A uniqueness result for quasilinear elliptic equations with measures as data

Jérôme Droniou^1 and Thierry Gallouët^1 , 16/05/2000.

Abstract We prove here a uniqueness result for Solutions Obtained as the Limit of Approximations of quasilinear elliptic equations with different kinds of boundary conditions and measures as data.

1 Introduction

1.1 Notations

In this paper, Ω is a bounded domain in R^N (N ≥ 2), with a Lipschitz continuous boundary. The unit normal to ∂Ω outward to Ω is denoted by n. We denote by x·y the usual Euclidean product of two vectors (x, y) ∈ R^N × R^N; the associated Euclidean norm is written |.|. The Lebesgue measure of a measurable subset E in R^N is denoted by |E|; σ is the Lebesgue measure on ∂Ω (i.e. the (N−1)-dimensional Hausdorff measure). Γ_d and Γ_f are measurable subsets of ∂Ω such that ∂Ω = Γ_d ∪ Γ_f and σ(Γ_d ∩ Γ_f ) = 0. For q ∈ [1, +∞], we denote by q^′ the conjugate exponent of q (i.e. q^′ = q/(q − 1)). W^{1,q}(Ω) is the usual Sobolev space, endowed with the norm ||u||_W 1,q_{(Ω)} = ||u||_Lq_{(Ω)} + || |∇u| ||_Lq_{(Ω)}. W^{1,q}_{Γd} (Ω) is the space of functions of W^{1,q}(Ω) which have a null trace on Γ_d.

When q = 2, we write H^1_{Γd} (Ω) instead of W^{1,q}_{Γd} (Ω). The space of the traces of functions in H^1_{Γd} (Ω) is denoted by H^{1/2}_{Γd} (Ω) and it is endowed with the norm

||u||_H1/2_{Γd (Ω)} = inf{||f||_H1_{(Ω)} | f ∈ H^1_{Γd} (Ω) , f_{|∂Ω} = u}.

The hypotheses on the function a that will define our quasilinear elliptic equation are the following:

a : Ω × R× R^N → R^N is a Caratheodory function, (1.1)

∃γ > 0 , Θ ∈ L^1(Ω) such that a(x, s, ξ) · ξ ≥ γ|ξ|^2 − Θ(x) for a.e. x ∈ Ω, for all (s, ξ) ∈ R× R^N,

(1.2) ∃β > 0 and h ∈ L^2(Ω) such that |a(x, s, ξ)| ≤ h(x) + β|s| + β|ξ| for a.e. x ∈ Ω, for all (s, ξ) ∈ R× R^N, (1.3) ∃α > 0 such that (a(x, s, ξ) − a(x, s, η)) · (ξ − η) ≥ α|ξ − η|^2 for a.e. x ∈ Ω, for all (s, ξ, η) ∈ R× R^N × R^N, (1.4) ∃Λ > 0 such that |a(x, s, ξ) − a(x, s, η)| ≤ Λ|ξ − η| for a.e. x ∈ Ω, for all (s, ξ, η) ∈ R× R^N × R^N,

(1.5)

∃δ > 0 such that |a(x, s, ξ) − a(x, t, ξ)| ≤ δ|s − t| for a.e. x ∈ Ω, for all (s, t, ξ) ∈ R× R× R^N.

(1.6)

Remark 1.1 Hypotheses (1.1)—(1.3) are classical for the Leray-Lions operators in divergence form acting on H^1(Ω); Hypothesis (1.4) is a stronger form of the classical monotonicity hypothesis

(a(x, s, ξ) − a(x, s, η)) · (ξ − η) > 0 for a.e. x ∈ Ω, for all (s, ξ, η) ∈ R× R^N × R^N with ξ ≠ η. (1.7)

1Université de Provence, CMI, Technopôle de Château Gombert, 39 rue F.Joliot Curie, 13453 Marseille Cedex 13

email: droniou@cmi.univ-mrs.fr and gallouet@cmi.univ-mrs.fr

of the Leray-Lions operators, but is nevertheless classical when we want to obtain a uniqueness result, even in the variational case (see [7]). Hypothesis (1.5) is not really demanding, since, for example, a(x, s, ξ) = ~a(s)ξ (with ~a ∈ L^∞(Ω)) satisfies this hypothesis, but Hypothesis (1.6) is really strong and we would rather like to impose a weaker hypothesis, of the kind ∃δ > 0 such that |a(x, s, ξ) − a(x, t, ξ)| ≤ δ|s − t|(1 + |s| + |t| + |ξ|) for a.e. x ∈ Ω, for all (s, t, ξ) ∈ R× R× R^N

to handle the case a(x, s, ξ) = ~a(s)ξ with ~a Lipschitz continuous.

Remark 1.2 There are however many functions which satisfy Hypotheses (1.1)—(1.6). For example, for M ≥ 0, a(x, s, ξ) = (1 + inf(M, ln(1 + |s| + |ξ|)))ξ + ϕ(x, s), with ϕ : Ω × R → R^N a Caratheodory function, Lipschitz continuous with respect to s ∈ R (with a Lipschitz constant not depending on x ∈ Ω) and such that sup_{s∈}R|ϕ(., s)| ∈ L^2(Ω).

Consider the problem { −div(a(x, u, ∇u)) = f in Ω, u = 0 on ∂Ω. (1.8) It is well known (see [6]) that, when f is a bounded measure on Ω and a satisfies (1.1)—(1.3) and (1.7), we can find a solution to this problem (even when we consider an operator acting on W^{1,p}_0 (Ω), 1 < p < ∞ — see also [2] when p < 1 −^2_N —, not only on H^1_0 (Ω)). The main idea of [6] is to approximate f by regular functions, find estimates on the corresponding solutions and pass to the limit. Moreover, when a does not depend on s and f is a function in L^1(Ω), we can find (see [2]) a formulation (so-called “entropy formulation”) for (1.8) which ensures the uniqueness of the solution (the existence is still obtained by approximation).

In [12], the author defines another sense of solution, the “solution by transposition”, which gives an existence and uniqueness result when a still does not depend on s but f is a bounded measure. This definition requires the introduction of a particular matrix-valued function M (., .) : R^N × R^N −→ M_N (R) satisfying a few properties (general algebraic properties, completely independent of a); the formulation by transposition uses then the matrix M (∇u − ∇v, a(., ∇u) − a(., ∇v)), where u is the solution by transposition and v is any function in H^1_0 (Ω). There can be many different possible choices of the matrix M (., .) (the matrix chosen by the author depends on a parameter λ, which is any real number in ]0, α[, where α is given by (1.4)). The solution by transposition seems thus to depend on the particular choice of M ; however, an additional work allows to see that, with the methods of [12], we can prove the uniqueness of the solution obtained as the limit of approximations (when a is independent of s).

When f is a bounded measure, a satisfies (1.1)—(1.5) but does not depend on s and is of class C^1 with respect to ξ, the uniqueness of the solution obtained as the limit of approximations of Problem (1.8) is proven in [3].

We will prove here that the ideas of [3] can lead to a uniqueness result when f is a bounded measure, a depends on s (but satifies (1.6)) and is only Lipschitz continuous with respect to ξ. The main difficulty brought by the dependence of a on s is in the resolution of the “dual equation” (2.3) in which the operator is not coercive (because of the convection term). We will also consider more general boundary conditions; they bring a few more difficulties (in particular the regularity result we need on the solution of (2.3)) which are solved by the results of [10].

The boundary conditions we consider are of the mixed or Fourier kind (that is to say a condition on u on Γ_d and a condition on a(x, u, ∇u) · n + λu on Γ_f ).

To get the coercivity that will ensure the existence of a solution, we add the assumption

σ(Γ_d) > 0 and λ ∈ L^∞(∂Ω) , λ ≥ 0 σ-a.e. on ∂Ω or Γ_d = ∅ and λ ∈ L^∞(∂Ω) , λ ≥ 0 σ-a.e. on ∂Ω, σ({x ∈ ∂Ω | λ(x) > 0}) ≠ 0.

(1.9)

Remark 1.3 Under Hypothesis (1.9), a classical reasoning shows that, for all q ∈ [1, +∞[, q ∈ [1, q] and ρ > 0, there exists K_{q,q}(ρ, Ω, Γ_d, λ) > 0 such that, for all v ∈ W^{1,q}_{Γd} (Ω), we have

ρ ∫ Ω |∇v|^q + (∫ Γ_f λ|v|^q dσ )_{q/q} ≥ K_{q,q}(ρ, Ω, Γ_d, λ)||v||^q_{W 1,q(Ω)}. (1.10)

The proof of uniqueness we present here uses an existence and regularity result of a solution to a dual problem. To obtain the required regularity result, we need some hypotheses on the way Γ_d and Γ_f are distributed along ∂Ω.

Let us introduce two kinds of mapping of ∂Ω:

O is an open subset of R^N, h : O → B := {x ∈ R^N | |x| < 1} is a Lipschitz continuous homeomorphism with a Lipschitz continuous inverse mapping, h(O ∩ Ω) = B_+ := {x ∈ B | x_N > 0}, h(O ∩ ∂Ω) = B^{N−1} := {x ∈ ∂B_+ | x_N = 0}

(1.11)

(since Ω has a Lipschitz continuous boundary, there exists a finite number of (O_i, h_i)_{i∈[1,m]}, such that, for all i ∈ [1, m], (O_i, h_i) satisfies (1.11) and ∂Ω ⊂ ∪^m_{i=1}O_i) and

O is an open subset of R^N, h : O → B is a Lipschitz continuous homeomorphism with a Lipschitz continuous inverse mapping, h(O ∩ Ω) = B_{++} := {x ∈ B | x_N > 0 , x_{N−1} > 0}, h(O ∩ Γ_f ) = Γ_1 := {x ∈ ∂B_{++} | x_{N−1} = 0}, h(O ∩ Γ_d) = Γ_2 := {x ∈ ∂B_{++} | x_N = 0}.

(1.12)

The additional assumption we make on Γ_d and Γ_f is the following:

There exists a finite number of (O_i, h_i)_{i∈[1,m]} such that ∂Ω ⊂ ∪^m_{i=1}O_i and, for all i ∈ [1, m], (O_i, h_i) is of one of the following types: | | | | | (D) O_i ∩ ∂Ω = O_i ∩ Γ_d and (O_i, h_i) satisfies (1.11) (F ) O_i ∩ ∂Ω = O_i ∩ Γ_f and (O_i, h_i) satisfies (1.11) (DF ) (O_i, h_i) satisfies (1.12).

(1.13)

1.2 The SOLA and the main result

We recall here some facts about the solutions obtained as the limit of approximations for quasilinear elliptic equations with measures as data.

We denote by M(Ω) the space of bounded measures on Ω and M(∂Ω) the space of bounded measures on ∂Ω.

If μ ∈ M(Ω) and μ^∂ ∈ M(∂Ω), we consider the problem −div(a(x, u, ∇u)) = μ in Ω, u = 0 on Γ_d, a(x, u, ∇u) · n + λu = μ^∂ on Γ_f . (1.14)

The technique of approximation introduced in [6] is the following: let (μ_n)_{n≥1} ∈ L^1(Ω) ∩ (H^1_{Γd} (Ω))^′(^1) such that μ_n → μ for the weak-∗ topology of (C(Ω))^′, (μ^∂_n)_{n≥1} ∈ L^1(∂Ω)∩(H^{1/2}_{Γd} (∂Ω))^′ such that μ^∂_n → μ^∂ for the weak-∗ topology of M(∂Ω) and take u_n a solution to

u_n ∈ H^1_{Γd} (Ω) , ∫ Ω a(x, u_n, ∇u_n) · ∇φ + ∫ Γ_f

λu_nφ dσ = ⟨μ_n, φ⟩_{(H}1_{Γd (Ω))}′_{,H}1_{Γd (Ω)}

+⟨μ^∂_n, φ⟩_{(H}1/2_{Γd (∂Ω))′,H}1/2_{Γd (∂Ω)} , ∀φ ∈ H^1_{Γd} (Ω).

(1.15)

We can prove that the sequence (u_n)_{n≥1} is bounded in W^{1,q}_{Γd} (Ω) for all q < N/(N − 1); thus, up to a subsequence, u_n → u strongly in L^q (Ω) and weakly in W^{1,q}_{Γd} (Ω); it is then possible to prove that, up to a subsequence, ∇u_n → ∇u a.e. on Ω, which allows us to pass to the limit in the equation of (1.15) to see that u satisfies u ∈ ⋂ q<N/(N−1) W^{1,q}_{Γd} (Ω) , ∫ Ω a(x, u, ∇u) · ∇φ + ∫ Γ_f λuφ = ∫ Ω φ dμ + ∫ ∂Ω φ dμ^∂ , ∀φ ∈ ⋃ r>N W^{1,r}_{Γd} (Ω).

(1.16)

A Solution Obtained as the Limit of Approximations (a SOLA) for (1.14) is any u obtained by the method detailed above.

Remark 1.4 In [6], where the SOLA (without this name, used for the first time in [8]) have been introduced, the authors study the pure homogeneous Dirichlet case (with Θ = 0). But the adaptation of their methods to the non-homogeneous mixed or Fourier case is quite straightforward (see [14] for the Fourier case with Θ ≡ 0), even with a non-null Θ ∈ L^1(Ω).

When N ≥ 3, the solution of (1.16) is not always unique; indeed, a counter-example by J. Serrin [15] modified by A. Prignet [13] gives a non-null solution of (1.16) in the linear (a(x, s, ξ) = A(x)ξ) Dirichlet case when μ = μ^∂ = 0 (see also [10] for the adaptation of this counter-example to the mixed case). However, there is uniqueness of the SOLA for this problem, and this is the main result of this paper:

Theorem 1.1 Under Hypotheses (1.1)—(1.6), (1.9) and (1.13), Problem (1.14) has one and only one SOLA.

Remark 1.5 In fact, the proof of the existence of a SOLA to (1.14) does not use all our hypotheses on a (it only uses (1.1)—(1.3), (1.7) and (1.9)). Our proof of the uniqueness of the SOLA does not use all the Hypotheses we put on a too; indeed, we will see that we do not use (1.2) and (1.3) in this paper, we only use the fact that a SOLA exists. Thus, this result of uniqueness can be extented to other equations for which we know a SOLA exists. For example, in [4], L. Boccardo proves a wide existence result (for a pure Dirichlet problem — this is quite important — with a right-hand side in L^1) that entails the existence of a SOLA for an operator defined by a function of the kind a(x, s, ξ) = a_0(x, s, ξ) + ϕ(s), where a_0 satisfies (1.1)—(1.6) and ϕ : R → R^N is a Lipschitz continuous function; the hypotheses on ϕ in [4] are in fact much weaker and require thus f ∈ L^1(Ω), but our stronger hypotheses allow us to take a right-hand side in M(Ω). Thus, a satisfies (1.1), (1.4)—(1.6) and the existence and uniqueness result of Theorem 1.1 is still valid for such an operator in the pure Dirichlet case.

1This means that μn is a function of L1(Ω) such that there exists C > 0 satisfying, for all φ ∈ L1(Ω) ∩ H1 Γ_d (Ω), | R μnφ| ≤ C||φ||_H1(Ω); by density of L1(Ω) ∩ H1Γ_d (Ω) in H1Γ_d (Ω), there exists then a unique extension of μn as an element

of (H1Γ_d (Ω))0. The same kind of definition and consideration apply to μ∂n ∈ L1(∂Ω) ∩ (H1/2Γ_d (∂Ω))0.

We will also see that this uniqueness result implies the following (very simple) stability result.

Theorem 1.2 Let (μ_n)_{n≥1} ∈ M(Ω) converges to μ in (C(Ω))^′ weak-∗ and (μ^∂_n)_{n≥1} ∈ M(∂Ω) converges to μ^∂ in M(∂Ω) weak-∗. Under Hypotheses (1.1)—(1.6), (1.9) and (1.13), if u_n is the SOLA of (1.14) with (μ_n, μ^∂_n) instead of (μ, μ^∂) and u is the SOLA of (1.14), then u_n → u strongly in W^{1,q}_{Γd} (Ω) for all q <^N_{N−1} .

Remark 1.6 In fact, we will prove the following more general result: under Hypotheses (1.1)—(1.3), (1.7) and (1.9), if u_n is a SOLA — of a slightly particular kind, see in the proof of Theorem 1.2 — of (1.14) with (μ_n, μ^∂_n) instead of (μ, μ^∂), there exists a subsequence (u_{nk} )_{k≥1} and a SOLA u of (1.14) such that u_{nk}^{k→∞}−→ u strongly in W^{1,q}_{Γd} (Ω) for all q < N/(N − 1). The fact that we can, with stronger hypotheses, get rid of the subsequence is of course due to the uniqueness of the SOLA in this case.

Remark 1.7 Once again, the proof of this stability result only uses the existence and uniqueness of the SOLA, not all the hypotheses on a (especially, we do not use (1.2) and (1.3)); thus Theorem 1.2 is also valid for other kinds of quasilinear equations for which we know a SOLA exists, such as the example given in Remark 1.5.

A uniqueness result for a linear equation is very often linked to an existence result for a dual equation. It is also the case here, although (1.14) is not a linear problem; so, before the proof of Theorem 1.1, we study in Section 2 an equation which will appear as the dual equation of a problem coming from (1.14).

2 The “dual” equation

We make the following hypotheses:

A : Ω → M_N (R) is a measurable matrix valued function which satisfies:

∃α > 0 such that A(x)ξ · ξ ≥ α|ξ|^2 for a.e. x ∈ Ω , for all ξ ∈ R^N, ∃M > 0 such that ||A(x)|| := sup { |A(x)ξ| , ξ ∈ R^N , |ξ| = 1 } ≤ M for a.e. x ∈ Ω,

(2.1)

v ∈ (L^∞(Ω))^N , (2.2)

and we take α_A a coercivity constant for A, Λ_A an essential upper bound of ||A(.)|| on Ω and Λv an upper bound of || |v| ||_L∞_{(Ω)}.

We will prove the following existence result:

Theorem 2.1 Under Hypotheses (2.1), (2.2), (1.9) and (1.13), if θ ∈ L^∞(Ω) then, by denoting by Λ_θ an upper bound of ||θ||_L∞_{(Ω)}, there exists κ ∈]0, 1[ depending on (Ω, α_A, Λ_A, Λv, λ), C_0 depending on (Ω, Γ_d, α_A, Λ_A, Λv, λ, Λ_θ) and C_1 depending on (Ω, Γ_d, α_A, Λv, Λ_θ) such that there exists a solution to

f ∈ H^1_{Γd} (Ω) ∩ C^{0,κ}(Ω) , ∫ Ω A∇f · ∇φ + ∫ Ω v · ∇fφ + ∫ Γ_f λfφ dσ = ∫ Ω θφ , ∀φ ∈ H^1_{Γd} (Ω) (2.3)

satisfying ||f||_C0,κ_{(Ω)} ≤ C_0 and ||f||_H1_{(Ω)} ≤ C_1.

Remark 2.1 We have denoted by C^{0,κ}(Ω) the space of κ-Hölder continuous functions on Ω, endowed with the norm ||f||_C0,κ_{(Ω)} = ||f||_L∞_{(Ω)} + sup_{x≠y} |f(x) − f(y)| |x − y|^κ .

Remark 2.2 Without Hypothesis (1.13), we obtain a solution of the equation in Problem (2.3) in the space H^1_{Γd} (Ω) ∩ L^∞(Ω), with the same kind of estimates (we will notice it in the course of the proof); Hypothesis (1.13) is only useful to apply the results of [10] in order to obtain the Hölder continuity of the solution.

To prove the existence result of Theorem 2.1, we need an a priori estimate on the solutions of (2.3) (an L^1 estimate is enough). This is the aim of Lemma 2.1 for the proof of which the authors wish to thank Lucio Boccardo (for having given them the key estimate of Step 2).

Lemma 2.1 Let A satisfy (2.1), w ∈ (L^∞(Ω))^N and τ ∈ L^∞(Ω); we denote by Λw an upper bound of || |w| ||_L∞_{(Ω)} and Λ_τ an upper bound of ||τ ||_L∞_{(Ω)}. Under Hypothesis (1.9), there exists C_0 depending on (Ω, Γ_d, α_A, Λw, λ, Λ_τ ) and a solution to

g ∈ H^1_{Γd} (Ω) ∩ L^∞(Ω) , ∫ Ω A^T ∇g · ∇φ + ∫ Ω gw · ∇φ + ∫ Γ_f λgφ dσ = ∫ Ω τ φ , ∀φ ∈ H^1_{Γd} (Ω) (2.4)

such that ||g||_H1_{(Ω)} + ||g||_L∞_{(Ω)} ≤ C_0.

Remark 2.3 Once we know that g satisfies (2.4), since φ → ∫ Ω gv · ∇φ is in (W^{1,1}_{Γd} (Ω))^′ (because g is essentially bounded), the results of [10] show that, under Hypothesis (1.13), g is in fact Hölder continuous on Ω.

Remark 2.4 The conclusions of Theorem 2.1 and Lemma 2.1 also hold when θ or τ only belong to ⋃ p>N (W^{1,p′}_{Γd} (Ω))^′ (the proof of this uses the same ideas we present here; see [16] or [10] for the details concerning the treatment of right-hand sides of this kind).

Remark 2.5 (Lucio Boccardo [5]) A close examination of the second step of the proof of Lemma 2.1 shows that the bound we obtain on || ln(1 + |g_n|)||_H1_{Γd (Ω)} depends on the L^1-norm of the right-hand side τ . Thus, we can easily prove (by approximation) an existence result for

−div(A^T ∇g) − div(gv) = τ in Ω , g = 0 on Γ_d , A^T ∇g · n + λg = 0 on Γ_f ,

(2.5)

(this problem has, when τ is regular, (2.7) as variational formulation) when τ is a bounded measure on Ω; we must however be careful with the formulation of (2.5) since we only obtain a “solution” g such that, for all k ≥ 0, T_k(g) ∈ H^1_{Γd} (Ω) (where T_k(s) = min(k, max(s, −k))).

Remark 2.6 Using the results of Theorem 2.1 and Lemma 2.1 and the ideas of their proofs, we can prove, when L ∈ (H^1(Ω))^′, the existence and uniqueness of solutions to

f ∈ H^1_{Γd} (Ω) , ∫ Ω A∇f · ∇φ + ∫ Ω v · ∇fφ + ∫ Γ_f

λfφ dσ = ⟨L, φ⟩_{(H}1_{Γd (Ω))}′_{,H}1_{Γd (Ω)} , ∀φ ∈ H^1_{Γd} (Ω) (2.6) and g ∈ H^1_{Γd} (Ω) , ∫ Ω A^T ∇g · ∇φ + ∫ Ω gv · ∇φ + ∫ Γ_f

λgφ dσ = ⟨L, φ⟩_{(H}1_{Γd (Ω))}′_{,H}1_{Γd (Ω)} , ∀φ ∈ H^1_{Γd} (Ω). (2.7)

Remark 2.7 In fact, to prove Lemma 2.1 and Theorem 2.1 (as well as the results of Remark 2.6), we only need v ∈ (L^r (Ω))^N with a r > N . But since such an hypothesis on v would not allow us to consider really better conditions in Theorem 1.1 (using the result of Theorem 2.1 with v ∈ (L^r (Ω))^N for a r > N would allow us to weaken Hypothesis (1.6), but not enough to handle the case of functions of the form a(s, ξ) = ~a(s)ξ), we prefer to consider the stronger Hypothesis (2.2), which is sufficient to our purpose here.

Proof of Lemma 2.1 We will approximate Problem (2.4) by problems for which we have, thanks to the Schauder fixed point theorem, a solution; then, by proving estimates on the solutions of these approximate problems, we will obtain a solution to (2.4) (without passing to the limit!).

Step 1: the approximate problems.

For t ≥ 0, define T_t(s) = min(t, max(−t, s)). Let n be an integer and, if g ∈ L^2(Ω), define F (g) = g as the unique solution to

g ∈ H^1_{Γd} (Ω) , ∫ Ω A^T ∇g · ∇φ + ∫ Γ_f λgφ dσ = ∫ Ω τ φ − ∫ Ω T_n(g)w · ∇φ , ∀φ ∈ H^1_{Γd} (Ω) (2.8)

(the bilinear form is coercive on H^1_{Γd} (Ω) thanks to (1.10) applied to q = q = 2 and ρ = α_A). We notice that F : L^2(Ω) → L^2(Ω) is continuous; indeed, if g_m → g_∞ in L^2(Ω), and if (for m ∈ N or m = ∞) L_m is the linear form

⟨L_m, φ⟩_{(H}1_{Γd (Ω))}′_{,H}1_{Γd (Ω)} = ∫ Ω τ φ − ∫ Ω T_n(g_m)w · ∇φ, then L_m → L_∞ in (H^1_{Γd} (Ω))^′, so that g_m = F (g_m) → g_∞ = F (g_∞) in H^1_{Γd} (Ω), thus in L^2(Ω). Moreover, there exists R > 0 such that, for all g ∈ L^2(Ω), ||F (g)||_H1_{(Ω)} ≤ R; indeed, by taking g as a test function in (2.8), we get

α_A|| |∇g| ||^2_L2_{(Ω)} + ∫ Γ_f λ|g|^2 dσ ≤ ||τ ||_{(H}1_{Γd (Ω))}′ ||g||_H1_{(Ω)} + n|| |w| ||_L2_{(Ω)}||g||_H1_{(Ω)}, which gives, thanks to (1.10),

K_{2,2}(α_A, Ω, Γ_d, λ)||g||_H1_{(Ω)} ≤ ||τ ||_{(H}1_{Γd (Ω))}′ + n|| |w| ||_L2_{(Ω)};

thus, R = K_{2,2}(α_A, Ω, Γ_d, λ)^{−1}(||τ ||_{(H}1_{Γd (Ω))}′ + n|| |w| ||_L2_{(Ω)}) satisfies the property. F : L^2(Ω) → L^2(Ω) is thus a compact application (thanks to the Rellich theorem) which sends the whole space L^2(Ω) in the ball of center 0 and radius R in L^2(Ω).

By the Schauder fixed point theorem, F has a fixed point in the ball of center 0 and radius R; we have thus proven that there exists g_n solution to

g_n ∈ H^1_{Γd} (Ω) , ∫ Ω A^T ∇g_n · ∇φ + ∫ Ω T_n(g_n)w · ∇φ + ∫ Γ_f λg_nφ dσ = ∫ Ω τ φ , ∀φ ∈ H^1_{Γd} (Ω) (2.9)

satisfying

||g_n||_H1_{(Ω)} ≤ K_{2,2}(α_A, Ω, Γ_d, λ)^{−1}(||τ ||_{(H}1_{Γd (Ω))}′ + n|| |w| ||_L2_{(Ω)})

≤ K_{2,2}(α_A, Ω, Γ_d, λ)^{−1}(Λ_τ |Ω|^{12} + nΛw|Ω|^{12} ).

Step 2: we prove that (ln(1 + |g_n|))_{n≥1} is bounded in H^1_{Γd} (Ω), using the technique introduced in [6]. Let us first prove an estimate on ∫ Γ_f λ|gn| dσ. Take φ = Tk(gn)/k ∈ H 1 Γ_d (Ω) as a test function in (2.9).

We obtain, since |T_k(s)/k| ≤ 1 for all s ∈ R and ∇(T_k(g_n)) = 1_{{0<|gn|<k}}∇g_n a.e. on Ω (where 1_E is the characteristic function of a set E), ∫ Γ_f λ T_k(g_n) k g_n dσ ≤ 1 k ∫ Ω A^T ∇g_n∇(T_k(g_n)) + ∫ Γ_f λ T_k(g_n) k g_n dσ ≤ ∫ Ω |τ | + ∫ {0<|g_n|<k} |w||g_n| |∇g_n| k ≤ ∫ Ω |τ | + || |w| ||_L2_{(Ω)} (∫ {0<|g_n|<k} |∇g_n|^2 ) 1_2 . (2.10)

But g_nT_k(g_n)/k → |g_n| on ∂Ω as k → 0 (if g_n(x) = 0, g_n(x)T_k(g_n(x))/k = 0 and, if g_n(x) ≠ 0, T_k(g_n(x))/k → sgn(g_n(x))) and |g_nT_k(g_n)/k| ≤ |g_n| ∈ L^1(∂Ω); thus, by the dominated convergence theorem, ∫ Γ_f λgn(Tk(gn)/k) dσ → ∫ Γ_f λ|gn|. Moreover, since ∇gn ∈ L 2(Ω) and |{0 < |g_n| < k}| → 0 as k → 0 (this is the non-increasing continuity of the measure, associated to the fact that ∩_{k>0}{0 < |g_n| < k} = ∅), we obtain ∫ {0<|g_n|<k} |∇gn| 2 → 0 as k → ∞. Thus, passing to the limit k → 0 in (2.10), we obtain ∫

Γ_f λ ln(1 + |g_n|) dσ ≤ ∫ Γ_f λ|g_n| dσ ≤ ∫ Ω |τ | ≤ |Ω|Λ_τ . (2.11)

Let us now prove an estimate on the derivatives of g_n. Let k ∈ N and denote r_k(s) = T_1(s − T_k(s)), that is to say r_k(s) = −1 if s < −k − 1 r_k(s) = s + k if −k − 1 ≤ s ≤ −k r_k(s) = 0 if −k < s < k r_k(s) = s − k if k ≤ s ≤ k + 1 r_k(s) = 1 if k + 1 < s.

We know that r_k(g_n) ∈ H^1_{Γd} (Ω) with ∇(r_k(g_n)) = 1_Bn_k ∇g_n, where B^n_k = {x ∈ Ω | k ≤ |g_n| < k + 1}. Using r_k(g_n) as a test function in (2.9), we get thus, since |g_n| ≤ k + 1 on B^n_k and g_nr_k(g_n) ≥ 0 on ∂Ω,

α_A|| |∇(r_k(g_n))| ||^2_L2_{(Ω)} ≤ ∫ Ω A^T ∇(r_k(g_n)) · ∇(r_k(g_n)) + ∫ Γ_f λg_nr_k(g_n) dσ = ∫ Ω A^T ∇g_n · ∇(r_k(g_n)) + ∫ Γ_f λg_nr_k(g_n) dσ = ∫ Ω τ r_k(g_n) − ∫ Ω T_n(g_n)w · ∇(r_k(g_n))

≤ ||τ ||_L1_{(Ω)} + ∫ B^n_k |w||g_n||∇(r_k(g_n))| ≤ Λ_τ |Ω| + (k + 1)|| |w| ||_L2_{(B}n_{k )}|| |∇(r_k(g_n))| ||_L2_{(Ω)}

≤ Λ_τ |Ω| + α_A 2 || |∇(r_k(g_n))| ||^2_L2_{(Ω)} + || |w| ||^2_{L2(B}n_{k )} 2α_A (k + 1)^2.

Thus, we obtain

|| |∇(r_k(g_n))| ||^2_L2_{(Ω)} ≤

2Λ_τ |Ω| α_A + || |w| ||^2_{L2(B}n_{k )} α^2_A

(k + 1)^2. (2.12)

We will use this to show that (∇(ln(1 + |g_n|)))_{n≥1} is bounded in L^2(Ω).

We have, since Ω is the disjoint union of (B^n_k )_{k≥0}, and |g_n| ≥ k on B^n_k , ∫ Ω |∇(ln(1 + |g_n|))|^2 = ∫ Ω |∇(|g_n|)|^2 (1 + |g_n|)^2 = ∑ k≥0 ∫ B^n_k |∇g_n|^2 (1 + |g_n|)^2 ≤ ∑ k≥0 ∫ Ω |∇(r_k(g_n))|^2 (1 + k)^2 .

Using (2.12), this gives ∫ Ω |∇(ln(1 + |g_n|))|^2 ≤

2Λ_τ |Ω| α_A ∑ k≥0 1 (1 + k)^2 + 1 α^2_A ∑ k≥0 ∫ B^n_k |w|^2

≤ π^2Λ_τ |Ω| 3α_A + || |w| ||^2_{L2(Ω)} α^2_A .

This last estimate, associated to (2.11) and to (1.10) (with q = 2 and q = 1) gives

|| ln(1 + |g_n|)||^2_H1_{(Ω)} ≤ 1 K_{2,1}(1, Ω, Γ_d, λ) ( π^2Λ_τ |Ω| 3α_A + Λ^2w|Ω| α^2_A

+ |Ω|^2Λ^2_τ ) := C_1

(C_1 depends on (Ω, Γ_d, α_A, Λw, λ, Λ_τ )).

Step 3: we conclude by proving that (g_n)_{n≥1} is bounded in L^∞(Ω).

Let S_k(s) = s − T_k(s); we have S_k(g_n) ∈ H^1_{Γd} (Ω) with ∇(S_k(g_n)) = 1_En_k ∇g_n (where E^n_k = {x ∈ Ω | |g_n(x)| > k}). Since S_k(g_n) = 0 outside E^n_k and since g_nS_k(g_n) = |g_n||S_k(g_n)| ≥ |S_k(g_n)|^2, we have, using S_k(g_n) as a test function in (2.9),

α_A|| |∇(S_k(g_n))| ||^2_L2_{(Ω)} + ∫ Γ_f λ|S_k(g_n)|^2 dσ ≤ ∫ Ω A^T ∇g_n · ∇(S_k(g_n)) + ∫ Γ_f λg_nS_k(g_n) dσ ≤ Λ_τ ∫ Ω |S_k(g_n)| + ∫ Ω |w||g_n||∇(S_k(g_n))| ≤ Λ_τ ||S_k(g_n)||_L2_{(Ω)}|E^n_k |^{12} + ∫ E^n_k |w|(|S_k(g_n)| + k)|∇(S_k(g_n))| ≤ Λ_τ ||S_k(g_n)||_L2_{(Ω)}|E^n_k |^{12} + || |∇(S_k(g_n))| ||_L2_{(Ω)}(k|| |w| ||_L2_{(E}n_{k )} + || |w|S_k(g_n)||_L2_{(E}n_{k )}) ≤ Λ_τ ||S_k(g_n)||_H1_{(Ω)}|E^n_k |^{12} + kΛw|| |∇(S_k(g_n))| ||_L2_{(Ω)}|E^n_k |^{12}

+|| |∇(S_k(g_n))| ||_L2_{(Ω)}Λw||S_k(g_n)||_L2_{(E}n_{k )}. (2.13)

Thanks to the Hölder inequality we have, when p > 2,

||S_k(g_n)||_L2_{(E}n_{k )} ≤ ||S_k(g_n)||_Lp_{(Ω)}|E^n_k |^{12 − 1p} .

Since 2 < 2N/(N − 2), there exists, by the Sobolev injection, p > 2 and C_2 only depending on Ω such that ||S_k(g_n)||_Lp_{(Ω)} ≤ C_2||S_k(g_n)||_H1_{(Ω)}.

Thus, with (2.13) and (1.10), we get

K_{2,2}(α_A, Ω, Γ_d, λ)||S_k(g_n)||^2_H1_{(Ω)} ≤ Λ_τ ||S_k(g_n)||_H1_{(Ω)}|E^n_k |^{12} + Λwk||S_k(g_n)||_H1_{(Ω)}|E^n_k |^{12}

+C_2Λw|E^n_k |^{12 − 1p} ||S_k(g_n)||^2_H1_{(Ω)}. (2.14)

The Tchebycheff inequality reads

|E^n_k | = |{ln(1 + |g_n|) > ln(1 + k)}| ≤ 1 (ln(1 + k))^2

|| ln(1 + |g_n|)||^2_L2_{(Ω)} ≤ 1 (ln(1 + k))^2

|| ln(1 + |g_n|)||^2_H1_{(Ω)} ≤ C^2_1 (ln(1 + k))^2

where C_1 is the constant given by Step 2. Since 1/2 > 1/p, there exists thus k_0 depending on C_2, Λw, p, C_1 and K_{2,2}(α_A, Ω, Λ_d, λ), i.e. depending on (Ω, Γ_d, α_A, Λw, λ, Λ_τ ), such that, for all k ≥ k_0 and all n ≥ 1, C_2Λw|E^n_k |^{12 − 1p} ≤ K_{2,2}(α_A, Ω, Γ_d, λ)/2. We obtain thus, for all k ≥ k_0, thanks to (2.14),

||S_k(g_n)||_H1_{(Ω)} ≤ ( 2Λ_τ K_{2,2}(α_A, Ω, Γ_d, λ) + 2Λwk

K_{2,2}(α_A, Ω, Γ_d, λ) ) |E^n_k |^{12} ≤ C_3(1 + k)|E^n_k |^{12} ,

where C_3 depends on (Ω, Γ_d, α_A, Λw, λ, Λ_τ ).

By noticing that, when h > k, |S_k(g_n)| ≥ (h − k) on E^n_h , we get, thanks to the Sobolev injection W^{1,1}(Ω) → L^{N/(N−1)}(Ω) (the norm of which, denoted by C_4, only depends on Ω), (h − k)|E^n_h |^{(N−1)/N} ≤ ||S_k(g_n)||_LN/(N−1)_{(Ω)} ≤ C_4||S_k(g_n)||_W 1,1_{(Ω)} ≤ C_4|E^n_k |^{12} ||S_k(g_n)||_H1_{(Ω)} ≤ C_3C_4(1 + k)|E^n_k |.

Thus, as soon as h > k ≥ k_0, we have, with β = N/(N − 1) > 1, |E^n_h | ≤ (C_3C_4)^β (1 + k)^β (h − k)^β |E^n_k |^β ≤ (C_3C_4(1 + k_0))^β(1 + k − k_0)^β (h − k)^β |E^n_k |^β (because, when k ≥ k_0, (1 + k_0)(1 + k − k_0) ≥ 1 + k). Lemma 2.2 given just after the end of this proof, and applied to the non-increasing function G_n(k) = |E^n_{k+k0} |, allows us to see that, if

H_0 = exp ∑ m≥0 2^{1β} C_3C_4(1 + k_0)|Ω|^{β−1β} ( 2^{β−1β} )_m ≥ exp ∑ m≥0 2^{1β} C_3C_4(1 + k_0)G_n(0)^{β−1β} ( 2^{β−1β} )_m ,

(notice that H_0 < +∞ depends on (Ω, Γ_d, α_A, Λw, λ, Λ_τ )), then G_n(H_0) = 0, that is to say |g_n| ≤ H_0 + k_0 a.e. on Ω for all n ≥ 1.

Thus, by taking n_0 an integer greater than H_0 + k_0 (n_0 depends on (Ω, Γ_d, α_A, Λw, λ, Λ_τ )) and letting g = g_{n0} , we have a solution to (2.4) (because T_{n0} (g_{n0} ) = g_{n0} = g) which satisfies ||g||_L∞_{(Ω)} ≤ H_0 + k_0 and ||g||_H1_{(Ω)} = ||g_{n0} ||_H1_{(Ω)} ≤ K_{2,2}(α_A, Ω, Γ_d, λ)^{−1}(Λ_τ |Ω|^{12} + n_0Λw|Ω|^{12} ). This completes the proof of Lemma 2.1.

Lemma 2.2 Let G : R^+ → R^+ be a non-increasing function. If there exist β > 1 and C > 0 such that ∀h > k ≥ 0 , G(h) ≤ C^β(1 + k)^β (h − k)^β G(k)^β then, with

H = exp ∑ m≥0 2^{1β} CG(0)^{β−1β} ( 2^{β−1β} )_m < +∞,

we have G(H) = 0.

For the proof of this lemma, which is a slight generalization of a lemma by G. Stampacchia ([16] Lemma 4.1, i)), we refer the reader to Lemma 2.2 in [10].

Proof of Theorem 2.1 The proof of the existence of a solution to

f ∈ H^1_{Γd} (Ω) , ∫ Ω A∇f · ∇φ + ∫ Ω v · ∇fφ + ∫ Γ_f λfφ dσ = ∫ Ω θφ , ∀φ ∈ H^1_{Γd} (Ω), (2.15)

(i.e. Problem (2.3) without the regularity f ∈ C^{0,κ}(Ω)) uses the topological degree (see [9]); the proof of the Hölder continuity of the solution, as well as the estimates in the Hölder space, uses a result of [10].

Step 1: on a cut-off problem.

Let n be an integer. Recall that T_n(s) = min(n, max(−n, s)). We know that, for all φ ∈ H^1_{Γd} (Ω), T_n(φ) ∈ H^1_{Γd} (Ω) with ∇(T_n(φ)) = 1_{{|φ|<n}}∇φ.

Let f ∈ H^1_{Γd} (Ω); since v · ∇(T_n(f )) ∈ L^2(Ω) ⊂ (H^1_{Γd} (Ω))^′, there exists a unique solution f = F (f ) to

f ∈ H^1_{Γd} (Ω) , ∫ Ω A∇f · ∇φ + ∫ Γ_f λfφ dσ = ∫ Ω θφ − ∫ Ω v · ∇(T_n(f ))φ , ∀φ ∈ H^1_{Γd} (Ω). (2.16)

This defines an application F : H^1_{Γd} (Ω) → H^1_{Γd} (Ω).

We will prove, using the topological degree, that F has a fixed point (conversely to the proof of Lemma 2.1, the Schauder fixed point theorem seems not applicable here).

Notice first that F is continuous; indeed, if f_m → f in H^1_{Γd} (Ω), then T_n(f_m) → T_n(f ) in H^1_{Γd} (Ω), so that v · ∇(T_n(f_m)) → v · ∇(T_n(f )) in L^2(Ω), thus also in (H^1_{Γd} (Ω))^′ and the solution F (f_m) of (2.16) when f is replaced by f_m tends thus in H^1_{Γd} (Ω) to the solution F (f) of (2.16).

We will now prove that, if (f_m)_{m≥1} is a bounded sequence in H^1_{Γd} (Ω), then there exists a subsequence (still denoted (f_m)_{m≥1}) such that (F (f_m))_{m≥1} converges in H^1_{Γd} (Ω). Since (f_m)_{m≥1} is bounded in H^1_{Γd} (Ω), (v · ∇(T_n(f_m)))_{m≥1} is bounded in L^2(Ω) and there exists thus a subsequence, still denoted (f_m)_{m≥1}, such that v · ∇(T_n(f_m)) → Φ weakly in L^2(Ω).

Since (F (f_m))_{m≥1} is bounded in H^1_{Γd} (Ω) (because of the coercivity of the operator in (2.16) and of the fact that (v · ∇(T_n(f_m)))_{m≥1} is bounded in L^2(Ω)), its trace is bounded in L^2(∂Ω) and we can also suppose that, up to a subsequence, (F (f_m))_{m≥1} converges to F_0, weakly in H^1_{Γd} (Ω), strongly in L^2(Ω) and its trace weakly in L^2(∂Ω); we see then that F_0 is the solution to

F_0 ∈ H^1_{Γd} (Ω) , ∫ Ω A∇F_0 · ∇φ + ∫ Γ_f λF_0φ dσ = ∫ Ω θφ − ∫ Ω Φφ , ∀φ ∈ H^1_{Γd} (Ω). (2.17)

We have now to prove that the convergence of (F (f_m))_{m≥1} to F_0 is strong in H^1_{Γd} (Ω); to see this, we subtract the equation satisfied by F_0 from the equation satisfied by F (f_m) and we use the test function φ = F (f_m) − F_0 ∈ H^1_{Γd} (Ω) to find

α_A|| |∇(F (f_m) − F_0)| ||^2_L2_{(Ω)} + ∫ Γ_f

λ|F (f_m) − F_0|^2 dσ ≤ ∫ Ω A∇(F (f_m) − F_0) · ∇(F (f_m) − F_0) + ∫ Γ_f

λ(F (f_m) − F_0)(F (f_m) − F_0) dσ = ∫ Ω (Φ − v · ∇(T_n(f_m)))(F (f_m) − F_0)

≤ ||Φ − v · ∇(T_n(f_m))||_L2_{(Ω)}||F (f_m) − F_0||_L2_{(Ω)}.

Since (v · ∇(T_n(f_m)))_{m≥1} is bounded in L^2(Ω) and F (f_m) → F_0 in L^2(Ω), this inequality, associated to (1.10), gives ||F (f_m) − F_0||_H1_{(Ω)} → 0.

Thus, F : H^1_{Γd} (Ω) → H^1_{Γd} (Ω) is a compact operator. To prove that F has a fixed point by an application of the Leray-Schauder topological degree, it remains to find R > 0 such that, if t ∈ [0, 1] and f ∈ H^1_{Γd} (Ω) satisfies f − tF (f ) = 0, then ||f||_H1_{Γd (Ω)} ≠ R.

Suppose we have such a t ∈ [0, 1] and such a f ∈ H^1_{Γd} (Ω); then f satisfies ∫ Ω A∇f · ∇φ + ∫ Γ_f λf φ dσ = t ∫ Ω θφ − t ∫ Ω v · ∇(T_n(f ))φ for all φ ∈ H^1_{Γd} (Ω).

Take φ = f ; since ∇(T_n(f )) = 1_{{|f|<n}}∇f , we find, with (1.10),

K_{2,2}(α_A, Ω, Γ_d, λ)||f||^2_H1_{(Ω)} ≤ α_A ∫ Ω |∇f|^2 + ∫ Γ_f λ|f|^2 dσ ≤ ||θ||_{(H}1_{Γd (Ω))}′ ||f||_H1_{(Ω)} + n|| |v| ||_L2_{(Ω)}|| |∇f| ||_L2_{(Ω)} ≤ ( ||θ||_{(H}1_{Γd (Ω))}′ + n|| |v| ||_L2_{(Ω)} ) ||f||_H1_{(Ω)}, which gives ||f||_H1_{(Ω)} ≤ ||θ||_{(H}1_{Γd (Ω))}′ K_{2,2}(α_A, Ω, Γ_d, λ) + n|| |v| ||_L2_{(Ω)} K_{2,2}(α_A, Ω, Γ_d, λ) . Thus, by taking R = 1 + (||θ||_{(H}1_{Γd (Ω))}′ + n|| |v| ||_L2_{(Ω)})/K_{2,2}(α_A, Ω, Γ_d, λ), we deduce from the properties of the topological degree that F has a fixed point in the ball of center 0 and radius R in H^1_{Γd} (Ω). We denote by f_n such a fixed point, which satisfies f_n ∈ H^1_{Γd} (Ω) , ∫ Ω A∇f_n · ∇φ + ∫ Ω v · ∇(T_n(f_n))φ + ∫ Γ_f λf_nφ dσ = ∫ Ω θφ , ∀φ ∈ H^1_{Γd} (Ω) (2.18)

and ||f_n||_H1_{(Ω)} ≤ 1 + (||θ||_{(H}1_{Γd (Ω))}′ + nΛv|Ω|^{12} )/K_{2,2}(α_A, Ω, Γ_d, λ).

Step 2: we prove an L^1 estimate for the sequence (f_n)_{n≥1} constructed in Step 1. Let w_n = 1_{{|fn|<n}}v; we have, for all φ ∈ H^1_{Γd} (Ω), ∫ Ω A∇f_n · ∇φ + ∫ Ω w_n · ∇f_nφ + ∫ Γ_f λf_nφ dσ = ∫ Ω θφ. (2.19)

Since Λv is an upper bound for || |w_n| ||_L∞_{(Ω)}, we can find, thanks to Lemma 2.1, a g_n ∈ H^1_{Γd} (Ω) satisfying, for all φ ∈ H^1_{Γd} (Ω), ∫ Ω A^T ∇g_n · ∇φ + ∫ Ω g_nw_n · ∇φ + ∫ Γ_f λg_nφ dσ = ∫ Ω sgn(f_n)φ, (2.20)

and such that ||g_n||_L∞_{(Ω)} ≤ K_0, where K_0 depends on (Ω, Γ_d, α_A, Λv, λ) but not n (sgn denotes the sign function, and we have thus ||sgn(f_n)||_L∞_{(Ω)} ≤ 1). By putting φ = f_n in (2.20) and φ = g_n in (2.19), we get

||f_n||_L1_{(Ω)} = ∫ Ω sgn(f_n)f_n = ∫ Ω θg_n ≤ K_0||θ||_L1_{(Ω)}. (2.21)

Step 3: with the same methods as in Step 3 of the proof of Lemma 2.1, we prove an L^∞ estimate on (f_n)_{n≥1}.

Define S_k as in Step 3 of the proof of Lemma 2.1, and use S_k(f_n) as a test function in (2.18): we get, by denoting E^n_k = {x ∈ Ω | |f_n(x)| > k}, and since f_nS_k(f_n) ≥ |S_k(f_n)|^2,

α_A|| |∇(S_k(f_n))| ||^2_L2_{(Ω)} + ∫ Γ_f

λ|S_k(f_n)|^2 dσ (2.22) ≤ ∫ Ω A∇f_n · ∇(S_k(f_n)) + ∫ Γ_f λf_nS_k(f_n) dσ ≤ Λ_θ||S_k(f_n)||_L2_{(Ω)}|E^n_k |^{12} + ∫ {|f_n |<n} |v||∇f_n||S_k(f_n)| ≤ Λ_θ||S_k(f_n)||_L2_{(Ω)}|E^n_k |^{12} + ∫ Ω |v||∇(S_k(f_n))||S_k(f_n)| ≤ Λ_θ||S_k(f_n)||_H1_{(Ω)}|E^n_k |^{12} + || |∇(S_k(f_n))| ||_L2_{(Ω)}|| |v|S_k(f_n)||_L2_{(Ω)} ≤ Λ_θ||S_k(f_n)||_H1_{(Ω)}|E^n_k |^{12} + || |∇(S_k(f_n))| ||_L2_{(Ω)}Λv||S_k(f_n)||_L2_{(Ω)}, (2.23) because ∇f_n = ∇(S_k(f_n)) where S_k(f_n) ≠ 0.

As before, we notice that, thanks to the Sobolev injection of H^1, there exists p > 2 and K_1 only depending on Ω such that ||S_k(f_n)||_L2_{(Ω)} ≤ ||S_k(f_n)||_Lp_{(Ω)}|E^n_k |^{12 − 1p} ≤ K_1||S_k(f_n)||_H1_{(Ω)}|E^n_k |^{12 − 1p} , which gives, introduced in (2.23) and thanks to (1.10), K_{2,2}(α_A, Ω, Γ_d, λ)||S_k(f_n)||^2_H1_{(Ω)} ≤ Λ_θ||S_k(f_n)||_H1_{(Ω)}|E^n_k |^{12} + K_1Λv|E^n_k |^{12 − 1p} ||S_k(f_n)||^2_H1_{(Ω)}. (2.24) But, with (2.21) and the Tchebycheff inequality, we see that |E^n_k | ≤ 1 k ||f_n||_L1_{(Ω)} ≤

K_0|Ω|Λ_θ k ; there exists thus k_0 depending on (K_1, Λv, p, K_0, Ω, Λ_θ, K_{2,2}(α_A, Ω, Γ_d, λ)) (i.e. on (Ω, Γ_d, α_A, Λv, λ, Λ_θ)), such that, for all n ≥ 1 and all k ≥ k_0, K_1Λv|E^n_k |^{12 − 1p} ≤ K_{2,2}(α_A, Ω, Γ_d, λ)/2. Returning to (2.24), we have then, for all k ≥ k_0,

||S_k(f_n)||_H1_{(Ω)} ≤

2Λ_θ K_{2,2}(α_A, Ω, Γ_d, λ)

|E^n_k |^{12} = K_2|E^n_k |^{12} where K_2 depends on (Ω, Γ_d, α_A, λ, Λ_θ).

Then, reasoning as in the end of Step 3 of the proof of Lemma 2.1, we get, for all h > k ≥ k_0, |E^n_h | ≤ M K^β_2 (h − k)^β |E^n_k |^β, with β = N/(N − 1) > 1 and M depending on Ω.

Using Lemma 2.2 (or, more directly, Lemma 4.1 i) in [16]), we see thus that there exists H_0 depending on (Ω, β, M, K_2), i.e. depending on (Ω, Γ_d, α_A, λ, Λ_θ) [notice that a dependence on Ω takes into account a dependence on N ] such that, for all n ≥ 1, |E^n_{H0+k0} | = 0, that is to say ||f_n||_L∞_{(Ω)} ≤ K_3 = H_0 + k_0, where K_3 depends on (Ω, Γ_d, α_A, Λv, λ, Λ_θ).

By taking any integer n_0 ≥ K_3 (such a choice of n_0 depends on K_3, thus on (Ω, Γ_d, α_A, Λv, λ, Λ_θ)) and letting f = f_{n0} , we get a solution to f ∈ H^1_{Γd} (Ω) ∫ Ω A∇f · ∇φ + ∫ Ω v · ∇fφ + ∫ Γ_f λfφ dσ = ∫ Ω θφ , ∀φ ∈ H^1_{Γd} (Ω), (2.25)

(because, since n_0 ≥ K_3 ≥ ||f_{n0} ||_L∞_{(Ω)}, T_{n0} (f_{n0} ) = f_{n0} = f) such that

||f||_H1_{(Ω)} ≤ 1 +

||θ||_{(H}1_{Γd (Ω))}′ + n_0Λv|Ω|^{12} K_{2,2}(α_A, Ω, Γ_d, λ)

≤ 1 +

Λ_θ|Ω|^{12} + n_0Λv|Ω|^{12} K_{2,2}(α_A, Ω, Γ_d, λ)

:= C_1,

where C_1 depends on (Ω, Γ_d, α_A, Λv, λ, Λ_θ); notice also that ||f||_L∞_{(Ω)} ≤ K_3. (2.26)

Since, up to now, we have not used Hypothesis (1.13), this proves what we have claimed in Remark 2.2.

Step 4: conclusion.

It remains to prove that the solution f ∈ H^1_{Γd} (Ω) of (2.25) we found in the preceding section is in fact in C^{0,κ}(Ω) for a κ > 0. This is the only part of the proof where we need Hypothesis (1.13).

We have, for all φ ∈ H^1(Ω), | | | | ∫ Ω φv · ∇φ | | | | ≤ || |∇φ| ||^{L2(Ω)}Λv||φ||^{L2(Ω)} ≤ α_A 2 || |∇φ| ||^2_L2_{(Ω)} +

Λ^2v 2α_A ||φ||^2_L2_{(Ω)}.

Thus, by taking b = 1 +^{Λ2v}_{2αA} , the bilinear continuous form

(φ, ψ) ∈ H^1(Ω) → ∫ Ω A∇φ · ∇ψ + ∫ Ω v · ∇φψ + ∫ Ω bφψ is coercive (notice that the choice of b depends on (Ω, α_A, Λv)).

f is the solution to

f ∈ H^1_{Γd} (Ω) , ∫ Ω A∇f · ∇φ + ∫ Ω v · ∇fφ + ∫ Γ_f λfφ dσ + ∫ Ω bfφ = ∫ Ω ~θφ , ∀φ ∈ H^1_{Γd} (Ω), (2.27)

where ~θ = θ + bf ∈ L^∞(Ω).

Thus, ~θ ∈ (W^{1,1}_{Γd} (Ω))^′ and, thanks to (2.26), the norm of ~θ in (W^{1,1}_{Γd} (Ω))^′ is bounded by K_4 depending on (Ω, Γ_d, α_A, Λv, λ, Λ_θ). With our choice of b, a slight adaptation of the methods of [16] and [10] shows then that (thanks to Hypothesis (1.13)), there exists κ ∈]0, 1[ depending on (Ω, α_A, Λ_A, Λv, λ, b), i.e. depending on (Ω, α_A, Λ_A, Λv, λ) and K_5 depending on (Ω, α_A, Λ_A, Λv, λ, b, K_4), i.e. depending on (Ω, Γ_d, α_A, Λ_A, Λv, λ, Λ_θ), such that the solution f of (2.27) is in C^{0,κ}(Ω) with ||f||_C0,κ_{(Ω)} ≤ K_5.

3 Proof of the uniqueness and stability theorems

We will use, in the course of this proof, the following result.

Lemma 3.1 Let f : Ω → R, F : Ω → R^N and G : Ω → R^N be measurable functions such that |F − G| ∈ L^1(Ω). Under Hypotheses (1.1), (1.4) and (1.5), there exists a measurable matrix-valued function M : Ω → M_N (R) such that

M (x)τ · τ ≥ α|τ |^2 for a.e. x ∈ Ω, for all τ ∈ R^N, (3.1) ||M (x)|| ≤ Λ for a.e. x ∈ Ω, (3.2) a(x, f(x), F (x)) − a(x, f(x), G(x)) = M (x)(F (x) − G(x)) for a.e. x ∈ Ω. (3.3)

Remark 3.1 Notice that α and Λ do not depend on f, F or G (only on a).

Proof of Lemma 3.1.

When a is of class C^1 with respect to ξ, it is very simple: just take

M (x) =

∫_1 0 ∂a ∂ξ (x, f(x), F (x) + t(G(x) − F (x)) dt (where^{∂a}_{∂ξ} , the partial derivative of a with respect to ξ, is identified to a N × N matrix; it is easy to see that this partial derivative satisfies (3.1) and (3.2)).

When a is only Lipschitz continuous with respect to ξ, it has a partial derivative for a.e. ξ ∈ R^N, but we can not take the preceding expression since F (.) + t(G(.) − F (.)) could take (on the whole of Ω and for any t ∈ [0, 1]) its values where a is not derivable with respect to ξ.

We solve this problem by the following trick: by denoting (ρ_n)_{n≥1} a sequence of mollifiers in R^N, we take a_n(x, s, ξ) = (a(x, s, .) ∗ ρ_n)(ξ); a_n is a Caratheodory function which is of class C^1 with respect to ξ. We have thus a_n(x, f(x), F (x)) − a_n(x, f(x), G(x)) = M_n(x)(F (x) − G(x)), (3.4) where M_n(x) =

∫_1 0 ∂a_n ∂ξ (x, f(x), F (x) + t(G(x) − F (x)) dt; by noticing that^{∂an}_{∂ξ} (x, s, ξ) = (^{∂a}_{∂ξ} (x, s, .) ∗ ρ_n)(ξ), we see that^{∂an}_{∂ξ} — and thus M_n — satisfies (3.1) and (3.2) for all n ≥ 1. Thus, (M_n)_{n≥1} being a bounded sequence in (L^∞(Ω))^{N×N} , there exists a subsequence, still denoted (M_n)_{n≥1}, which converges to M in (L^∞(Ω))^{N×N} weak-∗; it is then quite clear that M satisfies (3.1) and (3.2). Moreover, since |F − G| ∈ L^1(Ω), M_n(F − G) → M (F − G) in the sense of distributions. Since a_n(x, f(x), F (x)) − a_n(x, f(x), G(x)) → a(x, f(x), F (x)) − a(x, f(x), G(x)) for a.e. x ∈ Ω (for all x ∈ Ω such that a(x, ., .) is continuous) and is dominated by Λ|F − G| ∈ L^1(Ω), the convergence is also true in (L^1(Ω))^N (and thus in the sense of distributions). By passing to the limit (in the sense of distributions) in (3.4), and since the limits are functions, we get a(x, f(x), F (x)) − a(x, f(x), G(x)) = M (x)(F (x) − G(x)) for a.e. x ∈ Ω, and the measurable matrix valued function M is thus convenient.

Proof of Theorem 1.1 Let μ ∈ M(Ω), μ^∂ ∈ M(∂Ω) and u, v two SOLA of (1.14).

By definition, there exists (μ_n, ν_n)_{n≥1} ∈ L^1(Ω) ∩ (H^1_{Γd} (Ω))^′ satisfying μ_n → μ and ν_n → μ in (C(Ω))^′ weak-∗, (μ^∂_n, ν^∂_n)_{n≥1} ∈ L^1(∂Ω) ∩ (H^{1/2}_{Γd} (Ω))^′ satisfying μ^∂_n → μ^∂ and ν^∂_n → μ^∂ in M(∂Ω) weak-∗, u_n a solution of (1.15) and v_n a solution of (1.15) with (ν_n, ν^∂_n) instead of (μ_n, μ^∂_n) such that u_n → u and v_n → v in L^1(Ω) (in fact, the convergence is much stronger but we will not need it).

By substracting the equation satisfied by v_n from the equation satisfied by u_n, we have, for all φ ∈ H^1_{Γd} (Ω), ∫ Ω (a(x, u_n, ∇u_n) − a(x, v_n, ∇v_n)) · ∇φ + ∫ Γ_f λ(u_n − v_n)φ dσ = ⟨μ_n − ν_n, φ⟩_{(H}1_{Γd (Ω))}′_{,H}1_{Γd (Ω)} + ⟨μ^∂_n − ν^∂_n, φ⟩_{(H}1/2_{Γd (Ω))′,H}1/2_{Γd (Ω)}. (3.5)

Let V : Ω × R× R× R^N → R^N defined, for all (x, s, t, ξ) ∈ Ω × R× R× R^N, by { V(x, s, t, ξ) =^{a(x,s,ξ)−a(x,t,ξ)} s−t if s ≠ t, V(x, s, t, ξ) = 0 if s = t. Thanks to Hypothesis (1.1), V is Borel-measurable (it is Borel-measurable on the Borel set {s ≠ t} and on the Borel set {s = t}) and, by (1.6), |V(x, s, t, ξ)| ≤ δ for a.e. x ∈ Ω, for all (s, t, ξ) ∈ R× R× R^N; we also have, for all (x, s, t, ξ) ∈ Ω × R× R× R^N, a(x, s, ξ) − a(x, t, ξ) = (s − t)V(x, s, t, ξ). V being Borel-measurable and u_n, v_n, ∇v_n being measurable, v_n(.) = V(., u_n(.), v_n(.), ∇v_n(.)) is measurable on Ω and, for a.e. x ∈ Ω, we have |v_n(x)| ≤ δ.

By denoting M_n : Ω → M_N (R) the measurable matrix-valued function given by Lemma 3.1 applied to f = u_n, F = ∇u_n and G = ∇v_n (notice that |F − G| ∈ L^2(Ω) ⊂ L^1(Ω)), we obtain, for a.e. x ∈ Ω, a(x, u_n(x), ∇u_n(x)) − a(x, v_n(x), ∇v_n(x)) = a(x, u_n(x), ∇u_n(x)) − a(x, u_n(x), ∇v_n(x)) + a(x, u_n(x), ∇v_n(x)) − a(x, v_n(x), ∇v_n(x)) = M_n(x)(∇u_n(x) − ∇v_n(x)) + (u_n(x) − v_n(x))v_n(x).

By (3.5), w_n = u_n − v_n is thus a solution to

w_n ∈ H^1_{Γd} (Ω) , ∫ Ω M_n∇w_n · ∇φ + ∫ Ω w_nv_n · ∇φ + ∫ Γ_f

λw_nφ dσ = ⟨μ_n − ν_n, φ⟩_{(H}1_{Γd (Ω))}′_{,H}1_{Γd (Ω)}

+⟨μ^∂_n − ν^∂_n, φ⟩_{(H}1/2_{Γd (∂Ω))′,H}1/2_{Γd (∂Ω)} , ∀φ ∈ H^1_{Γd} (Ω).

(3.6)

M^T_n is a measurable matrix-valued function which satisfies Properties (3.1) and (3.2) (notice that α and Λ do not depend on n) and we have v_n ∈ L^∞(Ω) with δ ≥ || |v_n| ||_L∞_{(Ω)} (notice that δ does not depend on n).

Thanks to Theorem 2.1, since sgn(u − v) ∈ L^∞(Ω), there exists κ > 0 and C > 0 depending on (Ω, Γ_d, α, Λ, δ, λ) (i.e. κ and C do not depend on n) and, for all n ≥ 1, a solution to

f_n ∈ H^1_{Γd} (Ω) ∩ C^{0,κ}(Ω) , ∫ Ω M^T_n ∇f_n · ∇φ + ∫ Ω v_n · ∇f_nφ + ∫ Γ_f λf_nφ dσ = ∫ Ω sgn(u − v)φ , ∀φ ∈ H^1_{Γd} (Ω) (3.7)

such that ||f_n||_C0,κ_{(Ω)} ≤ C.

Using f_n as a test function in (3.6) and w_n as a test function in (3.7), we obtain ∫ Ω w_nsgn(u − v) = ∫ Ω M_n∇w_n · ∇f_n + ∫ Ω w_nv_n · ∇f_n + ∫ Γ_f λw_nf_n dσ = ∫ Ω f_n(μ_n − ν_n) + ∫ ∂Ω f_n(μ^∂_n − ν^∂_n) dσ. (3.8)

Since (f_n)_{n≥1} is bounded in C^{0,κ}(Ω), it is relatively compact in C(Ω) (thanks to the Ascoli-Arzelà theorem) and we can thus suppose that, up to a subsequence still denoted (f_n)_{n≥1}, we have f_n → f in C(Ω). Since μ_n − ν_n → 0 in (C(Ω))^′ weak-∗ and μ^∂_n − ν^∂_n → 0 in M(∂Ω) weak-∗, we get ∫ Ω f_n(μ_n − ν_n) + ∫ ∂Ω f_n(μ^∂_n − ν^∂_n) → 0.

Using the fact that w_n → u − v in L^1(Ω), we deduce then from (3.8), by passing to the limit n → ∞, that 0 = ∫ Ω sgn(u − v)(u − v) = ∫ Ω |u − v|, which gives u = v a.e. on Ω and concludes the proof.

Proof of Theorem 1.2.

We first prove the more general result stated in Remark 1.6. We suppose thus, to begin, only Hypotheses (1.1)—(1.3), (1.7) and (1.9) and we take (u_n)_{n≥1} satisfying: for all n ≥ 1, there exists three sequences (μ_{n,m})_{m≥1} ∈ L^1(Ω) ∩ (H^1_{Γd}(Ω))^′, (μ^∂_{n,m})_{m≥1} ∈ L^1(∂Ω) ∩ (H^{1/2}_{Γd} (∂Ω))^′ and (u_{n,m})_{m≥1} ∈ H^1_{Γd} (Ω) such that μ_{n,m}^{m→∞}−→ μ_n in (C(Ω))^′ weak-∗, μ^∂_{n,m}^{m→∞}−→ μ^∂_n in M(∂Ω) weak-∗, ∃C > 0 such that ||μ_{n,m}||_{M(Ω)} + ||μ^∂_{n,m}||_{M(∂Ω)} ≤ C for all n ≥ 1 and m ≥ 1, (3.9) ∀m ≥ 1 , u_{n,m} is a solution of (1.15) with (μ_{n,m}, μ^∂_{n,m}) instead of (μ_n, μ^∂_n),

u_{n,m}^{m→∞}−→ u_n in W^{1,q}_{Γd} (Ω) for all q ∈ [1, N/(N − 1)[

((3.9) is the additional hypothesis we must make — see below for the reason).

Let {φ_k , k ≥ 1} (respectively {ψ_k , k ≥ 1}) be a countable dense subset of C(Ω) (respectively C(∂Ω)). For all n ≥ 1, there exists m_n ≥ 1 such that • | |∫_Ω φ_k dμ_{n,mn} − ∫_Ω φ_k dμ_n | | ≤ 1/n for all k ∈ [1, n], • | |∫_{∂Ω} ψ_k dμ^∂_{n,mn} − ∫_{∂Ω} ψ_k dμ^∂_n | | ≤ 1/n for all k ∈ [1, n], • ||u_{n,mn} − u_n||_W 1,N/(N−1)−1/n Γd (Ω) ≤ 1/n.

It is then quite clear that (ν_n)_{n≥1} = (μ_{n,mn} )_{n≥1} ∈ L^1(Ω) ∩ (H^1_{Γd} (Ω))^′ and (ν^∂_n)_{n≥1} = (μ^∂_{n,mn} )_{n≥1} ∈ L^1(∂Ω) ∩ (H^{1/2}_{Γd} (∂Ω))^′ converge respectively to μ in (C(Ω))^′ weak-∗ and to μ^∂ in M(∂Ω) weak-∗. Indeed, (ν_n)_{n≥1} = (μ_{n,mn} )_{n≥1} is bounded in M(Ω) by C (this is where we need (3.9)) and, for all k ≥ 1, if n ≥ k, | | | ∫ Ω φ_k dν_n − ∫ Ω φ_k dμ | | | ≤ 1 n + | | | ∫ Ω φ_k dμ_n − ∫ Ω φ_k dμ | | | → 0 as n → ∞. The bound of (ν_n)_{n≥1} and this convergence on a dense subset of C(Ω) gives the weak-∗ convergence. We can do the same for (ν^∂_n)_{n≥1}.

Thus, by definition of a SOLA, since v_n = u_{n,mn} is a solution of (1.15) with (ν_n, ν^∂_n) instead of (μ_n, μ^∂_n), there exists a subsequence (v_{nk} )_{k≥1} and a SOLA u of (1.14) such that v_{nk} → u in W^{1,q}_{Γd} (Ω) for all q ∈ [1, N/(N − 1)[. Let q ∈ [1, N/(N − 1)[; for all k ≥ (N/(N − 1) − q)^{−1}, since n_k ≥ k, we have then (with r_k = N/(N − 1) − 1/n_k > q), ||u_{nk} − u||_W 1,q_{(Ω)} ≤ ||u_{nk} − v_{nk} ||_W 1,q_{(Ω)} + ||v_{nk} − u||_W 1,q_{(Ω)} ≤ |Ω|^{1/q−1/rk} ||u_{nk} − v_{nk} ||_W 1,r_{k (Ω)} + ||v_{nk} − u||_W 1,q_{(Ω)} ≤ sup(1, |Ω|) n_k + ||v_{nk} − u||_W 1,q_{(Ω)} → 0 as k → ∞, which gives the convergence of (u_{nk} )_{k≥1} to u in W^{1,q}_{Γd} (Ω), for all q ∈ [1, N/(N − 1)[.

Suppose now that we add the hypotheses of Theorem 1.1, or that we are in the case of Remark 1.5. We have then the uniqueness of the SOLA.

The SOLA u_n thus does not depend on the way we approximate (μ_n, μ^∂_n), and we can always take (μ_{n,m}, μ^∂_{n,m})_{m≥1} which approximate these measures and satisfy moreover ||μ_{n,m}||_{M(Ω)} ≤ ||μ_n||_{M(Ω)} and ||μ^∂_{n,m}||_{M(∂Ω)} ≤ ||μ^∂_n||_{M(∂Ω)} for all m ≥ 1; in this case, since (μ_n)_{n≥1} is bounded in M(Ω) and (μ^∂_n)_{n≥1} is bounded in M(∂Ω) (they converge for the weak-∗ topology), we see that (μ_{n,m}, μ^∂_{n,m})_{n≥1,m≥1} satisfy (3.9).

By supposing that (u_n)_{n≥1} does not converge to the SOLA u of (1.14), we would take ε > 0 and a subsequence, still denoted (u_n)_{n≥1}, such that, for a q_0 ∈ [1, N/(N − 1)[, ||u_n − u||_W 1,q_{0 (Ω)} > ε for all n. Applying the preceding reasoning, we get a subsequence (u_{nk} )_{k≥1} which converges in W^{1,q0}_{Γd} (Ω) to a SOLA v of (1.14). The SOLA being unique, we have in fact u = v and this leads to a contradiction, thus proving Theorem 1.2 and Remark 1.7.

References

[1] Adams R.A., Sobolev Spaces. Accademic Press (1975).

[2] Benilan P., Boccardo L., Gallouët T., Gariepy R., Pierre M., Vazquez J. L., An L^1- Theory of Existence and Uniqueness of Solutions of Nonlinear Elliptic Equations, Ann. Scuola Norm. Sup. Pisa Cl. Sci., IV, 22, 2, 1995.

[3] Boccardo L., Problemi differenziali ellittici e parabolici con dati misure, Boll. Un. Mat. Ital., 1997, pp 439-461.

[4] Boccardo L., Some nonlinear Dirichlet problems in L^1 involving lower order terms in divergence form, Progress in elliptic and parabolic partial differential equations (Capri, 1994), 43–57, Pitman Res. Notes Math. Ser., 350, Longman, Harlow, 1996.

[5] Boccardo L., personal communication.

[6] Boccardo L., Gallouët T., Nonlinear elliptic and parabolic equations involving measure data.

J. Funct. Anal. 87 (1989), 241-273.

[7] Boccardo L., Gallouët T. and Murat F., Unicité de la solution de certaines équations elliptiques non linéaires, C.R. Acad. Sci. Paris, 315, 1992, pp 1159-1164.

[8] Dall’Aglio A., Approximated solutions of equations with L^1 data. Application to the H-convergence of quasi-linear parabolic equations, Ann. Mat. Pura Appl. 170 (1996), 207–240.

[9] Deimling K., Nonlinear functional analysis. Springer (1985).

[10] Droniou J., Solving convection-diffusion equations with mixed, Neumann and Fourier boundary conditions and measures as data, by a duality method, Adv. Differential Equations, Volume 5 (10- 12), October-December 2000, pp. 1341-1396.

[11] Leray J., Lions J.L., Quelques résultats de Višik sur les problèmes elliptiques semi-linéaires par les méthodes de Minty et Browder, Bull. Soc. Math. France, 93, 1965, pp 97-107.

[12] Murat F., Equations elliptiques non linéaires avec second membre L^1 ou mesure, CANUM 94.

[13] Prignet A., Remarks on existence and uniqueness of solutions of elliptic problems with right-hand side measures. Rend. Mat. Appl. 15 (1995), pp. 321-337.

[14] Prignet A., Conditions aux limites non homogènes pour des problèmes elliptiques avec second membre mesure, Ann. Fac. Sciences de Toulouse 6 (1997), pp 297-318.

[15] Serrin J., Pathological solutions of elliptic differential equations. Ann. Scuola Norm. Sup. Pisa Cl.

Sci., 18 (1964), 385-387.

[16] Stampacchia G., Le problème de Dirichlet pour les équations elliptiques du second ordre à coefficients discontinus. Ann. Inst. Fourier, Grenoble, 15 (1965), 189-258.