A naïve Riemann solver to compute a non-conservative hyperbolic system

Thierry Buffard, Thierry Gallouët, Jean-Marc Hérard

Abstract. An approximate Riemann solver is presented in this contribution,

which enables to compute shock waves in compressible flows using one or two-equation turbulence model.

1. Introduction

Among the numerous turbulence models, the (one- or two-equation) K − ϵ closed models, are widely used, in spite of their drawbacks, for industrial applications, mainly in the case of incompressible flows. When focusing on compressible turbulence, they have not been studied very much (except in [5], [18], [11]). We focus here on the numerical approximation of the simplest one, which only contains one (non conservative) equation ; this one governs the motion of the turbulent kinetic energy K =< ρ u^{′′}_i u^{′′}_i > using Favre’s averaging formalism.

The numerical approach is based on a new approximate Riemann solver proposed recently in [12] in order to solve complex hyperbolic systems in conservative form. This approach was investigated in detail in [17], and a slightly modified version of the scheme was suggested in [3], and used in [4] and [7] in order to compute some single-phase or two-phase flows. One may wonder now whether this approach applies to hyperbolic systems in non conservative form, and this is the main objective of the present contribution. We examine the capability of the proposed scheme to provide as stable results as those obtained using a Godunov-type solver ([11]), and compare efficiencies.

2. Governing equations

Before we introduce the approximate Riemann solver which is used to compute turbulent compressible flows with shocks, we first recall some basic results connected with a simple one equation closure. The set of equations (see [1]) is obtained using Favre’s averaging process ([10]):

ρ_{,t} + (ρ U_j )_{,j} = 0 (ρ U_i)_{,t} + (ρ U_iU_j)_{,j} + (P δ_{ij} + Σ^v_{ij})_{,j} + (R_{ij})_{,j} = 0 E_{,t} + (U_j (E + P ))_{,j} + (U_k (R_{kj} + Σ^v_{kj}))_{,j} = (σ_K (^K_ρ )_{,j} )_{,j} + (σ_E (^P_ρ )_{,j} )_{,j} K_{,t} + (K U_j)_{,j} − (σ_K (^K_ρ )_{,j})_{,j} = −R_{jk} U_{j,k} − ϵ (1)

with:

R_{ij} =^2_3 K δ_{ij} − μ_t(U_{i,j} + U_{j,i} −^2_3 U_{l,l} δ_{ij}) Σ^v_{ij} = −μ(U_{i,j} + U_{j,i} −^2_3 U_{l,l} δ_{ij}) (2) Moreover, it is assumed that the perfect gas state law holds ; hence: P = (γ − 1)(E − ρ U_j U_j 2 − K) (3)

Admissible states are such as: ρ(x, t) ≥ 0 ; P (x, t) ≥ 0 ; K(x, t) ≥ 0 (4) Here, ρ stands for the mean density, U is the mean velocity, E denotes the mean total energy and P is the mean pressure. The Reynolds stress tensor is R, and K is the turbulent kinetic energy (K = trace(R)/2) ; γ is the constant ratio of specific heats ; μ is the molecular viscosity. It is assumed that σ_E , σ_K and μ_t are positive bounded functions. The mechanical dissipation ϵ is given through an algebraic relation (see [1]).

We now consider the following entropy-consistent fractional step method which requires solving successively: Step 1:

ρ_{,t} + (ρ U_j )_{,j} = 0 (ρ U_i)_{,t} + (ρ U_iU_j )_{,j} + P_{,i} +^2_3 K_{,i} = −(Σ^v_{ij} )_{,j} E_{,t} + (U_j (E + P +^2_3 K))_{,j} = −(U_k Σ^v_{kj})_{,j} K_{,t} + (K U_j )_{,j} +^2_3 K U_{j,j} = 0 (5)

Step 2: ρ_{,t} = 0 (ρ U_i)_{,t} = −(Σ^t_{ij} )_{,j} E_{,t} = −(U_k Σ^t_{kj})_{,j} + (σ_K (K/ρ)_{,j} )_{,j} + (σ_E (P/ρ)_{,j} )_{,j} K_{,t} = −ϵ + (σ_K (^K_ρ )_{,j})_{,j} −^1_2 Σ^t_{kj} (U_{k,j} + U_{j,k}) (6)

noting: Σ^t_{kj} = −μ_t(U_{k,j} + U_{j,k} −^2_3 U_{l,l} δ_{kj}).

3. Recalling some basic results In a 2D framework, we introduce the “conservative” state variable: Z^t = (ρ, ρ U, ρ V, E, K). Given some vector n in IR^2 with unit norm, we also introduce: U_n = U.n We know ([11], [16]) that we may derive an entropy inequality for viscous solutions of (1)(2)(3), using the following entropy-entropy flux pair: η = −ρ ln(P ρ^{−γ} ) F^{nv}_η (Z) = U η.

If n is normal to the shock which speed is σ, the entropy inequality: −σ [η] + [F^{nv}_η .n] ≤ 0, (7) where [.] represents the jump through the discontinuity, enables to connect states through genuinely non linear fields in a physically meaningful way, when neglecting viscous effects and investigating the one-dimensional Riemann problem. Actually ([11]), the non viscous non conservative first-order differential system (namely the left hand side of step 1):

Z_{,t} + 2∑ i=1 (F_i(Z))_{,i} + 2∑ i=1 A^{nc}_i (Z) Z_{,i} = 0 (8)

is a non strictly hyperbolic system, whose eigenvalues are: λ_1 = U_n − c_1 ; λ_2 = λ_3 = λ_4 = U_n ; λ_5 = U_n + c_1, setting: c_1 = ( γ P ρ + 10 9 K ρ )_{1/2} . The 1-wave and the 5-wave are genuinely non linear. If we restrict to sufficiently weak shocks and connect states (1/ρ, U, V, P, K) across some discontinuity travelling in the x-direction with a linear path (see [6], [8], [14], [15]), we get the following approximate jump conditions: −σ [ρ] + [ρ U ] = 0 −σ [ρ U ] + [ρ U^2 + 2 K/3 + P ] = 0 −σ [ρ V ] + [ρ U V ] = 0 −σ [E] + [U (E + 2 K/3 + P )] = 0 −σ [K] + [U K] + 2/3 K̄ [U ] = 0

(9)

where σ stands for the speed of the travelling discontinuity, and if L and R subscripts refer to the left and right hand side of the discontinuity, we have noted: [ϕ] = ϕ_R − ϕ_L, ϕ̄ = (ϕ_L + ϕ_R)/2.

Obviously, when the turbulence is set to zero, (9) identifies with exact jump conditions for Gas Dynamics. It may then be proved ([11]) that the 1D-Riemann problem associated with (8) and approximate jump conditions (9) has a unique entropy-consistent solution, provided that the following condition on the data on each side of the initial discontinuity holds U_R − U_L < X_L + X_R setting

X_i = ∫_{ρi} 0 1 ρ ( γP_i ρ_i ( ρ ρ_i )^{γ−1} + 10 9 K_i ρ_i ( ρ ρ_i )^{2/3} )_{1/2} dρ, i = L or R. In addition, the approximate solution is in agreement with (4). Based on the latter results, a Godunov-type scheme was previously proposed, which unfortunately requires solving two non linear scalar equations with two unknowns, and the whole results in a rather expensive solver. The main objective here is to derive an approximate Godunov scheme which does not have this drawback.

4. An approximate Riemann solver Restricting to the two dimensional frame, we present below an extension ([3], [4]) of the approximate Godunov solver which was recently proposed in [12] and [17]. We introduce B_1(Z) and B_2(Z) :

B_1(Z) = dF_1 dZ (Z) + A^{nc}_1 (Z) ; B_2(Z) = dF_2 dZ (Z) + A^{nc}_2 (Z)

noting:

F_1(Z) = ρ U ρ U^2 + 2 K/3 + P ρ U V U (E + 2 K/3 + P ) U K , F_2(Z) = ρ V ρ U V ρ V^2 + 2 K/3 + P V (E + 2 K/3 + P ) V K (10)

We introduce the (explicit) scheme:

|Ω_i|(Z^{n+1}_i − Z^n_i ) + Δt ∑ j∈V (i) Γ_{ij} (_2 ∑ k=1 n_k F_k(Z(Y^∗)) ) ij + Δt ∫ Ωi S(Z(Y^∗)) dΩ = 0

where: ∫ Ωi S^t(Z(Y^∗)) dΩ = (0, 0, 0, 0, 2 3 K̂_i ∑ j∈V (i) Γ_{ij}(U^∗.n)_{ij})

K̂_i = ∑ j∈V (i) K^∗_{ij} / card(V (i)) Δt is a constant time step, V (i) refers to the neighbouring cells of Ω_i, and n stands for the outward (from Ω_i to Ω_j ) normal vector of the interface (which length is

Γ_{ij}) between cells Ω_i and Ω_j . Approximate starred values of states at interface are obtained as follows. Owing to the invariance under frame rotation, and neglecting as usual transverse variations, we may examine the Riemann problem associated with the one-dimensional hyperbolic system in the x-direction in the following fully non conservative form: Z_{,t} + B_1(Z) Z_{,x} = 0

Restricting to regular solutions, we introduce the following change of variables Z → Y(Z): Y^t = (τ, U, V, P, K) (see also [4], [9], [20]), where τ = 1/ρ. Thus comes:

Y_{,t} + (Z_Y(Y))^{−1} B_1(Z(Y)) Z_Y(Y) Y_{,x} = 0 or: Y_{,t} + C_1(Y) Y_{,x} = 0 (11)

with:

Y = τ U V P K C_1(Y) =

U −τ 0 0 0 0 U 0 τ 2τ /3 0 0 U 0 0 0 γP 0 U 0 0 5K/3 0 0 U

(12)

The Riemann problem associated with the one-dimensional non linear hyperbolic system (11)(12) and initial conditions:

Y(x, t = 0) = { Y_L = Y(Z_L) if x < 0 Y_R = Y(Z_R) if x > 0

(13)

is linearized as follows:

Y_{,t} + C_1(Ȳ) Y_{,x} = 0 (14)

where:

Ȳ = (Y_R + Y_L)/2.

System (14)(12) contains three distinct linearly degenerated fields, and its solution only requires computing five real coefficients noted ᾱ_i (for: i=1 to 5), setting:

Y_R − Y_L = 5∑ i=1 ᾱ_i r̄_i (15)

where {r̄_i} represent the basis of right eigenvectors of the matrix C_1(Ȳ). Intermediate states are then uniquely defined, and hence the state Y^∗ at the initial location of the data discontinuity. The above mentionned approximate Riemann solver has the following properties:

Remark 4.1. Numerical intermediate states (indexed 1 and 4) are in agreement with the solution of the Riemann problem since: U_1 = U_4 P_1 +^2_3 K_1 = P_4 +^2_3 K_4

(16)

Proof. The right eigenvectors of C_1(Ȳ) associated with the eigenvalue λ_2 = λ_3 = λ_4 = Ū are:

r̄_2 = 1 0 0 0 0 , r̄_3 = 0 0 1 0 0 , r̄_4 = 0 0 0 −2/3 1 Hence, the jump between the two intermediate states is given by:

Y_4 − Y_1 = ᾱ_2 0 ᾱ_3 −2ᾱ_4/3 ᾱ_4

We obtain (16) by considering on one hand the second equation, and on the other hand, the two last equations.

The expression of vectors or coefficients which occur in the numerical scheme for solving linearized problem (14)(12)(13) is:

r̄_1 = τ̄ c̃_1 0 −γP̄ −5K̄/3 , r̄_5 = τ̄ −c̃_1 0 −γP̄ −5K̄/3 ᾱ_1 = 1 2 c̃_1 ( [U ] − τ̄ c̃_1

[P + 2 3 K] ) , ᾱ_5 = 1 2 c̃_1 ( −[U ] − τ̄ c̃_1

[P + 2 3 K] )

where: c̃_1^2 = τ̄ (γP̄ +^{10}_9 K̄).

Remark 4.2. Consider one travelling (single) discontinuity. Then, approximate jump conditions (9), associated with the non linear system are equivalent to those, associated with the linear hyperbolic system (14), i.e.: −σ [Y] + C_1(Ȳ) [Y] = 0

The proof is similar to the one presented in [4] in the case of Euler system. Let’s note that even for zero turbulence, this is not consistency with the integral form of the conservation law.

Remark 4.3. This scheme obviously requires an entropy correction at sonic points in rarefaction waves.

Remark 4.4. When focusing on the Riemann problem associated with:

[U ] = [P + 2 K/3] = 0, (17)

present scheme identifies with Godunov scheme.

Proof. Under condition (17), we have ᾱ_1 = ᾱ_5 = 0, hence Y_1 = Y_L and Y_4 = Y_R.

Assuming that U = U_L = U_R > 0 provides Y^∗ = Y_L. We deduce:

F(Z(Y^∗)) = F(Z_L).

In particular, we have also U^∗ = U , and so: ∫ Ωi S^t(Z(Y^∗)) dΩ = (0, 0, 0, 0, 0).

5. Numerical results

When focusing on conservative hyperbolic systems, it has been underlined in [3], [7], [12], [17] that the behaviour of Godunov scheme and scheme proposed in [12] are quite similar. In particular, restricting to isentropic or non isentropic Euler equations, the measured rates of convergence for all variables are similar for both schemes.

The present numerical scheme has been applicated on several test cases, in particular on the computation of Riemann problems with: two rarefaction waves, two shock waves, one rarefaction wave and one shock wave. Only this last configuration is presented here for which initial conditions are given by: test 1 :

(ρ_L, u_L, P_L, K_L) = (1, 0, 5.10^5, 5000) (ρ_R, u_R, P_R, K_R) = (0.125, 0, 10^4, 100) test 2 :

(ρ_L, u_L, P_L, K_L) = (1, 0, 10^5, 100) (ρ_R, u_R, P_R, K_R) = (0.125, 0, 10^4, 1000) and γ is fixed to 1.4. The first turbulent shock tube experiment presents a supersonic zone, whereas the second remains everywhere subsonic. In both cases, the initial turbulent Mach numbers (namely the square root of the ratio K/P ) are rather small.

Regular one dimensional meshes have been used. Several profiles corresponding to test 1 (resp. test 2) are plotted in figure 1 (resp. figure 3) in the case of a mesh containing 20000 points. It is emphasized that the preservation of Riemann invariants U and P + 2K/3 through the contact discontinuity is good, even of much coarser grids. Also, Riemann invariants of the 1-wave, namely P ρ^{−γ} and K ρ^{−5/3}, are rather well predicted (see profiles on figure 2 in the case of test 1). Let’s note on figure 3 that the values of P are different on both sides of the contact discontinuity.

8 Thierry Buffard, Thierry Gallouët, Jean-Marc Hérard

6. Conclusion

Present scheme is based on an initial proposition to compute conservative systems (Euler equations with real gas state law). Its stability actually enables to perform computations of strong rarefaction waves, contact discontinuities and shocks, even when the ratio K/P is not negligible, which is much useful for industrial purposes. It is obviously much cheaper than the basic Godunov scheme introduced in [11]. Obviously, derivation of meaningful approximate jump conditions still requires more works (see [2]).

References [1] B.S. Baldwin, T.J. Barth, A one equation turbulence transport model for high Reynolds number wall-bounded flows, NASA TM 102847 (1990).

[2] C. Berthon, F. Coquel, Travelling wave solutions of a convective-diffusive system with first and second order terms in nonconservative form, Seventh Int. Conf. on hyperbolic problems, ETH Zürich, February 9–13, 1998.

[3] T. Buffard, T. Gallouët, J.M. Hérard, Schéma VFRoe en variables caractéristiques: principe de base et application aux gaz réels, Internal Report EDF-DER HE-41/96/041/A, in french, (1996).

[4] T. Buffard, T. Gallouët, J.M. Hérard, A sequel to a rough Godunov scheme: application to real gases, Internal Report EDF-DER HE-41/97/053/A, (1997).

[5] B. Cardot, B. Coron, B. Mohammadi, O. Pironneau, Simulation of turbulence with the k � ffl model, Comput. Methods Appl. Mech. Eng., 87 (1991), 103–116.

[6] J.F. Colombeau, Multiplication of distributions, Springer-Verlag, (1992). [7] L. Combe, Simulation numérique d’écoulements gaz-particules sur maillage non structuré, PhD Thesis, I.N.P. Toulouse, (1997).

[8] G. Dal Maso, P.G. Le Floch, F. Murat, Definition and weak stability of non conservative products, J. Math. Pures Appl. 74 (1995), 483–548.

[9] F. De Vuyst, Schémas non conservatifs et schémas cinétiques pour la simulation numérique d’écoulements hypersoniques non visqueux en déséquilibre thermochimique, PhD Thesis, univ. P. et M. Curie, (1994).

[10] A. Favre, Equations des gaz turbulents compressibles, Jour. Mec. 4 (1965), 391–421. [11] A. Forestier, J.M. Hérard, X. Louis, A Godunov type solver to compute turbulent compressible flows, C. R. Ac. Sc. Paris, Série I 324 (1997), 919–926.

[12] T. Gallouët, J.M. Masella, A rough Godunov scheme, C. R. Ac. Sc. Paris, Série I 323 (1996), 77–84.

[13] S.K. Godunov, A difference method for numerical calculation of discontinuous equations of hydrodynamics, Math. Sb. 47 (1959), 217–300.

[14] P.G. Le Floch, Entropy weak solutions to non linear hyperbolic systems in non conservative form, Comm. in Part. Diff. Eq. 13(6) (1988), 669–727.

[15] P.G. Le Floch, T.P. Liu, Existence theory for non linear hyperbolic systems in non conservative form, CMAP report 254 (1992).

[16] X. Louis, , PhD Thesis, univ. P. et M. Curie (1995).

[17] J.M. Masella, Quelques méthodes numériques pour les écoulements diphasiques bifluide en conduites pétrolières, PhD Thesis, univ. P. et M. Curie (1997).

[18] B. Mohammadi, O. Pironneau, Analysis of the k �ffl turbulence model, Masson-Wiley (1994).

[19] L. Sainsaulieu, , Thèse d’habilitation, univ. P. et M. Curie (1995). [20] D.M. Salas, A. Iollo, Entropy jump across an inviscid shock wave, Theo. Comp. Fluid Dynamics 8 (1996), 365–375.

Figure 1. Profiles for a supersonic turbulent shock tube test.

L.M.A., Université Blaise Pascal, 63177 Aubière cedex, France E-mail address: buffard@ucfma.univ-bpclermont.fr

C.M.I., Université de Provence, 39, rue Joliot Curie 13453 Marseille cedex 13, France E-mail address: Thierry.GALLOUET@umpa.ens-lyon.fr

EDF-DER-Département Laboratoire National d’Hydraulique, 6,quai Watier 78400 Chatou cedex, France E-mail address: Jean-Marc.Herard@der.edfgdf.fr

(a) (b)

Figure 2. Profiles of 1-Riemann invariants for a supersonic turbulent shock tube test: (a) P ρ^{−γ} , (b) K ρ^{−5/3} .

Figure 3. Profiles for a subsonic turbulent shock tube test.