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Christoffel words and their
conjugates



Geometric definition Christoffel words

A` p7, 4q

A

The lower Christoffel word aabaabaabab of slope 4{7

The slope of w is the ratio |w |b
|w |a

, equal to the slope of the diagonal



Geometric definition Christoffel words

A` p7, 4q

A

The lower Christoffel word aabaabaabab of slope 4{7

The slope of w is the ratio |w |b
|w |a

, equal to the slope of the diagonal



Geometric definition Christoffel words

A` p7, 4q

A

The lower Christoffel word aabaabaabab of slope 4{7

The slope of w is the ratio |w |b
|w |a

, equal to the slope of the diagonal



Morphic definition of Christoffel words

Consider the following endomorphisms of the free monoid ta, bu˚

G

#

a ÞÑ a

b ÞÑ ab

D̃

#

a ÞÑ ab

b ÞÑ b

The set of lower Christoffel words is the smallest subset containing a, b

and closed under these two morphisms.

Equivalently, v is a Christoffel word if and only if v “ G puq or v “ D̃puq

for some u and recursively for u (initial case v “ a or b).

Example : aabaabaabab “ a.ab.a.ab.a.ab.ab “ G pabababbq

“ G pab.ab.ab.bq “ G pD̃paaabqq

“ GD̃pa.a.abq “ GD̃pG paabqq “ ¨ ¨ ¨ “ GD̃G 3pbq
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Why Christoffel words ?

These words were introduced by Christoffel (1875), and Smith (1876).

They appear implicitly in the work of Markoff (1879, 1880) on quadratic
forms : minima / discriminant.

The relation between the work of Christoffel and Markoff was noted by
Frobenius (1913).

He gives there his famous conjecture on Markoff numbers. In the present
framework, one may formulate it as follows.

Define a representation of the free monoid into SL2pZq by

µpaq “

˜

2 1
1 1

¸

, µpbq “

˜

5 2
2 1

¸

.

Then each Markoff number is of the form 1
3 Trpµpwqq for some Christoffel

word w (Markoff).

The Markoff number injectivity conjecture is that this word is unique
(open since 1913).
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Why conjugates of Christoffel words ?

If w “ uv , vu is called a conjugate of w .

Equivalently, the conjugates of w are of the form C i pwq, where C is the
conjugator : C pa1 ¨ ¨ ¨ anq “ a2 ¨ ¨ ¨ ana1.

Example : the conjugates of aabab are aabab, ababa, babaa, abaab, baaba.

- The formula for Markoff numbers 1
3 Trpµpwqq already motivates

conjugates, since replacing w by a conjugate gives the same value.

- A word is a conjugate of a Christoffel word if and only if all its
conjugates are finite Sturmian words (consequence of : Lyndon words
which are Sturmian are exactly the Christoffel words, Berstel-de Luca
1997).

- Conjugates coincide with the elements of the free group with two
generators subject to the following conditions : they are positive (that is,
with no inverted letter), they are cyclically reduced, and they are
primitive (part of a basis of this free group) (Osborne-Zieschang 1981).
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Why conjugates of Christoffel words ?

- A word w is perfectly clustering (Puglisi-Simpson 2008,
Ferenczi-Zamboni 2013) if the last column of its Burrows-Wheeler
tableau (whose rows are the lexicographically sorted conjugates of w) is
decreasing.

Conjugates (of Christoffel words) are the “perfectly clustering words" on
a two-letter alphabet (Mantaci, Restivo, Sciortino 2001).

aabab

abaab

ababa

baaba

babaa

- Besides the Christoffel words, which encode the Markoff binary forms
and their minima, their conjugates correspond to the “small values" of
these quadratic forms.
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Parametrization of the
conjugates of Christoffel words



Construction

Fix a sequence a1, . . . , am of positive integers and define bi by
b1 “ a1 ´ 1 and bi “ ai if i ą 1.

We mimick now for finite words a recent construction of Yann Bugeaud
and Michel Laurent for infinite words.

For any sequence of integers d1, . . . , dm in Z, define the following
sequence Vi “ Vi pd1, . . . , dmq, of elements of F pAq (free group on
A “ ta, bu), by

V´1 “ b,V0 “ a,

and, for i “ 1, . . . ,m,

Vi “ V bi´di
i´1 Vi´2V

di
i´1.

This construction makes sense for any integers di , but the Vi may be in
F pAqzA˚.

In order to have words in A˚, we add the condition 0 ď di ď bi .
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Construction

Particular case of this construction : all di “ 0.

Then the Vi p0, . . . , 0q denoted in this particular case Mi satisfy :
M´1 “ b,M0 “ a, and for i “ 1, . . . ,m, Mi “ Mbi

i´1Mi´2.

One recognizes the construction of the standard words of Aldo de Luca
(de Luca, Mignosi 1994) ; equivalently Rauzy rules (1985).

A standard word is a word of the form C pwq, for some Christoffel word
w . Example : w “ aabab, and ababa is standard.

The conjugation class of a Christoffel word contains two Christoffel words
(lower and upper), and two standard words.

Example : aaabaab (lower), aabaaba (standard), abaabaa, baabaaa
(upper), aabaaab (standard), abaaaba, baaabaa



Construction

Particular case of this construction : all di “ 0.

Then the Vi p0, . . . , 0q denoted in this particular case Mi satisfy :
M´1 “ b,M0 “ a, and for i “ 1, . . . ,m, Mi “ Mbi

i´1Mi´2.

One recognizes the construction of the standard words of Aldo de Luca
(de Luca, Mignosi 1994) ; equivalently Rauzy rules (1985).

A standard word is a word of the form C pwq, for some Christoffel word
w . Example : w “ aabab, and ababa is standard.

The conjugation class of a Christoffel word contains two Christoffel words
(lower and upper), and two standard words.

Example : aaabaab (lower), aabaaba (standard), abaabaa, baabaaa
(upper), aabaaab (standard), abaaaba, baaabaa



Construction

Particular case of this construction : all di “ 0.

Then the Vi p0, . . . , 0q denoted in this particular case Mi satisfy :
M´1 “ b,M0 “ a, and for i “ 1, . . . ,m, Mi “ Mbi

i´1Mi´2.

One recognizes the construction of the standard words of Aldo de Luca
(de Luca, Mignosi 1994) ; equivalently Rauzy rules (1985).

A standard word is a word of the form C pwq, for some Christoffel word
w . Example : w “ aabab, and ababa is standard.

The conjugation class of a Christoffel word contains two Christoffel words
(lower and upper), and two standard words.

Example : aaabaab (lower), aabaaba (standard), abaabaa, baabaaa
(upper), aabaaab (standard), abaaaba, baaabaa



Construction

Particular case of this construction : all di “ 0.

Then the Vi p0, . . . , 0q denoted in this particular case Mi satisfy :
M´1 “ b,M0 “ a, and for i “ 1, . . . ,m, Mi “ Mbi

i´1Mi´2.

One recognizes the construction of the standard words of Aldo de Luca
(de Luca, Mignosi 1994) ; equivalently Rauzy rules (1985).

A standard word is a word of the form C pwq, for some Christoffel word
w . Example : w “ aabab, and ababa is standard.

The conjugation class of a Christoffel word contains two Christoffel words
(lower and upper), and two standard words.

Example : aaabaab (lower), aabaaba (standard), abaabaa, baabaaa
(upper), aabaaab (standard), abaaaba, baaabaa



Construction

Particular case of this construction : all di “ 0.

Then the Vi p0, . . . , 0q denoted in this particular case Mi satisfy :
M´1 “ b,M0 “ a, and for i “ 1, . . . ,m, Mi “ Mbi

i´1Mi´2.

One recognizes the construction of the standard words of Aldo de Luca
(de Luca, Mignosi 1994) ; equivalently Rauzy rules (1985).

A standard word is a word of the form C pwq, for some Christoffel word
w . Example : w “ aabab, and ababa is standard.

The conjugation class of a Christoffel word contains two Christoffel words
(lower and upper), and two standard words.

Example : aaabaab (lower), aabaaba (standard), abaabaa, baabaaa
(upper), aabaaab (standard), abaaaba, baaabaa



Construction

Particular case of this construction : all di “ 0.

Then the Vi p0, . . . , 0q denoted in this particular case Mi satisfy :
M´1 “ b,M0 “ a, and for i “ 1, . . . ,m, Mi “ Mbi

i´1Mi´2.

One recognizes the construction of the standard words of Aldo de Luca
(de Luca, Mignosi 1994) ; equivalently Rauzy rules (1985).

A standard word is a word of the form C pwq, for some Christoffel word
w . Example : w “ aabab, and ababa is standard.

The conjugation class of a Christoffel word contains two Christoffel words
(lower and upper), and two standard words.

Example : aaabaab (lower), aabaaba (standard), abaabaa, baabaaa
(upper), aabaaab (standard), abaaaba, baaabaa



Main construction result

Recall : fixed sequence a1, . . . , am, and bi “ ai except b1 “ a1 ´ 1.

Theorem The words Vm “ Vmpd1, . . . , dmq are the elements of the
conjugation class of the standard word Mm.

If N “
ř

i diqi´1, then Vm “ CNpMmq (qi “ the denominators of the
convergents of the continued fraction r0, a1, . . . , ams).

The words Vmpb1, 0, b3, 0, . . .q and Vmp0, b2, 0, b4, . . .q are the upper and
lower Christoffel words of the class.

If N “
ř

i diqi´1, call this sum a legal Ostrowski representation of N.
The word ‘legal’ refers to the condition 0 ď di ď bi (Frid 2018).

This representation for N is not unique. In the theorem, Vm depends only
on N, not on the digits di of the Ostrowski representation.
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A corollary

A Christoffel word w is of the form apb for some palindrome, called a
central word (de Luca). Example : aababab.

We may deduce a result due to Frid (2018).

In the theorem, we had the formula Vm “ CNpMmq ; this means that Vm

is obtained by taking the prefix of length N of Mm and putting it at the
end. With some calculations, one deduces

Corollary Let N be an integer with legal Ostrowski representation
N “

ř

1ďiďm diqi´1. Then the prefix of length N of the central
palindrome p is

Mdm
m´1 ¨ ¨ ¨M

d1
0 .

In particular this product depends only on N and not on the chosen legal
Ostrowski representation of N.



A corollary

A Christoffel word w is of the form apb for some palindrome, called a
central word (de Luca). Example : aababab.

We may deduce a result due to Frid (2018).

In the theorem, we had the formula Vm “ CNpMmq ; this means that Vm

is obtained by taking the prefix of length N of Mm and putting it at the
end. With some calculations, one deduces

Corollary Let N be an integer with legal Ostrowski representation
N “

ř

1ďiďm diqi´1. Then the prefix of length N of the central
palindrome p is

Mdm
m´1 ¨ ¨ ¨M

d1
0 .

In particular this product depends only on N and not on the chosen legal
Ostrowski representation of N.



A corollary

A Christoffel word w is of the form apb for some palindrome, called a
central word (de Luca). Example : aababab.

We may deduce a result due to Frid (2018).

In the theorem, we had the formula Vm “ CNpMmq ; this means that Vm

is obtained by taking the prefix of length N of Mm and putting it at the
end. With some calculations, one deduces

Corollary Let N be an integer with legal Ostrowski representation
N “

ř

1ďiďm diqi´1. Then the prefix of length N of the central
palindrome p is

Mdm
m´1 ¨ ¨ ¨M

d1
0 .

In particular this product depends only on N and not on the chosen legal
Ostrowski representation of N.



A corollary

A Christoffel word w is of the form apb for some palindrome, called a
central word (de Luca). Example : aababab.

We may deduce a result due to Frid (2018).

In the theorem, we had the formula Vm “ CNpMmq ; this means that Vm

is obtained by taking the prefix of length N of Mm and putting it at the
end. With some calculations, one deduces

Corollary Let N be an integer with legal Ostrowski representation
N “

ř

1ďiďm diqi´1. Then the prefix of length N of the central
palindrome p is

Mdm
m´1 ¨ ¨ ¨M

d1
0 .

In particular this product depends only on N and not on the chosen legal
Ostrowski representation of N.



Borders



Borders

A border of a word w is a nonempty and proper prefix, which is also a
suffix.

Example : w “ abaabaabaab has abaabaab as border, since
w “ abaabaabaab “ abaabaabaab.

If w “ uv , and u is a border, then the length of v is a period of w . In the
previous example the period is 3 : w “ aba.aba.aba.ab.

There may be several borders and periods. The least (nontrivial) period
+ the length of the longest border = the length of the word.
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Periods

In 2009, Currie and Saari compute the set of least periods of an infinite
Sturmian word.

In 2016, Hegedüs and Nagy compute the set of least periods of the whole
conjugation class of a Christoffel word.

In 2017, Mélodie Lapointe computes the least period of each conjugate
of a Christoffel word (a consequence of her computation of the normal
form of the conjugate).

In 2021, Gabric, Rampersad, and Shallit determine the set of all periods
of a given finite prefix of a given infinite Sturmian word.

As a consequence they obtain the number of periods : it is equal to the
sum of the digits of the lazy Ostrowski representation of N = the length
of the prefix (‘lazy’ will be defined further in the talk).
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Longest border

In the next result, we compute the longest border of each conjugate of a
Christoffel word.

The conjugate is CNpMmq, the N-th conjugate of Mm, where N is given
by its Ostrowski greedy representation N “

ř

i diqi´1.

‘Greedy’ means that it is legal and that di “ ai ñ di´1 “ 0 for any i .

It is known that under this condition, the Ostrowki representation is
unique.

Before proceeding to the result, recall the construction of the conjugates,
through the formula Vi “ V bi´di

i´1 Vi´2V
di
i´1.

Clearly, V t
i´1 is a border of Vi , when t “ maxpbi ´ di , di q. The border

may be longer but not too much.

Moreover, it is known that Christoffel words (as Lyndon words) have no
border.
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Longest border

Theorem

Consider a conjugate Vm “ CNpMmq “ V bm´dm
m´1 Vm´2V

dm
m´1, not a

Christoffel word, with N “
ř

1ďiďm diqi´1 (greedy Ostrowski
representation).

Let ` “ mintbm ´ dm, dmu Let B be the longest border of Vm.

If dm “ bm, then B “ Vm´1.

If 1 ď dm ď bm ´ 1 and 1 ď dm´1 ď bm´1 ´ 1, then B “ V `
m´1.

If 1 ď dm ď bm ´ 1 and dm´1 “ bm´1, then B “ V `
m´1.

If 1 ď dm ď bm ´ 1 and dm´1 “ 0, then B “ V `
m´1, except if

bm ´ dm ă dm and the sequence d1, . . . , dm´1 is not alternating, in which
case B “ V ``1

m´1.

+ several other cases
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+ several other cases



Statement and proof are technical.
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Lazy

A legal Ostrowski representation N “
ř

i diqi´1 is called lazy if for any i ,
di “ 0ñ di´1 “ bi´1 (Epifanio, Frougny, Gabriele, Mignosi and Shallit
2012).

Define Lm “ rMm, the reversal of the word Mm. Call p the central word
associated with the Christoffel class (so that Mm “ pab or pba)

Then Frid’s result (on the factorization of prefixes of p) implies : Each
suffix of p has a unique factorization

Ld1
0 Ld2

1 ¨ ¨ ¨ L
dm
m´1

where
ř

1ďiďm diqi´1 is the lazy Ostrowski representation of its length.
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Compact graph

The previous result has a graph interpretation.

¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨ ¨
Li´1 Li Li Li Li Li`1 Li`1 Li`1 Li`1 Li`2

Li`1

Li`2

blue arrows are all labelled Li`1 ; green arrows are all labelled Li`2. For
any j “ 1, . . .m, there are bj`1 horizontal arrows labelled Lj

For each suffix s of p, there is a unique path in this graph, starting from
the origin, and with label s.

This graph has been obtained by another method by Epifanio, Mignosi,
Shallit and Venturini 2007, and called compact graph. They obtain it
from the minimal automaton of the set of suffixes of the central
palindrome p, after an operation called compaction (Blumer, Blumer,
Haussler, McConnell, Ehrenfeucht 1987).
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A Sturmian graph

These authors also define the Sturmian graph.

The Sturmian graph is obtained from the compact graph by replacing
each edge label by its length. Then :

For each natural number N “ 0, 1, . . . , qm ´ 2 “ |p| there is a unique
path in the Sturmian graph, starting form the origin, with (additive) label
N.
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Embeddings of these graphs

The Sturmian graph may be embedded in the Stern-Brocot tree ; and the
compact graph may be embedded in the tree of central words (a vertex in
this tree is a binary word u, and its label is Palpuq, where Pal is the
iterated palindromization of Aldo de Luca 1997).
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An open problem : determine all borders of a given conjugate. Count
them. Equivalently count the number of its periods. Does the lazy
representation plays a role, as it does for the determination and counting
of the periods of a given prefix of a Sturmian infinite word ? (quoted
result of Gabric, Rampersad and Shallit).



Merci

Thank you !


	Christoffel words and their conjugates
	Parametrization of the conjugates of Christoffel words
	Borders
	Sturmian graph revisited

