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1. Introduction

A classical theorem by Guido Stampacchia states that, if A(x) = (a;j(x)) is an elliptic
bounded measurable matrix, there exists a solution (obtained by duality) u € I/VO1 (),
for every q < %, of the Dirichlet problem

—div (A(z) Vu) = p in Q,
u=0 on 0f),

(1.1)

where p is a bounded measure, and 2 is a bounded open subset of RY.
Of course, the Stampacchia method is restricted to a linear setting. For example, consider

the Dirichlet problem for the so-called p-laplacian (2 — % <p<N)

{ —div (|VuP~2Vu) = p  in Q, (12)

u=0>0 on 0.

Then the duality method cannot be used. Moreover the solutions of (1.2) are not, in
general, critical points of the convex functional

/|Vv|p dx—/vdu.
Q Q

For instance, the minimum can be —co. We proved by approximation the existence of
solutions u € VVO1 1(Q),q < N]S,pjll) of nonlinear Dirichlet problems when the right hand

side is a bounded measure.
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We begin stating the hypotheses that will hold throughout the paper.

Let Q be a bounded, open subset of ]RN, N > 2. Let p be a real number such that
1<p<N.

Let a: Q x RY — RY be a Carathéodory function such that the following holds:
a(x7§) 5 > P1 |§|p7 (13)

for almost every z € Q, for every & € R, where p; is a positive constant;
la(z, ) < Ax) + p2 [€[77, (1.4)

for almost every = € €, for every £ € R, where p2 is a positive constant, and A belongs
to LP (Q):

for almost every z € Q, for every & and n in R, with & # 7.
Let us define the differential operator

A(u) = —div (a(z, Vu)) .

Thanks to (1.3), (1.4) and (1.5), A is a monotone and coercive differential operator acting

between Wol’p(Q) and W’l’p/(Q); hence, it is surjective.
We look for weak solutions, i.e., for functions u such that

ue Wyt (),
(1.6)
/ a(z,Vu) - Vodr = / vp, Yo e CiP (),
Q Q

We recall the following results (see [1] or [2]).

Theorem 1.1.

There ezists a solution u of (1.6), and u € Wol’q(Q), for every q < Ne-1) _

N—1 _ 4o-

Remark 1.2. Ifp > N, thenp € W*Lp/(Q), and the existence theorem is a consequence
of the classical theorems on the surjectivity of monotone operators.

Remark 1.3.  We observe that g, > 1 if and only if p > 2 — %

Remark 1.4. If g is the Dirac mass, and (2 is a ball, we can check that the result of
Theorem 1.1 is optimal.

If 1 has a density f with respect to the Lebesgue measure, and f € L!(€2), we recall the
following results.

Theorem 1.5. Iffe L™(Q),1<m< NpJ_V;)JrN = (p*)’, then u € Wol’(p_l)m*(Q).

Remark 1.6. If m = (p*)', then L™(Q) € W=1P(Q), and WPV (Q) = WP (Q).
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Remark 1.7. If m tends to 1, we cannot deduce Theorem 1.1 from Theorem 1.5 (see
Remark 1.4, and the counterexample in Section 2 of [3]). In order to obtain a solution in

VVO1 ’qO(Q), a sufficient condition is given by the following theorem.

Theorem 1.8. If [, |f| log(1+ |f]) dz < oo, then there exists a solution u € Wol’qo(Q).
That is there exists a function u such that

ue Wyt (),

(1.7)
/ a(zx,Vu) - Vodr = / fodz, Yv e Ci°(Q),
Q Q

We point out that if m € (1, (p*)) then, roughly speaking, the function “m — summability
of (u,|Vul)” is increasing. On the other hand, if m > (p*)
summability of «” is increasing .

Other results concerning existence, uniqueness, regularity and generalizations can be
found in the papers quoted in the references.

, only the function “m —

2. Regularity results

In this section we present an improvement of the summability of the solution u of the
Dirichlet problem (1.6).

Theorem 2.1.  The solution u of (1.6) given by Theorem 1.1 is such that, for every

8> 5t
o2 + P < X1 1)
1Vl

Proof. Let {fi} be a sequence of smooth functions converging to p in the sense of the
measures. Consider the approximate problems

{ —div (a(z, Vug)) = fr in Q,
up =0 on 02,

(2.3)

that have a unique solution wu;, € Wol’p(Q). Define, for g > 1% and for s € R,

s
§)=—""—
V) = e+ ol
and, for n € IN,
( 0 if 0 <s<n,

s—n ifn<s<n+l1,

1 ifs>n+1,

L —pn(—s) if s <O0.
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The use of ¢, (uy) as test function in (2.3), and the boundedness of {5} in L1(9), imply
that

/ |Vug|P de < e, (2.4)

n

where
B,={zeQ:n<|ug| <n+1}

(observe that B, is the set in Q where the derivative of ¢, (uy) is different from zero).
Then, if o > 1,

/ |V |P dp — Z/ |V [P s
(2 + |ugl) log(2 + |ug|)]* (2 + |ug|) [log(2 + |ug|)]*

1
ng%@+wnmaz+mwéc”

Sobolev and Hoélder inequalities yield, setting g(ug) = (2 + |ug|) [log(2 + |ug|)]* for the
sake of simplicity,

(/wUm%w) < [ 190tueto ds = [ Va4l ds

Vu %
= [ R o gl o
p

([ 0) ([ ™ s )
< dx Y (ug) P % g(ug)? % d:c)
o g(ug) 0 g gtk

99

9% oq, _%
< ([ 1000 -+ anl)¥ og(z + [0 ar)

Now we point out that

bqy 29y

[4/(5)[77% (2 + |s]) [log(2 + |s[)]" < [log(2 + |s])]*®% % (2 + |s])%
< g (1+[(s)|0),

if gy — Bpqy < —Pqp; the previous inequality is verified if @ < G(p—1), and this explains
the bound on [ given in the statement. Thus

/ |0 (ug) | da < c5, / |V (ug,)|% d < cg .
Q Q

Then the methods of [1], [2] allow us to pass to the limit in the approximate equations,
and we can prove that there exists a solution u of (1.6) such that both (2.1) and (2.2)
hold true. 0
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