A CONVERGENT FINITE ELEMENT-FINITE VOLUME
SCHEME FOR THE COMPRESSIBLE STOKES PROBLEM
PART I — THE ISOTHERMAL CASE
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ABSTRACT. In this paper, we propose a discretization for the (nonlinearized)
compressible Stokes problem with a linear equation of state p = p, based on
Crouzeix-Raviart elements. The approximation of the momentum balance is
obtained by usual finite element techniques. Since the pressure is piecewise
constant, the discrete mass balance takes the form of a finite volume scheme, in
which we introduce an upwinding of the density, together with two additional
stabilization terms. We prove a priori estimates for the discrete solution, which
yields its existence by a topological degree argument, and then the convergence
of the scheme to a solution of the continuous problem.

1. INTRODUCTION

The problem addressed in this paper is the system of the so-called barotropic
compressible Stokes equations, which reads:

(1.1a) —Au+Vp=f
(1.1b) div(pu) =0
(1.1c) p=o(p)

where p, u and p stand for the density, velocity and pressure in the flow, respec-
tively, and f is a forcing term. The function p is the equation of state used for
the modelling of the particular flow at hand, which may be the actual equation of
state of the fluid or may result from assumptions concerning the flow. Here, we
only consider the following relation, which corresponds to an isothermal flow of a
perfect gas:

(1.2) olp)=Ap

where A is a positive constant. Since the sound velocity is defined by ¢? = dp/dp,
A = Ma? /V?2, where Ma is the Mach number and V is a characteristic velocity of
the flow. This system of equations is posed over 2, a bounded domain of R¢, d < 3
supposed to be polygonal (d = 2) or polyhedral (d = 3). It is supplemented by
homogeneous boundary conditions for w, and by prescribing the total mass M of
the fluid:

(1.3) /pdzc:M
Q
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where M is a positive real number.

In this paper, we study a numerical scheme for the solution of this problem,
which combines low order finite element and finite volume techniques, and is very
close to a scheme which was proposed for the solution of barotropic Navier-Stokes
equations in [10] and further extended to two-phase flows in [11]; the resulting
code is today currently used at the french Institut de Radioprotection et de Sireté
Nucléaire (IRSN) for ”real-life” studies in the field of nuclear safety. Up to now,
stability (in the sense of conservation of the entropy) is known for these schemes,
and numerical experiments show convergence rates close to one in natural energy
norms. Our goal is now to prove their convergence. This work is the first one in
this direction, and we address here probably the simplest toy problem, restricting
ourselves to the steady case, to creeping flows (i.e. omitting the convection term in
the momentum balance equation) and to a linear equation of state. The extension
to laws where p varies linearly with p'/7, where v > 1 is a coefficient which is
specific to the considered fluid, which are typically obtained for isentropic flows
of perfect gases, is the object of a further paper (part II of the present one); the
additional difficulty posed by this further study is to prove the strong convergence
for the density, which necessitates to adapt P.L. Lions’ “effective pressure trick”
[16] at the discrete level . Finally, for the sake of simplicity, we use here a simplified
form of the diffusion term (—Aw) but it is clear from the subsequent developements
that the presented theory holds for any linear elliptic operator (and in particular
for the usual form of the viscous term for compressible constant viscosities flows).

The finite element - finite volume discretization which is chosen here is moti-
vated by the fact that we wish the approximate density to be positive, as in the
continuous model, in order to be compatible with the physics. Moreover, the proof
of convergence of a numerical approximation to (1.1) requires estimates on both
velocity and pressure or density, and the density positivity is very useful to obtain
these estimates. A classical way to ensure positivity is to use a finite volume up-
winding technique in the discretization of the term div(pu). This technique is easily
set up if the discrete velocities are located on the edges and densities and pressures
at the cell centres, which is the reason why we choose the Crouzeix-Raviart finite
elements for the velocities and cell centred finite volumes for the densities.

This paper is organized as follows. The discretization is first described (section
2), and we prove an L2 compactness result for sequences of Crouzeix-Raviart func-
tions with bounded broken H! semi-norm (section 3). Then the proposed scheme
is given (section 4), and the above-mentioned compactness result yields the conver-
gence of (sub-)sequences of discrete solutions to a limit, thanks to a priori estimates
which are given in section 5. Finally, this limit is shown to be a solution to the
continuous problem in section 6.

To our knowledge, this convergence proof is the first one for the genuine (non-
linear) compressible Stokes problem; a linearized version of this system is adressed
in previous works [12, 13, 14, 15, 1].

2. DISCRETE SPACES AND RELEVANT LEMMATA

Let 7 be a decomposition of the domain € in simplices. By £(K), we denote
the set of the edges (d = 2) or faces (d = 3) o of the element K € 7 for short,
each edge or face will be called an edge hereafter. The set of all edges of the mesh
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is denoted by &; the set of edges included in the boundary of € is denoted by Eext
and the set of internal ones (i.e. £\ Eext) is denoted by &int. The decomposition 7°
is supposed to be regular in the usual sense of the finite element literature (e.g. [3]),
and, in particular, 7 satisfies the following properties: Q = Uker K if K, LeT,
then KNL =0, KNL = () is a vertex of the mesh or K N L is a common edge of K
and L, which is denoted by K|L. For each internal edge of the mesh 0 = K|L, nk,
stands for the normal vector of ¢, oriented from K to L (so that nx, = —npk). By
|K| and |o| we denote the measure, respectively, of the element K and of the edge
o, and hg and h, stand for the diameter of K and o, respectively. We measure
the regularity of the mesh through the parameter 6 defined by:

hie
hr’
where £ stands for the diameter of the largest ball included in K. Note that the
following inequality holds:

(2.2) helo| <2 07¢|K|,VK € T, Vo € £(K).

(2.1) 0 = inf {f—K, KET}U{h—L, o=KI|L € &},
hK hK

Indeed, this relation is derived by noting that h, |o| < h% and |K| > c&% with
¢=m/4in 2D and ¢ = /6 in 3D; it will be used throughout this paper. Finally,
as usual, we denote by h the quantity maxgecr hi.

The space discretization relies on the Crouzeix-Raviart element (see [4] for the
seminal paper and, for instance, [5, p. 199-201] for a synthetic presentation). The
reference element is the unit d-simplex and the discrete functional space is the space
P, of affine polynomials. The degrees of freedom are determined by the following
set of nodal functionals:

(2.3) {F,, 0 € £(K)}, F,(v) = |a|’1/vd'y.

The mapping from the reference element to the actual one is the standard affine
mapping. Finally, the continuity of the average value of the discrete functions (i.e.,
for any function v, Fy,(v)) across each face of the mesh is required, thus the discrete
space V}, is defined as follows:

Vi= {vel?Q) :v|kgecP(K),VK¢cT; F,(v) continuous

2.4
(24) across each edge o € Ein; Fr(v) =0, Vo € Ext }-

The space of approximation for the velocity is the space W}, of vector valued func-
tions each component of which belongs to Vj,: W, = (V3,)%. The pressure is ap-
proximated by the space L;, of piecewise constant functions:

L,={qe L*(Q) : q/x = constant, VK € T} .

Since only the continuity of the integral over each edge of the mesh is imposed,
the functions of V}, are discontinuous through each edge; the discretization is thus
nonconforming in H'(Q2)%. We then define, for 1 <i < d and v € V},, Onh,iv as the
function of L2(Q) which is equal to the (piecewise constant) derivative of v with
respect to the i space variable almost everywhere. This notation allows to define
the discrete gradient, denoted by V,, for both scalar and vector valued discrete
functions and the discrete divergence of vector valued discrete functions, denoted
by divy,.
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The Crouzeix-Raviart pair of approximation spaces for the velocity and the pres-
sure is inf-sup stable, in the usual sense for ”piecewise H!” discrete velocities, i.e.
there exists ¢; > 0 independent of the mesh such that:

Z /K q divodz / q divpv de
KeT Q

Vq € Lp, sup = sup > ¢illg = gmllre o)
veW;, o]l vew, vl
where ¢y, is the mean value of ¢ over Q and | - |1, stands for the broken Sobolev

H! semi-norm, which is defined for any function v € V}, or v € W}, by:

oty = 3 [ (Voldz = [ 90 da
KeT 'K @

This broken Sobolev semi-norm is known to control the L? norm by an extended
Poincaré inequality [19, proposition 4.13], in the sense that for any function v € V},,
[vll1p < cllv[lL2(q) where the real number ¢ only depends on the computational
domain.

We also define a discrete semi-norm on Lj, similar to the usual finite volume
discrete H! semi-norm, weighted by a mesh-dependent coefficient:

o]

Vq € Lp, g7 = E (h +he)’ T (ax — qr)’.
o0€E&int, 7
o=K|L

From the definition (2.3), each velocity degree of freedom can be associated to
an element edge. Consequently, the velocity degrees of freedom are indexed by the
number of the component and the associated edge, thus the set of velocity degrees
of freedom reads:

{uo',ia (s gintv 1 < { < d}

We denote by ¢, the usual Crouzeix-Raviart shape function associated to o, i.e.

the scalar function of V}, such that F,(¢,) = 1 and Fy/(¢,) =0, Vo' € £\ {c}.

Similarly, each degree of freedom for the pressure is associated to a cell K, and
the set of pressure degrees of freedom is denoted by {px, K € T }.

Finally, we define by rj, the following interpolation operator:
Th H(Q) — Wi
(2:5) v = rRU = ZFG(U) bo = Z lo| 7! </ vdv) Do
o€ o€ i
This operator naturally extends to vector-valued functions (i.e. to perform the
interpolation from H}(Q)¢ to W},), and we keep the same notation 7y, for both the

scalar and vector case. The properties of 7, are gathered in the following lemma.
They are proven in [4].

Lemma 2.1. Let 0y > 0 and let T be a triangulation of the computational domain
Q such that 8 > 6y, where 0 is defined by (2.1). The interpolation operator ry,
enjoys the following properties:

(1) Preservation of the divergence:

Yo € HY(Q)Y, Vg € Ly, / q divy(rpv)de = / g divv de.
Q Q
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(2) Stability:

Vv € Hg(Q), [rrvllie < e1(fo) (vl (a) -
(3) Approzimation properties:
Yo € H2(Q)NH(Q), VK € T,

v = rrvllee ) + hi (Va0 = o)z < c2(fo) R vl (k) -

In both above inequalities, the notation ¢;(6y) means that the real number c¢;
only depends on 6y, and, in particular, not on the parameter h characterizing the
size of the cells; this notation will be kept throughout the paper.

The following lemma is known (e.g. [5, lemma 3.32]); we give its (elementary)
proof for the sake of completeness.

Lemma 2.2. Let 0y > 0 and let T be a triangulation of the computational domain
Q such that 6 > 0y, where 6 is defined by (2.1), and V}, be the space of Crouzeiz-
Raviart discrete functions associated to T, as defined by (2.4). Then there exists a
real number ¢(0y) such that the following bound holds for any v € Vj:

1
> o bR dr < clo) ol
ceg 7 VO
where, on any o € Ent, [v] stands for the jump of v across o and, on any o € Eoxt,
[v] = .

Proof. For any control volume K of the mesh, we denote by (Vv)k the (constant)
gradient of the restriction of v to K. With this notation, using the continuity of v
across o at the mass center x, of any internal edge and the fact that v vanishes at
the mass center ¢, of any external edge, we get:

1 1
GZ’:;E ho /(,[v]2 dy= > T /g (Vo) — (Vo)r) - (z — =5))* dy

o€€int,
oc=K|L
1
+ > o U((VU)K ( —z,))" dy
0€Eext,
ce&(K)

We thus have:

Zh_lg/[v]de <2 Z ho lo| (I(V0)k[* + |(Vv)L]?) + Z ho lo] [(Vv)k|*.

= 0€Eint, 0E€Eext,
o=K|L oceg(K)
and the result follows by regularity of the mesh. O

The proof of the following trace lemma can be found in [21, section 3].

Lemma 2.3. Let T be a given triangulation of Q and K be a control volume of T,
hi its diameter and o one of its edges. Let v be a function of HY(K). Then the
following inequality holds:

lo]

1/2
) (elaao + e 190l )

[vlL20) < (d
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We will also need the following Poincaré ineqality:
1
(26) VK € T, Yo € Hl(K), ||1} — Um,K||L2(K) < ; hi ||VU||L2(K) .

where vy g stands for the mean value of v over K. This relation is proven for any
convex domain in [18].

We are now in position to prove the following technical result.

Lemma 2.4. Let 0y > 0 and let T be a triangulation of the computational domain
Q such that 0 > 0y, where 0 is defined by (2.1); let v be a function of the Crouzeiz-
Raviart space Vi, associated to T. Then the following bound holds:

2

o€Eint

] fdwy < e(O0) [0l |l oy » VF € HA(Q).

o

Proof. Since the integral of the jump across any edge of the mesh of a function of
V}, is zero, we have, for any o € Eipnt:

Jersar= 1=

where f, is any real number. Using the Cauchy-Schwarz inequality, first in L2(o)
then in R 4€) we thus get:

> |[ulra) < 5 [/Jv]?dv]m Ua(f—fg)?dv]l/?

0€Eint 0EEint

) 1/2 1/2
< T v)*d he (f_fv)Qd‘| :
[; h(,/[,” 7] [Z / Y

o€Eint

T

By lemma 2.2, the first term of the latter product is bounded by ¢(6p) ||v||fb . For
the second one, choosing arbitrarily one adjacent simplex to each edge and applying
the above trace lemma 2.3, we get:

o]
< Y2 2 gz (I = Follauo + 19 1R )
0€Eint
(ce&(K))

Choosing for f, the mean value of f on K and using (2.6), we thus get:

> 1 o]
0€E&int
(ec€(K))

and the result follows by observing that the H! semi-norm of f on K appears at
most (d + 1) times in the summation and using the regularity of the mesh. O
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3. A COMPACTNESS RESULT

The aim of this section is to state and prove a compactness result for |- |1,
bounded sequences of discrete functions. We begin by a preliminary lemma.

Lemma 3.1. Let g > 0 and let T be a triangulation of the computational domain
Q such that 0 > 0y, where 0 is defined by (2.1); for o € &, let x» be the function
defined by:

Xo : |REXRT — {0, 1}
(z,y) = Xol(x,y) =1if [z, y]No #0, xo(x,y) =0 otherwise,

where  and y are two points of R®. Then there exists a family of positive real
numbers (dy)scs such that:
(1) for any o € €, dy = c1(00) ho,
(2) for any points x and y of RY (possibly located outside ), the following
inequality holds:

S vo(@.y) do < e2(00) (|y — 2|+ 1)
e

Proof. We first deal with the two-dimensional case and with quasi-uniform meshes
(i.e. the bound we first prove blows up when maxxe7(h/hk) tends to infinity).

Let 7 be a triangulation of a two-dimensional domain €2, K a triangular cell
of 7 and o an edge of K. Without loss of generality, we suppose that o is the
segment (0, hy) X 0 and we denote by i the diameter of the largest ball included
in K and by hgx the diameter of K. We denote by z, the opposite vertex to o;
the first coordinate of z, is necessarily lower than hx while its second coordinate
is necessarily greater than £k (in the opposite case, no ball of diameter £x would
be included in K). It thus follows (see figure 1):

(1) that the rectangular domain w, = (hs/3,2hs/3) x (0,h.Ex/(12hK)) is
included in K,
(2) that, if the similar construction is performed for another edge o’ of K to
obtain w,, w, and w! do not intersect.
We denote by d, the quantity d, = ho&x/(12hk). We thus have d, > (0/12) h,,
where 6 is the parameter defined by 2.1.

We now perform this construction for each edge o of the mesh. If 0 € oy, there
is only one possible choice for K (the adjacent cell to o); if o € Ent, 0 = K|L, we
choose either K or L. Let  and y be two points of R2. Let t(z,y) be the vector
given by:

Yy—x
ly — x|
and n (g ) a normal vector to ¢(z ). We denote by S, ) the rectangle defined by:

Sy = {®+ & by + 2Ny, & € (=h, [y—x|+h), &€ (—h, +h)}

For each edge intersected by the segment [x,y] (i.e. for each edge o such that
Xo(®,y) = 1), the rectangle w, is included in S(4 4); thus, since these domains w,
and w, are disjoint:

tay) =

Zxﬂ(may) |w0| < |S(m,y)|
oe€
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FIGURE 1. Notations for the control volume K

and thus:

1
> xo(@.y) 5 doho <2 h(ly — | +20),
e

which concludes the proof if maxxe7(h/hk) is supposed to be bounded.

The extension to the three-dimensional case is straightforward, since it only
necessitates to adapt the construction of the domains w,. Finally, giving up the
assumption that maxge7(h/hg) is bounded only needs a more careful definition
of the domain S 4, replacing the parameter h by a local value. ([

The following bound provides an estimate of the translates of a discrete function
v as a function of ||v||1p .

Lemma 3.2. Let 0y > 0 and let T be a triangulation of the computational domain
Q such that 0 > 6y, where 0 is defined by (2.1); let Vi, be the space of Crouzeiz-
Raviart discrete functions associated to T, as defined by (2.4). Let v be a function
of Vi,; we denote by ¥ the extension by zero of v to R%. Then the following estimate
holds:

vn € R, 19¢- +n) = 9C)IIE2(gay < c(00) [0l (Inl+h) IIvlf3, -

Proof. We follow the proof of a similar result for piecewise constant functions,
namely [6, Lemma 9.3, pp. 770-772]. Let n € R be given, v be a Crouzeix-Raviart
discrete function and @ its extension by zero to RY. With the definition of the
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function y, of Lemma 3.1, the following identity holds for any = € R%:

Ba+mn) —i@) =Y Xol@z+n) [V](Ypn,) / Vio(x +sn) - nds
oef&

T, () Tx(z)

where y,, ,, , stands for the intersection between the line issued from x and of
direction 7 and the hyperplane containing o. Defining for each edge o of the mesh
a real positive number d, such that Lemma 3.1 holds, by the Cauchy-Schwarz
inequality, we get for T7(x):

Y
<ZXU z,@+ 1) [v]( w,n, ) (ZX" z,x+n)d )
ek ek

Integrating now over R?, we thus obtain:

@) W] (Yp.n,0) e
da

oe€

[ B ae < eattr) (1) (

Let Qoy = {x = y+ sm;y € 0 and s € [—-1,0]}. Noting that the function  —
Xo (2, +n) is in fact the characteristic function of Qo ., we get that:

[ xe@esn (o) @ = [ (0e,) e
Rd

o,n

= |ny- nl/ / )? dy ds,

where n, is a unit normal vector to o. Therefore:

[ @) de < cxn) Gal+n) i 37 [ (o) av

and thus, by choice of d,:

a1 [ @)de< 20 Gal e nl Y - [ (@l

UEE

On the other hand, by the Cauchy-Schwarz inequality, we have for Tb:

(Tx(x))? < |n|? / V(@ + sm) 2 ds,

and thus, using the Fubini theorem and remarking that Vo vanishes outside 2,
we get:

(32) [ Btz < nf ol
The result then follows thanks to the inequality |0(x +n) — 0(x)? < 2(T1(x))? +
2(Tz(x))?, to the bounds (3.1) and (3.2) and to Lemma 2.2. O

We are now in position to state the following compactness result.

Theorem 3.3. Let (v(™),en be a sequence of functions satisfying the following
assumptions:
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(1) Ym € N, there exists a triangulation of the domain T such that v(™) €
Vh(m), where Vh(m) is the space of Crouzeir-Raviart discrete functions asso-
ciated to T™), as defined by (2.4), and the parameter 0™ characterizing
the regularity of T is bounded away from zero independently of m,

(2) the sequence (V™ )yen is uniformly bounded with respect to the broken
Sobolev H! semi-norm, i.e.:

Vm €N, [o™ s < C

where C is a constant real number and ||-||1,» stands for the broken Sobolev
H' semi-norm associated to T (with a slight abuse of notation, namely
dropping, for short, the index (™) pointing the dependence of the norm with
respect to the mesh).
Then, possibly up to the extraction of a subsequence, the sequence (v(m))meN con-
verges strongly in L2(Q) to a limit U such that v € H}(Q).

Proof. The result follows from the translates estimates of lemma 3.2. The com-
pactness in L2(Q) of the sequence is a consequence of the Kolmogorov theorem (see
e.g. [6, theorem 14.1, p. 833] for a statement of this result). The fact that the
limit belongs to H§(£2) follows from the particular expression for the bound of the
translates and is proven in [6, theorem 14.2, pp. 833-834]. O

4. THE NUMERICAL SCHEME

Let p* be the mean density, i.e. p* = M/|Q}] where || stands for the measure of
the domain 2. We consider the following numerical scheme for the discretization
of Problem (1.1):

(4.1a) Vv € Wy, / Viu : thdw—/p divyvde :/ f-vde,
Q Q Q

(41b) VK €T, Y (vixolpx) = Vo o(pn)) +h” K| (olpxc) = p)
o=K|L

Tstab, 1

+ > (hg+he)’ L;L' lo(px) + o(pL)| (o(px) — o(pL)) =0,
o=K|L 7

Tstab,Q

where V;; x and v - stands respectively for V;; x = max(ve,r, 0) and v, =

—min(ve g, 0) with vo x = |o|us - Ngr = VIK — v, k- Note that the up-
winded convection term »_ _xp (V;K o(pr) — v, i g(pL)) may also be written:

ZUZK|L Vo,KPo, With

PK lf V(T,K 2 07
(4.2) Po = .
pr otherwise.

Equation (4.1a) may be considered as the standard finite element discretization of
(1.1a). Since the pressure is piecewise constant, the finite element discretization of
(1.1b), i.e. the mass balance, is similar to a finite volume formulation, in which we
introduce the standard first-order upwinding and two stabilizing terms. The first
one, i.e. Tytab,1, guarantees that the integral of the density over the computational
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domain is always M (this can easily be seen by summing the second relation for K €
T). The second one, i.e. Tytab, 2, is useful in the convergence analysis. It may be seen
as a finite volume analogue of a continuous term of the form div (|p|V p) weighted by
a mesh-dependent coefficient tending to zero as h”; note, however, that h, is not the
distance which is usually encountered in the finite volume discretization of diffusion
terms; consequently, the usual restriction for the mesh when diffusive terms are to
be approximated by the two-points finite volume method (namely,the Delaunay
condition) is not required here. We suppose that @ > 1 and the convergence
analysis uses 0 < 3 < 2.

Remark 4.1. At first glance, leaving the weight |p| out, the stabilization term Tgiab 2
may look as a Brezzi-Pitkdranta regularisation [2], as used in [8] for stabilizing the
colocated approximation of the Stokes problem, which would be rather puzzling
since we use here an inf-sup stable pair of approximation spaces. However, using
the equation of state (1.2), we obtain:

Tano = A> Y (hi +hi)’
oc=K]|L

o]
o Ipx 4oLl (bx —p1)

(e
which shows, since A2 = Ma®, that this term rapidly vanishes when approaching
the incompressible limit.

5. EXISTENCE OF A SOLUTION AND A PRIORI ESTIMATES

The existence of a solution to (4.1) follows, with minor changes to cope with
the diffusion stabilization term, from the theory developed in [10, section 2]. In
this latter paper, it is obtained for fairly general equations of state by a topological
degree argument. We only give here the obtained result, together with a proof of
the a priori estimates verified by the solution, and we refer to [10] for the proof of
existence.

Theorem 5.1. Let 6y > 0 and let T be a triangulation of the computational domain
Q such that 0 > 0y, where 0 is defined by (2.1). Problem (4.1) admits at least one
solution (u,p) € Wy, X Ly; any possible solution satisfies px > 0, VK € T and:

(5.1) [ulip + llpllee) + lollee) + lolzs <C
where C' € R only depends on Q, A, f, M and 6.

Proof. Let (u,p) € Wy, x Ly be a solution to (4.1). Let px = o(px) for any
K € T, and let p denote the vector (px)ker. A natural ordering of the equations
and unknowns in (4.1b) leads to a linear system of the form Mp = ¢, where ¢ € RV,
N is the number discretization cells, ¢ € RY, ¢ > 0, and where M is an M-matrix
(in particular M~1'>0and Mt > 0). Therefore the i-th component of p reads
pi = M~1c-e; = c¢- M~te; where e; is the i-th canonical basis vector of RY. Since
Mt >0, we get M~te; > 0, and since M ~te; # 0, this proves that p; > 0, which,
in turns, yields px > 0, VK € 7. Let us then prove the estimate (5.1). To this
end, we take v = u in (4.1a) and obtain:

(5.2) /|th|2dsc—/pdivhudm:/ f-udx.
Q Q Q

Let us then multiply (4.1b) by A™![1 + log(pk)] (see remark 5.2 below for an
explanation of this choice) and we sum over K € 7T; dropping the terms which
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vanish by conservativity, we then obtain:

Tl + TQ + T3 =0 with:

T, =A"1 Z log(pk) Z (V:;K PK — Vo pL) ,
KeT o=K|L
Ty =A""h* Y K| [1+1og(pk)] [px — o],
KeT
g
Ty = A" Y log(px) Y (hi+he)’ % (px +pL) (px —pL),
KeT o=K|L

where the term |o(px )+ 0(pr)| has been replaced by o(px)+o(pr) in (4.1b), thanks
to the positivity of the pressure. Let us first write T3 as:

T, =A"! Z log(px) Z Vo,K Pos

KeT o=K|L

where p, is the upwind choice defined by (4.2). Adding and substracting the same
quantity, 77 equivalently reads:

T =A"" Z PK Z VU,K+A_1 Z Z V(T,K(/)(T IOg(pK) —/)K)-

KeT o=K|L KeT o=K|L

In the first summation, we recognize / p divpudx. A reordering of the second
Q
summation yields:

Ty = / pdivaudz + A7 Y v,k [(polog(px) — px) — (po log(pr) — pr)]-
@ o€€int,
o=K|L
Pe = pr = pr it px = pr,
Polog(pk) — px = po log(pr) — pr, otherwise.
With this notation, we get:

Let p, be defined by {

T = / p divpudz + A~ Z Vo, i (Po — Po) (log(pr) —log(pr))-
@ o€€int,
oc=K]|L
In the last summation, we can, without loss of generality, choose the orientation
of each edge in such a way that v, x > 0. With this convention, the term in the
summation reads v, x (px — po) (log(pr)—log(pr)), and is non-negative thanks to
the fact that p, € [min(pk, pr), max(pk, pr)] and the log function is increasing.
We thus finally obtain:

(5.3) T > / p divyu de.
Q

Let us now turn to the estimate of T». Since the function z — zlog(z) is convex
for positive z and its derivative is z — 1 + log(z), we simply have:

(5.4) Ty > A7 h® Y |K| [px log(px) — p* log(p”)] .
KeT
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Finally, reordering the sums, the term T3 reads:

o]

Ty=A"" > (hg+hp)’ 7 (e +pr) (px = pr) (log(px) —log(pr)).-
o

By concavity of the log function, we have:

1
1 —1 > - 000 _
| Og(pK) Og(pL)| - maX(PKpr) |PK PL|7
and thus:
-1 8 |o| 2
(5.5) 5> A E (hr +hr) . (px —pL)".
Uegint:
oc=K]|L

Summing equations (5.2)—(5.5) and using Young’s inequality, we obtain:

lully + A7 |plrs < C(f, M).
Furthermore, summing (4.1b) over K € 7, we obtain that the mean value of the
pressure py, is given by:

1 / —1 %
pm=— | pde=A"" p".
€2 Jo

Using the inf-sup stability of the discretization, we get on the other hand:

1 1

[p— pmllr2@) < — sup /pdivhvdw
¢ vew, [V)1p Jo

1 1
/ (Viu: Vv — f-v) de,
Q

=— sup ———

¢ vew, [|vll1

and the control of |[p|[r2(q) (or, equivalently, ||p[r2(q) ) follows from the estimate
for ||lwl1,p - O

Remark 5.2 (On the choice of (log(pk))ker as test function). At first glance,
the choice of log(px) to multiply (4.1b) in the preceding proof may seem rather
puzzling. In fact, this computation is a particular case of the so-called ”elastic
potential identity”, which is well-known in the continuous setting and is central
in a priori estimates for the compressible Navier-Stokes equations [16, 17, 9]. An
analogous identity is proven at the discrete level, for the same discretization as
here, in [10, theorem 2.1].

For the particular case under consideration, an elementary explanation of this
choice may be given. Indeed, it is crucial in the above proof that the quantity
Po lies in the interval [min(pk, pr.), max(pk,pr)]- Let us suppose, without loss of
generality, that 0 < px < pr and that, instead of the log function, the computation
is performed with a non-specified increasing ond continuously differentiable function
f; then we get:

— PL — PK
77 o) = Flox)

The condition p, > px is equivalent to:

1 fler) — flex)
PK L — pPr
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which is verified for f(-) = log(:) by concavity of the latter and, letting p;, tend to
pK, yields f/(z) < 1/z. Conversely, the condition p, < py, yields:

1 fler) — flex)
P~ pL—pPK
which, once again, is verified by the function log(:), and now implies f'(z) > 1/x.
This limitation for the choice of the test function is the reason for the expression
of the stabilizing diffusion term.

6. CONVERGENCE ANALYSIS
In this section, we prove the following convergence result.

Theorem 6.1. Let (7™),,en be a sequence of triangulations of Q such that h(™)
tends to zero when m tends to +o0o. Let us assume that this sequence is regular
in the sense that there exists 6y > 0 such that 0™ > 0y, ¥Ym € N, where 8™ is
defined by (2.1). For m € N, we denote by Wh(m) and L;lm) the discrete velocity
and pressure spaces associated to T™) and by (u(m),p(m)) € Wh(m) X Lgm) the cor-
responding solution to (4.1), with « > 1 and 0 < 8 < 2. Then, up to a subsequence,
the sequence (u'™),,en strongly converges to a limit @ in L2(Q)? and (pU™)men
converges to p weakly in L2(Q), where the pair (,p) is a solution to (1.1) in the
following weak sense:

w € H{(Q)4, peL3(Q) and :
/Vﬁ:V1/zdw—/;5div1/zdw:/f-1,bdw Vip € C2 ()4,
Q Q Q

/ﬁﬂ-dewzo Vip € C(Q),
Q

/Qg(ﬁ)ZM-

Proof. The proof is divided in three steps: we first show the existence of the limits
w and P, then we pass to the limit in (4.1a) and (4.1b). Since the equation of
state is linear, the last equation is then a straightforward consequence of the weak
convergence in L2(Q) of the (sub)sequence (p(™),en to p.

Step 1: existence of a limit.

By the a priori estimates of theorem 5.1, we know that: Vm € N, |[ul™|;;, <
C(f,M). The compactness in L2(Q)? of the sequence (u"™),,cn, together with

the fact that the limit @ lies in H}(Q)?, thus follows by applying theorem 3.3 to
(m)

each component u; 7, 1 < i < d. Once again by theorem 5.1, we have: Vm €
N, [Ip™ |2y < C(f, M). which is sufficient to ensure a weak convergence in

L2(Q) of the sequence (p(™),,en to § € L2(9).

Step 2: passing to the limit in (4.1a).
Let % be a function of C°(Q)¢. We denote by ™ the interpolation of 1 in
ngm), ie. ™ = r,(:")w Taking v = 9™ (4.1a), we get:

/th<M>:vh¢<m> d:c—/p(m) divy, (™ dwz/ f-v™ dz, ¥m € N.
Q Q Q
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Since the considered interpolation operator preserves the divergence (first relation
of lemma 2.1), we have:

/p(m) divm/}(m) de = / p™ divep de — / pdivipde as m — 4o0.
Q Q Q

By the approximation properties of the interpolation operator (third estimate of
Lemma 2.1) invoked component by component, we have:

/f-¢<m>dx—>/f-¢dw as m — oo.
Q Q
Finally, we have:

/ th(m) : Vh’lﬁ(m) de =
Q

/th<m> L Vi (™) —¢)dm+/ Viul™ Vi de
Q Q

T1 T2

Once again by Lemma 2.1 (third relation), the term 77 obeys the following estimate:

T3] < ™ s 1™ =%l < e(00) B [ul™ [l 9]z o) -

and thus tends to zero as m tends to +o0o. Integrating by parts over each control
volume, the term 75 reads:

where n, is a normal vector to o, with the same orientation as that of the jump
through o. Applying Lemma 2.4 for each component, we get:

3 / ™) W4 -1y dy < e(00) B™ (6™ |1y 9z

g
cegl™

and thus tends to zero, while the first one tends to —/ o - At dx as m tends to
Q
+o0. Since w € HA(Q2)?, we may integrate by parts, and collecting the limits, we

obtain:
/Vﬁ:V¢dw—/ﬁdiv¢dw=/f-1/zdw,
Q Q Q

which is the relation we are seeking.

Step 3: passing to the limit in the second equation.
Let 1 be a function of C2°(€2). Multiplying the second equation of (4.1) by 1/|K| ¢
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and integrating over (Q yields T3m) + T(m) + T(m) 0, Vm € N, with:

m 1
= S g | X ) [ vae

KeT(m) o=K|L

™ = (hoye 37K (68 = )

KeT(m)

"= 3 | Y (e +he) L% (o574 ™) (o8 =08 | o,

KeT(m) \o=K|L

where Vg ib the mean value of ¥ over K. Let ¢™ € W), be defined as q(™ (x) =
Zaes"”) ul™ (b[,( ), where is defined by (4.2). The divergence of q(™) is a
piecewise conbtant function and reads:

1 m .
VK € T, divg™ = 4 Z z(rfg pi™  ae. in K,
oc=K]|L

We thus have for T:,)(m):

= > / ¥ divg™ d

KeT(m)

Integrating by parts over each control volume, we get:

7 = - | Wy q"™ da + . > /¢[q(m)]-nadfy
Q 0’68(7?) o
_/va.(pw) w™) de
+ Y [ea™ n, dv+/Vw (g™ — o™ (™)) dgs
cegl "”
T(m)
Tém) 7

By the respectively weak and strong convergence of (p(™),en and (w(™),,en to
p and @ in L2(Q) and L2(Q)¢, we have:

/ Vi - (p" w™)) de — / Vi - (pa)de as m — +00.
Q Q
By the definition of g™, the term Tém) reads:

=3 [>T wl? ol b (@) - g dy = T + T3
oeel™ oreelm

int int
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with:

i = 3 [ Y Wl dn@)nady

o Gg(m

int

_ m)/d, ™), dy

Uegi(nt
" o= 3 el > w0l = o) bor (@) g dy.
oeel "7 oreel\{o}

Since the integral of the jump of a Crouzeix-Raviart function over an internal edge
of the mesh vanishes, the term T( ™) can be estimated as follows:

e 3 0 |

o
UES(m)

int

[w™] - n,| dy,

where cy, only depends on 7. Using the Cauchy-Schwarz inequality then yields:

m m m m 1/2
1] <eh™ S o o ([ 11w P )

(765]([::
. . 1/2 1 . 1/2
e h™ (2 halol(py)?) (X o [ Tt Pay)
g(nL) (TGS.(”L) g Jo

int

By the regularity of the mesh, the first summation is bounded by ||p(m)||L2(Q)
while, by Lemma 2.2, the second one is bounded by ¢(6y) ||u(m)||ib. Let us now

turn to the study of T( ) Since, for o’ € 51(;:) \ {0}, the integral of ¢, over o
vanishes, and since the functlons ¢o are bounded (namely |¢,| < 1in 2D, |¢,| < 2

in 3D) we get:
/ b (U = p™) [dor ()] w - my dy < ey by o] [p0 = o) [l

where ¢, still only depends on . Since the function ¢, is non-zero over o = K|L
only when ¢’ belongs to the edges of K or L, only a limited number of terms are
non-zero in Tg( ™) in such a way that the differences p( m) _ S,m) only involves two
neigbouring cells or two cells sharing the same neighbour. Splitting the difference
in this last case, using the previous inequality and the regularity of the mesh (in
particular the fact that the ratio of the size of two neighbouring cells is bounded)

and reordering the sums, we get for Tg(m) an estimate of the form:

e D N I D Sy
065](:: o' eENg
(o'=K|L)
where the positive real number ¢ only depends on ¢ and the regularity of the mesh
and, thanks to this regularity, the set AV, is such that a given edge K|L only appears
in this sum a number of times bounded independently of m. Thus, thanks to the
Cauchy-Schwarz inequality, we have:

aymp<e (30 wimR) (2w (6 o)),

oeell seelm

int int
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By the regularity of the mesh, the first term of this product is controlled by
[u™|12(q) and the second one by (h(™)2=5 |p(m)|7 5. Consequently, thanks

to estimate (5.1), both Tg(m) and Tg( ™) and thus also Té ™ tend to zero as m tends
to 400, as soon as 3 < 2.

On the other side, we have for T7(m):
= 33 Y = o) de(@)ul - V() da
KeTm 'K o=KL
Since V1 is bounded in L ()¢, and since the functions ¢, are bounded, we get:
T <es D0 KL D 1ol = o] ).
KeT(m o=K|L

Reordering the summations and using the Cauchy-Schwarz inequality yields:

m m m m m 1/2 m 1/2
T < ew 30 (K] +ILD) 18 = ™) ™) < ey (TH) T (T0)
cegl™

int

(o=K|L)
with:
T = Y (K[ +|L]) [ul™?

giut
(0=KIL)
. o _IKI 1L o .
T = X e )0 R et o
Uegi(:tl) " "
(0=KIL)

Once again reordering the summation, we get:

i = 3" IK] Y Julmp
KeT o€k

and thus, the term Tl(gn) is controlled by [u(™|12(q), and Tl(In) is controlled by

(R(m))2=8 | p(m)| - 5. By the a priori estimate (5.1), T7(m) thus tends to zero as soon
as 0 < 2.

We now turn to the terms T4(m) and Tém). Since the sequence (p(™),, e is bounded
in L2(Q), the term T4(m) tends to zero as soon as a > 0. Reordering the summation

in Tém), we get:

= 3" (hx+he ) Lo} (PK)+p(m)) (pﬁin)—ﬂim)) (WK — L)

UES(m)

int

(e=K]|L)

By regularity of ¥, ¥k — 1| < ¢y (hx + hr) and thus:

T ey 30 Gt ) I (6 o) (o - o).
cegl™ ho

int

(o=KI|L)
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Using the Cauchy-Schwarz inequality, we obtain:

1/2
m g m m 2 m
8™ < eyhP2 |37 (hic+ o) |h—| (p%)+p(L )) IRIFR
ceel ’
(o—K|L)

which, once again since the sequence (p("™),,en is bounded in L?(Q), tends to zero
by regularity of the mesh for 8 > 0. The proof is thus complete. ]

7. DISCUSSION

To our knowledge, the convergence analysis performed in this paper seems to be
the first result of this kind for the compressible Stokes problem (and, of course, more
widely, for compressible Navier-Stokes equations). Beside the convergence of the
scheme, it also provides an existence result for solutions of the continuous problem,
which could also be derived from the continuous existence theory ingredients for
steady Navier-Stokes equations (see [17] and references therein), but does not seem
to be a direct consequence of the published literature: existence of strong solutions
of the Navier-Stokes equations is known only for small data (e.g. [20]) and existence
of weak solutions is only proven for a particular class of equations of state (typically,
p = p? with v > 3/2), this limitation being due to the presence of the convection
term.

A puzzling fact is that this theory relies on two arguments which are usually
not present in practice. Firstly, the stabilisation term Ti;ap, 2 is needed in our proof
to ensure the convergence of the discretization of the mass convection flux div(pu)
and, to our knowledge, has never been introduced elsewhere. Secondly, the control
of the pressure in L2(Q) relies on the stability of the discrete gradient (i.e. the
satisfaction of the so-called discrete inf-sup condition), which is not verified by
colocated discretizations; note that this argument is not needed for the stability of
the scheme (see the proof of a priori estimates here and [10, 7] for stability studies
of shemes for the Navier-Stokes equations). Assessing the effective relevance of
these requirements for the discretization should deserve more work in the future.

An easy extension of this work consists in replacing in the first equation of the
problem —Aw by —pAu — p/3 V(diva) with g > 0 (i.e. the usual form of the
divergence of the shear stress tensor in a constant viscosity compressible flow). An-
other less straightforward issue is the extension to more general state equations (for
instance, p = p? with v > 1); it will be the topic of a further paper. Concerning
higher order issues, let us note that the fact that the pressure is approximated
by piecewise constants appears crucial in both stability and convergence proofs:
extending this study to higher degree finite element discretizations thus certainly
represents a difficult task. Finally, let us remark that the present scheme relies on
the approximation of the whole velocity vector at the interfaces. A less expensive
scheme would be possible with a discretization u-n at the interfaces, as in the MAC
scheme which is well known for the incompressible Navier-Stokes equations. How-
ever, such a discretization does not seem straightforward on unstructured meshes.
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