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§1- INTRODUCTION AND STATEMENT OF RESULTS

Let © be an open bounded set of RN (N>1), pe(2-§, N] and
a:0 xR xRV — RN be a Caratheodory function. We assume that there exist two
positive real constants «, 8 and a function h(x)ELp'(Q) such that for any seR,

¢eRM, neRN and for almost every x€Q

(1) a(x,5,6)€ > a ¢

la(x,5,6)] < Ah(x) + 1sI” + €°)

{a(x,s,{) - &(Xasﬁl)} [‘E - T,'] >0 3 § # n
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if u
satisfies

! EE;Q!B = t 2- = at {e] f SZ . hen there exists
EM € N

uewlf‘ (Q),q = (p;iN , solution of (5).
W 0 , z
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" 1,(p-1)m*
i i longs to W (f).
or g(x,u,Du) with a ' there exists a solution u of (5) which belong

sign condition g{-,s,-)s>0, as it is done in [BS], {GM1], [GM2), [BG1], [BG2].

In (4), we can also consider a lower order term g(x,u)
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§ 2 - ESTIMATES.

In ord i
order to prove Theorems 1, 2, 3, in this section we will present estimat
ates
for u only dependi
pending on N, @, p, a, ||f!|L1 , when f is smooth and u is a solution of
o
5 ’ ;
(5), given by [LL]. We point out that through this section we will not
use

assumptions (2), (3).

ES_L&_._._ L ' == “ N
N . en

th i i y al
ere exists a constant ¢; (dependmg only on N, a, Q P 4q, “f“ ) such that
* e

6
6) [Duf <,
Q
ESTIMATE 2 - Let 2 - & 1]
S 2 - Let 2 - 5<p<N, feW *(Q) and { log |f] € L'(Q). Then there

exists ¢, (a constant depending only on N, «, Q, p, ||f log|f] ||, ,) such that
Lt &
) [ Duf < e,
Q

_S_M.A____ e N b e

ESTI TE 3 Let 2«N<p<N, m = P

( “1p° pNFp-N l<m<m, and

feL™Q) N W (). Then there exists a constant cy (depending only on N, a,
? k) ¥

p, m, ”f“Lm) such that

(8 :
) [ a0 < ¢
Q

Esti i
imate 3 stated above improves Proposition 1 of [BG1] where it was

proved that DueL%(Q), for any q<(p-1)m".
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PROOF OF ESTIMATE 1 - The proof is given in (10) of [BG1] (see also Remark 4
of [BG})- In any case, & NEW proof can be given in the spirit of the following proofs.

In order to prove Estimates 2 and 3, we set (asin [BG1])

= {xeQ: n<ju(x)| <o+ 1}

[s.o]
= (xe:n< eI = U B

k=n

and we define

-p(-s)

Taking v=¢(u) as test function in (4) we have

aI |Dul? s] I

.(10)
Bn An

Qur proofs of Estimates 9 and 3 relies on a sharp use of the (right hand side

of) inequality {10) because {is assumed to be more ‘regular” than L

PROOF OF ESTIMATE 2 - We use the inequality (10) and we put 7 = % . Recall

Nl(\Ip..l) and §F = _ﬁq_ . Then

that @ = 3
at q 1 q-p
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_[ iDula = J |Du{av (1+ |u|)7 < Combining (11) and (12) we get
b & ()

(13)

q
)1—p

*

We remark that p—i,-— , 5 < 1since p<N.

Thus we have proved the a priori estimate (7).

—a® . P29 . Usi
PROOF OF ESTIMATE 3 - Let q = (p-1)m* (q<p) and s=q* - 7 (>0). Using

the inequality (10) as before, we have

q q

Q

sq
|Dul® = )1'5
(14 [ipure < (SL T )’ U (L+ul)
Q

d

< ( 5| m[1+1og(1+|un])p
Q

| lﬂ)g (] (1+1u|)°*)“%
Q

By

Now we use the following inequality

3 —1——)3 (j (1+&u|)“*)1'g
= [0 my |

B
rs <rlog (14r) + e Vr,s>0 : "

i onder to deduce We recall that s<1 and that

k 1-s
(12) Jlf|[1+log(1+|u|)] < Jlfl+Jlﬂ log(1+f]) + I (1+u]) < n§° (1-:11)5 <o (142
L Q@ @ )

< jlﬂ log(1+|f]) + ¢4 Therefore
Q

o s} K 1 1] 1-5
because we have proved a bound on [|u| in Estimate 1. : (15) P j DY 14+n)® s 6 jlﬂ H % Jl ol
Q k=0 n=o0 (14n Q )
k
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S (Jlflm)% (J fui(l's)"")ﬁﬁ"‘

Q Q

Combining (14) and (15) we have (¢* = (1-s)m’)

w\-g+=3
JID“lq S cg + CB(J|u|q ) Plem
Q

Q

Then Estimate 3 follows by the previous inequality because _‘:1; > lng + -—g-—, . Indeed
q pm

the choice of q is such that (N-q-Np+Ngq)m’=Ngq. That is [(N-1)m’-N]q=N(p-1)m’,

i.e. q=(p-1)m*. Moreover q<p follows from the inequality m<m.

REMARK 1 - In order to prove the above estimates we have used the test function

(9) as in [BG], but it is also possible to use v==%(u), as in [BGV], where
s

o d
“(s)—l(m"?ﬁs-

Then Estimates 1, 2 and 3 can be proved with (respectively) s>1, s=1,

S=1-(nl1—x- (a=(p-1)m*).

§ 3 - PROOFS OF THEOREMS 1, 2, 3.

In this section we take fEM () and a sequence (fn)C wP'n LY(Q) converging to f

and such that ||fn|IL15”f||Mb. We then pass to the limit in the equations

uy € WpP(Q)
(16)

A(un) = fﬂ »
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The weak convergence obtained as a consequence of Estimate 1,2 and 3 does

pot permit to pass to the limit in (16) except when a is linear in Du. A pointwise

convergence on Dug is needed. This is the purpose of Lemma 1 which is also related

to some recent result of [BM] and [LM].

: . 1,9
PRQOQF OF THEQREM 1 - By Estimate 1, (up) is bounded in Wy (§2), for any

q<q-

Then we can assume (for some u and for some subsequence still denoted up)

(17) up — u  weakly in Wé'q(ﬂ)
(18) up — u  strongly in LYQ)
(19)

This is not sufficient to pass to the limit in (16). We need, for instance Dup—Du

a.e. This is the content of the following Lemma.

LEMMA 1 - Assume (1), (2), (3) and

_l‘p'
(20) f, bounded in L}(?) , fa€ L'(Q)NW ().

. A 1,q -
Then the sequence up defined in (16) is compact 1n W' (§1), for any 9<3.
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END OF THE PROQF OF THEQREM Ll - Combining Lemma 1, (2) and (18) we

deduce that

(21) a(x,up,Dup) — a(x,u,.Du)  in L', Vres, [Nﬂ-_l)

and therefore u is a solution of (4), in the weak sense (5).

PROOF OF THEQREMS 2 AND 3 - The existence results are a consequence of

Theorem 1 and Estimate 2 or 3, since

N
a(x,un,Dun) — a(x,u,Du)  weakly in  LNY(Q) orin Lm*(Q)

*®
REMAREK - With our proof of Theorem 3 the convergence of Dup, in L(p'l)m is an

open problem.

Before proving Lemma 1 we recall that L'-compactness results for the
gradients of a sequence of approximate solutions of nonlinear equations have been
obtained in [BMP], [BM], [BG1], [LM], and we emphasize that the first result is

contained in a pioneering work by Leray-Lions [LL].

In the proof we will need the following standard
LEMMA 2 - Let (X,T,m) a measurable space, such that m(X)<co. Let v be a

measurable function, ¥ : X — [0,+0c) such that m({x€X, v(x)=0})=0. Then for any

€>0, there exists §>0 such that

implies m(A) < e.
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i in Wg'9 <3q.
PROOF OF LEMMA 1- By Estimate 1, (up) is bounded in Wy (), for any q<3g

1.9 uence still denoted
Then we can assume (for same u€Wy™(Q) and for some subseq

up) that

(22) up—u  weaklyin  Wg%(®)

(23) u, — u  in measure

Our proof relies on the following claim

(24) Du, — Du  in measure.

In order to prove (24), given A>0 and ¢>0 we set for some B>1, k>0 (n,meN)

E1={XEQ:|Dun(x)[>B}U{xGQ:lDum(x)|>B}U{xEQ:lun(x)i>B}U{xéﬂ:hlm(X)ﬁ>B} ,

E, = {xef: lup(x) - um(x)| > k}

Ey={x€:]un(x)-um| <k, |Dun(x)| B, |Dum(x)|<B, [un(x)|<B, [um(x)|<B, |D{up-um)|=A}-

Remark that
(25) {x€Q : |D(up - um)(x)| 2 A} CE, UE, U Eg.

ugh,
Since (up) and (Dup) are bounded in L'(Q), one has meas E;<¢, for B large enoug

independently of n, m. Thus we fix B in order to have.




BOCCARDO AND GALLOUET

We now take into account meas E;. Assumption (3) implies that there exists

a real valued function ¥(x) such that

(26) meas({x€Q : y(x) =0}) =0

ia’(xﬁ:E) - a.(x,s,f])] [‘E = Tl'] 2 7(x) s

VseR, &,neRN:|s|, [¢, |l <B ,

Indeed there exists a subset C of {2 such that meas(C)=0 and the function a(x,s,£) is

continuous with respect to (s,£) for any x€Q \ C. Then assumption (3) implies that

for x€Q\C and £+#n one has

[a‘(xvs75) - a’(x!s?’?)] [5 = 77] >0.

K={s&6m)eRN jsi<B , g/ <B, In| <B, |6-n] > A}
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(28) inf{[a(x,5,6) - a(x,sm)] [€ - 1] : (s:6m€ K} = 7(x) >0,

since K is compact.

In view of (28)

[ 760 < [ fatxamDun) - a0 Dum) D(en - vm) <
Es £,

< _[ [a{x,um,Dum) - a(x,upDum)] D(un - um) +

3

E
+ [ 8 Dun) - a(xamDum)] Dl - v)
E;
If we use Ty (un - up) in (16) as a test function (where Ty is the usual truncation at
levels + k) we can say that the last integral is less than or equal to 2kM, where

M?an”Lr Thus

(30) I 7(x) < J [a(,tm. Dum) - a(x;un,Dum)] D(un - um) + 2kM
E3 E3

In view of the continuity of a(x,s,§) with respect to (s,f), for a.e. x€Q and €>0

there exists 6(x)>0 (with meas {x€Q : §(x)=0}=0) such that
15'51 & 6()(), lsta ls,la |E¥ < B lmPl)' |3(X,S,E) = E(X,S,,E}I < €.

Remark that lim meas {xeQ : §{(x)<k}=0. Let now & given from Lemma 2 (6
k—0

depends on ¢). We choose € such that cg € < 6/3 and k>0 such that

o [ (14h(x)] < 6/3
Egn{x:k>é(x)}
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2k M < §/3.

Then we have

EGRE
£

and we can deduce that meas (E3) < ¢ independently of n and m.

Now we fix such a k and thanks to the fact that u, is a Cauchy sequence in

measure, we can choose n, such that
meas E, < ¢ for n,m>ng.
Then the convergence (24) and Estimate 1 yield the desired compactness resuls.
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