Modelling wells in porous media flows

P. Fabrie^1 and T. Gallouët^2

Abstract In this paper, we prove the existence of weak solutions for mathematical models of miscible and immiscible flow through porous medium. An important difficulty comes from the modelization of the wells, which does not allow us to use classical variational formulations of the equations.

Keywords: Nonlinear parabolic equation, flow through porous media, existence of solutions, measure data AMS subject classification: 35K55, 35K60, 76S05

1 Introduction

This paper is devoted to the mathematical analysis of some models of flows in porous media. These models are those used for reservoir simulation’s in petroleum engineering see [3], [4], [6], [8]. In these problems, wells have to be conveniently modeled. In particular, since the diameter of a well (about 10 cm) is very small compared to the length of the reservoir or to the mesh size of a “reasonable” discretization (10 to 100m.. . ), one has to consider the action of a well as some spatial “measures” (instead of classical functions) whose supports shrink to a point (for two dimensionnal models) or to a segment (for three dimensionnal models).

In this paper, existence of weak solutions for miscible and immiscible flows are proven. Actually, using the Schauder fixed point theorem, one proves existence of weak solution for “regularized wells”. Then through some estimates on these solutions, one proves the general case, passing to the limit on the solutions of regularized equations.

2 Problems and main results

2.1 Model problem

A first basic model is described in this section. Roughly speaking, it consists in a parabolic equation (in the unknown u) having a “measure” (instead of a classical function) as a source term and with a nonlinear convection term involving a velocity field given by the solution of an elliptic equation (on the unknown p with a given u) with also a measure as source term. To complete the problem, some initial and boundary conditions are given. Such models appear in the modelization of fluid flows through porous media. More complete models are described hereafter (Section 2.2) but the main difficulties are present in the basic model (in particular, the occurence of measures as source terms).

The unknowns of this model problem are p (a pressure in realistic models), u (a concentration or a saturation) and v (a filtration velocity). The equations satisfied by these unknowns are the following: for (x, t) ∈ Ω × (0, T ), u_t(x, t) + div(v f(u))(x, t) − div(D(v)∇u)(x, t) + u b(x, t)μ(x) − c a(x, t)μ(x) = 0, (2.1) v(x, t) + A(x, t, u(x, t)) (∇p(x, t) − g(x, t, u(x, t))) = 0, div v(x, t) − a(x, t)μ(x) + b(x, t)μ(x) = 0, (2.2) 1Laboratoire de Mathématiques Appliquées de Bordeaux, Université Bordeaux I, 33405 Talence, France 2CMI, Université Marseille I 13453, France

where u_t denotes the time derivative of u and where div and ∇ denote the usual spatial differential operators. The functions f, D, b, c, a, A and g are given and μ is a given measure on Ω (see below). To complete the problem, the following initial and boundary conditions are given:

u(x, 0) = u_0(x), x ∈ Ω, (2.3) D(v(x, t))∇u(x, t) · n(x) = 0, (x, t) ∈ ∂Ω × (0, T ), (2.4) v(x, t) · n(x) = 0, (x, t) ∈ ∂Ω × (0, T ). (2.5)

where n(x) is the outward normal unit vector at the boundary ∂Ω of Ω at the point x. Let us give the assumptions on the data.

T ∈ IR^⋆_+, Ω is a bounded open set of IR^d, d = 2 or 3, with a Lipschitz continuous boundary, (2.6)

c ∈ L^∞((0, T ); C(Ω)), 0 ≤ c ≤ 1, u_0 ∈ L^∞(Ω), 0 ≤ u_0 ≤ 1,

(2.7)

f ∈ C(IR, IR) is Lipschitz continuous and f(y) = 0 for y ≤ 0, f(y) = 1 for y ≥ 1,

(2.8)

A is a Caratheodory function from Ω × (0, T ) × IR into M_d(IR), see [20] p.p. 133, satisfying: ∃α > 0, A(x, t, s)ξ · ξ ≥ α|ξ|^2, for a.e. (x, t) ∈ Ω × (0, T ), ∀s ∈ IR, ∀ξ ∈ IR^d, ∃β ∈ IR, |A(x, t, s)| ≤ β, for a.e. (x, t) ∈ Ω × (0, T ), ∀s ∈ IR, (2.9)

g is a Caratheodory function from Ω × (0, T ) × IR into IR^d satisfying: ∃ḡ ∈ IR, |g(x, t, s)| ≤ ḡ, for a.e. (x, t) ∈ Ω × (0, T ), ∀s ∈ IR, (2.10)

D is a continuous and bounded function from IR^d to M_d(IR) and satisfies ∃γ > 0, D(s)ξ · ξ ≥ γ|ξ|^2, ∀s ∈ IR^d, ∀ξ ∈ IR^d. (2.11)

Note that x · y denotes the usual scalar product of x and y in IR^d, M_d(IR) is the set of d × d matrices with real coefficients and | · | denotes the euclidian norm in IR^d and the induced norm in M_d(IR).

It remains to make more precise the assumptions on aμ and bμ. Let M(Ω) denote the set of finite measures on Ω. Recall that a finite measure μ on Ω is a σ-additive application from the Borel σ-algebra of Ω in IR. If μ ∈ M(Ω) takes its values in IR_+, then μ ∈ M_+(Ω). Given μ in M(Ω), it is identified as usually with the linear continuous application induced on C(Ω) (C(Ω) is endowed with the L^∞(Ω)-norm). Then, ⟨μ, φ⟩_{(C(Ω))′,C(Ω)} = ∫ Ω φ(x)dμ(x), for any φ ∈ C(Ω). Note that a linear continuous application from C(Ω) to IR is not necessarily given by some μ ∈ M(Ω) (but it is always given by some μ ∈ M(Ω)). The topological dual space of a Banach space E is denoted by E^′. The assumptions on a, b and μ are the following

μ ∈ M_+(Ω) (2.12) and a, b ∈ L^∞((0, T ) ; C(Ω)) a(x, t) ≥ 0, b(x, t) ≥ 0, (2.13)

According to the boundary condition (2.5), one has to assume the following compatibility condition ∫ Ω a(x, t) dμ(x) = ∫ Ω b(x, t) dμ(x). (2.14)

In the three-dimensional case an additional assumption is required. It reads

μ ∈ (W^{1,q}(Ω))^′, ∀q > 2. (2.15)

In the two-dimensional case, this assumption is not an additional assumption since W^{1,q}(Ω) ⊂ C(Ω) for q > 2 and then M(Ω) ⊂ (W^{1,q}(Ω))^′. When d = 2 and for the modelization of porous media flows, the measure μ has often its support reduced to some points, this support consisting in the localization of the wells. In the three-dimensional case, the assumption (2.15) is realistic for the applications, at least for flows through porous media. Indeed, a convenient modelization of the wells leads to a measure μ which consists in a finite number of terms such as hν where h is a bounded measurable function and ν is the one dimensional Lebesgue measure on a one dimensionnal curve (indeed, it will be sufficient for us to assume that h ∈ L^2(Ω, ν)). Such a measure belongs to (W^{1,q}(Ω))^′ for q > 2 since there exists a continuous “trace operator” from W^{1,q}(Ω) to L^q(S), when S is a segment in Ω.

Remark 2.1 Note that the composition of the injected fluid is given, it appears in the term caμ in Equation (2.1), but the composition of the produced fluid is an unknown, it appears in the term ubμ in Equation (2.1). This structure of Equation (2.1), together with the second part of Equation (2.2) (that is divv = aμ − bμ) and Condition (2.8) on f (and 0 ≤ u_0 ≤ 1), is crucial to obtain the existence of a solution such that 0 ≤ u ≤ 1.

For a measure ν on the Borel σ−algebra on Ω, one denotes L^p(Ω, ν) (p ∈ [0, ∞]) the usual L^p space related to ν. If ν is the usual Lebesgue measure (denoted by λ in the sequel), the space L^p(Ω, ν) is denoted by L^p(Ω).

Definition 2.1 let (2.6)-(2.15) hold. Then (u, p) is a weak solution of (2.1)-(2.5) if

u ∈ L^2((0, T ); H^1(Ω)), 0 ≤ u ≤ 1, u ∈ L^∞((0, T ); L^1(Ω, μ)), 0 ≤ u(x, t) ≤ 1, for μ-a.e. x ∈ Ω, for a.e. t ∈ (0, T ),

(2.16)

u_t ∈ L^2((0, T ); (W^{1,s}(Ω))^′), ∀s > d, (2.17)

u ∈ C([0, T ]; (W^{1,s}(Ω))^′), ∀s > d, u(., 0) = u_0 (in W^{1,s}(Ω))^′), (2.18)

p ∈ L^∞((0, T ); W^{1,q}(Ω)), ∀q ∈ [1, 2), (2.19)

⟨u_t(., t), φ⟩_{(W} 1,r_)′_{,W} 1,r + ∫ Ω D(v(x, t))∇u(x, t) · ∇φ(x)dx

− ∫ Ω v(x, t) · ∇φ(x)f(u(x, t))dx + ∫ Ω u(x, t)φ(x)b(x, t)dμ(x) − ∫ Ω c(x, t)φ(x)a(x, t)dμ(x) = 0, ∀φ ∈ W^{1,r}(Ω), ∀r > d, for a.e. t ∈ (0, T ),

(2.20)

v(x, t) = −A(x, t, u(x, t)) (∇p(x, t) − g(x, t, u(x, t))) , for a.e. (x, t) ∈ Ω × (0, T ), − ∫ Ω v(x) · ∇ψ(x)dx = ∫ Ω ψ(x)a(x, t)dμ(x) − ∫ Ω ψ(x)b(x, t)dμ(x), ∀ψ ∈ W^{1,r}(Ω), ∀r > d, for a.e. t ∈ (0, T ). (2.21)

Note that v ∈ L^∞((0, T ); (L^q(Ω))^d) for all q ∈ [1, 2). The main result of this paper is the following one:

Theorem 2.1 Let (2.6)-(2.15) hold. There exists at least one weak solution to (2.1)-(2.5), in the sense of Definition 2.1.

Remark 2.2 Condition (2.15) allows us to obtain a stronger existence result (if d = 3) for (2.1)-(2.5). To be more precise, the proof of Theorem 2.1 gives, under the hypotheses (2.6)-(2.15), an existence result with u_t ∈ L^2((0, T ); (W^{1,s}(Ω))^′) and u ∈ C([0, T ]; (W^{1,s}(Ω))^′) for all s > 2, instead of for all s > d. See the proof of Theorem 2.1 in Section 5.

In order to prove Theorem 2.1 (in Section 5), one first proves the existence of a solution to (2.1)-(2.5) when the data are more regular (in Section 4), namely when μ ∈ L^2(Ω). This existence result, for regular data, reads as follows:

Proposition 2.1 Let (2.6)-(2.14) hold and assume μ ∈ L^2(Ω). There exists a solution (u, p) of (2.1)- (2.5) satisfying :

u ∈ L^2((0, T ); H^1(Ω)) ∩ C([0, T ]; L^2(Ω)), 0 ≤ u ≤ 1, u_t ∈ L^2((0, T ); (H^1(Ω))^′), (2.22)

u(., 0) = u_0 in L^2(Ω), (2.23)

p ∈ L^∞((0, T ); H^1(Ω)), v ∈ L^∞((0, T ); (L^2(Ω))^d), (2.24)

⟨u_t(., t), φ⟩_{(H}1_)′_{,H}1 + ∫ Ω D(v(x, t))∇u(x, t) · ∇φ(x)dx − ∫ Ω v(x, t) · ∇φ(x)f(u(x, t))dx + ∫ Ω u(x, t)φ(x)b(x, t)μ(x)dx − ∫ Ω c(x, t)φ(x)a(x, t)μ(x)dx = 0, ∀φ ∈ H^1(Ω), for a.e. t ∈ (0, T ), (2.25) v(x, t) = −A(x, t, u(x, t)) {∇p(x, t) − g(x, t, u(x, t))} , (2.26)

− ∫ Ω v(x, t) · ∇ψ(x)dx = ∫ Ω ψ(x)a(x, t)μ(x)dx − ∫ Ω ψ(x)b(x, t)μ(x)dx, ∀ψ ∈ H^1(Ω), for a.e. t ∈ (0, T ).

(2.27)

The proof of Proposition 2.1 is carried out with the Schauder’s fixed point theorem. Moreover we establish some estimates on the solutions given by Proposition 2.1 yielding the proof of Theorem 2.1 upon passing to the limit on approximate solutions.

2.2 Applications

In this section we give two applications arising from petroleum engineering [3], [4], [6], [8]. The first one deals with miscible flows through porous media, the second one deals with immiscible flows. In both applications the measures terms modelize the wells.

2.2.1 Miscible flow

According to [7], mass transfer of a substrate with concentration c in a saturated porous medium satisfies the following equations (mass conservation and Darcy law).

c_t(x, t) + div(vc)(x, t)) − div (( λ(c) + D(v) ) ∇c ) (x, t) ) +c(x, t) a(x, t)μ(x) − c̄(x, t) b(x, t)μ(x) = 0, (x, t) ∈ Ω × (0, T ), (2.28) v(x, t) + K(x) ν(c(x, t)) (∇p(x, t) − ρ(c(x, t))g) = 0, (x, t) ∈ Ω × (0, T ), divv(x, t) − a(x, t)μ(x) + b(x, t)μ(x) = 0, (x, t) ∈ Ω × (0, T ), (2.29) with the following initial and boundary conditions

c(x, 0) = c_0(x), x ∈ Ω, (2.30) (λ(c(x, t)) + D(v(x, t))) ∇c(x, t) · n = 0, (x, t) ∈ ∂Ω × (0, T ), (2.31) v(x, t) · n = 0, (x, t) ∈ ∂Ω × (0, T ). (2.32) In this model, the concentration of the substrat is denoted by c and the given concentration at the injection well is denoted by c̄. The filtration velocity is denoted by v and the pressure by p. We note λ(c) the molecular diffusion, D(v) the dispersion tensor, K the permeability tensor, ν(c) is the viscosity, ρ(c) denotes the density and g is the gravity vector. Next aμ and bμ represent the flow rates at the injection and production wells, aμ and bμ satisfy (2.12)-(2.13) and the compatibility condition (2.14) is fulfilled. The following hypothesis are placed on the data λ ∈ C(IR, IR), ∃λ_m > 0; λ_m ≤ λ(σ), ∀σ ∈ IR, D = (d_{ij})_{i,j=1,...,d}, d_{ij} ∈ C_b(IR^d, IR); D(v)ξ · ξ ≥ 0, ∀v ∈ IR^d, ∀ξ ∈ IR^d, (2.33) where C_b(E, F ) denotes the set of continuous and bounded functions from E to F . K = (k_{ij})_{i,j=1,...,d}, k_{ij} ∈ L^∞(Ω); ∃α > 0; K(x)ξ · ξ ≥ α, ∀ξ ∈ IR^d, a.e. in x ∈ Ω, ν ∈ C(IR, IR), ∃β > 0; β ≤ ν(σ), ∀σ ∈ IR, ρ ∈ C(IR, IR), (2.34)

c̄ ∈ L^∞((0, T ); C(Ω)), 0 ≤ c̄ ≤ 1, c_0 ∈ L^∞(Ω), 0 ≤ c_0 ≤ 1.

(2.35)

Definition 2.2 Let (2.6), (2.33)-(2.35) and (2.12)-(2.15) hold. Then (c, p) is a weak solution of (2.28)- (2.32) if

c ∈ L^2((0, T ); H^1(Ω)), 0 ≤ c ≤ 1,

c ∈ L^∞((0, T ); L^1(Ω, μ)), 0 ≤ c(x, t) ≤ 1, for μ-a.e. x ∈ Ω, for a.e. t ∈ (0, T ),

c_t ∈ L^2((0, T ); (W^{1,s}(Ω))^′, ∀s > d,

c ∈ C([0, T ]; (W^{1,s}(Ω))^′), ∀s > d, c(·, 0) = c_0,

p ∈ L^∞((0, T ); W^{1,q}(Ω)), ∀q ∈ [1, 2), and ⟨c_t(., t), φ⟩_{(W} 1,q_)′_{,W} 1,q + ∫ Ω (λ(c(x, t)) + D(v(x, t))) ∇c(x, t) · ∇φ(x)dx − ∫ Ω v(x, t) · ∇φ(x)c(x, t)dx + ∫ Ω c(x, t)φ(x)b(x, t)dμ(x) − ∫ Ω c̄(x, t)φ(x)a(x, t)dμ(x) = 0, ∀φ ∈ W^{1,q}(Ω), ∀q > d, for a.e. t ∈ (0, T ),

(2.36)

v(x, t) = − K(x) ν(c(x, t)) (∇p(x, t) − ρ(c(x, t))g) , for a.e. (x, t) ∈ Ω × (0, T ),

− ∫ Ω v(x, t) · ∇ψ(x)dx = ∫ Ω ψ(x)a(x, t)μ(x)dx − ∫ Ω ψ(x)b(x, t)μ(x)dx, ∀ψ ∈ W^{1,q}(Ω), ∀q > d, for a.e. t ∈ (0, T ). (2.37)

This system is very similar to that of the model problem. The only difference lies in the diffusion coefficient in Equation (2.28) which corresponds to Equation (2.1) in the model problem, note that the unknown denoted here by c corresponds to u in the model problem. The diffusion coefficient is λ(c)+D(v) instead of D(v) for the model problem. This dependence on c of the diffusion coefficient does not lead to additionnal difficulties and we obtain the following theorem which is proved in Section 5: Theorem 2.2 Assuming (2.6), (2.33)-(2.35) and (2.12)-(2.15) to hold, there exists at least one solution of (2.28)-(2.32) in the sense of Definition 2.2.

2.2.2 Immiscible flow The model for incompressible immiscible flow in a homogeneous porous medium reads s_t(x, t) + div(v_T f(s))(x, t) − div(h(s)∇s)(x, t) −div(k(s))(x, t) + s(x, t) b(x, t)μ(x) − a(x, t)μ(x) = 0, (x, t) ∈ Ω × (0, T ), (2.38) v_T (x, t) + M (s(x, t))(∇π(x, t) − ρ(s(x, t))g) = 0, (x, t) ∈ Ω × (0, T ), div(v_T )(x, t) − a(x, t)μ(x) + b(x, t)μ(x) = 0, (x, t) ∈ Ω × (0, T ), (2.39) with initial and boundary conditions

s(x, 0) = s_0(x), x ∈ Ω, (2.40) (h(s(x, t))∇s(x, t) + k(s(x, t))) · n = 0, (x, t) ∈ ∂Ω × (0, T ), (2.41) v_T (x, t) · n = 0, (x, t) ∈ ∂Ω × (0, T ). (2.42) In this model, v_T is the total velocity, π is the total pressure, s is the saturation of water, f(s) is the fractional flow of water, h(s) takes into account the capillary effects, k(s) is a gravity term, ρ is a means density, and g is the gravity [6], [8].

As for the miscible flows, T ∈ IR^⋆_+, Ω is a bounded open set of IR^d (d = 2 or 3) with a Lipschitz continuous boundary, and aμ and bμ represent the flow rates at the injection and production wells, they have the form (2.12)-(2.15). The compatibility condition (2.14) is due to the boundary condition (2.42). Remark 2.3 The additional difficulty with respect to the model problem lies in the fact that the parabolic equation is degenerate since (in the “real model”) the function h(s) vanishes for s = 1 and s = 0. For somme existence and local regularity results, we can see [1], [2] and [8].

Now let us give the assumptions on the data:

s_0 ∈ L^∞(Ω), 0 ≤ s_0 ≤ 1, (2.43)

f ∈ C(IR, IR) is locally Lipschitz continuous, f(σ) = 0 for σ ≤ 0, f(σ) = 1 for σ ≥ 1, (2.44) h ∈ C(IR, IR), h(σ) > 0, ∀σ ∈ (0, 1), H(σ) = ∫_σ 0 h(τ )dτ, ∀σ ∈ [0, 1], (2.45)

M ∈ C(IR, IR) is such that ∃α > 0, M (σ) ≥ α, ∀σ ∈ IR, (2.46)

k ∈ C(IR, IR), ρ̄ ∈ C(IR, IR). (2.47)

Definition 2.3 Let (2.6), (2.12)-(2.15) and (2.43)-(2.47) hold. One says that (s, π) is a weak solution of (2.38)-(2.42) if

s ∈ L^2((0, T ); H^1(Ω)), 0 ≤ s ≤ 1, s ∈ L^∞((0, T ); L^1(Ω, μ)), 0 ≤ s(x, t) ≤ 1, for μ-a.e. x ∈ Ω, for a.e. t ∈ (0, T ), (2.48)

s_t ∈ L^2((0, T ); (W^{1,q}(Ω))^′), ∀q > d, (2.49)

s ∈ C([0, T ]; (W^{1,q}(Ω))^′) ∀q > d, s(., 0) = s_0 (in W^{1,q}(Ω))^′), (2.50)

π ∈ L^∞((0, T ); W^{1,q}(Ω)), ∀q ∈ [1, 2), (2.51)

⟨s_t(., t), φ⟩_{(W} 1,r_)′_{,W} 1,r + ∫ Ω ∇H(s)(x, t) · ∇φ(x)dx + ∫ Ω k(s(x, t)) · ∇φ(x)dx

− ∫ Ω v(x, t) · ∇φ(x)f(s(x, t))dx + ∫ Ω s(x, t)φ(x)b(x, t)dμ(x) − ∫ Ω φ(x)a(x, t)dμ(x) = 0, ∀φ ∈ W^{1,r}(Ω), ∀r > d, for a.e. t ∈ (0, T ), (2.52)

v_T (x, t) = −M (s(x, t)) (∇π(x, t) − ρ̄(s(x, t))g) , for a.e. (x, t) ∈ Ω × (0, T ), − ∫ Ω v_T (x, t) · ∇ψ(x)dx = ∫ Ω ψ(x)a(x, t)dμ(x) − ∫ Ω ψ(x)b(x, t)dμ(x), ∀ψ ∈ W^{1,r}(Ω), ∀r > d, for a.e. t ∈ (0, T ). (2.53)

Under these hypotheses, we shall prove, see section 5, the following result:

Theorem 2.3 Assuming (2.6), (2.43)-(2.47) and (2.12)-(2.15), there exists at least one solution of (2.38)-(2.42) in the sense of definition 2.3.

This system is very similar to the model problem, except for the degenerate diffusion term div(h(s)∇s). But this lack of coerciveness is classical and does not lead to additional difficulties compared to the proof for the model problem (see Section 5).

3 Analysis of an auxilary elliptic equation

In this section we prove existence, uniqueness and stability results for the elliptic problem involved in (2.1)-(2.5). Indeed, the problem to be considered is

−div ( A(∇p − F ) ) (x) = μ(x), in Ω, A(x)(∇p(x) − F (x)) · n = 0, in ∂Ω, (3.1)

under the following hypotheses on the data (recall that M_d(IR) denotes the set of d × d matrices with coefficients in IR):

Ais Caratheodory function from ΩtoM_d(IR) satisfying ∃α > 0 such that A(x)ξ · ξ ≥ αξ · ξ, ∀ξ ∈ IR^d, for a.e. x ∈ Ω, ∃β ∈ IR such that |A(x)| ≤ β, for a.e. x ∈ Ω,

(3.2)

F = (F_1, · · · , F_d)^t ∈ (L^2(Ω))^d, μ ∈ M(Ω), μ(Ω) = 0.

(3.3)

Recall that n denotes the outward unit normal vector to Ω on ∂Ω.

3.1 Existence and uniqueness

One first proves a general existence result as in [5] and [15].

Proposition 3.1 (Existence for the elliptic equation) Let (3.2)-(3.3) hold. There exists a solution p to (3.1) in the following sense: p ∈ W^{1,q}(Ω), ∀q ∈ [1, d d − 1 ), ∫ Ω p(x)dx = 0, ∫ Ω A(x)∇p(x) · ∇φ(x)dx = ∫ Ω A(x)F (x) · ∇φ(x)dx + ∫ Ω φ(x)dμ(x), ∀φ ∈ ⋃ r>d W^{1,r}(Ω).

(3.4)

Proof of Proposition 3.1 The proof proceeds in two steps and is very similar to that of [5]. In Step 1, some bounds on the unique solution of an approximate problem are given. In Step 2, passing to the limit in the approximate problem supplies the existence result. Step 1. (Approximate problem) Let f in L^2(Ω) be such that ∫ Ω f(x)dx = 0. A straightforward application of the Lax-Milgram Lemma leads to the existence and uniqueness of a solution p of

p ∈ H^1(Ω), ∫ Ω p(x)dx = 0, ∫ Ω A(x)∇p(x) · ∇φ(x)dx = ∫ Ω A(x)F (x) · ∇φ(x)dx + ∫ Ω φ(x)f(x)dx, ∀φ ∈ H^1(Ω). (3.5)

Note that without the hypothesis ∫ Ω f(x)dx = 0 the Lax-Milgram Lemma gives the existence and the uniqueness of a solution p of (3.5) but with φ ∈ H^1(Ω) such that ∫ Ω φ(x)dx = 0 instead of φ ∈ H^1(Ω).

A first estimate on the, solution p of (3.5) is obtained by taking φ = φ_k(p), with k ∈ IR_+ where φ_k(s) = −1, s ≤ −k − 1, φ_k(s) = s + k, −k − 1 < s < −k, φ_k(s) = 0, −k ≤ s ≤ k, φ_k(s) = s − k, k < s < k + 1, φ_k(s) = 1, k + 1 ≤ s.

From a classical result of Stampacchia, φ_k(p) ∈ H^1(Ω) and ∇φ_k(p) = φ^′_k(p)∇p, a.e. on Ω. With this choice of φ in (3.5), one gets ∫ B_k |∇p(x)|^2 ≤ C_1 + 2 α ‖f‖_L1_{(Ω)}, (3.6)

where C_1 depends only on α, ‖F ‖_2, ‖A‖_∞ (‖F ‖_2 denotes the L^2(Ω)-norm of |F | and ‖A‖_∞ the L^∞(Ω)- norm of |A|) and where B_k = {x ∈ Ω, k ≤ |p(x)| ≤ k + 1}. Given q < d, from the Sobolev inequality, there exists C_2 depending only on Ω and q such that

‖w − w̄‖_Lq⋆_{(Ω)} ≤ C_2‖∇w‖_{(L}q_{(Ω))}d , ∀w ∈ W^{1,q}(Ω), (3.7) where w̄ is the mean value of w over Ω, q^⋆ = qd/(d − q) and

‖∇w‖_Lq_{(Ω)}d = ( ∫ Ω |∇w(x)|^qdx)^{1q} . Using (3.6) and (3.7) (with w = p) we shall now prove that, for all 1 ≤ q < d/(d − 1), there exists C_3, depending only on α, ‖F ‖_2, ‖A‖_∞, Ω, ‖f‖_L1_{(Ω)} and q, such that

‖p‖_W 1,q_{(Ω)} ≤ C_3. (3.8) Furthermore C_3 may be chosen to be nondecreasing with respect to ‖f‖_L1_{(Ω)}, ‖A‖_∞ and ‖F ‖_2. In order to prove (3.8), we assume 1 ≤ q < d/(d − 1). Since q < d and since the mean value of p over Ω is 0, (3.7) gives

‖p‖^q_{Lq}⋆_{(Ω)} ≤ (C_2)^q ∫ Ω |∇p(x)|^qdx = (C_2)^q ∞∑ k=0 ∫ B_k |∇p(x)|^qdx. (3.9) Since q < 2, using the Hölder inequality in (3.9) leads to

‖p‖^q_{Lq}⋆_{(Ω)} ≤ (C_2)^q ∞∑ k=0 (C_1‖f‖_L1_{(Ω)})^{q2} (meas(B_k))^{1− q2} .

Let C_4 = (C_2)^q (C_1‖f‖_L1_{(Ω)})^{q2} (meas(Ω))^{1− q2} and C_5 = (C_2)^q (C_1‖f‖_L1_{(Ω)})^{q2} . Noting that

k^{q⋆} meas(B_k) ≤ ∫ B_k |p(x)|^{q⋆} dx, the previous inequality yields, for any n ≥ 1,

‖p‖^q_{Lq}⋆_{(Ω)} ≤ nC_4 + C_5 ∞∑ k=n ( 1 k )^{dq(2−q)} 2(d−q) (∫ B_k |p(x)|^{q⋆} dx )_{1−}^q_2

and, using once more the Hölder inequality, ( ∫ Ω |p(x)|^{q⋆} dx)^{qq⋆} = ‖p‖^q_{Lq}⋆_{(Ω)} ≤ nC_4 + C_5( ∫ Ω |p(x)|^{q⋆} dx)^{2−q2} ∞∑ k=n ( 1 k )^{d(2−q)d−q} . (3.10)

Since q < d/(d − 1), then d(2 − q)/(d − q) > 1 and the serie in (3.10) is convergent. Furthermore, q/q^⋆ = (d − q)/d < (2 − q)/2 if d = 3 and q/q^⋆ = (d − q)/d = (2 − q)/2 if d = 2. If d = 3 n = 1, if d = 2 one chooses n such that C_5 ∑_∞ k=n 1/k^2 ≤ 1/2. Then, the inequality (3.10) gives the existence of C_6, depending only on α, ‖A‖_∞, ‖F ‖_2, Ω, ‖f‖_L1_{(Ω)} and q, such that

‖p‖_Lq⋆_{(Ω)} ≤ C_6.

Therefore, going back to (3.9) there exists C_3, depending only on α, ‖A‖_∞, ‖F ‖_2, Ω, ‖f‖_L1_{(Ω)} and q, such that (3.8) holds. This completes Step 1. Step 2. (Passing to the limit) There exists a sequence (f_n)_{n∈IN} ⊂ L^∞(Ω) such that

1. f_n → μ for the weak-⋆ topology of (C(Ω))^′ as n → ∞ (i.e. ∫ Ω f_n(x)φ(x)dx → ∫ Ω φ(x)dμ(x), as n → ∞, for all φ ∈ C(Ω)), 2. ‖f_n‖_L1_{(Ω)} ≤ |μ|(Ω) for all n ∈ IN, 3. ∫ Ω f_n(x)dx = 0 for all n ∈ IN.

Recall that |μ| = μ^+ + μ^−, where μ^+ and μ^− are the classical “positive” and “negative” parts of the measure μ (so that μ = μ^+ − μ^−), and that |μ|(Ω) is also the norm of μ in the topological dual space of C(Ω) endowed with the L^∞(Ω)-norm.

For n ∈ IN, let p_n be the solution of (3.5) with f_n instead of f. Step 1 shows that the sequence (p_n)_{n∈IN} is bounded in W^{1,q}(Ω) for all 1 ≤ q < d/(d − 1). Then, one may assume, up to a subsequence, that p_n → p in W^{1,q}(Ω) for the weak topology for all 1 ≤ q < d/(d − 1). Therefore, passing to the limit as n → ∞ in (3.5) (with p_n and f_n instead of p and f) one gets that p is a solution of (3.4). In order to pass to the limit in the right hand side of (3.5), note that W^{1,r}(Ω) ⊂ C(Ω), if r > d. This concludes Step 2 and the proof of Proposition 3.1.

Remark 3.1 Proposition 3.1 is quite general since it gives an existence result for any measure μ such that μ(Ω) = 0. Note also that this proof may be adapted to give existence for nonlinear operators such as Leray-Lions operators as in [5]. The solution given in Proposition 3.1, that is the solution of (3.4) is unique if d = 2 - this will be proven in the next proposition -, unfortunately this uniqueness result is no longer true if d = 3. A counterexample to uniqueness can be constructed as in [14] which follows essentially the work of Serrin [16]. In order to also have an existence and uniqueness result for d = 3, we shall use an additional assumption, i.e.(2.15). This is done in Proposition 3.2 below. Another way to obtain existence and uniqueness for any measure μ would be to use a “duality method” as in Stampacchia’s work [19], which would lead to solutions of (3.1) in a “stronger sense” than that of (3.4).

Proposition 3.2 Existence and uniqueness for the elliptic equation Let (3.2)-(3.3) and (2.15) hold (note that (2.15) is always true in the case d = 2). There exists a unique solution p to (3.1) in the sense that : p ∈ W^{1,q}(Ω), ∀q ∈ [1, 2), ∫ Ω p(x)dx = 0, ∫ Ω A(x)∇p(x) · ∇φ(x)dx = ∫ Ω A(x)F (x) · ∇φ(x)dx + ∫ Ω φ(x)dμ(x), ∀φ ∈ ⋃ r>d W^{1,r}(Ω).

(3.11)

Remark 3.2

1. Let μ ∈ M(Ω) and 1 ≤ r < ∞. The measure μ belongs to (W^{1,r}(Ω))^′ if and only if there exists some real number C such that ∫ Ω φ(x)dμ(x) ≤ C‖φ‖_W 1,r_{(Ω)}, ∀φ ∈ W^{1,r}(Ω) ∩ C(Ω). (3.12) Indeed, if the measure μ satisfies (3.12) (for some r ∈ [1, ∞) and some C ∈ IR), μ can be uniquely extend to a linear continuous application, still denoted by μ, from W^{1,r}(Ω) to IR. Uniqueness of the extension follows from of the density of W^{1,r}(Ω) ∩ C(Ω) in W^{1,r}(Ω).

2. Let the hypotheses of Proposition 3.2 hold ; from a density argument, the formulation (3.11) is equivalent to the following one: p ∈ W^{1,q}(Ω), ∀q ∈ [1, 2), ∫ Ω p(x)dx = 0, ∫ Ω A(x)∇p(x) · ∇φ(x)dx = ∫ Ω A(x)F (x) · ∇φ(x)dx + ⟨μ, φ⟩_{(W} 1,s_)′_{,(W} 1,s_), ∀φ ∈ W^{1,s}(Ω), ∀s > 2. (3.13)

We shall directly prove below the existence and uniqueness of the solution of (3.13).

3. Note that, for d = 3, the existence result in Proposition 3.2 is not directly given by Proposition 3.1 since in Proposition 3.1 the solution belongs to W^{1,q}(Ω) for all q ∈ [1, 3/2) and in Proposition 3.2 the solution belongs to W^{1,q}(Ω) for all q ∈ [1, 2).

Proof of Proposition 3.2 This is proven by using a modification of a regularity result due to Meyers [12] in the case of Dirichlet boundary conditions (and assuming that the boundary of Ω is smooth). We use here a variant with Neumann boundary condition that can be found in [13] and also in [9]. Define

H^1_⋆ (Ω) = {u ∈ H^1(Ω); ∫ Ω u(x)dx = 0}. For f ∈ (H^1(Ω))^′, by the classical Lax-Milgram Lemma, there exists a unique u such that u ∈ H^1_⋆ (Ω), ∫ Ω ∇u(x) · A(x)∇φ(x)dx = ⟨f, φ⟩_{(H}1_)′_{,H}1 , ∀φ ∈ H^1_⋆ (Ω) (3.14) and the operator T from (H^1(Ω))^′ to H^1(Ω) defined by T (f) = u (where u is the unique solution to (3.14)) is linear and continuous.

The regularity result in [13] gives the existence of r_0 > 2, depending only on A and Ω, such that u belongs to W^{1,r}(Ω) if f belongs to (W^{1,r′} (Ω))^′ with 2 < r < r_0 and r^′ = r/(r − 1) (note that (W^{1,r′} (Ω))^′ ⊂ (H^1(Ω))^′). Furthermore, for any 2 < r < r_0, the operator T_r (defined by T_r(f) = u where u is the unique solution to (3.14)) is linearly continuous from (W^{1,r′} (Ω))^′ to W^{1,r}(Ω). It is important to notice that the range of T_r , denoted by R(T_r), is W^{1,r}_⋆ (Ω) wherein

W^{1,r}_⋆ (Ω) = {v ∈ W^{1,r}(Ω); ∫ Ω v(x)dx = 0}. Indeed, let v ∈ W^{1,r}_⋆ (Ω) and define f ∈ (W^{1,r′} (Ω))^′ by ⟨f, φ⟩_{(W} 1,r′_)′_{,W} 1,r′ = ∫ Ω ∇v(x) · A(x)∇φ(x)dx, ∀φ ∈ W^{1,r′} (Ω). Then, u = T_r (f) is solution of (3.14) and taking φ = u − v in (3.14) leads to u = v. This gives R(T_r ) = W^{1,r}_⋆ (Ω).

For 2 < r < r_0, one consider the adjoint operator T^⋆_r . This operator is linear continuous from (W^{1,r}(Ω))^′ to W^{1,r′} (Ω). By definition, for any g ∈ (W^{1,r}(Ω))^′, v = T^⋆_r (g) is the unique element of W^{1,r′} (Ω) such that ⟨f, v⟩_{(W} 1,r′_)′_{,W} 1,r′ = ⟨g, T_r(f)⟩_{(W} 1,r_)′_{,W} 1,r , ∀f ∈ (W^{1,r′} (Ω))^′. Since R(T_r ) = W^{1,r}_⋆ (Ω) and from the definition of T_r (f), v = T^⋆_r (g) is also the unique solution of v ∈ W^{1,r′} (Ω), ∫ Ω ∇u(x) · A(x)∇v(x)dx = ⟨g, u⟩_{(W} 1,r_)′_{,W} 1,r , ∀u ∈ W^{1,r}_⋆ (Ω). (3.15)

Therefore (3.15) has a unique solution for any g ∈ (W^{1,r}(Ω))^′ and any 2 < r < r_0. Now, consider g in (W^{1,r}(Ω))^′ for all r > 2. Then, thanks to its uniqueness, the solution of (3.15) does not depend on r, as r spans (2, r_0). Therefore, there exists a unique solution to v ∈ W^{1,q}(Ω), ∀q < 2, ∫ Ω A(x)∇v(x) · ∇φ(x)dx = ⟨g, φ⟩_{(W} 1,r_)′_{,W} 1,r , ∀φ ∈ W^{1,r}_⋆ (Ω), ∀r > 2. In order to complete the proof of Proposition 3.2, it is sufficient to take g such that, for all r > 2, ⟨g, φ⟩_{(W} 1,r_)′_{,W} 1,r = ∫ Ω A(x)F (x) · ∇φ(x)dx + ⟨μ, φ⟩_{(W} 1,r_)′_{,W} 1,r , ∀φ ∈ W^{1,r}(Ω). Note that (3.13) is satisfied for all φ ∈ W^{1,r}(Ω) and not only for all φ ∈ W^{1,r}_⋆ (Ω) since for a constant function φ, (3.13) follows from μ(Ω) = 0.

3.2 Stability

One now states a stability result on the solution of (3.4) or (3.11) with respect to A, F and μ. Proposition 3.3 Stability for the elliptic equation Let (A_n)_{n∈IN} ⊂ M_d(L^∞(Ω)), (F_n)_{n∈IN} ⊂ (L^2(Ω))^d and (f_n)_{n∈IN} ⊂ L^2(Ω). Let A ∈ M_d(L^∞(Ω)), F ∈ (L^2(Ω))^d and μ ∈ M(Ω). Assume that:

1. ∃α > 0 such that A_nξ · ξ ≥ α ξ · ξ for all ξ ∈ IR^d, for all n ∈ IN and a.e. on Ω, A_n = (a^{(n)}_{i,j} )_{i,j=1,...,d} and A = (a_{i,j} )_{i,j=1,...,d} such that for all i, j ∈ {1, . . . , d} (a^{(n)}_{i,j} )_{n∈IN} is bounded in L^∞(Ω) and a^{(n)}_{i,j} → a_{i,j} a.e. on Ω as n → ∞, 2. F_n → F in L^2(Ω)^d as n → ∞,

3. f_n → μ for the weak-⋆ topology of (C(Ω))^′ as n → ∞ (i.e. ∫ Ω f_n(x)φ(x)dx → ∫ Ω φ(x)dμ(x), as n → ∞, for all φ ∈ C(Ω)), (f_n)_{n∈IN} is bounded in L^1(Ω) and ∫ Ω f_n(x)dx = 0 for all n ∈ IN.

Let u_n be the solution to (3.5) with A_n, F_n and f_n instead of A, F and f.

Then, there exists a subsequence of (u_n)_{n∈IN}, still denoted by (u_n)_{n∈IN}, and there exists a solution u to (3.4) such that u_n → u in W^{1,q}(Ω), as n → ∞, for all 1 ≤ q < d/(d − 1).

If d = 2, the whole sequence u_n converges to u, in W^{1,q}(Ω), as n → ∞, for all 1 ≤ q < 2 and u is the unique solution to (3.4) (note that (3.11) is identical to (3.4)).

If d = 3 and if (f_n)_{n∈IN} is bounded in (W^{1,q}(Ω))^′ for all q > 2, then the whole sequence u_n converges to u, in W^{1,q}(Ω), as n → ∞, for all 1 ≤ q < 2 and u is the unique solution to (3.11) (note also that μ ∈ (W^{1,q}(Ω))^′ and f_n → μ for the weak-⋆ topology of (W^{1,q}(Ω))^′, for all q > 2).

This stability result, the global convergence of the sequence, will be crucial in the proof of our main result (see the proof of Theorem 2.1 in Section 5).

Proof of Proposition 3.3 The proof relies in 3 steps. The first step gives the weak convergence in W^{1,q}(Ω) for a subsequence of the sequence (u_n)_{n∈IN} towards a solution of (3.4), the second step yields the strong convergence and the third step the convergence of the whole sequence towards the unique solution of (3.11). Step 1. (weak convergence for a subsequence) From estimate (3.8), one deduces that the sequence (u_n)_{n∈IN} is bounded in W^{1,q}(Ω) for any 1 ≤ q < d/(d − 1). Then, up to a subsequence, the sequence (u_n)_{n∈IN} converges, as n → ∞, weakly towards some u in W^{1,q}(Ω) for any 1 ≤ q < d/(d − 1). Passing to the limit, as n → ∞, in (3.5) (with u_n, A_n, F_n and f_n instead of u, A, F and f) one obtains a solution u of (3.4).

Furthermore, the compactness embedding of W^{1,q}(Ω) in L^q (Ω) gives u_n → u into L^q(Ω), as n → ∞, for any 1 ≤ q < d/(d − 1). Then, once again, up to a subsequence, u_n → u a.e. on Ω. Estimate (3.6) also gives, for any k ∈ IR_+, a bound in H^1(Ω) of the sequence (T_k(u_n))_{n∈IN} where T_k is the function from IR to IR defined by T_k(s) = min(k, max(−k, s)). Since T_k(u_n) → T_k(u) a.e. on Ω, we then deduce that T_k(u_n) → T_k(u) weakly in H^1(Ω) as n → ∞. Up to now, we prove the following assertions :

1. u_n → u, as n → ∞, a.e. in Ω, weakly in W^{1,q}(Ω) and in L^q (Ω) for any 1 ≤ q < d/(d − 1),

2. T_k(u_n) → T_k(u), as n → ∞, weakly in H^1(Ω) for any k ∈ IR_+,

3. u is solution of (3.4).

Step 2. (strong convergence of a subsequence) In this step, one proves that ∇u_n → ∇u in measure, as n → ∞. This gives, up to a subsequence, ∇u_n → ∇u a.e. in Ω. Then, since (from Step 1) the sequence (u_n)_{n∈IN} is bounded in W^{1,q}(Ω) for any 1 ≤ q < d/(d − 1) (and u_n → u in L^q(Ω) for any 1 ≤ q < d/(d − 1)), one deduces that u_n → u, as n → ∞, in W^{1,q}(Ω) for any 1 ≤ q < d/(d − 1). This strong convergence is a consequence of a well known result which is recalled in Lemma 3.1 after the proof of Proposition 3.3. To be precise, one uses Lemma 3.1 with (v_n)_{n∈IN} = (D_i(u_n) )_{n∈IN} for each i ∈ {1, . . ., d}.

Let us now prove that ∇u_n → ∇u in measure. For a given function B from Ω to IR and a real number b, one denotes {B ≥ b} the set {x ∈ Ω; B(x) ≥ b}. Let λ > 0, one has to prove that meas({|∇u_n − ∇u| ≥ λ}) → 0 as n → ∞. Let ε > 0. For k ∈ IR_+ and δ ∈ R^⋆_+, one has {|∇u_n − ∇u| ≥ λ} ⊂ {|u| ≥ k} ∪ {|u_n − u| ≥ δ} ∪ E_{k,δ,n}, where E_{k,δ,n} = {|u| < k} ∩ {|u_n − u| < δ} ∩ {|∇u_n − ∇u| ≥ λ}. Let us choose k ∈ IR_+ large enough in order to have meas({|u| ≥ k}) ≤ ε. Since u_n → u in L^1(Ω), for any fixed δ ∈ R^⋆_+ there exists some n_1 (depending on δ) such that meas({|u_n − u| ≥ δ}) ≤ ε for n ≥ n_1. Then, it remains to choose δ ∈ IR^⋆_+ such that meas(E_{k,δ,n}) ≤ ε for n large enough. In order to bound meas(E_{k,δ,n}), let us take φ = T_δ(u_n − T_k(u)) in (3.5) (with u_n, A_n, F_n and f_n instead of u, A, F and f). This yields αλ^2meas(E_{k,δ,n}) ≤ ∫ Ω A_n(x)∇(u_n(x) − T_k(u(x))) · ∇T_δ(u_n(x) − T_k(u(x)))dx ≤ ∫ Ω A_n(x) (F_n(x) − ∇T_k(u(x))) · ∇T_δ (u_n(x) − T_k(u(x))) dx + δ‖f_n‖_L1_{(Ω)}.

(3.16)

One considers now the two terms on the right hand side of (3.16).

Since (f_n)_{n∈IN} is bounded in L^1(Ω), the second one goes to 0, as δ → 0, uniformly with respect to n. Then there exists δ_1 > 0 such that

δ ≤ δ_1 ⇒ δ‖f_n‖_L1_{(Ω)} ≤ εαλ^2. (3.17)

Assuming δ < 1, the first term in the right hand side of (3.16) is equal to ∫ Ω A_n(x)(F_n(x) − ∇T_k(u(x))) · ∇T_δ(T_{k+1}(u_n(x)) − T_k(u(x)))dx which converges, as n → ∞, towards ∫ Ω A(x)(F (x) − ∇T_k(u(x))) · ∇T_δ(T_{k+1}(u(x)) − T_k(u(x)))dx. This quantity can also be expressed as ∫ {k<|u|<k+δ} A(x)(F (x) − ∇T_k(u(x))) · ∇T_{k+1}(u(x))dx, which goes to 0 as δ → 0 since A(F − ∇T_k(u)) · ∇T_{k+1}(u) ∈ L^1(Ω). Then there exists δ_2 > 0 and n_2 ∈ IN such that

δ ≤ δ_2 and n ≥ n_2 ⇒ ∫ Ω A_n(x)(F_n(x) − ∇T_k(u(x))) · ∇T_δ(u_n(x) − T_k(u(x)))dx ≤ εαλ^2. (3.18) Then, choosing δ = min(δ_1, δ_2) (and δ < 1) leads to meas(E_{k,δ,n}) ≤ 2ε if n ≥ n_2. Therefore n ≥ max(n_1, n_2) (recall that n_1 is given by δ) implies meas({|∇u_n − ∇u| ≥ λ}) ≤ 4ε. This proves the convergence in measure of ∇u_n towards ∇u as n → ∞. From Step 1, one deduces that, up to a subsequence, u_n → u, as n → ∞, in W^{1,q}(Ω) for any 1 ≤ q < d/(d − 1). This concludes Step 2. Step 3. (convergence for the whole sequence) When d = 2, formulations (3.4) and (3.11) are identical. Then, uniqueness of the solution of (3.11) gives the convergence of the whole sequence (u_n)_{n∈IN} towards the unique solution of (3.4). Recall that, by Step 2, this convergence holds in W^{1,q}(Ω) for any 1 ≤ q < 2.

In the case d = 3, one uses once again the results of [13]. Following [13], the quantity r_0 (appearing in Proposition 3.2) associated to A_n can be chosen independently of n (indeed r_0 is bounded from below by some quantity only depending on α and on the L^∞ bound for A_n) and the norm of the operator T_r associated to A_n is also bounded by some quantity independent of n (it depends only on r, α and on the L^∞ bound for A_n). Then the norm of T^⋆_r is also bounded by some quantity independent of n (it depends only on r, α and on the L^∞ bound on the component of A_n). Therefore the sequence (u_n)_{n∈IN} is bounded in W^{1,q}(Ω) for any 1 ≤ q < 2. Then the limit of a convergent subsequence of (u_n)_{n∈IN} is indeed a solution of (3.11) and not only a solution of (3.4). As for the case d = 2, the uniqueness of the solution of (3.11) leads to the convergence of the whole sequence (u_n)_{n∈IN} towards the unique solution to (3.11). This convergence holds in W^{1,q}(Ω) for any 1 ≤ q < 2. This completes the proof of Proposition 3.3.

Lemma 3.1 (L^p − L^q “compactness”) Let Ω be a borelian set of IR^d with a finite Lebesgue measure. Let 1 ≤ q < p ≤ ∞ and (v_n)_{n∈IN} be a bounded sequence in L^p(Ω). Assume that v_n → v a.e. on Ω, as n → ∞. Then v ∈ L^p(Ω) and v_n → v in L^q (Ω), as n → ∞.

Proof of Lemma 3.1 Let M ∈ IR be such that ‖v_n‖_Lp_{(Ω)} ≤ M for all n ∈ IN. By Fatou’s Lemma, v ∈ L^p(Ω) and ‖v‖_Lp_{(Ω)} ≤ M . In order to prove that v_n → v in L^q (Ω), let ε > 0. By Egorov’s Theorem, there exists a borelian set A ⊂ Ω such that meas(A) ≤ ε and v_n → v uniformly on Ω \ A. Then, there exists n_0 ∈ IN such that |v_n(x) − v(x)| ≤ ε if x ∈ Ω \ A and n ≥ n_0. This yields, for n ≥ n_0, ∫ Ω |v_n(x) − v(x)|^qdx ≤ ε^qmeas(Ω) + ∫ A |v_n(x) − v(x)|^qdx, ≤ ε^q meas(Ω) + ‖v_n − v‖^q_{Lp(Ω)}(meas(A))^{1− qp} , ≤ ε^qmeas(Ω) + 2^q M^qε^{1− qp} and proves that v_n → v in L^q (Ω), as n → ∞.

4 Existence for the regularized problem

We first recall the definition of a solution to the regularized problem.

Definition 4.1 let (2.6)-(2.14) hold and assume μ in L^2(Ω). A pair (u, p) is solution of the regularized problem if

u ∈ L^2((0, T ); H^1(Ω)) ∩ C([0, T ]; L^2(Ω)), 0 ≤ u ≤ 1, u_t ∈ L^2((0, T ); (H^1(Ω))^′) (4.1)

u(., 0) = u_0 (in L^2(Ω)), (4.2)

p ∈ L^∞((0, T ); H^1(Ω)), v ∈ L^∞((0, T ); (L^2(Ω))^d), (4.3)

⟨u_t(., t), φ⟩_{(H}1_)′_{,H}1 + ∫ Ω D(v(x, t)) ∇u(x, t) · ∇φ(x)dx − ∫ Ω v(x, t) · ∇φ(x)f(u(x, t))dx + ∫ Ω ( u(x, t)b(x, t) − c(x, t)a(x, t) ) μ(x)φ(x)dx = 0, ∀φ ∈ H^1(Ω), for a.e. t ∈ (0, T ),

(4.4)

v = −A(x, t, u) (∇p(x, t) − g(x, t, u)) (4.5)

− ∫ Ω v · ∇ψ(x)dx = ∫ Ω ψ(x)a(x, t)μ(x)dx − ∫ Ω ψ(x)b(x, t)μ(x)dx, ∀ψ ∈ H^1(Ω), for a.e. t ∈ (0, T ).

(4.6)

4.1 Fixed point method

In order to analyse the previous system, we introduce a map S from L^2((0, T ); L^2(Ω)) to L^2((0, T ); L^2(Ω)) (a solution of the regularized problem will appear as a fixed point of S). For ū ∈ L^2((0, T ); L^2(Ω)), let us define u = S(ū). First, there exists a unique solution p of p ∈ L^∞((0, T ); H^1(Ω)), ∫ Ω p(x, t)dx = 0, for a.e. t ∈ (0, T ), ∫ Ω A(x, t, ū(x, t)) (∇p(x, t) − g(x, t, ū(x, t))) · ∇ψ(x)dx = ∫ Ω ψ(x)a(x, t)μ(x)dx − ∫ Ω ψ(x)b(x, t)μ(x)dx, ∀ψ ∈ H^1(Ω), for a.e. t ∈ (0, T ). (4.7)

The proof of the existence and uniqueness of solution p of (4.7) is an immediate consequence of the Lax-Milgram Lemma.

Then, there exists a unique u (and we set u = S(ū)) solution of

u ∈ L^2((0, T ) ; H^1(Ω)) ∩ C([0, T ]; L^2(Ω)), 0 ≤ u ≤ 1, u_t ∈ L^2((0, T ); (H^1(Ω))^′), u(·, 0) = u_0, ⟨u_t(., t), φ⟩_{(H}1_)′_{,H}1 + ∫ Ω D(v(x, t))∇u(x, t) · ∇φ(x)dx − ∫ Ω v(x, t) · ∇φ(x)f(u(x, t))dx + ∫ Ω u(x, t)φ(x)b(x, t)μ(x)dx − ∫ Ω c(x, t)φ(x)a(x, t)μ(x)dx = 0, ∀φ ∈ H^1(Ω), for a.e. t ∈ (0, T ),

(4.8)

where v(x, t) = −A(x, t, ū(x, t)) (∇p(x, t) − g(x, t, ū(x, t))) , for a.e. (x, t) ∈ Ω × (0, T ). (4.9) The existence and uniqueness of a solution u of (4.8) being classical, see [10], we omit its proof. In order to prove the existence of a fixed point to S, let us first prove, in Section 4.2, some a priori estimates on u, v and p independent of ū. Some of them will be rather usefull for our main result (proved in Section 5). Then, we will prove in Section 4.3 the continuity and the compactness of S (from L^2((0, T ); L^2(Ω)) to L^2((0, T ); L^2(Ω))) and we will conclude with the Schauder fixed point Theorem.

4.2 Estimates

Let us recall that f is assumed to be Lipschitz continuous on [0, 1] with

f(y) = 0 for y ≤ 0 f(y) = 1 for y ≥ 1

(4.10)

4.2.1 L^∞ estimates For u = S(ū) with ū ∈ L^2((0, T ); L^2(Ω)), one proves here that 0 ≤ u ≤ 1.

Proposition 4.1 let (2.6)-(2.14) hold and assume μ in L^2(Ω). Setting u = S(ū) with ū ∈ L^2((0, T ); L^2(Ω) (where S is defined with (4.7)-(4.8)), one has 0 ≤ u ≤ 1. (4.11)

Proof of Proposition 4.1 Taking φ = −u^−(·, t) in (4.8), one has, for a.e. t ∈ (0, T ),

−⟨u_t(·, t), u^−(·, t)⟩_{(H}1_)′_{,H}1 + ∫ Ω D(v(x, t))∇u^−(x, t) · ∇u^−(x, t)dx + ∫ Ω f(u(x, t))v(x, t) · ∇u^−(x, t)dx + ∫ Ω (u^−(x, t))^2b(x, t)μ(x)dx + ∫ Ω c(x, t) u^−(x, t)a(x, t)μ(x)dx = 0. Since f(s) = 0 for s ≤ 0 and since a(·, t), b(·, t) and μ are nonnegative functions, one gets (using also (2.11))

−⟨u_t(·, t), u^−(·, t)⟩_{(H}1_)′_{,H}1 + γ ∫ Ω |∇ u^−(x, t)|^2dx ≤ 0. Integrating this last inequality over (0, s) and using 1 2 (‖u^−(·, s)‖^2_L2_{(Ω)} − ‖u^−_0 ‖^2_L2_{(Ω)}) = − ∫_s 0 ⟨u_t(·, t), u^−(·, t)⟩_{(H}1_)′_{,H}1 dt, one deduces that ‖u^−(·, s)‖^2_{L2(Ω)} ≤ ‖u^−_0 ‖^2_{L2(Ω)} for all s ∈ [0, T ] and therefore, since u_0 ≥ 0 a.e., that u(·, s) ≥ 0 a.e., for all s ∈ [0, T ].

Taking φ = (u − 1)^+(·, t) in (4.8), one has, for a.e. t ∈ (0, T ),

⟨u_t(·, t), (u − 1)^+(·, t)⟩_{(H}1_)′_{,H}1 + ∫ Ω D(v(x, t))∇(u − 1)^+(x, t) · ∇(u − 1)^+(x, t)dx − ∫ Ω f(u(x, t)) v(x, t) · ∇(u(x, t) − 1)^+dx + ∫ Ω u(x, t)(u(x, t) − 1)^+b(x, t)μ(x)dx − ∫ Ω c(x, t)(u(x, t) − 1)^+a(x, t)μ(x)dx = 0. (4.12)

Since f(s) = 1 for s ≥ 1, divv(·, t) = a(·, t)μ − b(·, t)μ on Ω and v(·, t) · n = 0 on ∂Ω, the following holds − ∫ Ω f(u(x, t)) v(x, t) · ∇(u(x, t) − 1)^+dx = − ∫ Ω v(x, t) · ∇(u(x, t) − 1)^+dx = ∫ Ω divv(x, t)(u(x, t) − 1)^+dx = ∫ Ω (a(x, t)μ(x) − b(x, t)μ(x))(u(x, t) − 1)^+dx. Then, (4.12) becomes

⟨u_t(·, t), (u − 1)^+(·, t)⟩_{(H}1_)′_{,H}1 + ∫ Ω D(v(x, t))∇(u − 1)^+(x, t) · ∇(u − 1)^+(x, t)dx = ∫ Ω (c(x, t) − 1)a(x, t)μ(x)(u(x, t) − 1)^+dx − ∫ Ω (u(x, t) − 1)b(x, t)μ(x)(u(x, t) − 1)^+dx. Since c(x, t) ≤ 1 and since a(·, t), b(·, t) and μ are nonnegative functions, this yields ⟨u_t(·, t), (u − 1)^+(·, t)⟩_{(H}1_)′_{,H}1 + ∫ Ω D(v(x, t))∇(u − 1)^+(x, t) · ∇(u − 1)^+(x, t)dx ≤ 0. Integrating this last inequality over (0, s) and using 1 2 (‖(u − 1)^+(·, s)‖^2_L2_{(Ω)} − ‖(u_0 − 1)^+‖^2_L2_{(Ω)}) = ∫_s 0 ⟨u_t(·, t), (u − 1)^+(·, t)⟩_{(H}1_)′_{,H}1 dt, one obtains ‖(u − 1)^+(·, s)‖^2_{L2(Ω)} ≤ ‖(u_0 − 1)^+‖^2_{L2(Ω)} and then, since u_0 ≤ 1 a.e., u(·, s) ≤ 1 a.e., for all s ∈ [0, T ]. This completes the proof of Proposition 4.1.

4.2.2 L^2((0, T ); H^1(Ω)) estimate We are now able to establish a L^2((0, T ); H^1(Ω)) bound which depends only on the norm of aμ and bμ in L^1((0, T ) ; L^1(Ω)). This estimate, as the above L^∞-bound, will be very usefull in proving of our main result (Section 5). Proposition 4.2 Let (2.6)-(2.14) hold and assume μ in L^2(Ω). Setting u = S(ū) with ū ∈ L^2((0, T ); L^2(Ω)) (where S is defined with (4.7)-(4.8)), there exists C depending only on f such that, for all t ∈ [0, T ],

‖u(t)‖^2_L2_{(Ω)} +2γ ∫_t 0 ∫ Ω |∇ u(x, τ )|^2dxdτ ≤ ‖u_0‖^2_L2_{(Ω)} +C ∫_t 0 (‖a(·, τ ) μ‖_L1_{(Ω)} +‖b(·, τ ) μ‖_L1_{(Ω)})dτ. (4.13)

Proof of Proposition 4.2 Taking φ equal to u(·, t) as a test function in (4.8), one obtains, for a.e. t ∈ (0, T ), ⟨u_t(·, t), u(·, t)⟩_{(H}1_)′_{,H}1 + ∫ Ω D(v(x, t))∇ u(x, t) · ∇ u(x, t)dx − ∫ Ω f(u(x, t)) v(x, t) · ∇u(x, t)dx + ∫ Ω (u(x, t))^2b(x, t)μ(x)dx − ∫ Ω c(x, t) u(x, t)a(x, t)μ(x)dx = 0, which gives, using divv(·, t) = a(·, t)μ − b(·, t)μ on Ω and v(·, t) · n = 0 on ∂Ω,

⟨u_t(·, t), u(·, t)⟩_{(H}1_)′_{,H}1 + ∫ Ω D(v(x, t))∇ u(x, t) · ∇ u(x, t)dx + ∫ Ω ( u(x, t)^2 − F (u(x, t)) ) b(x, t)μ(x)dx − ∫ Ω (c(x, t) u(x, t) − F (u(x, t))) a(x, t)μ(x)dx = 0, where F (u) = ∫_u 0 f(τ )dτ . Then, estimate (4.13) follows easily from an integration over time of the previous inequality (4.11).

For sake of completeness, let us give now some bounds on p and v. Proposition 4.3 Let (2.6)-(2.14) hold and let μ ∈ L^2(Ω). Setting u = S(ū) with ū ∈ L^2((0, T ); L^2(Ω)) (where S is defined with (4.7)-(4.8)). Then,

1. There exists C_1 depending only on the norms of a and b in L^∞((0, T ); C(Ω)), ‖μ‖_L2_{(Ω))}, β, ḡ and α such that

‖∇ p‖_L∞_{((0,T );(L}2_{(Ω))}d_) ≤ C_1, ‖v‖_L∞_{((0,T );(L}2_{(Ω))}d_) ≤ C_1, (4.14) 2. For any q < d/(d − 1), there exists C_2 depending only on the norms of a and b in L^∞((0, T ); C(Ω)), ‖μ‖_L1_{(Ω))}, β, ḡ, Ω, q and α such that

‖∇ p‖_L∞_{((0,T );(L}q_{(Ω))}d_) ≤ C_2, ‖v‖_L∞_{((0,T );(L}q_{(Ω))}d_) ≤ C_2. (4.15) Note that p and v are given by (4.7)-(4.8). Proof of Proposition 4.3 The proof of (4.14) follows from the choice ψ = p(·, t) in (4.7). The proof of (4.15) is given in Proposition 3.1, see Estimate (3.8). To obtain compactness properties it remains to establish some bound on u_t. Proposition 4.4 Assume (2.6)-(2.14) and μ ∈ L^2(Ω)). Let u = S(ū) with ū ∈ L^2((0, T ); L^2(Ω)) (where S is defined by (4.7)-(4.8)). Then,

1. There exists C_3 depending only on T , ‖a‖_{L∞((0,T );C(Ω))}, ‖b‖_{L∞((0,T );C(Ω))}, ‖μ‖_L2_{(Ω)}, β, ḡ, D, Ω and α such that

‖u_t‖_L2_{((0,T );(H}1_{(Ω))}′_) ≤ C_3, (4.16) 2. For any q > d, there exists C_4 depending only on T , ‖a‖_{L∞((0,T );C(Ω))}, ‖b‖_{L∞((0,T );C(Ω))}, ‖μ‖_L1_{(Ω)}, β, ḡ, α, D, Ω and q such that

‖u_t‖_L2_{((0,T );(W} 1,q_{(Ω))}′_) ≤ C_4. (4.17)

Proof of Proposition 4.4 From (4.8), one has for all ϕ ∈ L^2((0, T ) ; H^1(Ω)), | |⟨ut , ϕ⟩_{{L}2_{((0,T ) ; H}1_{(Ω))}}′_{, {L}2_{((0,T ) ; H}1_{(Ω))}} | | ≤ C ( ‖∇ u‖_L2_{((0,T ) ; L}2_{(Ω))} + ‖v‖_L2_{((0,T ) ; L}2_{(Ω))} ) ‖ϕ‖_L2_{((0,T ) ; H}1_{(Ω))} +C ( ‖aμ‖_L2_{((0,T ) ; L}2_{(Ω))} + ‖bμ‖_L2_{((0,T ) ; L}2_{(Ω))} ) ‖ϕ‖_L2_{((0,T ) ; H}1_{(Ω))},

for some suitable constant C.

Then, the result follows from (4.14) and (4.13).

Estimate (4.17) is obtained in a similar way, using (4.15), (4.13) and the fact that W^{1,q}(Ω) is continuously imbedded in L^∞(Ω) for q > d.

Estimate (4.16) is used in the following section (Section 4.3) and estimate (4.17) will be usefull for the proof of the main result (Section 5).

4.3 Existence of a solution

In this section, we first prove that the application S is continuous from L^2((0, T ); L^2(Ω)) to itself. Then, we shall prove that the range of S (namely R(S) = {S(ū), ū ∈ L^2((0, T ); L^2(Ω))}) is relatively compact in L^2((0, T ); L^2(Ω)). Therefore the Schauder fixed point theorem will give the existence of u such that u = S(u). Proposition 4.5 Let (2.6)-(2.14) hold, and assume μ in L^2(Ω). Then the application S defined by (4.7)-(4.8) is a continuous mapping from L^2((0, T ); L^2(Ω)) to L^2((0, T ); L^2(Ω)).

Proof of Proposition 4.5 Let (ū_n)_n and ū such that ū_n → ū in L^2((0, T ) ; L^2(Ω)) as n → ∞. Let (p, v, u) be the solution of (4.7)-(4.9) and (p_n, v_n, u_n) be the solution of (4.7)-(4.9) with ū_n instead of ū (so that u_n = S(ū_n) and u = S(ū)). One has to prove that u_n → u in L^2((0, T ); L^2(Ω)). The proof relies on two steps.

Step 1. One first proves that the sequence (v_n)_n converges to v in L^2((0, T ) ; (L^2(Ω))^d). The difference p_n − p satisfies, for all ψ ∈ L^2((0, T ); H^1(Ω)), ∫_T 0 ∫ Ω A(x, τ, ū_n(x, τ ))∇ ( p_n(x, τ ) − p(x, τ ) ) · ∇ψ(x, τ )dxdτ

+ ∫_T 0 ∫ Ω ( A(x, τ, ū_n(x, τ )) − A(x, τ, ū(x, τ )) ) ∇p(x, τ ) · ∇ψ(x, τ )dxdτ

− ∫_T 0 ∫ Ω ( A(x, τ, ū_n(x, τ ))g(x, τ, ū_n(x, τ )) − A(x, τ, ū(x, τ ))g(x, τ, ū(x, τ )) ) · ∇ψ(x, τ )dxdτ = 0. Then, taking the as a test function ψ the difference p_n − p = π_n it follows

‖∇π_n‖^2_L2_{((0,T );(L}2_{(Ω))}d_) ≤ C_1 ‖(A(·, ·, ū_n) − A(·, ·, ū))∇ p‖^2_L2_{((0,T );(L}2_{(Ω))}d_)

+C_2 ‖A(·, ·, ū_n)g(·, ·, ū_n) − A(·, ·, ū)g(·, ·, ū)‖^2_L2_{((0,T );(L}2_{(Ω))}d_) ,

(4.18)

for some convenient C_1 and C_2. Since the sequence (ū_n)_n converges in L^2((0, T ) ; L^2(Ω)) (which can be viewed as L^2(Ω × (0, T ))) to u and since the functions A and g are of Caratheodory type, the right hand side of (4.18) goes to zero. This proves that ∇p_n → ∇p in L^2((0, T ); (L^2(Ω))^d) as n → ∞. Now, since v_n(x, t) = A(x, t, ū_n(x, t)) (∇ p_n(x, t) − g(x, t, ū_n(x, t))) , (v_n)_n converges to v in L^2((0, T ) ; (L^2(Ω))^d). This achieves the proof of Step 1.

Step 2. One now proves now the convergence of u_n towards u.

Step 1 gives the convergence of (v_n)_n towards v in L^2((0, T ) ; (L^2(Ω))^d). Using classical compactness results [11], [18], it follows from the estimates (4.13) and (4.16), that, up to a subsequence, we can assume that u_n → ũ weakly in L^2((0, T ) ; H^1(Ω)), (u_n)_t → ũ_t weakly in L^2((0, T ) ; (H^1(Ω))^′), u_n → ũ in C([0, T ] ; (H^1(Ω))^′) u_n → ũ in L^2((0, T ) ; L^2(Ω)), u_n → ũ a.e. in Ω × (0, T ).

Then we can pass to the limit in (4.8) (with u_n and v_n instead of u and v )as n → ∞ and prove that ũ is solution of (4.8). Therefore, the uniqueness of the solution of (4.8) implies that ũ = u and that the whole sequence u_n converges towards u in L^2((0, T ); L^2(Ω)). This ends the proof of Proposition 4.5.

It is now possible to prove Proposition 2.1, which gives existence of a solution of the regularized problem (that is assuming (2.6)-(2.14) and μ in L^2(Ω))) in the sense of Definition 4.1, using the Schauder fixed point Theorem.

Proof of Proposition 2.1 In order to prove Proposition 2.1, it is sufficient to prove the existence of a fixed point for the mapping S defined by (4.7)-(4.8). Proposition 4.5 gives the continuity of S (from L^2((0, T ); L^2(Ω)) to L^2((0, T ); L^2(Ω)). Let R(S) be the range of S. The Schauder fixed point theorem gives the existence of a fixed point for S provided that R(S) is relatively compact in L^2((0, T ); L^2(Ω)). Let us show this last property holds.

The energy estimate, namely Estimate (4.13), gives that R(S) is bounded in L^2((0, T ); H^1(Ω)), the estimate (4.16) gives that {u_t, u ∈ R(S)} is bounded in L^2((0, T ), (H^1(Ω))^′. Since H^1(Ω) is compactely embedded in L^2(Ω) and since H^1(Ω) is dense in L^2(Ω), a classical compactness result [11], [18] gives the relative compactness of R(S) in L^2((0, T ); L^2(Ω)) (and also in C([0, T ]; (H^1(Ω))^′). This concludes the proof of Proposition 2.1.

5 Proof of the main result

We now study the case where μ ∈ M_+(Ω), which corresponds to Theorem 2.1.

Proof of Theorem 2.1 Step 1. (Construction of the sequence (μ_n)_{n∈IN}) Let (ρ_n)_{n∈IN} be a sequence of mollifiers, that is ρ_n(x) = n^dρ(nx), for all x ∈ IR^d and all n ∈ IN^⋆, with ρ ∈ C^∞(IR^d, IR_+) such that ∫ ρ(x)dx = 1 and (|x| ≥ 1 ⇒ ρ(x) = 0). Let μ_n = (ρ_n ⋆ μ̃)|_Ω, where μ̃ is the extension by 0 of μ on IR^d.

It is easy to prove that, for all n ∈ IN, μ_n ∈ L^2(Ω), μ_n ≥ 0 a.e. and ‖μ_n‖_L1_{(Ω)} ≤ μ(Ω). We claim that μ_n → μ, as n → ∞, for the weak-⋆ topology of C(Ω) and that the sequence (μ_n)_{n∈IN} is bounded in (W^{1,q}(Ω))^′ for any q > 2.

First, one proves that μ_n → μ for the weak-⋆ topology of C(Ω).

Let φ ∈ C_c(Ω) (that is φ continuous from Ω to IR with a compact support in Ω). Then,

∫ Ω φ(x)μ_n(x)dx = ∫ IR^d φ̃(x)ρ_n ⋆ μ̃(x)dx, where φ̃(x) = φ(x) if x ∈ Ω and φ̃(x) = 0 if x /∈ Ω. Since, as n → ∞, ∫ IR^d φ̃(x)ρ_n ⋆ μ̃(x)dx → ∫ IR^d φ̃(x)dμ̃(x) = ∫ Ω φ(x)dμ(x), we conclude that ∫ Ω φ(x)μ_n(x)dx → ∫ Ω φ(x)dμ(x), ∀φ ∈ C_c(Ω). (5.1) One also has ∫ IR^d

ρ_n ⋆ μ̃(x)dx = μ(Ω) (5.2) and ∫ IR^d\Ω ρ_n ⋆ μ̃(x)dx ≤ μ(A_n), (5.3) where A_n = {x ∈ Ω, dist(x, Ω^c) ≤ 1/n} and dist(x, Ω^c) = inf{|x − y|, y /∈ Ω}. Since ∩_{n∈IN}A_n = ∅, one has μ(A_n) → 0 as n → ∞. Therefore (5.2) and (5.3) lead to ∫ Ω μ_n(x)dx → μ(Ω), which, together with (5.1), gives that μ_n → μ for the weak-⋆ topology of C(Ω) (that is (5.1) with C(Ω) instead of C_c(Ω)).

Now, we prove that the sequence (μ_n)_{n∈IN} is bounded in (W^{1,q}(Ω))^′ for any q > 2. Let q ∈ (2, ∞). Since μ ∈ (W^{1,q}(Ω))^′, one has μ̃ ∈ (W^{1,q}(IR^d))^′ (and ‖μ̃‖_{(W} 1,q_{(IR}d_{))}′ ≤ ‖μ‖_{(W} 1,q_{(Ω))}′ ). Then, by a classical characterisation of (W^{1,q}(IR^d))^′, there exists g ∈ L^{q′} (IR^d) and G ∈ (L^{q′} (IR^d))^d, with q^′ = q/(q − 1), such that μ̃ = g + divG and

‖μ̃‖_{(W} 1,q_{(IR}d_{))}′ = ‖g‖_Lq′_{(IR}d_) + ‖G‖_{(L}q′_{(IR}d_{))}d , with

‖G‖_{(L}q′_{(IR}d_{))}d = (∫ IR^d |G(x)|^{q′} dx ) 1_{q′}

and ‖φ‖_W 1,q_{(IR}d_) = (∫ IR^d |φ(x)|^qdx ) 1_q + (∫ IR^d |∇φ(x)|^qdx ) 1_q , the norm ‖·‖_{(W} 1,q_{(IR}d_{))}′ is the corresponding dual norm. (Note that g and div(G) are not necessarily some nonnegatives measures.)

Then, with ν_n = ρ_n ⋆ μ̃ = ρ_n ⋆ g + div(ρ_n ⋆ G),

‖ν_n‖_{(W} 1,q_{(IR}d_{))}′ ≤ ‖ρ_n ⋆ g‖_Lq′_{(IR}d_) + ‖ρ_n ⋆ G‖_{(L}q′_{(IR}d_{))}d ≤ ‖g‖_Lq′_{(IR}d_) + ‖G‖_{(L}q′_{(IR}d_{))}d ≤ ‖μ̃‖_{(W} 1,q_{(IR}d_{))}′ .

(5.4)

The measure μ_n is the restriction to Ω of the measure ν_n. We shall deduce from (5.4) that the sequence (μ_n)_{n∈IN} is bounded in (W^{1,q}(Ω))^′. Indeed, there exists a linear continuous mapping P from W^{1,q}(Ω) to W^{1,q}(IR^d) such that P φ = φ a.e. on Ω. Furthermore, P can be chosen such that P φ ∈ C(IR^d) if φ ∈ C(Ω) and P φ ≥ 0 a.e. on IR^d if φ ≥ 0 a.e. on Ω. Let φ ∈ C(Ω) ∩ W^{1,q}(Ω), one has ∫ Ω φ(x)μ_n(x)dx ≤ ∫ Ω |φ(x)|μ_n(x)dx ≤ ∫ IR^d P (|φ|)(x)ν_n(x)dx ≤ ‖P (|φ|)‖_W 1,q_{(IR}d_)‖ν_n‖_{(W} 1,q_{(IR}d_{))}′ ≤ C‖(|φ|)‖_W 1,q_{(Ω)}‖ν_n‖_{(W} 1,q_{(IR}d_{))}′ ≤ C‖φ‖_W 1,q_{(Ω)}‖ν_n‖_{(W} 1,q_{(IR}d_{))}′ ,

(5.5)

where C is the norm of P (as a linear continuous mapping from W^{1,q}(Ω) to W^{1,q}(IR^d)), it depends only on Ω and q. We used also a classical result of Stampacchia [19] which gives ‖(|φ|)‖_W 1,q_{(Ω)} = ‖φ‖_W 1,q_{(Ω)}. Inequalities (5.4) and (5.5) give that the sequence (μ_n)_{n∈IN} is bounded in (W^{1,q}(Ω))^′. Note also that one has μ_n → μ, as n → ∞, for the weak-⋆ topology of (W^{1,q}(Ω))^′ for any q > 2, thanks to the separability of W^{1,q}(Ω) for q ∈ (2, ∞) and the uniqueness of the limites of the converging subsequences of (μ_n)_{n∈IN} in (W^{1,q}(Ω))^′ for the weak-⋆ topology. This concludes Step 1.

Step 2. (Approximate solutions and estimates) For n ∈ IN^⋆, μ_n is defined in the preceding step, let us also define ε_n(t) and a_n(·, t) for a.e. t ∈ (0, T ) by ε_n(t) = 0, a_n(·, t) = a(·, t), if ∫ Ω adμ_n = ∫ Ω bdμ_n, ε_n(t) = ∫ Ω(b(x, t) − a(x, t))μ_n(x)dx ∫ Ω μ_n(x)dx , a_n(·, t) = a(·, t) + ε_n(t), if (0 ≤) ∫ Ω adμ_n < ∫ Ω bdμ_n, ε_n(t) = ∫ Ω(a(x, t) − b(x, t))μ_n(x)dx ∫ Ω a(x, t)μ_n(x)dx , a_n(·, t) = a(·, t)(1 − ε_n(t)), if ∫ Ω adμ_n > ∫ Ω bdμ_n(≥ 0). Note that, in the second case, ε_n(t) > 0 and, in the third case, ε_n(t) ∈ (0, 1]. Then, the function a_n belongs to L^∞((0, T ); C(Ω)) and a_n(·, t) ≥ 0 on Ω for a.e. t ∈ (0, T ). Furthermore, one has ∫ Ω a_n(x, t)μ_n(x)dx = ∫ Ω b(x, t)μ_n(x)dx, for a.e. t ∈ (0, T ), and, since b − a ∈ L^∞((0, T ); C(Ω)), the sequence (ε_n)_{n∈IN} is bounded in L^∞((0, T )) and (from (2.14)) ε_n → 0 a.e. on (0, T ) as n → ∞.

For n ∈ IN^⋆, let (u_n, v_n, p_n) be the solution of the approximated problem (2.22)-(2.27) with μ_n instead of μ and a_n instead of a (existence of such a solution is given by Proposition 2.1). Then, (u_n, v_n, p_n) satisfies:

u_n ∈ L^2((0, T ); H^1(Ω)) ∩ C([0, T ]; L^2(Ω)), 0 ≤ u_n(·, t) ≤ 1, (u_n)_t ∈ L^2((0, T ); (H^1(Ω))^′),

(5.6)

u_n(., 0) = u_0 in L^2(Ω), (5.7)

p_n ∈ L^∞((0, T ); H^1(Ω)), v_n ∈ L^∞((0, T ); (L^2(Ω))^d), (5.8)

⟨(u_n)_t(., t), φ⟩_{(H}1_)′_{,H}1 + ∫ Ω D(v_n(x, t))∇u_n(x, t) · ∇φ(x)dx − ∫ Ω v_n(x, t) · ∇φ(x)f(u_n(x, t))dx + ∫ Ω u_n(x, t)φ(x)b(x, t)μ_n(x)dx − ∫ Ω c(x, t)φ(x)a_n(x, t)μ_n(x)dx = 0, ∀φ ∈ H^1(Ω), for a.e. t ∈ (0, T ),

(5.9)

v_n(x, t) = −A(x, t, u_n(x, t)) {∇p_n(x, t) − g(x, t, u_n(x, t))} , for a.e. (x, t) ∈ Ω × (0, T ), (5.10) − ∫ Ω v_n(x, t) · ∇ψ(x)dx = ∫ Ω ψ(x)a_n(x, t)μ_n(x)dx − ∫ Ω ψ(x)b(x, t)μ_n(x)dx, ∀ψ ∈ H^1(Ω), for a.e. t ∈ (0, T ).

(5.11)

Estimate (4.13) gives a bound in L^2((0, T ); H^1(Ω)) for the sequence (u_n)_n and Estimate (4.17) gives a bound in L^2((0, T ); (W^{1,q})^′) (for any q > d) for the sequence ((u_n)_t)_n. Then, classical compactness [11], [18] result leads to the relative compactness of the sequence (u_n)_n in L^2((0, T ); L^2(Ω)) and in C([0, T ]; (W^{1,q})^′) (for any q > d). Then, up to a subsequence, one can assume, as n → ∞,

u_n(·, t) → u(·, t) in (W^{1,q})^′, ∀q > d, uniformly with respect to t ∈ [0, T ], u_n → u weakly in L^2((0, T ); H^1(Ω)), (u_n)_t → u_t weakly in L^2((0, T ); (W^{1,q})^′), ∀q > d.

(5.12)

Note that u ∈ C([0, T ]; (W^{1,q})^′) (for any q > d), u ∈ L^2((0, T ); H^1(Ω)) and u_t ∈ L^2((0, T ); (W^{1,q})^′) for any q > d.

Furthermore, since L^2((0, T ); L^2(Ω)) can be identify to L^2(Ω × (0, T )), one can also assume (up to a subsequence) that u_n → u a.e on Ω × (0, T ) (which is equivalent to u_n(·, t) → u(·, t) a.e. on Ω for a.e. t ∈ (0, T )). Using the bound on u_n given in (5.6) (namely 0 ≤ u_n ≤ 1 a.e. on Ω × (0, T )), this gives, in particular, 0 ≤ u ≤ 1 a.e. on Ω × (0, T ).

The function u satisfies (2.17), (2.18) and the first part of (2.16). Indeed, using (for d = 3) more precise estimates on both sequences (μ_n)_{n∈IN} and (v_n)_{n∈IN} (namely, the fact that the sequence (μ_n)_{n∈IN} is bounded in (W^{1,q}(Ω))^′ for any q > 2 and therefore the sequence (v_n)_{n∈IN} is bounded in L^∞((0, T ); (L^q(Ω))^d) for any q < 2), the sequence ((u_n)_t)_{n∈IN} is bounded in L^2((0, T ); (W^{1,q}(Ω))^′) for any q > 2 which gives u_t ∈ L^2((0, T ); (W^{1,q}(Ω))^′), for any q > 2, and therefore u ∈ C([0, T ]; (W^{1,q}(Ω))^′) for any q > 2. This proves the assertion of Remark 2.2.

It remains to prove (2.19)-(2.21) and the second part of (2.16). This will be done in the next step.

Step 3. (Passing to the limit in (5.9)-(5.11) ) We first prove the convergence of the whole sequences (p_n)_n and (v_n)_n and we prove (2.19), (2.21). The sequence (p_n)_n verifies, for almost every t ∈ (0, T ), ∫ Ω A(x, t, u_n(x, t)) ( ∇p_n(x, t) − g(x, t, u_n(x, t)) ) · ∇ψ(x) dx = ∫ Ω (a_n(x, t) − b(x, t))ψ(x)μ_n(x)dx, ∀ψ ∈ H^1(Ω). In order to prove the convergence of the sequences (p_n)_n and (v_n)_n, we shall apply the result of Proposition 3.3.

First, we remark that for almost every t in (0, T ), one has, as n → ∞, A(·, t, u_n(·, t)) → A(·, t, u(·, t)) a.e. in Ω, g(·, t, u_n(·, t)) → g(·, t, u(·, t)) a.e. in Ω. Next, since μ_n → μ for the weak-⋆ topology of C(Ω) and ε_n(t) → 0 for a.e. t ∈ (0, T ), one also has, as n → ∞, for a.e. t ∈ (0, T ),

(a_n(·, t) − b(·, t))μ_n → (a(·, t) − b(·, t))μ for the weak-⋆ topology of C(Ω).

In order to apply the result of Proposition 3.3, it remains to show that the sequence ((a_n(·, t)−b(·, t))- μ_n)_{n∈IN} is bounded in (W^{1,q}(Ω))^′ for any q > 2 and a.e. t ∈ (0, T ) (then, one also has (a(·, t) − b(·, t))μ ∈ (W^{1,q}(Ω))^′ and (a_n(·, t) − b(·, t))μ_n → (a(·, t) − b(·, t))μ for the weak-⋆ topology of (W^{1,q}(Ω))^′ for any q > 2 and a.e. t ∈ (0, T )). This is a consequence of the fact that (μ_n)_{n∈IN} is a sequence of nonnegative measures on Ω, bounded in (W^{1,q}(Ω))^′ for any q > 2. Indeed, let q > 2 and φ ∈ W^{1,q}(Ω), one has ∫ Ω φ(x)(a_n(x, t) − b(x, t))μ_n(x)dx ≤ max{|a_n(x, t) − b(x, t)|, x ∈ Ω} ∫ Ω |φ(x)|μ_n(x)dx ≤ max{|a_n(x, t) − b(x, t)|, x ∈ Ω}‖(|φ|)‖_W 1,q_{(Ω)}‖μ_n‖_{(W} 1,q_{(Ω))}′ . (5.13)

From a well known result of Stampacchia (see [19]), ‖(|φ|)‖_W 1,q_{(Ω)} = ‖φ‖_W 1,q_{(Ω)}. Then, since a, b ∈ L^∞((0, T ); C(Ω)) and (ε_n)_{n∈IN} is bounded in L^∞((0, T )), (5.13) gives that the sequence ((a_n(·, t) − b(·, t))μ_n)_{n∈IN} is bounded in (W^{1,q}(Ω))^′ for any q > 2 and a.e. t ∈ (0, T ).

Then, we can applied the stability result given in Proposition 3.3 to conclude that there exists a unique p in L^∞((0, T ) ; W^{1,q}(Ω)) (for any q < 2) such that, as n → ∞ (without extraction of subsequences),

p_n(·, t) → p(·, t) in W^{1,q}(Ω), ∀q < 2, for a.e. t ∈ (0, T ). (5.14) Then, defining v with the first line of (2.21), the functions v and p satisfy (2.19) and (2.21). Note also that the sequences (∇p_n(·, t))_{n∈IN} and (v_n(·, t))_{n∈IN} are bounded in (L^q (Ω))^d for any q < 2, uniformly with respect to t ∈ (0, T ), except on a neligeable set.

It remains to prove (2.20) and the second part of (2.16). Using (5.14) and the definition of v, one has v_n(·, t) → v(·, t) in (L^q (Ω))^d, for all q < 2. Therefore, D(v_n(·, t)) → D(v(·, t)) in M_d(L^q (Ω)), for any q < ∞ and for a.e. t ∈ (0, T ). Thanks to the a.e. convergence of u_n towards u and the L^∞-bound on (u_n)_{n∈IN}, we also have v_n(·, t)f(u_n(·, t)) → v(·, t)f(u(·, t)) in (L^q(Ω))^d, for any q < 2 and for a.e. t ∈ (0, T ). By a classical decomposition result, the measure μ can be expressed as μ = gλ+μ̄, where λ is the Lebesgue measure on Ω, g ∈ L^1(Ω) (which is L^1(Ω, λ)) and μ̄⊥λ. Then, μ_n = g_n + μ̄_n, where g_n = (ρ_n ⋆ g̃)|_Ω → g in L^1(Ω) and μ̄_n = (ρ_n ⋆ ~μ̄)|_Ω → μ̄ for the weak-⋆ topology of C(Ω) as n → ∞ (where g̃ and ~μ̄ are the extensions by 0 of g and μ̄ on IR^d).

Let q > d and φ ∈ L^2((0, T ); W^{1,q}(Ω)). Equation (5.9) gives ∫_T 0 ⟨(u_n)_t(·, t), φ(·, t)⟩_{(W} 1,q_)′_{,W} 1,q dt + ∫_T 0 ∫ Ω D(v_n(x, t))∇u_n(x, t) · ∇φ(x, t)dxdt − ∫_T 0 ∫ Ω v_n(x, t) · ∇φ(x, t)f(u_n(x, t))dxdt − ∫_T 0 ∫ Ω c(x, t)φ(x, t)a_n(x, t)g_n(x)dxdt − ∫_T 0 ∫ Ω c(x, t)φ(x, t)a_n(x, t)μ̄_n(x)dxdt + ∫_T 0 ∫ Ω u_n(x, t)φ(x, t)b(x, t)g_n(x)dxdt + ∫_T 0 ∫ Ω u_n(x, t)φ(x, t)b(x, t)μ̄_n(x)dxdt = 0.

(5.15)

It is quite easy to pass to limit, as n → ∞, on each term of (5.15) (using, for some terms, the dominated convergence theorem) except for the last term. This proves that the last term has also a limit which we call L(φ). Then, one has ∫_T 0 ⟨u_t(·, t), φ(·, t)⟩_{(W} 1,q_)′_{,W} 1,q dt + ∫_T 0 ∫ Ω D(v(x, t))∇u(x, t) · ∇φ(x, t)dxdt − ∫_T 0 ∫ Ω v(x, t) · ∇φ(x, t)f(u(x, t))dxdt − ∫_T 0 ∫ Ω c(x, t)φ(x, t)a(x, t)g(x)dxdt − ∫_T 0 ∫ Ω c(x, t)φ(x, t)a(x, t)μ̄(x)dxdt + ∫_T 0 ∫ Ω u(x, t)φ(x, t)b(x, t)g(x)dxdt + L(φ) = 0

(5.16)

and L(φ) = lim_{n→∞} ∫_T 0 ∫ Ω u_n(x, t)φ(x, t)b(x, t)μ̄_n(x)dxdt. Using Lemma 5.1 given below and noting that μ̄⊥λ, it is possible to choose u such that u ∈ L^∞((0, T ); L^1(Ω, μ̄)), 0 ≤ u(·, t) ≤ 1 μ̄-a.e. for a.e. t ∈ (0, T ) and L(φ) = ∫_T 0 ∫ Ω u(x, t)φ(x, t)b(x, t)dμ̄(x)dt. Then, (5.16) becomes

∫_T 0 ⟨u_t(·, t), φ(·, t)⟩_{(W} 1,q_)′_{,W} 1,q dt + ∫_T 0 ∫ Ω D(v(x, t))∇u(x, t) · ∇φ(x, t)dxdt − ∫_T 0 ∫ Ω v(x, t) · ∇φ(x, t)f(u(x, t))dxdt − ∫_T 0 ∫ Ω c(x, t)φ(x, t)a(x, t)g(x)dxdt, − ∫_T 0 ∫ Ω c(x, t)φ(x, t)a(x, t)μ̄(x)dxdt, + ∫_T 0 ∫ Ω u(x, t)φ(x, t)b(x, t)g(x)dxdt + ∫_T 0 ∫ Ω u(x, t)φ(x, t)b(x, t)dμ̄(x)dt = 0. Since φ is arbitrary in L^2((0, T ); W^{1,q}(Ω)) (and q arbitrary in (d, ∞)), this yields (2.20). Note that, since μ = gλ + μ̄, one also has u ∈ L^∞((0, T ); L^1(Ω, μ)) and 0 ≤ u(·, t) ≤ 1 μ-a.e. for a.e. t ∈ (0, T ). Therefore u satisfies the second part of (2.16). This concludes the proof of Theorem 2.1.

Lemma 5.1 Let Ω be an open bounded set of IR^d (d ≥ 1) and T > 0. Let (μ_n)_{n∈IN} be a bounded sequence of nonnegative finite measures on Ω and μ be a nonnegative finite measure on Ω such that μ_n → μ, as n → ∞, for the weak-⋆ topology of (C(Ω̄))^′ . Let (v_n)_{n∈IN} be a sequence of functions from Ω × (0, T ) to IR such that

1. There exists two nonnegative functions α, β ∈ L^∞((0, T ); C(Ω)) such that α(·, t) ≤ v_n(·, t) ≤ β(·, t) μ_n-a.e., for a.e. t ∈ (0, T ) and for all n ∈ IN, 2. ∫_T 0 ∫ Ω φ(x, t)v_n(x, t)dμ_n(x)dt has a limit (in IR), as n → ∞, for all φ ∈ C(Ω̄ × [0, T ]).

Then, there exists v ∈ L^∞((0, T ); L^1(Ω, μ)) such that ∫_T 0 ∫ Ω φ(x, t)v_n(x, t)dμ_n(x)dt → ∫_T 0 ∫ Ω φ(x, t)v(x, t)dμ(x)dt, ∀φ ∈ C(Ω̄ × [0, T ]). Furthermore, one has α(·, t) ≤ v(·, t) ≤ β(·, t) μ-a.e., for a.e. t ∈ (0, T ).

Proof of Lemma 5.1 Let Q = Ω × (0, T ). For n ∈ IN, let ν_n be the measure on Q defined by dν_n(x, t) = dμ_n(x)dt and let ν be the measure on Q defined by dν(x, t) = dμ(x)dt. The sequence (ν_n)_{n∈IN} is a bounded sequence of nonnegative measures on Q and ν_n → ν, as n → ∞, for the weak-⋆ topology of (C(Q̄))^′. From the first item of the hypotheses on (v_n)_{n∈IN}, one deduces that v_n ∈ L^1(Q, ν_n), for all n ∈ IN, and that the sequence (v_nν_n)_{n∈IN} is a bounded sequence of measures on Q.

Using to the second item of the hypotheses on (v_n)_{n∈IN}, the sequence (v_nν_n)_{n∈IN} converges towards a measure ν̄ on Q̄ (for the weak-⋆ topology of C(Q̄)), that is (with y = (x, t)) ∫ Q φ(y)v_n(y)dν_n(y) → ∫ Q̄ φ(y)dν̄(y), ∀φ ∈ C(Q̄). The existence of v ∈ L^1(Q, ν) such that dν̄(y) = v(y)dν(y) follows of the absolute continuity of ν̄ with respect to ν (that is ν̄ << ν, where ν is considered as a measure on Q̄ with ν(Q̄ \ Q) = 0) that we prove now.

In order to prove that ν̄ << ν, let A be a borelian set of Q̄ such that ν(A) = 0. One has to prove that ν̄(A) = 0. Let K ⊂ A be a compact set. Let ε > 0. From the regularity of the measure ν, There is an open set O of Q̄ (that is O = Q̄ ∩ ω where ω is an open set of IR^d) verifying A ⊂ O and ν(O) ≤ ε. There exists a continuous function φ from Q̄ to IR_+ such that φ(y) = 1, ∀y ∈ K, φ(y) = 0, ∀y ∈ O^c, φ(y) ∈ [0, 1], ∀y ∈ Q̄.

Then, one gets ν̄(K) ≤ ∫ Q̄ φ(y)dν̄(y) ≤ lim_{n→∞} ∫ Q φ(y)v_n(y)dν_n(y) ≤ lim_{n→∞} ∫ Q φ(y)β(y)dν_n(y) ≤ ∫ Q φ(y)β(y)dν(y) ≤ M ν(O) ≤ M ε, where M = ‖φ‖_{C(}¯_{Q)}‖β‖_{L∞((0,T );C(Ω))}. This gives, since ε > 0 is arbitrary, ν̄(K) = 0. Then, ν̄(A) = 0 follows from the regularity of the measure ν̄ (and the fact that K is any compact subset of A). This concludes the proof of ν̄ << ν and gives the existence of v ∈ L^1(Q, ν) such that ν̄ = vν, that is ∫ Q̄ φ(y)dν̄(y) = ∫_T 0 ∫ Ω φ(x, t)v(x, t)dμ(x)dt, ∀φ ∈ C(Q̄). It remains to prove that α(·, t) ≤ v(·, t) ≤ β(·, t) μ-a.e., for a.e. t ∈ (0, T ).

Since α(·, t) ≤ v_n(·, t) ≤ β(·, t) μ_n-a.e., for a.e. t ∈ (0, T ) and for all n ∈ IN, one has, for all φ ∈ C(Q̄), φ nonnegative, ∫_T 0 ∫ Ω α(x, t)φ(x, t)dμ_n(x)dt ≤ ∫_T 0 ∫ Ω v_n(x, t)φ(x, t)dμ_n(x)dt ≤ ∫_T 0 ∫ Ω β(x, t)φ(x, t)dμ_n(x)dt, which yields, upon passing to the limit as n → ∞ and using the dominated convergence theorem for the integration in time in the first and third integrals, ∫_T 0 ∫ Ω α(x, t)φ(x, t)dμ(x)dt ≤ ∫_T 0 ∫ Ω v(x, t)φ(x, t)dμ(x)dt ≤ ∫_T 0 ∫ Ω β(x, t)φ(x, t)dμ(x)dt, It follows that α ≤ v ≤ β ν-a.e., which is equivalent to α(·, t) ≤ v(·, t) ≤ β(·, t) μ-a.e. for a.e. t ∈ (0, T ). This concludes the proof of Lemma 5.1.

Let us gives now the sketch of the proof of Theorem 2.2 and Theorem 2.3. Sketch of the proof of Theorem 2.2 As for the proof of the Proposition 2.1, we build, for μ given in L^2(Ω), a regular solution through the Schauder fixed point Theorem with the application S(c) = c^⋆ defined as follow : For any given c, there exists a unique solution (p, v) of v(x, t) + K(x) ν(c(x, t)) (∇p(x, t) − ρ(c(x, t))g) = 0 divv(x, t) − a(x, t)μ(x) + b(x, t)μ(x) = 0 v(x, t) · n = 0, ∫ Ω p(x, t)dx = 0 for a.e. t ∈ (0, T ).

Then, there exists a unique c^⋆ solution of

c^⋆_t (x, t) + div(v c^⋆)(x, t) − div ( (λ(c) + D(v))∇c^⋆ ) (x, t) +c^⋆(x, t)a(x, t)μ(x) − c̄(x, t)b(x, t)μ(x) = 0, (λ(c(x, t)) + D(v(x, t))) ∇c^⋆(x, t) · n = 0 c(x, 0) = c_0.

Then, the general case considered in Theorem 2.2 is obtained by passing to the limit on smooth approximations of the measure μ. There are no additional difficulties to the proof of Theorem 2.1.

Sketch of proof Theorem 2.3 • Parabolic regularisation

In order of avoid the degeneracy of the function h we introduce a modified problem where h is replaced in (2.38) by h_ε = h + ε , ε > 0. This kind of regularization reduces the problem of immiscible flow to the model problem (2.1)-(2.2), for which there is at least one (regular) solution for μ given in L^2(Ω). • Uniform estimates in the regular case By taking H(s) = ∫_s 0 h(σ)dσ we prove without any difficulty that there exist two continuous functions α_1(t) and α_2(t), independent of ε such that the solution s_ε of the regularized problem verifies ∫_t 0 ‖∇H(s_ε(·, τ ))‖^2_L2_{(Ω)}dτ ≤ α_1(t), (5.17) ∫_t 0 ‖∂_ts_ε(τ )‖^2_{(H}1_{(Ω))}′ dτ ≤ α_2(t).

Then assuming that H^{−1} is an Hölder continuous function with modulus ρ, we deduce from the previous estimate (see e.g. [17]) that s_ε is bounded in L^{2/ρ} ( (0, T ); W^{θρ , 2/ρ}(Ω) ) for any θ , 0 < θ < 1.

These estimates are sufficient to get a solution s of (2.38)-(2.42) provided that the equation (2.38) is written on the following form

s_t(x, t) + div (v_T f(s))(x, t) − div(∇H(s))(x, t)) − div(k(s))(x, t) +s(x, t)a(x, t)μ(x) − b(x, t)μ(x) = 0. Moreover as s is uniformly bounded in L^∞((0, T ) × Ω), the estimate (5.17) remains valid. The only difference is the estimate on the time derivative which becomes ∫_t 0 ‖∂_ts_ε(·, τ )‖^2_{(W} 1,q_{(Ω))}′ dτ ≤ α_3(t), ∀q > d. This ends the proof of Theorem 2.3.

References

[1] Alt, H. W., Lickhaus, S and Visintin, A., On nonstationary flow through porous media. Ann.

Mat. Pura Appl. (4) vol 136, 1984, pp. 303-316.

[2] Alt, H. W. and di Benedetto, E., Nonsteady flow of water and oil through inhomgeneous porous media. Ann. Scuola Norm. Sup. Pisa, (4), vol 12, no 3, 1985, pp. 335-392.

[3] Barenblatt G. I., Entov V. M. and Ryzhik V. M., Flow of fluids through natural rocks. Kluwer Academic Publ., 1990.

[4] J. Bear J. and Verruijt A., Modeling ground-water flow and pollution. D. Reidel Pub. Co., Dordrecht, 1987.

[5] Boccardo L. and Gallouët Th., Nonlinear elliptic and parabolic equations involving mesure data. J. Funct. Anal., vol. 87, 1989, pp. 149-169.

[6] Chavent G. and Jaffre J., Mathematical models and finite elements for reservoir simulation.

Single phase, multiphase and multicomponent flows through pourous media. Studies in mathematics and its applications, vol. 17, North-Holland Publishing Comp., 1986.

[7] Dawson C. N. and Wheeler M. F., Time splitting method for advection-diffusion-equation arising in contaminant transport. ICIAM 91, Proceeding of the Second Conference on Industrial and Applied Mathematics, pp. 71-82, Robert E. O’Malley, Jr. editor, SIAM Philadelphia, 1991.

[8] Gagneux G, and Madaune-Tort M., Analyse mathématique de modèles non linéaires de l’ingénierie pétrolière. Mathématiquues et Applications 22, Springer-Verlag, 1996.

[9] Gröger K., A W^{1,p}-estimate or solutions to mixed boundary value problems for second order elliptic differential equations, Springer-Verlag, Math. Ann. 283, 1989 pp 679-687.

[10] Ladyzenskaja O. A., Solonnikov V. A. and Ural’ceva N. N., Linear and quasi-linear equations of parabolic type. American Mathematical Society, 1968.

[11] Lions J. L. , Quelques métodes de résolution de problèmes aux limites non linéaires. Dunod, 1969. [12] Meyers N. G., An L^p estimate for the gradient of solution of second order divergence equations, Ann. SC. Norm. Sup. Pisa, 17,1963, pp 189-206.

[13] Monier A., on the regularity of the solution of some elliptic equations. Submitted paper. [14] Prignet A., Remarks on existence and uniqueness of solutions of elliptic problems with right-hand side measures. Rend. Mat. Appl. (7) 15, no. 3,1995, pp. 321-337.

[15] Prignet A., Conditions aux limites non homogènes pour des problèmes elliptiques avec second membre mesure. Ann. Fac. Sci. Toulouse 6, no. 2,1997, pp. 297-318.

[16] Serrin J., Pathological solutions of elliptic differential equations. Ann. Scuola Norm. Pisa, 1964, pp. 385-387.

[17] Simon J., Regularité de la composée de deux fonctions et applications. Boll. Un. Mat. Ital. B (5) 16, no. 2, 1979, pp. 501-522.

[18] Simon J., Compact set in L^p(0, T ; B). Ann. Mat. Pura. Appl., IV, 146, 1987, pp. 65-96. [19] Stampacchia G., Le problème de Dirichlet pour les équations elliptiques du second ordre à coefficients discontinus. Ann. Inst. Fourier, Grenoble, vol. 15, 1965, pp. 189-258.

[20] Troianiello G. M., Elliptic Equations and Obstacle Problems. The university series in mathematics, Plenum Press, New York, 1987.