Nonlinear methods for linear equations

and numerical schemes

Thierry Gallouét*

* Université de Marseille

LATP, CMI, 13453 Marseille cedex 13
France

gallouet@latp.univ-mrs.fr

ABSTRACT. This paper presents some methods for the study of linear elliptic equations. These
methods, now classical, are essentially due to G. Stampacchia. The second part of the paper is
devoted to the possible use of these methods for the study of numerical schemes for these linear
elliptic equations.

RESUME. Cet article présente tout d’abord des méthodes non linéaires pour I'étude d'équations
elliptiques non linéaires. Ces méthodes, maintenant assez classiques, sont essentiellement dues a
G. Stampacchia. La seconde partie est consacrée aux possibilités d'utlilisation de ces méthodes pour
I’étude des schémas numériques pour ces équations elliptiques linéaires.
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1. Introduction

The first objective of this paper is to present some (now classical) results on linear el-
liptic equations with Stampacchia’s methods (initiated in [1], 1965). The common feature
of these methods is that there are nonlinear. Indeed, they use some test functions, in the
weak formulation of the equation, which are nonlinear functions of the unknown. Then,
the second objective is to see if it is possible to use these methods for the study of numeri-
cal schemes, in order to prove, for instance, some properties on the approximate solutions
or to prove the convergence of the approximate solution towards the exact solution as the
mesh size goes to zero. We will see that the use of these nonlinear methods requires some
restrictions on the numerical schemes which are not needed when using linear methods.
A possible consequence of this study is to give some guideline for the construction of new
numerical schemes allowing the use of these nonlinear methods.

In all this paper, € is a bounded open set of R? (d > 1) with a Lipschitz continuous
boundary. The set My(R) is the set of d X d positive definite symmetric matrices. The
function A is a function from € to M,(R) with coefficients in L°°(€2) and uniformly
coercive, that is, for some a > 0, A(x)£.£ > a&.€ for all ¢ € R and for a.e. = € . The
principal part of the considered linear elliptic operator is u — —div(AVu).

In Section 2 are presented four examples of application of these Stampacchia’s meth-
ods. In Section 3 is presented the study of numerical schemes.

2. Stampacchia’s methods

One fisrt considers the Dirichlet problem with the function A and a second member f
in L2(£2), whose the classical weak formulation is:

u € H(Q),
AVu - Vodr = / fudz, forallv € H(Q). S
Q Q
2.1. positivity

As it is well known, (1) has a unique solution w and f > 0 a.e. implies © > 0 a.e. (or,
equivalently, f < 0 a.e. implies u < 0 a.e.). Assuming f < 0 a.e., a simple way to prove
this result is to take v = u™T in (1), this is possible since u™ € H{ (2) and leads to:

aH|Vu+|H2§/AVu+~Vu+:/AVu-Vu+:/fu+§O.
Q Q 0
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Then, Vu™ = 0 a.e. and ut = 0 ae.., u < 0 a.e... A property used in this proof is
that, for u € H}(Q), one has Vut = 1,50Vu = 1,50Vu a.e.. More generally (cf. [1]),
if o : R — R is a Lipschitz continuous function such that ¢(0) = 0 and if u € H}(Q),
the function ¢(u) belongs to Hg(2) and Vip(u) = ¢’ (u)Vu a.e.. (Actually, for all the
results given in this paper, it is possible to use only C'! functions ¢.)

2.2. Bounded solutions (Stampacchia)

Let f € H~ () and u be the unique of (1) where the second member is replaced
by (f,v) -1 (),H1(2)- The aim is to find a condition on the “regularity” of f in order to
obtain u € L>(Q) (d > 2, since there is no condition on f if d = 1). A result of G.
Stampacchia ([1]) gives that u € L°°(2) if f € W ~1P(Q) for some p > d. In the case of
(1), this gives that a sufficient conditiion in order to have u € L () is that f € LP(Q)
for some p > d/2. In order to prove this result, let p > d such that f € W~17(Q). Then,
it exists F' € (L?(9))? such that f =divF and one has:

u € HHQ), / AVu - Vodr = / F - Vodz forall v € H}(Q).
Q Q

Let k € RY%. Taking v = ¢)(u) = (u — k)T — (u+ k)~ (¢ is nondecreasing). One
has Vi)(u) = 14, Vu ae., with Ay = {Ju| > k} and:

AVu - Vudzr = / F - Vudz.

Ak Ak

Then, with Cauchy-Schwarz and Holder inequalites (with p/2 and its conjugate):
1

allVulllr2(ay) < Cill fllw-10A(A)2 7.
Using Sobolev imbedding (W, (€2) ¢ L¥(@=1)(Q)) and Cauchy-Schwarz again:

Coll Iy 1.0
< —— - W
A(A4p) < P

withy =d/(d — 1) and 8 = pp;l% > 1 (since p > d).
Since 8 > 1, this gives A(Ap) = 0if h > Cs|| f|lw-1.0- Then: ||u|loc < Cs||fllw-1.2-

A further developpement of this proof leads to u € C(Q) and finally to the Holder
continuity of .

AAg)?, for0 <k < h,

2.3. Existence of a solution for a measure as second member

Let f be a measure on Q (f € (C(2))). The aim is now to prove existence (and
possibly uniqueness) of the solution of the Dirichlet problem with f as second member
(for d > 2, the solution is, in general, no longer in H&(Q) since a measure is, in general,
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notin H~1(€2)). The First method to solve this problem is a duality method (Stampacchia,
[1]). A second method is to pass to the limit on approximate solutions (cf. [2]). The main
difficulty is to obtain estimates on u, solution of (1) with f € L2, only depending of the
L'—norm of f. For § > 1, let, for s € R, ¢(s) = [; Wdt. Taking v = ¢(u) €
H}(Q) in (1) leads to:

2 [Vul®
[ votis = [ SEds < ol

with Cp = [1° Wdt < oo and ¢(s) = [; \/¢'(t)dt. Using Holder Inequality,
Sobolev imbedding and 6 close to 1, one obtains, for ¢ < ﬁ, a bound on u in I/VO1 4
only depending on the L!—norm of f and on ¢. Passing to the limit on a sequence of
approximate solutions (corresponding to regular second members converging towards f),
one obtains existence of a solution (in the disctribution sense) if f is a measure. This
solution belongs to W, 4(Q2) for all ¢ < 4.

2.4. Convection-diffusion without coercivity

Letw € C(Q)? and f € L?(£2). One consider now the following problem:
u € Hi(Q),

AVu - Vodz — / uw - Vodr = | fuodz, forallv € Hy(9). 2)

Q Q Q

Existence and uniqueness of a solution for this problem is known (J. Droniou, [3]). The
main step is to obtain an a priori estimate on meas({|u| > k}) (this measure goes to
0 as k — o0). (Then, one obtains an H}(Q2)—estimate and existence follows with a
topological degree argument. Uniqueness is a consequence of an existence result for the
dual problem.) In order to obtain this a priori estimate, one takes takes v = (u) with
o(s) = [y ez in (2), it gives:
Vu? ool | [Vl
a | ——esde <||flh+ | T g de <[ flh 4 f[wlle da,

/Q (L Jul)? o (L+ [ul)? o 1+ [ul

with [|w|oc = sup,cq |w(x)| < co. and, with Young Inequality:
|[Vul?
|V (u)|>dx = / |V In(1 + |u])?dz = / ————dr < C,

/Q ) o (1+ |uf)?

where C only depends on «, || f||1 and ||w]|s, and where ¢(s) = [ /¢’ (t)dt. Since
In(1 + |u|) € H}(R), one deduces an estimate on In(1 + |u|) in L?(£2) and then an
estimate on meas({|u| > k}).
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3. Numerical schemes

In this section, the objective is to use the nonlinear methods of the preceding section
for proving some properties of the approximate solutions (of the same equations) given
by a numerical scheme and for proving convergence results of the approximate solution.
It is possible to use Finite Volumes schemes or Finite Element schemes. One present here
Finite Element schemes (it is simpler to present, since Finite Element schemes are closer
to the weak formulation of the continuous problem). Let M is a mesh of €2, with triangles
(d = 2) or tetrahedra (d = 3). Let H = {u € C(Q); U, € P'} and Hy = {u € H;
u = 0 on 0£2}. The approximate problem is:

Up € HO,/ AVup - Vodz (—/ upmw - Vodx) = T'(v), forallv € Hy, (3)
Q

where T'(v fQ fvdz or (f,v) of fQ vdf in the examples of Section 2. The first diffi-
culty is that u € Hy does not 1mphes u™,¥(u), p(u) € Hy (with the notations of Section
2). But, it is possible to take, as test function in (3), the interpolate of the test function
of the “continuous” case. Before to do this, we rewrite slightly differently (3) (taking, for
simplicity, w = 0 and T'(v) = [ fuvdz).

Let us denote by V the set of vertices of the mesh and , for K € V, by ¢x the basis
function associated to K. The unknown u ¢ may be writen as uapg = Key UK®K,and
(3) may be written as, for all v = ZLeV vror € Hy:

Z TKL(UKfuL)(UKva /fl}dl' (4)
(K,L)e(V)2
where Tk, = — |, AV¢k - Vordr. (Note that 3, -, T, = 0.)

If v € C(Q), let us denote by I (v) the element of H such IIy(v) = v at the
vertices of the mesh. Let ¢ € C(R, R) Lipschitz continuous and nondecreasing and such
that ©(0) = 0. Taking v = I (uq) (Which belongs to Hy) in (4) leads to:

Z T r(uxg —ur)(p(ug) —e(ur)) = /fvdx. 5)

(K,L)e(V)?

Define ¢ by ¢(s) \/ t)dt. For a,b € R, one has (thanks to Cauchy-Schwarz
Inequality) (¢(a) — gi)(b))2 < (a —b)(p(a ) — ©(b)). In order to be able to proceed as in
Section 2, we will assume now that T 7, > 0 for all K, L € V. Then (5) gives:

Z TKL(¢( w)—oe)® < > Trn(uk —ur)(pluk) — p(ur)).

(K,L)e(V (K,L)e(V)2

Since [, AVHM¢(u) -VIMmo(u) = 3 g ryevy2 Tr,o(d(uk) — d(ur))?, it is now
possible to continue as in Section 2. Let u = uq. If f < 0 a.e., taking ¢(s) = sT one
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obtains fo, AVITyu™ - VIpuTde = 35k 1ye vy Trn(ug — up)? <0, from which
one deduces u = 0and v < 0 a.e..

In the case of the third example of Section 2 (where f is a measure data), taking, for
§ > 1lands € R, p(s) = [; mdt, one obtains [, [VIIr(u)|?dz < Colf|1,

with ¢(s) = [ v/¢/(t)dt. We then deduce convenient bound on u to conclude to the
convergence of the scheme (see, for instance [4], [5], [6]).

In the case of the fourth example (convection-diffusion without coercivity), one takes
the same ¢ as before with § = 2. If the mesh size is small enough (or using an “up-
winding" for the convection part), one obtains an H} () —estimate on T In(1 + |u|) €
H}(Q), then, an estimate on In(1 + |u|) in L?(2) and finally, as in the “continuous" case,
an estimate on meas({|u| > k}) (see [5]).

In conclusion, If Tk 1, > 0, for all K, L, the methods of Stampacchia can be used for
the study of numerical schemes. Without the condition T ;, > 0, it seems not easy to
use the methods of Stampacchia. .. Without changing the mesh (Finite Element or Finite
Volume with the so called “non admissible" meshes), a possible solution is perhaps to dis-
cretize this elliptic linear problem with a nonlinear scheme taking in (5) Tk, 7, depending
on the approximate solution and with Tk j,(u) > 0, for all K, L.
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