Finite volume approximation of elliptic problems with irregular data

Thierry Gallouët and Raphaèle Herbin

Université d’Aix-Marseille 1, Centre de mathématiques et informatique 39 rue Joliot Curie, 13453 Marseille, France gallouet@gyptis.univ-mrs.fr, herbin@gyptis.univ-mrs.fr.

abstract We prove here the convergence of a cell-centered finite volume scheme for the discretization on a non-structured grid of the Laplace equation with irregular data towards the weak solution of the equation.

Keys words Finite volumes scheme, non-structured mesh, diffusion equation, irregular data.

1. Introduction

We are interested here in proving the convergence of the finite volume method in the case of the following model equation:

−Δu = μ, in Ω, (1)

with Dirichlet boundary condition:

u = 0, in ∂Ω, (2)

where

Assumption 1

1. Ω is an open bounded polygonal subset of IR^d, d = 2 or 3, 2. μ ∈ L^p(Ω) for p ∈ [1, +∞] or μ is a signed bounded measure.

Such problems arise for instance when modelling heat transfers in the presence of electric current in which case the heat term due to ohmic loss writes μ = σ∇Φ∇Φ where σ ∈ L^∞(Ω) is the electric conductivity and Φ ∈ H^1(Ω) is the electric potential; hence μ ∈ L^1(Ω) (see e.g. [FH 94]). Another field where such a problem arises is in oil reservoir simulation, where the dimension of the well is often small enough with respect to the size or the domain of simulation so that it is modelled by a Dirac measure in the two-dimensional case (d = 2).

The purpose of the proposed presentation is to show that the finite volume method is well adapted to this type of problem; we can show in particular that the analysis tools recently developped by Boccardo, Gallouët [BG 89] for the study of nonlinear partial differential equations with measure data can be adapted to show the strong convergence as the size of the mesh tends to 0 of the approximate finite volume solution in W^{1,p}_0 for any p ∈ [d,^d_{d−1} [ towards a weak solution of (1)-(2) which is a function u from Ω to IR satisfying:

u ∈ ∩_{1≤p<} d_d�_1 W^{1,p}_0 (Ω), ∫ Ω ∇u(x)∇φ(x)dx = ∫ Ω v(x)dμ(x), ∀v ∈ ∪_{q>d}W^{1,q}_0 (Ω). (3)

Remark 1

The Laplace operator is considered here for the sake of simplicity, but more general elliptic operators are possible to handle, for instance operators of the form −div(a(u)∇u) with adequate assumptions on a.

A by-product of the convergence analysis which is presented here is the existence of a solution of (3).

2. The finite volume scheme

The finite volume scheme is found by integrating equation (1) on a given control volume of a discretization mesh and finding an approximation of the fluxes on the control volume boundary in terms of the discrete unknowns. Let us first give the assumptions which are needed on the mesh.

Definition 1 (Admissible meshes) Let Ω be an open bounded polygonal subset of IR^d. An admissible finite volume mesh of Ω, denoted by T , is given by a family of “control volumes”, which are polygonal convex subsets of Ω (with positive measure), a family of subsets of Ω contained in hyperplanes of IR^d, denoted by E (these are the edges of the control volumes), with strictly positive (d − 1)-dimensional measure, and a family of points of Ω denoted by P satisfying the following properties (in fact, we shall denote, somewhat incorrectly, by T the family of control volumes):

(i) the set of all control volumes is a partition of Ω;

(ii) For any K ∈ T , there exists a subset E_K of E such that ∂K = K \ K = ∪_{σ∈EK} σ. Let E = ∪_{K∈T} E_K . (iii) For any (K, L) ∈ T^2 with K ≠ L, either the (d−1)-dimensional Lebesgue measure of K ∩ L is 0 or K ∩ L = σ for some σ ∈ E, which will then be denoted by K|L.

(iv) The family P = (x_K )_{K∈T} is such that x_K ∈ K (for all K ∈ T ) and, if σ = K|L, it is assumed that x_K ≠ x_L, and that the straight line D_{K,L} going through x_K and x_L is orthogonal to K|L.

In the sequel, the following notations are used. The mesh size is defined by: size(T ) = sup{diam(K), K ∈ T }. For any K ∈ T and σ ∈ E, m(K) is the d-dimensional measure of K and m(σ) the (d − 1)-dimensional measure of σ. The set of interior (resp. boundary) edges is denoted by E_{int} (resp. E_{ext}), that is E_{int} = {σ ∈ E; σ ⊄ ∂Ω} (resp. E_{ext} = {σ ∈ E; σ ⊂ ∂Ω}). The set of neighbours of K is denoted by N (K), that is N (K) = {L ∈ T ; ∃σ ∈ E_K , σ = K ∩ L}. For any K ∈ T and σ ∈ E_K we denote by d_{K,σ} the Euclidean distance between x_K and σ. For any σ ∈ E, we define d_σ = d_{K,σ} + d_{L,σ} if σ = K|L ∈ E_{int} (in which case d_σ is the Euclidean distance between x_K and x_L) and d_σ = d_{K,σ} if σ ∈ E_{ext} ∩ E_K .

For any σ ∈ E; the “transmissibility” through σ is defined by τ_σ = m(σ)/d_σ if d_σ ≠ 0 and τ_σ = 0 if d_σ = 0. In some results and proofs given below, there are summations over σ ∈ E_0, with E_0 = {σ ∈ E; d_σ ≠ 0}. For simplicity, (in these results and proofs) E = E_0 is assumed.

We may now introduce the space of piecewise constant functions associated with an admissible mesh and some “discrete W^{1,p}_0 ” norm for this space. This discrete norm will be used to obtain some estimates on the approximate solution given by a finite volume scheme.

Definition 2 (Discrete norm) Let Ω be an open bounded polygonal subset of IR^d, d = 2 or 3, and let T be an admissible mesh. Define X(T ) as the set of functions from Ω to IR which are constant over each control volume of the mesh.

For u ∈ X(T ), and p ∈ [1, +∞), define the discrete W^{1,p}_0 norm by ‖u‖_{1,p,T} = (∑ σ∈E m(σ)d_σ( D_σ u d_σ )^p ) 1_p (4) where, for any σ ∈ T , D_σ u = |u_K − u_L| if σ ∈ E_{int}, σ = K|L, D_σ u = |u_K| if σ ∈ E_{ext} ∩ E_K , where u_K denotes the value taken by u on the control volume K and the sets E, E_{int}, E_{ext} and E_K are defined in Definition 1.

Let T be an admissible mesh. Let us now define a finite volume scheme to discretize (1)-(2).

Let (u_K )_{K∈T} denote the discrete unknowns associated with the control volumes K ∈ T . In order to describe the scheme in the most general way, one introduces some auxiliary unknowns namely the fluxes F_{K,σ}, for all K ∈ T and σ ∈ E_K , and some (expected) approximation of u on an edge σ, denoted by u_σ, for all σ ∈ E. For K ∈ T and σ ∈ E_K , let n_{K,σ} denote the normal unit vector to σ outward to K and v_{K,σ} = ∫ σ v(x) · n_{K,σ}dγ(x). Note that dγ is the integration symbol for the (d − 1)-dimensional Lebesgue measure on the considered hyperplane.

We may now write the finite volume scheme for the discretization of Problem (1)-(2) under Assumption 1 as the following set of equations: ∑ σ∈E_K F_{K,σ} = μ(K), ∀K ∈ T , (5) where F_{K,σ} is defined by F_{K,σ} = −F_{L,σ}, ∀σ ∈ E_{int}, if σ = K|L, (6) F_{K,σ}d_{K,σ} = −m(σ)(u_σ − u_K ), ∀σ ∈ E_K , ∀K ∈ T , (7) and u_σ = 0, ∀σ ∈ E_{ext}. (8)

Note that the values u_σ for σ ∈ E_{int} are auxiliary values which may be eliminated so that (5)-(8) leads to a linear system of N equations with N unknowns, namely the (u_K )_{K∈T} , with N = card(T ).

3. Existence and estimates for the approximate solution

Let us first prove the existence of the approximate solution and an estimate on this solution. This estimate will yield convergence thanks to a compactness theorem which we recall below.

Lemma 1 (Existence and estimate) Under Assumptions 1, let T be an admissible mesh in the sense of Definition 1, and let: ζ = min_{K∈T} min_{σ∈EK} d_{K,σ} d_σ , (9)

then there exists a solution (u_K )_{K∈T} to the system of equations (5)-(8).

Furthermore, let p ∈ [1,^d_{d−1} ), and let u_T ∈ X(T ) be defined by u_T (x) = u_K for a.e. x ∈ K, and for any K ∈ T ; there exists C ∈ IR, only depending on Ω, ζ, p and μ, such that

‖u_T ‖_{1,p,T} ≤ C and ‖u_T ‖_Lp�_{(Ω)} ≤ C. (10)

Proof of Lemma 1 The existence and uniqueness to the solution of the scheme was proved in e.g. [H 95]. Let us now turn to the estimate. For θ ∈ (1, +∞), let φ be the bounded function from IR to IR defined by φ(s) = ∫_s 0 dt 1+|t|^θ . Multiplying (5)

by φ(u_K ) and summing over K ∈ T yields ∑ K∈T ∑ σ∈E_K F_{K,σ}φ(u_K ) = ∑ K∈T μ(K)φ(u_K ). By a discrete integration by part and from the fact that

φ(u_K ) − φ(u_L) = (u_K − u_L)

∫_1 0 φ^′(u_K + t(u_L − u_K ))dt, one obtains: ∑ σ∈E m(σ) d_σ a_σ(D_σ u)^2 ≤ ‖φ‖_∞μ(Ω) (11)

where a_σ =

∫_1 0 φ^′(u_K + t(u_L − u_K ))dt if σ = K|L ∈ E_{int}, and a_σ =

∫_1 0 φ^′((1 − t)u_K )dt if σ ∈ E_{ext} ∩ E_K .

Now for 1 ≤ p < 2, by Hölder’s inequality and from (11) ‖u_T ‖^p_{1,p,T} ≤ (‖φ‖_∞μ(Ω))^{p2} (∑ σ∈E d_σm(σ)a^− p 2�p σ )^2�^p_2 . Let us reorder the summation over the control volumes in the right-hand-side and remark that by definition of ζ, one has d_σ ≤^{dK,σ}_ζ . This yields the existence of C_1 ∈ IR_+ depending only on μ, Ω, θ, p and ζ, such that ‖u_T ‖^p_{1,p,T} ≤ C_1 ( 1 + ∑ K∈T m(K)|u_K|^{θp2}�^p )^2�^p_2 . (12)

Using a discrete Sobolev inequality (the proof of which is similar to the one proved in [EGH 97] or [CGH 98]), there exists C_2 ∈ IR_+ depending only on p such that: ‖u‖_p� ≤ C_2‖u_T ‖_{1,p,T} . (13) From (12) and (13), there exists C_3 ∈ IR_+ depending only on θ, p and ζ such that ‖u‖^p� ≤ C_3(1 + ‖u_T ‖^{θ2 p}_{θp2} �p ). (14)

Hence, for p <^d_{d−1} , one has^p_{2−p} < p^∗, so that one may choose θ ∈ (1, 2) such that^{θp}_{2−p} ≤ p^∗. Since p >^θ_2 p, from (14) and (12), there exists C depending only on μ, Ω, p and ζ, such that: ‖u‖_p� ≤ C and ‖u_T ‖_{1,p,T} ≤ C.

4. Convergence

Let us now show the convergence of approximate solutions obtained by the above finite volume scheme when the size of the mesh tends to 0. One uses Lemma 1 together with the Kolmogorov compactness theorem given at the end of this chapter to prove the convergence result. In order to use the Kolmogorov compactness theorem, one needs the following lemma.

Lemma 2 (Estimate on the space translates) Let Ω be an open bounded set of IR^d, d = 2 or 3. Let T be an admissible mesh and u ∈ X(T ). One defines ũ by ũ = u a.e. on Ω, and ũ = 0 a.e. on IR^d \ Ω. Then there exists C > 0, only depending on Ω, such that

‖ũ(· + η) − ũ‖^p_{Lp(IRd )} ≤ ‖u‖^p_{1,p,T} |η| ( |η| + C size(T ) )_{p−1} , ∀η ∈ IR^d. (15)

The proof of this lemma is an easy adaptation of the proof which is available in [EGH 97] of [EGH 99].

We are now able to state the convergence theorem.

Theorem 1 (Convergence) Under Assumption 1, let T be an admissible mesh. Let (u_K )_{K∈T} be the solution of the system given by equations (5)-(8). Define u_T ∈ X(T ) by u_T (x) = u_K for a.e. x ∈ K, and for any K ∈ T . Let (T_n)_{n∈IN} be a sequence of admissible meshes such that size(T_n) → 0 as n → +∞ and such that ζ = inf_{n∈IN} min_{K∈Tn} min_{σ∈EK} d_{K,σ} d_σ > 0, (16)

then there exists a subsequence of (u_{Tn} )_{n∈IN}, still denoted (u_{Tn} )_{n∈IN}, which converges in L^p(Ω) for p <^d_{d−2} to a weak solution u ∈ ∩_{1≤q<} d_d�_1 W^{1,q}_0 (Ω) of Problem (3) as size(T ) → 0.

Remark 2 In the case of the uniqueness of a solution to (3), for instance if d = 2, or if d = 3 and Ω is convex (see e.g. [G 97]), then the whole sequence (u_{Tn} )_{n∈IN} tends to the solution of (3), and therefore u_T → u in L^p(Ω) as size(T ) → 0 under the condition that there exists zeta > 0 such that ζ_T = min_{K∈T} min_{σ∈EK}^{dK,σ}_{dσ} ≥ ζ for all T .

Proof of Theorem 1 Let Y be the set of approximate solutions, that is the set of functions u_T as defined in Theorem 1 where T is an admissible mesh which satisfies (16). Thanks to Lemma 1, for any p <^d_{d−2} , there exists C_1 ∈ IR, only depending on Ω, μ, ζ_0 and p, such that ‖u_T ‖_Lp_{(Ω)} ≤ C_1 for all u_T ∈ Y . Then, thanks to Lemma 2 and to the Kolmogorov compactness result (see e.g. [EGH 99] or [EGH 97] for the case p = 2), the set Y is relatively compact in L^p(Ω). Now by Lemma 1, we know that for any q ∈ [1,^d_{d−1} ), there exists C_2 ∈ IR, only depending on Ω, μ, ζ_0 and q, such that ‖u_T ‖_{1,q,T} ≤ C_2. Hence, adapting a result of [EGH 97], one may show that any possible limit (in L^p(Ω)) of a sequence (u_{Tn} )_{n∈IN} ⊂ Y (such that size(T_n) → 0) belongs to W^{1,q}_0 (Ω). Therefore, there remains to prove that if (u_{Tn} )_{n∈IN} ⊂ Y converges towards some u ∈ W^{1,q}_0 (Ω) in L^p(Ω) and size(T_n) → 0 (as n → ∞), then u is a solution to (3). We prove this result below, omiting the index n, that is assuming u_T → u in L^p(Ω) as size(T ) → 0.

Let ψ ∈ C^∞_c (Ω) and let size(T ) be small enough so that ψ(x) = 0 if x ∈ K and K ∈ T is such that ∂K ∩ ∂Ω ≠ ∅. Multiplying (5) by ψ(x_K ), and summing the result over K ∈ T yields ∑ K∈T ∑ L∈N (K) τ_{K|L}(u_K − u_L)ψ(x_K ) = ∑ K∈T μ(K)ψ(x_K ) (17)

Since the set {K, K ∈ T } is a partition of Ω, ∑ K∈T μ(K)ψ(x_K ) = ∫ Ω ψ_T (x)dμ(x), where ψ_T is defined from Ω to IR by ψ_T (x) = ψ(x_K ) for x ∈ K; since ψ ∈ C^∞_c (Ω), by the Lebesgue dominated convergence theorem, one has: ∫ Ω ψ_T (x)dμ(x) → ∫ Ω ψ(x)dμ(x) as size(T ) → 0.

Now, using the same technique as in the variational framework (see [EGH 97] or [EGH 99]), one has: ∑ K∈T ∑ L∈N (K) τ_{K|L}(u_K − u_L)ψ(x_K ) → − ∫ uΔψ as size(T ) → 0.

Hence, letting size(T ) → 0 in (17) yields that u ∈ ∩_{p∈[1,} d_d�_{1 )}W^{1,p}_0 (Ω) satis- fies − ∫ Ω u(x)Δψ(x)dx = ∫ Ω ψ(x)dμ(x), ∀ψ ∈ C^∞_c (Ω), which, in turn, yields (3) thanks to the fact that u ∈ W^{1,p}_0 (Ω), and to the density of C^∞_c (Ω) in W^{1,q}_0 (Ω).

This proves that u_T → u in L^p(Ω) as size(T ) → 0, where u is a solution (in ∩_{p∈[1,} d_d�_{1 )}W^{1,p}_0 (Ω)) to (3) and concludes the proof of Theorem 1.

References

[BG 89] Boccardo L. and T. Gallouët, Nonlinear elliptic and parabolic equations involving measure data. J. Funct. Anal., 87, 1, , 149-169, 1989.

[BGV 93] Boccardo L., T. Gallouët, J.L. Vazquez, nonlinear elliptic equations in R^n without growth restrictions on the data, Journal of Differential Equations, Vol. 105, 2, 334-363, 1993.

[CGH 98] Coudière Y., T. Gallouët and R. Herbin , Discrete Sobolev inequalities and L^p error estimates for approximate finite volume solutions of convection diffusion equations, Prépublication 98-13 du LATP, Marseille, submitted.

[G 97] Gallouët T, Problèmes elliptiques et paraboliques non linéaires, Cours de DEA de l’ENS Lyon, 1997.

[EGH 97] Eymard R., T. Gallouët and R. Herbin , The finite volume method, Prépublication 97-19 du LATP, Marseille, to appear in Handbook of Numerical Analysis, P.G. Ciarlet and J.L. Lions eds.

[EGH 99] Eymard R., T. Gallouët and R. Herbin , Convergence of a finite volume scheme for semilinear convection diffusion equations, Numer. Math., 82, 91-116, 1999.

[FH 94] Fiard, J.M., R. Herbin (1994), Comparison between finite volume finite element methods for the numerical simulation of an elliptic problem arising in electrochemical engineering, Comput. Meth. Appl. Mech. Engin., 115, 315-338.

[GHV 99] T. Gallouët and R. Herbin M.H. Vignal, Error estimates for the approximate finite volume solution of convection diffusion equations with Dirichlet, Neumann or Fourier boundary conditions, Prépublication 99-05 du LATP, Marseille, submitted.

[H 95] Herbin R. (1995), An error estimate for a finite volume scheme for a diffusion-convection problem on a triangular mesh, Num. Meth. P.D.E. 11, 165-173.