, Prop.8.3]. O

PROPOSITION 5.5. The surface X, is spin. In particular, it is minimal.

Proof. By Proposition 5.4, the surface X, is simply connected. Thus we
only need to prove that Ky, is numerically 2-divisible.
Let £ := Y i01¢00& and £ 1= 3 01.¢.00 &~ We have

4
Kx, = f* (—3L+N+E+2G+(p4p )(5+8/+N+A8d))+Av

Where A is a Q-divisor supported on the exceptional locus of the singularities
(1 2p+ 1) over the nodes of A, which are locally of the type {z3y*(—1) =0}
1n >.;vjAj. For the other nodes, we have rational double points of type
ﬁ(l, 4p — 1), and so they do not contribute to A.
Notice that

4d
L' —2 (50+N0+56+51+E{+N1+ZL,~>
i=1

8d
—(6p —4) | Ecot Noo+EL+E+NAE+ DY Li | ~E+E+N+Agq
i=A4d+1
Then f*( (4p—1) (E+E+N +A8d)> is numerically equivalent to

4d
f*((4p - 1)5) —2(4p — 1) (50 +E 4+ Nog+E+E1+ N +ZL1->
i=1

8d
—(6p —4)(4p — 1)(€m+€go+Noo+€<+€'g+N¢+ > Li> —A,
1=4d+1
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where T' denotes the strict (reduced) transform of a curve I' under f, and
A is Q-numerically effective and supported in the exceptional divisors from
ﬁ(l,zlp — 1), and %(1,2}94— 1).

Over one 4—110(1,4]9 — 1), we have that A is either (6p — 4)(4p — 1)R or
2(4p — 1)R according to the multiplicities v; = v; in the corresponding node,
where R is the chain of 4p — 1 (—2)-curves which resolves ﬁ(l, 4p—1). In this
case A =0, so —A + A is even.

The singularity ﬁ(l, 2p + 1) is resolved by a chain of three P!’s, say Ry,
Ra, R3, such that R} = R} = —2 and R3 = —(p + 1). One can compute that
over one ﬁ(l, 2p + 1), we have that

4p — 1
4p
and —A = pQ;lel + %Rg + %Rg. Therefore, —A + A € Z is even.

Thus we only need to prove that f*( —3L+N+E+2G+ (4p — l)ﬁ) is
divisible by 2. But

L ~ 6p(6a> + %) (agFy + a1 Fy + avoFoo + acF) — 3E — 3G — M + 6dL,

so we only need f*(—3L+N+G+ M) to be divisible by 2. But M +3N +3G ~
9L, since this is the pull-back of the dual Hesse arrangement. O

A=

((10p = 2) Ry + (12p — 4) Ry + (12p* — 2p — 2)Ry)

The arrangement A has only 2-points, and its number is
ty = 138243%ap* 4+ 11528%p* + 4608da’p? + 768d5%p? + 32d? — 100d.

By Proposition 4.1, its log Chern numbers are

4
& =n* + 2ty — 40d — 48 and Egz%+t2—16d—12.

For the Chern numbers, we have
_ 1
ci(Xn) = 4pci - 2(t2 +22 (9(45) - 1)) + oD AT i p)Ai - A
J P i<j
and
c2(Xy) =4pcy — (t2 +2) (9(4) - 1)) +> Ui, 4p)Ai - Aj,
J 1<j
where 0 < ¢; ; < 4p with v; + ¢; jv; = 0 (mod 4p), and
c(qi g, 4p) = 125(qij, 4p) + 1(gi 5, 4p).

See [Urz08, §4.3] for proofs which work whenever the multiplicities of the
branch divisor (in our case 3 and 2p — 3 after reduction modulo 4p) are coprime
to the order of the cyclic cover (in our case 4p).
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We also have that c¢(4p — 1,4p) = 4’;—;1 and c(2p + 1,4p) = %}jl [Urz10,

p. 345], and I(4p — 1,4p) = 4p — 1 and [(2p + 1,4p) = 3. Therefore,

dp — 1 22 +1
ZC(%J‘AP)Ai Ay = (1)2)@,1 + (p2)t2,2
i<j p D

and
> Ui Ap)Ai - Ay = (dp — 1)ta1 + 3ta,

i<j

where t2 1 and 29 artjs the number of 2-points corresponding to the singularities
ﬁ(l,4p —1) and ﬁ(l7 2p + 1) respectively. Hence

to1 = 3843%p* + 460802 B%p* + 2304da’p® — 52d + 384d[%p* + 16d>
and

too = T686%p" 4+ 92160 B%p* + 2304da’p® — 48d + 384d3%p* + 16d>.

By plugging in the formulas above, we obtain that
c? 108z* 4+ 13222 + 11
o 36196218 @
where x = «/S. Notice that [2,3] C )\([O, oo+]) = [1.375,3].

lim,

THEOREM 5.6. For any number r € [1.375, 3], there are spin simply con-
nected minimal surfaces of general type X with c2(X)/ca(X) arbitrarily close
to r.

Proof. Let ¢ > 0. Then there exists a positive rational number «/8 such
that |A(a/B) —r| < €. We take those «, 8 for the construction above. The sur-
faces X, are spin by Proposition 5.5 and simply connected by Proposition 5.4.
Using Enriques’ classification of surfaces, it is clear that the surfaces X, are
of general type for p > 0, since ¢3(X,) and c2(X,,) approach +oco as p tends

to +o0. O

Ezample 5.7. For parameters a =1, 8 =0, d =1, and p = 5, we obtain a
spin simply connected surface with ¢ = 26.32.455393 and ¢z = 2°-3%-103997,
thus with Chern slope around 2.919. For p = 100003, we get a Chern slope
close to 3 up to 2- 10710,

6. Nonspin surfaces and other fundamental groups

For nonspin surfaces, we consider the same set up as in Section 5.5 but
for a p-th root cover. We keep same notation as in the previous section up to
some explicitly redefined numbers and symbols.

Let p > 5 be a prime number, and let « > 0,8 > 0 be integers. Let
n = 3ap. As before, we consider the arrangement H/, in H. Let & be 32p?
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general fibers of n}, and let Ay = Ly + -+ + Log be the strict transform
of an arrangement of 2d general lines in P2, where 3 < 2d < p. We define
ag=ay =b;=1for1<i<dand ax =ac=b;=p—1ford+1<i<2d.
Then

2d
(’)H< > Ba&i+ Y Bafi+ ), ai(ﬂ,1+F@2+Fi,3)+Z3biLi>

i:0?17<)oo i:0711<700 i:071,<700 =1
is isomorphic to £, where
Lo:=Ox (3p(3a2 + 52)< > aF) + 3dL>.
i:0717<7

For each i, we denote the strict transform of &;, &, L;, F; j in Z, by the
same symbol. Then

2d
Oz, ( Z 3a;E; + Z Saié’{ + Z ai(FZ-J +Fio+ Fi,g) + Z 3biLi>

i=0,1,¢,00 i=0,1,¢,00 i=0,1,¢,00 i=1

is £, where £1 := ¢ (L) ® Oy, (—6F), and E is the exceptional divisor of
¢n. Again, we denote the strict transform of &, &/, L;, F; ;, M, N;, N in'Y,,
by the same symbol. Then we have

Oy,

2d
n( > Ba&i+ Y, 3wfi+ Y SaiNi—i—Z%iLi):L’p,

i=0,1,¢,00 i=0,1,¢,00 i=0,1,¢,00 i=1

where £ := 0} (L1) ® Oy, (—2M — 6G). With this data, we construct a p-th
root cover of Y,, branch along

A= Y &+ Y &+ > N+ZL
1=0,1,(,00 1=0,1,(,00 1=0,1,(,00

Let f: X, =Y, be the corresponding morphism for the p-th root cover, as in
the previous section.

PROPOSITION 6.1. The surfaces X, are simply connected.

Proof. This is the same as Proposition 5.4 using Asg. ([l
Let us write
2d
SviAi= Y Ba&i+ > Ba&l+ Y, 3aiNi+ Y 3bLi,
j i=0,1,,00 i=0,1,¢,00 i=0,1,¢,00 i=1

where A; are the irreducible curves in A. Hence v} is equal to either 3a; or 3by,
for some i, k. The absence of P'’s coming from k-points in the branch divisor
allows us to prove the following [Urz08, IV §4.3.2].

PROPOSITION 6.2. The surfaces X, are minimal.
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Proof. The argument will be two parts. First we show that Kx, is Q-
numerically equal to an effective divisor supported on the pre-image of A +
E + G and the exceptional divisor of f3. (See construction of f in the previous
section.) The second part is to show that no curve in the pre-image of A+FE+G
is a (—1)-curve.

We know that Kx, = f* (Kyn + MA) + A, where A is supported on

P
the exceptional divisor of f3. We have that Ky, ~ —3L+ N + E 4 2G and

1 3 3
_Z(FO + P+ Foo + Fc) =—-3L+ ZN-F ZG

Ifu= 1%1 and v = 52p2, then K X, 18 numerically Q-equivalent to

* 1 1 5
f< Z u&; + Z (u—4v>5{+<u+4>N+u.A2d+E+4G)+A.

i=0,1,¢,00 i=0,1,¢,00
On the other hand, for a node P € A; N A;, we locally have

l
S (A + Aj) = pAi + pA; + ) (cx + di) Ry,
k=1
as in Remark 5.3, where Ry + - - - + Ry is the exceptional divisor above P, and
discr(Ry) = =1+ % + %’“. We clearly have

d
xck+ydk71+c—k+—k>0,
p p

where z,y € {u,u— ﬁ, u—+ %} Therefore, Kx, is Q-numerically effective with
support equal to the pre-image of A+ F + G and the exceptional divisor of f3.

Notice that in this support the only P's are the ones coming from N,
lines in Ay4, and A. The ones in A are not (—1)-curves. For the ones in
N, we have Ps intersecting >i=0,1,¢,00 & at 3v points. Similarly with the
P'’s coming from lines L;, we have intersection at 4(n? — 3) + 12v points with
> 201,00 i+ i=0,1,¢,00 & Using the notation from Remark 5.3, for the strict
pre-image Aj of A; under f, we have (see [Urz08, IV §4.3.2])

A3 = 1<A§ = qijAi- Aj> < -1
P i
Therefore, we have no (—1)-curves in the support. |
The arrangement A has only 2-points, and its number is
ty = 108a23%p* + 183%p* + 72da’*p? — 25d + 24d5%p? + 2d*.

By Proposition 4.1, its log Chern numbers are

4
& =n* 42t — 10d — 48 and 52:%+t2—4d—12.



302 XAVIER ROULLEAU and GIANCARLO URZUA

We also have that ¢(p—1,p) = 22’1.%2 and ¢(1,p) = ”2_% [Urz10, p.345],
and I(p —1,p) = p— 1 and I(1,p) = 1. Therefore,

2p —2 2 2p+2
ZC(Qi,j"lP)Ai'Aj:(pp )752,1+(p pp )t2,2

1<j

and

> Ui 4p)Ai - Aj = (p— L)ta + tao,

1<J
where t9 1 and t3 o are the number of 2-points corresponding to the singularities
%(1,1) —1) and %(1, 1) respectively. Hence
ta1 = 63 + 36a%8%p" + 36da’p? — 13d + 12d5%*p* + d*

and
tao = 1268%p" + 7202 62%p* + 36da’p® — 12d + 12d3%*p? + d>.

By plugging in the formulas for Chern numbers in Section 5.5, we obtain
that

cd 27zt + 4822 +8
=: A\(z),
924 + 4822 + 8

where z = a/. Notice that [2,3] C )\([0, oo+]> =[1,3].

lim, oo — =
P c

THEOREM 6.3. For any number r € [1,3], there are nonspin simply con-
nected minimal surfaces of general type X with c3(X)/c2(X) arbitrarily close
to r.

Proof. Let ¢ > 0. Then there exists a positive rational number «/f such
that |A(a/B) —r| < e. We take those a, 8 for the construction above. The sur-
faces X, are minimal by Proposition 6.2, simply connected by Proposition 6.1,
and nonspin because of the degree of f. The surfaces X,, are of general type
for p > 0. O

Let ¢ > 0 be an integer, and let p: C; — P! be a (g + 1)-cyclic cover
completely branch at four general points. Hence the genus of Cj is q.

COROLLARY 6.4. For any number r € [1, 3], there are minimal surfaces of
general type X with c}(X)/ca(X) arbitrarily close to r, and m1(X) ~ m1(Cy).

Proof. Consider the X, in Theorem 6.3. Take a general point in P € Ly C
Y,,. Through that point we have the trivial pencil of lines from P2. As we did
in Proposition 5.4, let ¢: Y, — Y, be the blow-up of P. We now take the
pulled-back p-th root cover f': X, — Y, coming from the f: X, — Y, so
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that we have the commutative diagram

f/
XI/7 ——Y!

n

[,

Xp —Yq,

where ¢: X, — X, is the blow-down of a chain of p PY’s, starting with a (—1)-
curve followed by p—1 (—2)-curves. Notice that X has a fibration h: X, — P!
with connected fibers, sections, and at least one simply connected fiber which
comes from the line L;. The genus g of the general fiber of h satisfies the
Riemann-Hurwitz formula 2g — 2 = p(—2) + (p — 1)(4(n? — 3) + 1232%p? + 2d).
Consider the base change fibration

e |
r 1
Cy —P,
where the surface X is nonsingular projective of general type such that

(X))  (¢+1)(F(Xp) —p) +16g(g — 1)

(X)) (q+D(e2(Xp) +p) +8a(g—1)

.2
and so, since the highest power of p in g — 1 is p3, z;g; approaches A\(«/3) as

p tends to infinity. For minimality, we notice that

P
Kx =p"* (1//*(pr) + Y iSi+ 4qF),

—1 qg+1
where 37 | S; is the chain of P! explained above, with Sz = —1, and F' is
a general fiber of h. We know that Ky, is Q-effective. Therefore, Kx is
Q-effective. One can verify that its support does not contain (—1)-curves and
so X is minimal. Also, notice that h’ has sections, for instance, the pre-image
of Sp, and it has some simply connected fibers from the pre-image of the one
in h. Hence, by [Xia91], we have that m1(X) ~ m1(Cy). O

Remark 6.5. The arrangement of either 8d or 2d general lines in the con-
structions above gives not only simply connectedness but also shows that the
constructed surfaces have unbounded deformations. It also exhibits some free-
dom for the constructions, where we can add branching curves in such a way
that they either do not depend on p or do depend on p but affecting Chern
numbers in a suitable power of p.
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