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ABSTRACT

We show existence and regularity of solutions in R”Y to nonlinear elliptic equations of
the form —div A(x, Du) + g(xz,u) = f, when f is just a locally integrable function, under
appropriate growth conditions on A and g but not on f. Roughly speaking, in the model
case —Ap(u) + [ul*"tu = f, with p > 2 — (1/N), existence of a nonnegative solution in
RY is guaranteed for every nonnegative f € Ll (R”) if and only if s > p — 1.

AMS Classification: 35J60, 35J70.

Keywords: Nonlinear elliptic equations, global existence, regularity, general data.



Introduction

Consider the nonlinear elliptic equation
(E1) —div (|DuP"2Du) + |ul*tu = f,

posed in RN, N > 1. We prove in this paper that, under the assumptions

1
(1) p>2—N:p0 and s>p—1,

for every f € LL.(RN) there exists a function u € W' (RN) such that |u|* € L\ (RN),

loc oc loc
|DulP~t € LL (RY) and (E1) holds in the sense of distributions. The important point is
that a global weak solution exists with no extra assumption on the locally integrable data
f (we will use the word global to stress the fact that the solution is defined in the whole
space, RY). Moreover, f > 0 implies that u > 0, inequalities between integrable functions

being understood almost everywhere.

Actually, our methods apply to more general equations of the form
(EZ) —leA($,DU)+g($,U) :fa

where A is a nonlinear elliptic operator with power growth in |Du| of order p —1 and quite
general dependence on z, and g(x,u) is of the same sign as v and grows in u like |ul®. A
precise statement of the assumptions on A and ¢ is given in Section 1.

As a precedent to this work, Brezis [Br| proved not only existence but also uniqueness
of such a solution for equation (E1) when p = 2. The uniqueness of solutions for this and
related elliptic equations involving the p-Laplacian operator A, (u) = div (|[Du[P~2Du) is
still an open problem (there are some recent results obtained by Bénilan [Be]). It is to be
noticed that in the general context of equation (E2) the results are new even in the case
p = 2, i.e. when we consider a linear elliptic operator with discontinuous coefficients.

As for the restrictions on the exponents, the condition p > pg is natural in the theory
of the p-Laplacian operator in the L!-framework, as was explained in [BG]. But it is not
essential and, as a matter of fact, we obtain results even for p < pg. The essential restriction
is thus s > p — 1. Indeed, we also prove that for s < p — 1 and radially symmetric f > 0,
a restriction on the growth of f as |z| — oo is necessary in order for (E1) to admit a
nonnegative radially symmetric solution. A similar growth condition was investigated by
Gallouét and Morel [GM] in the case p = 2. Observe that this condition makes the result
essential nonlinear: the case p = 2, s = 1 is excluded.

In order to state in detail our results we introduce for 1 < p < N and s > 0 the numbers

(p—1)N

N -1
3

(2) qo =



and its Sobolev conjugate
(p—1)N :

(3) =y o el

400 if p=N.

Clearly, go > p—1 and ¢¢ > 1 precisely if p > pg. Also, go = p for p = N, otherwise qg < p
and gy < N. We prove the following results

Theorem 1. Let f € LL _(RY), let p and s satisfy the conditions (1) and assume besides
that p < N. Then there exists at least a global solution u of equation (E2) which belongs
to WoU(RN) for every q € [1,q0). Consequently, u € LI (RN) for every r € [1,r).

loc loc
Furthermore, if f is nonegative, so is u.

The first ingredient of our proof consists in obtaining certain a priori local bounds: in
the case of equation (E1) we estimate the L!'-norm of |u|® and some suitable L™-norm of
|Dul in a ball Bg = Bg(0), R > 0, in terms only of R, p, s, N and the L'-norm of f in Bag;
no other information about the solution or the data is needed. When dealing with equation
(E2) the bounds depend also on the local norms of functions appearing in the structure
assumptions. The extra difficulty we face at this stage with respect to the method of [Br]
consists in obtaining explicit gradient estimates, which are not necessary in the linear case
p=2.

The proof of Theorem 1 contains another delicate step in passing to the limit in the
sequence of approximate problems; it consists in showing that the gradients Du,, of the
approximate solutions converge almost everywhere.

It is worth remarking that the spaces we obtain are optimal if we do not take into
account the special structure of the term g(x,u): they correspond to the best regularity
of solutions of Ap,(u) € Llloc. In particular, the exponents can be easily obtained from
Sobolev-type embedding formulas, which our result justifies.

When p > N the investigation is simpler since we can show that u is in fact locally
bounded. We then have

Theorem 2. Let f € LL (R™) and let s >p—1 and p > N. Then there exists at least a

loc

global solution u € L (RY) of equation (E2) which belongs to W'li’p(RN). Furthermore,

loc c
if f is nonnegative, so is u.

Observe that |Du| € Lt is the regularity one expects from variational methods, which

cannot in principle be applied when the second member f is merely integrable.

Our methods work even in cases where 1 < p < pg. Let us introduce for p > 1 and
s > 0 the number

ps
4 =
(4) N s+1

which is larger than 1 when s(p — 1) > 1 and is always less than p. Then we have
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Theorem 3. Let 1 < p < pg and s(p — 1) > 1. Then for every f € L _(RYN) there

loc
exists at least a global solution u of equation (E2) which belongs to Wli’q(RN) for every

C
q € [1,q1). Furthermore, if f is nonnegative, then so is u.

Remark that for p < 2 we have 1/(p — 1) > p — 1, hence s(p — 1) > 1 implies ¢; < s.
On the other hand, notice that if we want to define (in a weak sense) A,(u) for a function
u € Wli)’q(RN), with ¢ < ¢1, we need ¢; > p — 1. This happens precisely for s > p — 1,

which iscsatisﬁed in Theorem 3.

Another interesting theme of our investigation is the phenomenon that we will call
improved reqularity . It can be explained as follows: according to its definition, a solution
u satisfies |u| € L (RY); this fact can be exploited to obtain a better information for
| Dul, using a sort of nonlinear interpolation. Of course, this will have a sense when p < N

and s > rg, otherwise the information u € Lj,_ is irrelevant in view of the above results.
We then have

Theorem 4. Let f € LL (RY) and assume that po < p < N and s > r9. Then the

loc

solution constructed in Theorem 1 satisfies |Du| € LL _(RYN) for every q € [1,q1).

loc

We remark that s > rg is equivalent to ¢ > qo, hence the regularity improvement.
Moreover, we have ¢ — p as s — 00. No extra assumptions are made on f. It is also
interesting to notice that for s > ry the Sobolev exponent associated to ¢,

(5) ¢ =qN/(N—q),

is smaller than s, i.e. the improved regularity obtained for |Du| is compatible with the

Sobolev embedding and the fact that the best information we have on u is u € L .

Summing up, we obtain the following (p-s)-diagram

Fig. 1. Diagram



The basic a priori estimate is obtained in Section 2 and the results proved in Sections
3 and 4, while Section 5 contains the construction of the counterexample to existence if
s<p-—1.

Let us recall here a different but related result: an a priori estimate in L (RY) for
local solutions of (E1) holds for every s > p — 1 if we assume regularity on f, namely
f € L2 (RYN), as a consequence of the results of [V]. In that paper the condition s > p—1
is shown to be necessary and sufficient for such an estimate to hold.

A final Section 6 is devoted to exploit our regularity improvement technique to equation
(E2) posed in a bounded domain 2 C RY with f € L!(Q) and homogeneous Dirichlet con-
ditions. Existence and regularity for this problem has been studied in [BG]. The improved
exponents correspond to those of the unbounded case. Roughly speaking, our basic lemma
says in the case of equation (E1) that, with the definitions of pgy, g1 and rg given above,
the fact that a function u € Wl’l(RN ) satisfies

loc

Ap(u) € L () and |ul* € L1()
implies that
uEWOLT(Q) foralll<r <q if po <p < N and s > rg.

To end this introduction let us remark that similar techniques can be applied to parabolic
equations like

(6) ug — div (a(x, t, Du)) + g(z, t,u) = f,

posed in Q = {(z,t) : x € RN, 0 <t < oo}. Details of this adaptation are given in [BGV].
1. Structure assumptions
In subsequent sections we will study equations of the form

(E2) —div A(z, Du) + g(z,u) = f.

Here u(x) and f(x) are scalar functions of x € RY and Du denotes the gradient of w.
Given a function f in L{ _(R") we look for a global weak solution to (E2), i.e. a function
u € Wli)cl such that both A(x, Du) and g(x,u) are well defined in L _(RY) and (1.1) is
satisfied in D'(RY).

Both A and g have to satisfy certain structural assumptions which are modelled on
equation (E1) of previous section. More precisely, A satisfies:

(A1) A(z,¢) : RN x RY — RY is measurable in z € R" for any fixed ¢ € RY and
continuous in & € RY for a.e. x € RV.

(A2) There exist two constants p > 1 and ¢ > 0 such that for all £ and a.e. x

Az, €) - & = cl¢]P.



(A3) There exist functions b(z), locally in L’ (p’ = p/(p—1)), and d(z), locally bounded,
such that for all £ and a.e. x

Az, )] < b(x) + d(z)]€P~".

(A4) There exist a real number A > 1 and a measurable function ((z, &, n) such that for
a.e. € RV and all (¢,7) € RV x RN

(A(z, &) — A(z,n) - (E—n) =
Moreover, 3 has to satisfy

0< B(x,&n) < d@)(E] +In") + e(x) T,

for some function e € Llloc(RN ) and some number v which satisfies: 0 <y < A—1
if p<po,0<y<(A=1)g if po<p<N,0<y<(A-1)pif p>N.
Hypotheses (A1)-(A3) are classical in the study of nonlinear operators in divergence
form, see [LL], [L]. Hypothesis (A4) is more technical (see [BG]). The model example of a
function satisfying (A1)-(A4) is of course A(z, &) = |£[P72¢ (in this case (A4) is satisfied
with A=p,y=0if p>2 andwith A=2, y=2—p if 1 <p<2).

The assumptions on g are the following:

(G1) g(x,0) : RY xR — R is measurable in x € R" for any fixed ¢ € R and continuous
in o for a.e. z.

(G2) There exists s > 0 such that for all o and almost every x

g(z,0)sign (o) > [o]*.

(G3)  For all t > 0 the function

Gy(x) = sup |g(z,0)|
o] <t

is locally integrable over R".

Remark. We have formulated our growth assumptions on A and g in terms of powers
for convenience. In that sense, it is worth noticing that our results hold with minor
modifications for more general growth assumptions. Thus, condition (G2) can be replaced
by
gz, 0)sign (o) = h(o)
7



with A : R — R a continuous odd function. Then Theorem 1 is still valid if we replace the
condition s > p — 1 by the following assumptions on h: h(t)t!7? is increasing in R* and

/°° dt
5 1 < 0.
tmh(t)ﬁ

This condition does not seem to be optimal. The exact condition is probably

> dt
Fh(n) /e OO

which is weaker; this latter condition has been proved to work for equation (E1) with p = 2
in [GM].

2. Local estimates

We want to solve (E2) in R” for general f € L _(R"). Our idea is to begin by solving
(E2) in the balls Bg = {z € R, |z| < R} with suitable data f,, which approximate f. If
we obtain estimates which are independent of R and the approximation f,, we can then
pass to the limits R — oo and f,, — f to obtain a solution of the original problem. We
will assume in this section that conditions (A1)-(A4) and (G1)-(G2) hold. In fact, only a

weak version of (A4) is necessary at this stage.

To begin our program we observe the well-known fact that for any f € Lp/(B Rr) with
p' = p/(p — 1) there exists a unique u € W, *(Bg) solution of
(2.1) —div (A(x, Du)) + g(z,u) = f in D'(Bg).
Indeed one has g(x,u) € L'(Bg) and
g(z,u)vdr = / fvdzx

Br

(2.2) /BR A(z, Du) - D dw+/

Br

holds for all v € WyP(Bgr) N L>®(Bg) (see for instance [W], [BB]). For these solutions we
obtain local estimates for v and Du with convenient dependence on the data.

LEMMA 2.1. Assume that s > p—1, consider a radius R > 0 and a function f € LPI(BR)
and let 0 < 2r < R. If u € WYP(Bg) is the solution of (2.1), then we can estimate

(2.3) [l

Ls(B,) = Hg(x,u)HLl(Br) <,

where the constant C depends only on the parameters p and s, the radius r, the norm
| fllz1(B,) of the data, and the structure conditions. These latter appear through the ellip-
ticity constant c and the norms ||b||p1(p,,) and ||d||11(B,,) and |G| L1 (B,). In particular,
the estimate is independent of R. Moreover, for every m > 0 there exists C,, depending
on the same arguments plus m, such that

Dul?
2.4 _ UM <,
(24) /B (] + 1y 4=

8



Demostracin. For m > 0 we define the function ¢ = ¢, : R — R by
¢(U) :mfoa(t—kldﬁ lf 0'20
¢(o) =—¢(—0) if o0<0

Notice that |¢(o)| < fo m(t+ 1)~ "+ dt = 1. We apply identity (2.2) to our solution u
taking as test function

(2.5)

(2.6) v = O (u) 0%,
where m and « are two numbers such that
s ps
O<m< — —1, a > ,
p—1 “s—(m+1)(p-1)

(observe that a > p); 6 is a smooth function with compact support in Bs,, such that
0<f6<land #=1on B, and |Df| < 2/r.

Thanks to the structure assumptions (A2), (A3), we obtain
c / \DulP & (u)6” da + / g, )b ()0 da =
/f(b(u)eo‘ dx — a/A(a:,Du)<b(u)9°‘_1 - DO dx <
Ch +C’2/|Du|p_100‘_1dx,

with C1 = || f| L1 (B,,) + (20/7)[|b]| L1 (B,,) and Co = (2a/7)||d|| o< (B,,)- In order to estimate
the last term we use Young’s inequality

(2.7) ab < — + —-

n
which is true for every a,b > 0 and every pair of conjugate numbers n,n’ > 1. Therefore,
taking n = p’ we may write

| Du|PO>
p'(ful +1)m+t

0 (ju] + 1))

|Dul|P~1o*~t < ¢ +

1
peP~1

where ¢ can be any positive number. Choosing € < ¢p'm/(2C3) and recalling that ¢'(u) =
m(Ju| + 1)~ ") we arrive at

p
Cm/ | Dyl — 0" dx+/g(a:,u)q§(u)0a dx <
(2.9 (e

C1+Cy /(|u| +1)mHDE-Dga—p gy
9



with C3 = Cy/(peP~1) = k(p,m)c!~PCL. We designate by k(...), various constants de-
pending on numerical parameters to be specified, never on R.

The last term in (2.8) has to be transformed. Let = (m+1)(p—1). Since m < 227 —1,
one has 1 < s, and then, using again the inequality (2.7) with n = s/u, we get that for
any 0 >0

_ o S— _ ps
a—p " « S a—c=
0P (Jul + 1) < o 0% (Jul + 1) +—55u/(s—u)0 :

p

Since the exponent o — ﬁ is nonnegative we conclude that

2.9 02 (fu 4+ 1)) < ZOR gopufe 4k, ) (575 49)

In order to absorb the resulting term in |u|® into the term in the first member of (2.9)
involving g(z,u) we observe that g(z,0)¢(o) is always nonnegative. Moreover, thanks to
(G2) we have for 0 > 1 g(x,0)p(0) > |o|*¢(1) (¢(1) =1 —27""). Summing up, we get for
all u

¢(u)
2.10 ul® < g(r,u)—= + 1.
(2.10) ol < o) 57
Using this inequality in (2.9) and setting § = s¢(1)/(2°T1uC3) we transform (2.8) into

cm Du 1
(2.11) / ]u||+ 1| 0 de + 3 /g(:l:, u)p(u)0%dr < Cy,

with Cy = C1 + k(m, s,,u)rN(C’SSf“ + 1). Since both terms in the left-hand side of (2.11)
are nonnegative, the bound Cy applies to each of them. Together with (G2), (G3) and the
definitions of ¢ and 6, this gives

(2.12) / lu|®dx S/ lg(z,u)|dz < Cs,
B

I B?"

where C5 = ||G1]|11(B,) +2C4/¢(1), which gives estimate (2.3), and

|Du\p 204
2.1 dr <
(2.13) /B (Juf + 1)m+ %= ey

(Ju| + 1)1 < 1, once (2.4) holds for all

which gives (2.4) for 0 < m
small m > 0 it holds for every m > 0. #

Remark. We may write the constant C' of estimate (2.3) in the form

(2.14) C = a0l fllz(pay) + a1 lbll i (s, + a2l s, ) + 1G5, + a3,

where ag and ( are positive constants depending only on p, s, a; and a3 depend also on
r, and as depends on p, s, r and c¢. A similar expression holds for C,,, but now all the
coefficients depend also on ¢ and m and the term in ||G1|| does not appear.  #

Estimate (2.4) gives an indirect control on the gradient Du of our solutions. We can

obtain a direct estimate by means of Sobolev’s inequality.
10



LEMMA 2.2. Assume that p > 1, s > 0 and u is a function in W11 (B,.), r > 0, such
that

(2.15) / luf*de < C1,
B'r

for a some Cy, and that for all m > 0

Duf?
2.16 P e < Oy,
(2.16) /B (Tl + Tyt = €2

where Cy may depend on m. Then one has

i) If po < p < N, then for any 1 < q < qo |Du| € LU(B,) and u € LT (B,), where
q* =qN/(N — q). Observe that qf = ro.

ii) If p > N, then u is bounded in B, and |Du| € LP(B,).

In both cases the corresponding norms can be estimated in terms of C1 and Ca(m), where
m must be small enough. In case ii) we only need (2.16) to be true for some m < p — 1.

Demostracin. Part i) We assume that p € (pg, N|, so that in particular N > 1. Let
1 <q < qo (g0 € (1, N] has been defined in formula (2) of the Introduction). We choose
m such that 0 < m < my = (qo — q)%—:}l (note that mg > 0 and that mg — 0 as ¢ — qo).

Since ¢ < go < p one has, by Holder’s inequality,

bP—gq

| Dul? / g
2.17 Du|%dx < e dx)Y/P DM H55 42) 5%
o) [ 1ot (g G4 "

s ™

We have chosen mg so that m < my is equivalent to (m+ 1)17;161 < ¢*. Hence we may write
for every ¢ > 0,
q *
(Ju] + D5 < elu)?” + c(e) .

Choosing € > 0 small enough and using (2.16) we arrive at

b—gq

1 x
q q -
(2.18) /Br |Du|dz < YES (/Br |u|? dx) * + Cs.

Since ¢ < N one also has the classical Sobolev-type inequality
lu = tr|lpor B,y < | DullLas,)
where @, = (meas (B,))~! [5 udz. This implies

(2.19) ull Lo (B,) < (/ |Du|?dz)"/? + (meas B,)Y? |a,| .
B,
11



Now, by (2.15), we have when s > 1

| < m;(B)/ Jul d < .
while for 0 < s < 1
il < ey L WP O < o[ )
with n = g::i >1and 3= % < 1, so that fn = s and (1 — 8)n’ = ¢*. In both cases, one
has
(2:20) @] < Collull e (5,55

for some 0 <6 < 1. (2.18) , (2.19) and (2.20) yield
]_ q* p—qg (S
(2.21) lull 2o (5,) = 5 : u® dx) 7 + Crllul| 7,y + Cs-
Since § < 1 and 27f < q% if p<N, 1= qi* if p= N, (2.21) implies that |[ul| s (p,) <
Co. It then follows from (2.18) that ||Dul|zq(p,) < C1o. This ends Part i).

Part ii) We now choose m such that 0 < m < p— 1. Let ¢(u) = (Ju| + 1)” 7. Then

Dg(w) = L= = DIDu]
plul + 1)

The bound (2.16) is equivalent to D¢(u) € LP(B,). Since p > N we obtain Lipschitz
continuity of ¢(u) in B,.. Using (2.15) we then obtain an L*°-bound for ¢(u), and therefore
for u, in B,. The bound for ||Du|| follows then immediately from (2.16). This proves part
ii) of Lemma 2.2. #

The regularity of u can be improved when s is very large by using in a more essential
way the estimate |u|®* € L!(B,.). This is a kind of interpolation result.

LEMMA 2.3. Under the above hypotheses (2.15), (2.16), if moroever s(p — 1) > 1, then
|Du| € L1(B,) for any 1 < q < q1. The norm ||Du||p« depends on Cy and Cy(m)with m
small enough.

Proof. Let 1 <q<q1 = We choose

s(b—a) | _ ((h—CI)(S

q q
12
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We have mq > 0 since ¢ < g1 and m; — 0 as ¢ — ¢1. Since ¢ < q1 < p we can write

| Du|P m+1
(uf + 1yrer + Ol

(2.22) |Dul? <

Now, m < m; implies that (m + 1) % < s, and we deduce from (2.15), (2.16) and (2.22)
that

/ |Du|?dx < Cs. #
B,

3. Proof of Theorem 1
We assume that A and g satisfy hypotheses (A) and (G), that pg < p < N and s > p—1.
We have data f € L} _(RY). For n > 1 we set f, = inf(|f],n)sign (f), and we let

loc

u, € Wy*(B,) be the unique solution of
(3.1) —div (A(x, Duy,)) + g(z,un) = fn  in D'(B,).

Then for all v € WyP(B,) N L>®(B,)

(3.2) /B A(z, Duy,) -Dvdm+/

g(w,un)vd:v:/ favdz.
By B,

Let r > 0 and 1 < ¢ < qgo. By Section 2 (Lemmas 2.1 and 2.2) we know that for any r
with n > 2r there exist constants C; independent of n such that

(@, un)llz1(B,) < C1
1 Dul|pa(p,) < Co

unllLa (B, < Cs.
Therefore, and up to extraction of a subsequence if necessary, we may assume that

(3.3)  the sequence u,, converges to a function u weakly in W14(B,) for any 1 < ¢ < qo
and any r > 0 and u,, — u almost everywhere in R”", while

(3.4)  g(x,u,) converges to g(x,u) a.e. in RV,

Furthermore, one has
fo—f in L'(B,) for any r > 0.

In order to prove that u is a solution of (E2) two difficulties remain:
(i) Passing to the limit in the nonlinear term g(z, u,).

(ii) Passing to the limit in div (A(x, Du,,)) when A is nonlinear with respect to its second
argument.

13



In order to successfully perform both limit processes, we shall first obtain local equi-
integrability of g(x,u,) and a.e. convergence of Du,, to Du.

Let t > 0, and r > 0. We define ¢ : R — R by
o(s) =inf((s—1t)*",1), s>0
3.5
&) Lo —oeca s<o.

Let 6 be a cutoff function as in (2.6), Section 2. We take v = ¢(u,,)0 in formula (3.2) to
obtain

/ g, un)| do < / ful e+ C / (IDun P~ + b) da,
E, t+1NB, E, +NBa, E, tNBa,

where E,,; denotes the set {(z,t) : |u,(z,t)] > t}. Here and in the sequel the C; denote
different constants which do not depend on n.

Using the L?(Bsy,)-bound on |Du,| for some g € (p — 1, qo) we obtain for some § > 0,
(3.6) / lg(x, up)|de < / (If| + |b]) dz + Cy(meas (E,, ; N Ba,.))° .
En,t+lmBr En,thQ'r’

Since, due to the L'(Bs,)-bound on u,, meas (E, ;N Ba,.) — 0 as t — +oo uniformly
with respect to n, and f,b € L!(Ba,.), we deduce from (3.6) that, given & > 0 there exists
to such that for all » < n/2 and t > ¢

(3.1 [l <e
En,t«l»lmBr

and tg is independent of n.
(3.7) and (G3) give equi-integrability of g(x,u,) on B,: for all £ > 0 there exists n > 0
such that whenever a subset A C B, has measure less than 7, then [, |g(z,u,)| <e.

From this, (3.4) and Vitali’s theorem we obtain the convergence
(3.8) g(x,up) — g(z,u) in LY(B,) forallr>0.

It remains to prove a.e. convergence of Du, to Du. Let r > 0 and € > 0. We define
another function ¢ by

(3.9) { Y(s) =inf(s,e)  s>0

P(=s) =—yY(s) s>0.

Applying (3.2) both to u, and wu,, with test function v = (u, — us, )0, and with
n,m > 4r, subtracting and using (A3), we obtain (with h,, = f, — g(x, uy))

/ (A(x, Duy) — A(x, Duy,)) - (Duy — Duy,) dx < e [/ (|hn| + |Am]) dz+
{lun—um|<e}NB., B

27r

+03/ (| Dun P~ + | Duyy, [P~ + 2b) dm]
Ba,
i 14



Using (A3), the L*(B,,)-bound on f,, and g(x,u,), and the L4(Bs,)-bound on Du,, for
some q € [p—1,qp), we obtain

/ (A(z, Duy,) — A(x, Duy,)) - (Duy, — Duy,) doz < eCy.
{|un—um|<e}NB,

Applying (A4) this gives

Du,, — Du,,|*
(3.10) / | Dun = Duml™ 0,
{|un—tum|<e}NB. 5(x7DunaDum)
Now
1/
/ |Du,, — Dy, | dx < (/ ﬁ|fuz)_ ng|/\) dx) .
Unp —U I m? un) U’m
(3.11) b {un —um <230 B-

1—1

A
B, {|un—tum|>e}NB,

Recall the assumption (A4) on 3 and observe that, since 7 < (A—1)go we have a uniform
L%(B,)-bound on |Du,| for some ¢ > 525. On the other hand, the fact that u, — u in

L} (RY) implies that meas ({|u, — um| > €} N B,) — 0 as n,m — +oo. Using these

observations, we deduce from (3.10) and (3.11) that for every r > 0
(3.12) / |Du,, — Dy, |dz — 0, as  n,m — 400.
B,

This implies that, possibly after extraction of a subsequence
Du, — Du a.e. in RN,

and for any ¢q € (1, qo)

(3.13) Du,, — Du in L} (RY).
Therefore
(3.14) A(x, Du,) — A(xz,Du) in L. (RY).

(3.8) and (3.14) allow us to claim that u is a solution of (E2). Furthermore if f > 0 a.e.
on has u, > 0 a.e. for any n € N* and therefore u > 0 a.e. The proof of Theorem 1 is
complete.

4. Other existence results and improved regularity
We consider equation (E2) under the conditions (A) and (G).
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Proof of Theorem 2. Let p > N and let u,, be as in the proof of Theorem 1, namely one
has u,, € Wy (B,) and

(4.1) /B A(z, Duy) - Dv da:+/

Bn

g(x,un)vdx:/ favde,
B,

holds for all v € Wol’p(Bn) N L*>®(B,). By Lemmas 2.1 and 2.2, we have for any r > 0 such
that n > 2r,
|tnllzo(B,) < Ch, | DunllLr(s,) < Ch -

Then, and up of an extraction subsequence, we can assume that for any » > 0
(4.2)  wu, — u weakly in WHP(B,) and also a.e. in RY.

Together with (G3) and the dominated convergence theorem, this implies that
(4.3) 9(@, 1) — glw,u) in LL(RY).

We prove a.e. convergence of Du,, to Du exactly as in Theorem 1 (Notice that 15 < p,
and that the LP-bound on Du, gives an L'-bound on |Du,|P~!). Then we have u €
WiZ (RN) and

(4.4) A(x, Duy,) — A(x,Du) in Li (RY).
From (4.1), (4.3) and (4.4) we deduce that u is a solution of (E2). #
Proof of Theorem 3. We now assume that 1 < p < pg and s(p—1) > 1. We begin with the
construction of the solutions w,, as in Theorems 1 and 2. By Lemmas 2.1 and 2.3 (notice
that s > p — 1) we have for any r > 0, 1 < ¢ < ¢; and n > 2r, the estimate
| Dun||a(s,) < Co,
and then, since ¢ < s and using the L' (B, )-bound on |u, |,
tunllLa(s,) < Cs.

Then we can assume (up to extraction of a subsequence) that for every r > 0 and every
qc (15 q1)

(4.5) Up — U weakly in W9(B,.) and a.e. in RV,
and
(4.6) g(x,up) — g(z,u) a.e. in RV,

16



Furthermore, one has
(47) fn - f in Llloc(RN) -

We prove local equi-integrability of g(x, u,,) as in the proof of Theorem 1 ; we have only
to notice that p — 1 < 1 and use the L!(Ba,)-bound on |Du,|, the L!(Bs,)-bound on |u,|,
(4.7) and (G3). With (4.6), this gives

(4.8) 9(z,un) — g(z,u) in L, (RY).

We prove a.e. convergence of Du,, to Du much as in Theorem 1. We use the L!(B,
bound on |Du,|, and the fact that v/(s — 1) < 1. We then use the fact that meas ({|u,, —

)_
Um| > €}NB,) — 0 as n,m — +oo (this is due to the convergence of u,, to u in L}, (RN)),

and finally the L?(B,.)-bound on |Du,,| with 1 < ¢ < ¢1, to deduce that / | Dty — Dty | —
B,
0 as n,m — +o0o. Then one has

(4.9) A(z, Duy,) — Az, Du) in L (RY),

as a consequence of a.e. convergence of Du,, to Du and the L?(B,)-bound on A(x, Du,)
for some ¢ > 1 and any r > 0.

We then conclude that u is a solution of (E2). #

We end the section with the question of improved regularity. We assume that py < p <
N and s > ro and use the estimate of |u|® in L] _ to obtain better regularity for |Dul, as
stated in Theorem 4.

Proof of Theorem 4. It is an easy consequence of Lemma 2.3 since s > rg and p > pg
implies s > 1/(p — 1).

Let u, be as in the proof of Theorem 1. Recalling Section 3 we know that (up to
extraction of a subsequence) u,, converges to a solution u of (E2). Part iii) of Lemma 2.2
gives an LI(B,)-bound on Du,, for any g € [1,¢1) and any r > 0. We then conclude that
Du € L} (B,) for any q € [1,q1) and r > 0. This ends the proof. #

loc

5. Necessary growth condition on f if s <p—1
In this section we consider for f € LL (RY), f > 0 the model equation

loc
(5.1) ~Apu+ [ulftu=f inD'RN)

and show that when 0 < s < p—1 one needs some growth condition on f in order to obtain
existence of a nonnegative solution for (5.1). For simplicity we consider the case where f
and u are radially symmetric. In this sense the condition s > p—1 is optimal in Theorem 1.
In particular, if f is a nonnegative radially symmetric function, the sequence (u,,),, defined
in the proof of Theorem 1 is a nondecreasing sequence of radially symmetric nonnegative
funtions (we recall that u,, is the weak solution of (5.1) with Dirichlet boundary condition
un, = 0). The eventual convergence of this sequence will provide a radially symmetric
nonnegative solution of (5.1). The following proposition asserts the nonexistence of such
a solution for some f’s with fast growth as |z| - 00 if 0 < s <p—1.
17



Proposition 5.1. Letp > 1 and 0 < s < p— 1. Let f be a nonnegative and radially
symmetric function belonging to LL (RYN). Assume that (5.1) has a nonnegative radially
symmetric solution w (in the sense defined in Section 1, that is u € VVll’l(RN), |DuP~1 e

Li . (RN),u® € Ll (RN) and (5.1) is satisfied in the sense of distributions in RY ). Then

loc

there exists C1 (not depending on r) such that
; / fdo < Cyrime
— x re-s-
TN B, >~ V1 )
forallr > 1 0<s<p—1, while fors=p—1

1

— fdxgeCT, forallr>1.
N

T B,

Proof. Under the hypotheses of Proposition 5.1, we consider u and f as functions of r = | z|.

One has u € Wlf)cl (0,00). Thus w is continuous on (0, 00), a.e. differentiable and one has

u(b) —u(a) = f; u'(r)dr for any 0 < a < b < co. Equation (5.1) gives
— (| P2 PN Y 4wt N in DI (1, 00).

(Notice that |u'[P=2u'rVN =1 € LL (0,00), usr¥ =1 € L (0,00) and fr¥=1 € LL (0, 00)).
Then one has

[u[P72 N € Wi (0, 00).

Thus |v/|P~2u/rN =1 is continuous in (0, 00) and a.e. differentiable and
6:2) WP O ) = [ (7(6) - ut(e)eV o
1

for all r > 1. Setting Cy = |u/(1)|P~1, and using f > 0 this gives

1 1/p—1

(5.3) i (r) < <7«N—1 (Co+ /1 ' uS(g)gNldcr))

for all » > 1. Integrating (5.3) between 1 and r > 1, we obtain
(5.4) u(r) <u(l)+z(r) forallr>1
with

(5.5) 2(r) = /1 r[tNL_l(oﬁ /1 w* ()N Vo) 7 dt

z is a nondecreasing, continuously differentiable function on [1,00). One has z(1) = 0, and

(5.6 20 = (=@t [0 i)
18



for all » > 1. By (5.6), 2’ is a.e. differentiable on (1, 00), and with (5.4), one has
(PN )P = )N < ()N

for a.e. > 1 (with u; = u(1)) . Multiplying by 2’ (notice that z’ > 0) we deduce that

o (YT ()P < (un + 2() 7 ()

for a.e. r > 1, i.e.

N -1
r

(5.7) (p =12 ()P~ 2" (r) + (2'(r)" < (2(r) +w1)*2(r)

for a.e. 7> 1. Since &=1(2/(r))? > 0, we deduce from (5.7) that

(z(r) + uy)stH\/
s+1 >

p—1, py\/
Py <

for a.e. r > 0. The function (2")? belongs to W11(1,r) for any r > 1 (see (5.6)). We can
integrate the preceding inequality, and obtain

o s+1 s+1
P Ly -y < BT
P s+1 s+1

for all » > 1. Therefore, there exists C5 (depending on p, z/(1),uq, s, but not on ), such
that

(5.8) (2 ()P < C3(2(r))™*! + Cs

for all » > 1. We now distinguish the two cases: s <p—1and s =p— 1.
First Case: s <p—1. From (5.8) we deduce

(5.9) 2(r) < Cyro=s—1

for all » > 1. Thus by (5.4),if r > 1

(5.10) u(r) < uy + 2(r) < Cyros—t .

We set
1

U(r) = /1 " (0o ldo,  F(r) = o).

(5.2) gives for r > 1



from which we get
F(r)71 < (271 + 1)(U(r) + Co) 7T — 2774/ (r) .

Integrating between 1 and r and recalling that u(r) > 0, we obtain
/ Flo)7tdo < (277 + 1)/ (U(0) + Co) P do + 27570,
1 1

for all » > 1. With (5.10) and the definition of U, this gives

(5.11) /;(F(o*))r’llda < Cer®

with 6 = (5= + 1)13%1 + 1. From (5.11) we can deduce the conclusion of Proposition

5.1 (in the case s < p — 1). Indeed (5.11) yields, for instance,
rif—f/ (/ FON LAY de < Cgr?
1 J1
for all » > 1, and then, since o — flo f(H)tN~Ldt is nondecreasing,

T _g/ FOtN~ ldt)P1<CG7’

for all » > 2. Thus, we have

( / SO a7 < Cord

i.e.

/T feNtdt < Cgr0—Dp-1+N-1
1

forall » > 1. Since (6 —1)(p—1)+ N —-1=
s<p-—1.

p — + N, we obtain Proposition 5.1 when

Second case: s =p—1. In this case (5.8) gives
(5.12) z(r) < e, forallr>1.

Using the same method as for the case s < p — 1, we easily deduce that u(r) < e“1°", and
then

/ ftNldt < e forallr > 1.
1

This gives Proposition 5.1 in the case s=p—1. #
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In the preceding proposition we have proved the nonexistence of a nonnegative, radially
symmetric solution u of (5.1), when f is a nonnegative radially symmetric funtion, “too
rapidly” increasing as r — oo. The hypothesis of nonnegativity of w is essential for this
result. Indeed, it is well known that, for instance in the case p = 2, s = p—1 =1, the
equation —Au +u = f in D'(RY) has infinitely many solutions for any f € LL _(R™).
Our proposition shows that these solutions have changing sign when f > 0 a.e. and f is
“too rapidly” increasing as r — oo.

The hypothesis of radial symmetry of u can be eliminated when w is regular. In fact,
ifp>mp=2— % and we assume some additional regularity on w (which happens for
instance if f is regular) we prove below that the existence of a nonnegative solution u
of (5.1) (with f > 0 radially symmetric) implies the existence of a nonnegative radially
symmetric solution of (5.1). If moreover s < p — 1, we can then apply Proposition 5.1
to deduce that a growth restriction on f is necessary for existence of any nonnegative
solution. Our result is

Proposition 5.2. Letp > py, s > 0 and let f be a nonnegative radially symmetric function
belonging to Li (RN). Assume that (5.1) has a nonnegative solution u € VVI})’p(RN) with

loc c

u® € Li (RYN). Then (5.1) has a nonnegative radially symmetric solution (in the sense

defined in Section 1).

Proof. One has f > 0, f radially symmetric, f € L{ (RY). Let u € Wli)’cp(RN), u >0 a.e.,
such that u® € LL (RY), and

loc
—div (|DulP™2Du) + u* = f in D'(RY).

Then for any n € N* one has (using a density argument)

(5.13) /B |Du|p_2Du.D¢dx+/B usqbdx:/B fodx

n

for all ¢ € Wo'*(B,) N L®(B,). Let f, = inf(|f|,n)sign (f) and let u,, € Wy?(B,) be the
(unique) solution of

(5.14) —div (|Duy, [P"2Duy,) +us = f,  in D'(By).

We recall that existence and uniqueness are well known (see, for instance, [W], [BB]), and
one also has:

(5.15) up >0 a.e. in B,

(5.16) uf, € Ll (RY)

(5.17) u,, radially symmetric

(5.18) / | D,y |P~2 Du,, Dpdx + / ud pdr = / fnodz,
B, B B,

n
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for all ¢ € W)*(B,) N L(B,). Let ¢» € C*(R,R), such that v(s)
if s > 0 and ¥ and 1’ are bounded. By classical results one has ¥ (u
particular, since v > 0 and u,, = 0 on 9B,,), and DY (u,, —u) = '(

=0if s <0,9'(s) >0
n—u) € Wy P(B,) (in
Up — w)D(uy — u).

Choosing ¢ = 1(u, — u) in (5.13) and (5.18), we then obtain (notice that f,, < f)
(5.19)

/ (|Dun|P~2Du,, — | DulP~2Du)y’ (u, —u)(Du, — Du)dx +/ (uy, —u®)(uy —u)dr <0
By B,

Then, we necessarily have

(5.20) U, <u a.e. in B,.
By a similar argument we also have

(5.21) Up < Upy1 a.e. in By, .
With (5.20) and (5.21) we deduce that

(5.22) u, —v ae. in RY and in L} _

(RY).
Since 0 < u? < u®, we also have (by the Dominated Convergence Theorem)
(5.23) ul —v* in LL (RY).

Furthermore, one has v > 0 a.e. and v is radially symmetric, like u,,. It remains to prove
that v € W," 1(RN) |Dv[P~1 € LL (RY) and v is a solution of (5.1). (We have to pass to

loc

the limit in (5.18)). Firstly, we can use the LI (R”)-bound on u,, (which is due to (5.20)

and the fact u € LY (R")) in order to obtain local estimates on |Du,| by a way similar

to that of Lemma 2.1 and Lemma 2.2 of Section 2.

Indeed, let ¢ : R — R be as in Lemma 2.1 (see (2.5)) for some 0 <m < 1/(p—1). Let
r > 0 and 6 be the cutoff function of Lemma 2.1 and let v > p. If for n > 2r we replace
in (5.18) ¢ by ¢(u,) 07, we obtain

/]Dun]pdf(un)mdx+/u;¢(un)97da: <Ch+ C’g/|Dun]p_1m_1dx
(the C;’s do not depend on n). As in Lemma 2.1 we then deduce that
/| — 1)m+1 ———dr + /uf@(un)mdﬂv <Ci+ Cg/@”‘p(un + 1)mADE=1D gy

since (m+1)(p — 1) < p, v > p, we use the LP(Bs, )-estimate on u,, to deduce

| Dun|
5.24 —————dx < C
o2 J,, e iris <
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Thus, by Lemma 2.2, we deduce if pg < p < N, for any 1 < ¢ < qq,
(5.25) / | Duy, |7dx < Cs

B
while for p > N

(5.26) / | Duy |Pdz < Cs.
BT

Therefore, we have
(5.27) U, — v weakly in Wh4(B,)

for any r > 0 with any g € [1,qo) if po < p < N, and ¢ = p if p > N. Then we prove the
a.e. convergence of Dv as in Theorem 1 and 2. This gives

(5.28) |Du,|P~?Du,, — |Dv[P™2Dv in L, (RY).
With (5.28) and (5.23) we can pass to the limit in (5.18) and obtain

—div (|Dv|P72Dv) +v°* = f in D'(RY).
This proves Proposition 5.2. #

6. Problem on a Bounded Domain

Let ©Q be a bounded open set of RN, N > 1. We are interested in the following problem

—div (A(z, Du)) + g(z,u) = f in
u =0 on 0,

where f € L'(Q). The map A verifies the set of hypotheses (A1’)-(A4’) obtained from
(A1)-(A4) of Section 1 by replacing = € R by z € Q and the spaces LI, (RM), 1 <r < oo
by L"(€2). The function g verifies the set of hypotheses (G1’)-(G3’) obtained from (G1)-
(G3) in the same way (in (G3’) we assume that Gy € L'(2)). We recall that the model
example is —A,u + |[ul*"lu = f.

Existence of solutions for such a problem is proved in [BGJ:

Theorem ([BG]). Let A and g be as above, and let po =2 — (1/N) < p < N. Then for
any f € L' (Q) there exists u, solution of (6-1)-(6.2) in the following sense: u € Wy4(Q)
forany1<qg<gqo=(p— 1)%, g(z,u) € L1(Q) and

(6.3) /QA(:I;,DU)-Dvdx+/

Q

g(:z:,u)vda::/fvdfzz,
Q

for allv e Wy (Q) for some r > N.

Remarks. 1) In this existence result we only need a weaker condition than (G2’), namely

(G2) g(x,0)0 >0, for any 0 € R and a.e. z € Q.
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2) A similar existence result is true in the case p > N; then u € Wy (Q) (see [W],

[BB]). #

Here we want to improve on this existence theory by extending to problem (6.1)-(6.2)
two results proved precedently for equation (E2) in R¥, namely the improved regularity
result when py < p < N and s > rg (Theorem 4), and the existence for 1 < p < pg
when s(p — 1) > 1 (Theorem 3). Though no essential differences appear, we will explain
it in some detail for the reader’s convenience. Let us begin with the question of regularity
improvement.

Theorem 5. Let A and g satisfy hypotheses (A1’)-(A4’) and (G1’)-(G3’) respectively, and
let po <p < N and s >rg = N(p—1)/(N —p). Then for any f € L*(Q) there exists u
satisfying (6.3) and such that w € WyU(Q) for any 1 < q < q1 = ps/(s+1).

We recall that ¢; > qo since s > rg, see the Introduction.

Proof. The proof of the existence Theorem of [BG]| recalled above relies on estimates for
some approximate solutions of (6.1)-(6.2). Passing to the limit in these estimates gives the
existence of a solution u of (6.3) with the additional properties (see [BG]).

(6.4) /Q lg(z,u)|de < Cy

(6.5) / |DulPdx < Co, for all n € N,
B,

where Cy does not depend on n and B,, = {z € Q, n < |u(z)| < n+ 1}. From (6.5) we
deduce, for any m > 0,

| Du|P | Du|P
IR et Z NESVai

oo

1
< E L — o N
B 02 n=0 (n + 1)m+1 03

(6.6)

(C5 depends on m). From (6.4) and (G2’) we deduce that

(6.7) / lu|*dx < Cy.
Q

We have for any g < p

| Dul?
(ESTEERE

m+1
=

[Dul? <

If ¢ < sIf1 we can choose m > 0 such that ?TJrqlq < s; we then obtain

| Dul?

6.8 Dul! < ——F——
(0 S P
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From (6.6), (6.7) and (6.8) we deduce |Du|? € L*(2) for any 1 < ¢ < ¢;. This proves
Theorem 5. #

As in Section 4 we can use certain growth assumptions on the nonlinear term g(x,u) in
order to obtain existence results in the case 1 < p < pg. Indeed we obtain the following
theorem.

Theorem 6. Let A and g be as above and let 1 < p < pg and s(p—1) > 1. Then for any
f € LY() there exists u, solution of (6.1)-(6.2) in the following sense : u € Wy9(Q) for
any 1 <q<aq , g(z,u) € LY(Q) and

(6.9) —div(A(x, Du)) + g(z,u) = f in D' (Q).

Notice that, since s > p — 1 we have ¢ > p — 1 and then A(x, Du) is well defined in
L'()).
Proof. Let f, = inf(|f|,n)sign (f). Since f, € W12 (Q) it is known (see, for instance,
[W], [BB]), that there exists u, such that u, € Wy?(Q), g(z,u,) € L'(Q) and

(6.10) /Q A(z, Dun) Dvda + /

Q

g(x,un)vdx:/fvda;,
Q

for all v € Wy P (Q)NL>®(Q). Takingin (6.10) v = ¢ (u,) with ¢. () = inf(|o|/e, 1) sign (o),

we obtain when € — 0,

(6.11) /Q\g(x,un)ydx g/Q|fydx:cl.

Then by (G2’) we also have

(6.12) / lup |*dx < CY .
Let k € N. Taking in (6.10) v = ¢(u,,) with

{ (o) =inf((oc — k)*,1) if o>0

p(o) = —o¢(o) if o<0
we obtain
1
(6.13) / | Dy, [Pdx < —/ | fldx = Cq
By, C Ja

with By = {z € Q,k < u,(z) < k+ 1}. From (6.13), we deduce for any m > 0 (as in
Theorem 5)

| Dy, |P / | Dy, |P
_— —————dx <
[t = > [ s
A 1
<C — =
<02 Gyt O
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(with C5 depending on m, not on n). Let 1 < ¢ < ¢;. As in Lemma 2.3 we take m € (0,m1)
where m; = s(p — q)/q — 1 ( my > 0 thanks to ¢ > ¢1).

| D, |P m41 | D, |P
Du,, |4 < TN DY = Qi e B A1)
D1 < 2 o (fua + 1)F57 < I (1)
with (6.12) and (6.14) this gives
(6.15) / | Du,, |9dx < Cy
Q
Therefore (since u = 0 on 0N2)

(Cs depends on ¢, 1 < ¢ < ¢1, not on n). Then we can assume (up to extraction of a
subsequence)

(6.17) Up — U
a.e. in Wol’q(Q) for any 1 < ¢ < ¢;. Also,
(6.18) g(z,up) — g(z,u) a.e.
Using techniques similar to those of the proof of Theorem 1 (see also [BG]) we prove
(6.19) 9@, un) — g(w,u) in Lio (),
and with (6.11), (6.18) and Fatou’s Lemma,
(6.20) g(x,u) € LY(Q).

Using (A4’) we also prove the a.e. convergence of Du,, to Du. Indeed one has for € > 0,
for any n,m € N,

/ (A(x, Duy,) — A(x, Duy,))(Duy, — Dugy)dx < e/ (|hn| + |hm|)dx < eCy
{lun—um|<e} Q

with h, = f, — g(z,u,). With (A4’) this gives

| Duy, — Dy |#
dx < 806.
/{|un_um§6} ﬁ(l‘, Dun, Dum)
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Thus we have,

1

/ | Dy, — Dy, |dxe < 51/807(/ 6(x,Dun,Dum)s%1dx)1_s
Q Q

+/ |Duy, — Dy, |dex.
{|un—um|>e}

Using 25 < 1, the L9%-bound on |Du,| for some 1 < ¢ < ¢1 and the fact that meas {|u, —

Um| > €} — 0 as n,m — oo (this is due to the L*(£2) convergence of u,, to u), we conclude
that

(6.21) / |Du,, — Dy, |dz — 0 as n,m — oo.
Q

This proves (up to extraction of a subsequence) that

Du,, — Du a.e.
Thus Du,, — Du in L9(Q2) for any 1 < ¢ < q1, and therefore (since p — 1 < 1),
(6.22) A(x, Du,,) — A(x, Du) in L*(9).

(6.22), (6.19) and f,, — f in L1(Q) imply that u satisfies (6.9). This completes the proof.
i
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