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Abstract. In order to show existence of solutions for linear elliptic problems
with measure data, a first classical method, due to Stampacchia, is to use
a duality argument (and a regularity result for elliptic problems). Another
classical method is to pass to the limit on approximate solutions obtained
with regular data (converging towards the measure data). A third method is
presented. It consists to pass to the limit on approximate solutions obtained
with numerical schemes such that Finite Element schemes or Finite Volume
schemes. This method also works for convection-diffusion problems which lead
to non coercive elliptic problems with measure data. Thanks to a uniqueness
result, the convergence of the approximate solutions as the mesh size vanishes
is also achieved.
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1. Introduction

The first result of existence and uniqueness of solutions for the Dirichlet problem
for a linear elliptic equation (with possibly discontinuous coefficients and) with
measure data is probably due to G. Stampacchia in his paper of 1965, see [1].
In this paper, G. Stampacchia use a duality method. A regularity result on a
primal problem leads to an existence and uniqueness result on the dual problem.
It is interesting to notice that the solution obtained by this method satisfies the
equation with a stronger sense than the classical weak sense (such as (2.10) below)
as it is shown by the counterexample given in Prignet [2], which is an adaptation
of Serrin [3].

In the seventies, H. Brezis studied some semilinear elliptic equations such as:
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—Au+g(u) = pin Q,
u = 0 on 01, (1.1)

with a nondecreasing fonction g € C(R,R). The case p € L*(f) is solved in
the well known papers of Brezis-Strauss [4], for the case where 2 is a bounded
open subset of RV with a smooth boundary, and of Bénilan-Brezis-Crandall [5]
for the case = R” (in this latter case, one assumes g(0) = 0 and the boundary
condition “u = 0” has to be changed in a convenient condition). A well kown result
of Bénilan-Brezis is devoted to the case of the Thomas-Fermi equation where p
is a measure on €2, see [6] and the recent paper [7]. In fact, in the case of (1.1),
the function g makes very differents the cases “u € L'(Q2)” and “4 measure on
Q7. Indeed, if Q is a bounded open subset of RV with a smooth boundary and
if g € C(R,R) is such that g(s)s > 0 for all s € R, then, the problem (1.1) has
a unique solution for all u € L'(€2). But, the existence part of this result is not
always true if 41 is a measure on Q. For instance, let p €]1, 00|, g(s) = |s[P"!s and
be a measure on Q. Then, (1.1) has a solution if and only if u € L' (Q)+W=2P(Q).
This latter condition is equivalent to say that |u|(A) = 0 for for every borelian
subset of 2 whose W2 -capacity is zero, see Gallouét-Morel [8] and Baras-Pierre

[9]-

Following the works of H. Brezis, the case of quasilinear equations with the classical
Leray-Lions conditions may be studied:

—div(a(-,u,Vu)) = p in Q,
u =0 on ON.

Here also, one obtains, for all measure 4 on €2, the existence of a solution to (1.2),
see Boccardo-Gallouét [10] and [11].

(1.2)

In order to obtain these existence results (for (1.1) or (1.2)), a classical method is
to consider approximate solutions obtained with a sequence of regular functions
(tn )nen, bounded in L!(Q) and x-weakly converging to p (with also some approx-
imations of the function g in the case of (1.1)) and then to obtain some estimates
on this sequence of approximate solutions and to pass to the limit as n — oo (it is
for this last step that some difference occurs between “L'” and “measure” in the
case of (1.1)).

In this paper, we will present a third method to obtain existence of solutions for
elliptic problems with measure data. It consists to pass to the limit on the solution
obtained with a discretization of the equation by a numerical scheme (such as a
Finite Element scheme). This method has a double interest since it gives the
existence of a solution for the problem considered and it gives a way to compute
an approximation of this solution (especially if one has also a uniqueness result).
In some cases, it is also possible to have some error estimates. This question of
computation of the solution of an elliptic problem with measure data is crucial
for some ingineering problems. An example is given by the reservoir simulation in
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petroleum ingineering. In this example, measure data have to be considered since
the diameter of a well (about 10 ¢cm) is very small with respect to a typical mesh
size (about 100 m). It leads to source terms in the equations which are measures
supported on some points (for some 2d models) or some lines (for 3d models), see
Fabrie-Gallouét [12] for instance.

In Section 2, a model example is considered which is generalized in Section 3.

2. A model exemple

This section presents a result given in Gallouét-Herbin [13].

Let © be a polygonal open subset of R? and p € M,;(f2), where M;(Q) denotes
the set of bounded measures on €2, that is the set of g-additives applications from
the borelian subsets of © to R. An element 1 € M(€2) may be considered as an
element of (C(Q))', setting () = [, edp if ¢ € C(Q). In the sequel, C(Q) is
endowed with its usual “sup-norm” and ||x|/as, denotes the norm of y in the dual
space (C(2))". One considers the Dirichlet problem with u as datum:

—Au = pin Q,

u =0 on 09Q.
In order to prove the existence of a (weak) solution to (2.1), the method developped
in [10] considers a sequence (fin )nen of regular functions such that p,, — p for the
x-weak topology of C(Q)’ and the sequence (uy)nen C Hi(2) of (weak) solutions
of (2.1) with p, instead of y, that is

(2.1)

—Auy, = pyp in Q,

u, = 0 on 0.
The method developped in this paper is to consider a sequence of solutions of
a numerical scheme as the mesh size goes to 0. Roughly speaking, it consists to
“regularize the operator” (the discretized problem is a linear system in a finite
dimensional space) instead of “regularize the datum”.

(2.2)

Let M be a Finite Element triangular mesh of  (see e.g. Ciarlet [14]). One chooses
the piecewise Finite Element approximation of (2.1). One sets H = {u € C(Q);
u), € P! for all K € M}, where P' denotes the set of affine functions, and
Hy = {u € H; u=0 on 09}. The Finite Element approximation of (2.1) leads to
the following problem:

upm € Hy,

Jo Vua - Vodz = [, vdp, Yv € H,.
It is classical that (2.3) has a unique solution. The aim is to proves the convergence
of upq to some u, as the mesh size goes to zero, and that u is the unique solution
of (2.1) in a convenient sense. The main difficulty is to obtain some estimates on
UM -

(2.3)
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In order to obtain these estimates, one recalls the way to obtain some estimates
on the solution u, of (2.2) (the method of [10]). Since (un)nen C L'(Q) and
tn — p for the x-weak topology of C(Q)’, the sequence (pn)nen is bounded in
LY (Q). Indeed, in order to simplify, one may assume that ||u, |2 < ||u||as, for all
n. Then, let § > 1 and define:

s 1
505:/7&;56]1%.
=), T

Taking ¢(u,) as test function in the weak formulation of (2.2) (note that p(u,) €
H}(Q)) leads to:

|Vu,|?

= g% < Collpllan, (2.4)
/Q (L + [un)? ’

where Cy = fooo Wdt < oo (and |- | denotes the euclidean norm in R¢, for any

d>1).

Using Holder Inequality, Sobolev embedding and the fact that 8 can be chosen
arbitrarily close to 1, one deduces from (2.4) the existence, for all ¢ < 2 (if Q is a
bounded open of R%, d > 2, the bound on ¢ is ¢ < ﬁ), of Cy, only depending on
0, g and ||p||ps, such that:

/ |V, |9dz < C,.
Q

A quite similar method can be used in order to obtain some estimates on the
solution uq of (2.3). The first difficulty is that ¢(ua) does not belong to Hy,
then it is not possible to take v = p(uprq) in (2.3). But, we can take for v the
interpolate of ¢(uaq). Indeed, let V the set of vertices of M and ¢k the Finite
Element basis function associated to K € V (that is ¢x € H, ¢x(K) = 1 and
¢r(L)=0if L € V, L # K). One has, with ug = up(K) for all K € V:

upm = Y ukdi.

Key

Taking v = ) ey p(uk )@k in (2.3) leads to:

> Trn(uk —up)(plux) — e(ur)) < Collullar, (2.5)
(K,L)e(V)?

where Tk 1, = — fQ Vok - Vordx and noting that ZLev Tk =0, forall K eV
since ), oy, ¢r(x) =1 for all z € Q.

In order to deduce from (2.5) a Wol’q—estimate on uy (for 1 < ¢ < 2), an additional
hypothesis is assumed. It is supposed that, the mesh M satisfies, for some positive
¢, the following Delaunay and non degeneracy conditions:
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(i) For any interior edge of M, the sum of the angles facing

that edge is less or equal to m — (,

(ii) For any edge lying on the boundary, the facing angle is (2.6)
less or equal to § — ¢,

(iii) For any angle 6 of any triangle T" of the mesh M, 6 > (.

Under this hypothesis, it follows from (2.5) the existence, for all ¢ < 2, of Cy, only
depending on £, q, ||p|las, and ¢ such that:

lunllytaey < Co (2.7)
0 ()

A way to prove (2.7), using (2.5), can be done with similar results using Finite
Volume schemes, see Gallouét-Herbin [15] or Droniou-Gallouét-Herbin [16]. Indeed,
UM = ) gey UK @K is solution of (2.3) if and only if the family (ur ) xey is solution
of

Z Trr(ux —ur) = / drdp, VK €V,
Lev Q
ug =0, VK € VN oA.

The left hand side of the first equation of (2.8) is the same than the left hand side
obtained with the classical Finite Volume scheme on the Voronoi mesh associated
to the set V. The control volume (of this Voronoil mesh) associated to K € V is
the set of points of {2 whose distance to K is less than its distance to any other
element of V. Thanks to Condition (2.6), the control volumes of the Voronol mesh
are also defined by the orthogonal bisectors of the edges of M, see Figure 1. The
fact that the schemes (Finite Element on M and Finite Volume on the Voronoi
mesh associated to V) differ only by the right hand sides is due to the following
computation for any T € M:

(2.8)

1
—/ Vog - Vorde = icotan(ﬁKﬁL)7
T

where 0k 1, is the angle of T facing the edge with vertices K and L. Hence, for
K,LeV, K # L:

Tk, =

where mg 1, denotes the distance between the points intersecting the orthogonal
bisectors in each of the triangles with vertices K and L (except for the case K €
YNoQ and L € VN IQ which has no importance), and dg 1, denotes the distance
between K and L.

It is now possible possible to use the results of [15] (or [16]) which use Holder
Inequality and a discrete version of the Sobolev embedding. It gives, for 1 < g < 2,
the existence for Cy, only depending on Q, ¢ and ||p||as, such that:
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FIGURE 1. Continuous line: Finite Element mesh. Dashed line:

Voronol mesh associated to the vertices of the Finite Element
mesh.

q
U — UL, —
Z mg. LdK L () <Cy,

(K.L)EW)? drr
from which follows (2.7) for some C;, only depending on €, ¢, ||u||a, and ¢.

Thanks to these Wol’q—estimates on upq, it is now possible to pass to the limit
as size(M) goes to zero, where size(M) is the supremum of the diameters of the
elements of M.

Assuming un — u for the weak topology of Wol’q, forall 1 < ¢ < 2, as size(M)— 0
(indeed, it is not possible, up to now, to assume such a convergence, one has to
consider subsequences of sequences of meshes satisfying (2.6)), let ¢» € C°(Q) (a
regular function with compact support). Taking v = Yy = Dy V(K)dk in
(2.3) (this is possible since Y € Hp) gives:

/VuM-Vdex:/dey. (2.9)
Q Q

Since Yy — ¥, Vi — Vo uniformly on © and urg — u for the weak topology
of W%, as size(M) — 0, (2.9) gives that u satisfies:

Vu-Vidr = [ Pdpu.
Q Q

Then, since u € Wy 4(Q) for all 1 < ¢ < 2 and since W, " (Q) € C(Q) for all r > 2,
a density argument gives that wu is solution of:
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u € M<gaaWy (),

. 2.10

/Vu-dex: / Wdp, Vi € Upsa Wy (). (2.10)
Q Q

The solution of (2.10) is unique (this is also true for a more general elliptic op-

erator in dimension 2, but not for a general elliptic operator with discontinuous

coeflicients, in dimension d > 3, replacing 2 by % and 2 by d in the two assertions
of (2.10), a counterexample is in [2]).

Finally, thanks to this uniqueness result, it is proven that ua; — wu for the weak
topology of Wy, for all 1 < ¢ < 2, as size(M) — 0, M satisfying (2.6) (with a
fixed ¢ > 0). This gives the following theorem:

Theorem 2.1. Let Q2 be a polygonal open subset of R%, i € My(Q) and ¢ > 0. For a
Finite Element mesh M of Q satisfying Condition (2.6), let upq be the solution of
(2.3). Then, upr — u, unique solution of (2.10), for the weak topology of Wol’q(Q),
for all1 < q <2, as size(M) — 0.

The convergence which is proven in Theorem 2.1 is only a weak convergence in
Wy%() for all ¢ < 2. Then, it gives the (strong) convergence in L9(2) for all
q < oo. It is perhaps also possible to prove a strong convergence in WO1 1) for
any g < 2. In some cases, such that a Dirac measure for p, it is possible to obtain
some error estimates, see Scott [17].

The generalization of this proof of convergence for a Finite Element method in
dimension d = 3 is not clear. It needs some additional work. In the following
section, a generalization is given for a convection-diffusion operator, in dimension
d = 2 or 3, using a Finite Volume method.

3. Convection-Diffusion Equations

This section presents a result given in Droniou-Gallouét-Herbin [16] (where more
general problems are considered).

Let  be a polygonal (for d = 2) or polyhedral (for d = 3) open subset of R¢
(d=2or 3). Let v € C(Q)? and pu € M;(f2), the problem under consideration is:

—Au + div(vu) = p in £,

u =0 on Of2. (3.1)

Such a problem is studied, for instance, in Droniou [18], where an existence and
uniqueness result is given using the method of Stampacchia (see [1]), that is a
regularity result and a duality argument. The objective, here, is to obtain an
existence result, passing to the limit on numerical schemes (and this gives also the
convergence of numerical schemes).
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Remark 3.1. For some v € (C(9))¢, the problem 3.1 appears to be associated to
a noncoercive operator. Let A : H}(Q) — H~1(Q) be defined by Au = —Au+
div(vu) for u € Hg(2). Then, it may exist some u € HJ(2), u # 0, such that
(Au,u) -1 g3 = 0, which leads to the noncoercivity of A.

A solution of (3.1) is a function u satisfying (using the fact that W," ()  C(Q)
for r > d):
u€ ﬂ1§q<%W()Lq(Q)v

/Vu~wdx - /wvw = / Ydp, Y € UpsgWy' ().
Q Q

The uniqueness of the solution of (3.2) is quite simple, using a regularity result on
the dual problem to (3.2) (see [16] or [18]). In order to prove an existence result,
a discretization of (3.1) by a Finite Volume scheme is used.

(3.2)

In [16] a large class of “admissibles” meshes of Q is considered. Here, in order
to simplify, one considers only some particular meshes. Let 7 be a mesh of Q.
One assumes that 7 is the Voronoi mesh associated to a family V of points of
Q with the assumption that any point of 9Q belongs to a control volume (or
its boundary) associated to an element of V which is also belonging to 9 (this
is always possible, adding to V some points on 9f if necessary). In the sequel, a
Voronoi mesh satisfying this property on the points of 92 will be called a “genuine
Voronoi mesh”. An example is given in the preceding section. Indeed, the Voronoi
mesh associated to the vertices of a Finite Element mesh M satisfying Condition
(2.6) is a genuine Voronoi mesh, see Figure 2. The definition of a Voronoi mesh
gives that the element of 7 are some open sets. In order to take into account the
fact that the measure ;1 may charge some parts of the edges of 7', the elements of
T are slightly modified such that 7" is now a (borelian) partition of Q.

Let K € V. The control volume associated to K is denoted by Vi and pux = u(Vk).
For K €V, the set of elements L of V such that Vx and V;, have a common edge
is denoted by Nk. If L € Nk, the common edge to Vi and V7, is denoted by ok 1,
and its (d — 1)-lebesgue mesure is denoted by my . The normal unit vector on
ok,L, outward K, is denoted by ng 1, (so that ny x = —ng ). Furthermore dg .
is the distance between K and L and:

MK, L

Tk = .
' dr.1,

The discretization of (3.1) is performed with the classical Finite Volume scheme
for the diffusion term and an upwind Finite Volume scheme for the convection
term:

Z Tk r(uxg —ur) + mg LVr LUK, L = i, VK € VN Q,
LeENT, (33)
ug =0, VK € Voo,
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FIGURE 2. A genuine Voronoi mesh.

where v 1, is the mean value of v - ng 1 on ok 1 and ug 1, is equal to ug or up,
depending on the sign of vk 1:

UK, = UK if VK, > 0,

UK, = UL if VR, L < 0. (34)

The system (3.3)-(3.4) appears to be a linear system of N unknowns, namely {ug,
K € VnQ}, and N equations, where N is the number of elements of {K € VNQ}.
Existence and uniqueness of the solution of this system is an easy consequence of
the following property of positivity (interesting for its own sake), which is due to
the upwind choice of uk 1, (that is (3.4)):

{ug, K € V} solution of (3.3)-(3.4)

J > 0 for all K € V }:>uK>0forallK€V. (3.5)

The proof of (3.5) is classical. If M is the matrix which determines the linear
system (3.3)-(3.4), after an ordering of the unknows, the property (3.5) is: X € RV,
MX >0 = X > 0, which a consequence of the same property on M*, namely
XeRV, M*X>0= X >0.

The solution {ug, K € V} of (3.3)-(3.4) gives an approximate solution of (3.1)
uy defined by:

uy(z) =ug ifx € Vi, K € V. (3.6)

The proof that uy converges to u, solution of (3.2), as the mesh size goes to 0, is
now divided in four steps:
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1. Estimates on uy for a so-called discrete WO1 “_porm, for 1 < ¢ < ﬁ (note

that uy ¢ W, %(2) except for some very particular cases !).

2. Relative compactness in L1(Q), for 1 < ¢ < %, of the family of approximate
solutions.

3. Any possible limit of the approximate solutions as the mesh size goes to 0 is
belonging to W, 4(Q) for 1 < ¢ < 4

4. Any possible limit of the approximate solutions as the mesh size goes to 0 is
solution of (3.2).

With this four steps, the uniqueness of the solution of (3.2) gives that uy converges
to u, solution of (3.2), as the mesh size goes to 0, in LI(2), for 1 < ¢ < 7%.

The main arguments of these four steps are now described.

Step 1. Estimates on uy.

Using the method of Section 2, it is quite easy to obtain some estimates on uy, in the
case where div(v) > 0 (which gives some coercivity). But, it is not so easy without
this assumption. Indeed, a first step is to control meas({uy > k}), as k — oo,
uniformly with respect to V. This is possible thanks to an estimate on In(1+ |uy|).
The way to obtain this estimate on In(1+|uy|) is described below in the continuous
case that for the weak solution u € H}(Q) of (3.1) when p € H=1(Q) N L' ().

Let ¢ € C1(R,R) be the fonction defined in Section 2 for § = 2, that is ¢(s) =

f; W for s € R. Taking ¢(u) as test function in the weak formulation of (3.1)

leads to:
vu? ollul v
———dr < Collpllag, + | 3
Jy vt < Colub + 55 P (5.7
u
< C + o0 )
< Calllan + ol | 30

with Cy = 7 ¢(s)ds = 1 and [|v]|oc = sup,eq [v(z)] < .

Using Cauchy-Schwarz Inequality, Inequality (3.7) gives a bound on VIn(1 + |u|)
in L?(Q), only depending on v, ||u|/as, and Q. Then, since In(1 + |u|) € HL(Q),
Poincaré Inequality gives a bound on In(1 + |u|) in L?(£2) only depending on v,
H/’(‘HMb and .

A similar estimate holds for uy, solution of the discretized problem, namely (3.3)-
(3.4) and (3.6). The bound on In(1 + |uy|) in L?(Q) is also only depending on
v, ||pl|ar, and Q. The proof of this bound uses the same arguments, with some
technical difficulties, and uses the upwind choice of uk 1, in (3.4).

The bound on In(1 + |uy|) in L?(Q) gives a bound on meas{|uy| > k}), namely:
C
(In(1+k))?’
where C is only depending on v, ||p|/as, and Q. Using this bound, it is now pos-
sible to obtain estimates on the so-called discrete VVO1 “_norm of uy (recall that,

meas{|uy| > k}) < (3.8)
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generally, uy & WO1 1)), for 1 < ¢ < fir This discrete WO1 ““_norm is defined,
for uy satisfying (3.6) and such that ug =0 if K € VN 9Q, by:

q
UK —uj,
flf o= S mrrdir () |

(K,L)E(V)? dr.L

A bound on [|uy||1,4,v is obtained, for 1 < g < 7%, when uy is solution of (3.3)-

(3.4) and (3.6), using (3.8), the function ¢ of Section 2, with # > 1 (close to 1), and
the functions T and Sy defined by T} (s) = max(—k, min(s, k)), Sk(s) = s —Tk(s),
for s € R. It is also used, for proving this estimate on |Juy|1,4,v, that, if L € N,
the distance from K to ok, is equal to the distance from L to o . The conclusion
of this step is that, for 1 < ¢ < %v there exists Cy, only depending on v, |1 az,
and €, such that:

[uvll1,qv < Cy (3.9)

Step 2. Relative compactness in L(Q), for 1 < ¢ < ﬁ, of the family of approxi-
mate solutions.

With the discrete WO1 “_norm and ¢ < d, a discrete version of the Sobolev embed-
ding holds. Here also, the fact that, if L € N, the distance from K to ok, is
equal to the distance from L to ok j is used. There exists S;, only depending on
g, such that, if uy is defined by (3.6) and ug = 0 for K € VN oQ:

L.V (3.10)

lwvllLar (@) < Sqlluy
where ¢* = dqqu.
Then, if wy is the solution of (3.3)-(3.4) and (3.6), Estimate (3.9) (where 1 <
q< dil) leads, with (3.10), to an estimate on wy in L"(Q2) for 1 < r < ﬁ. This
estimate gives the relative weak-compactness in L" () of the family of approximate
solutions (that is the family of uy, solution of (3.3)-(3.4) and (3.6), as V describes
all the possible sets of points of ) leading to a genuine Voronoi mesh). In order to
obtain the relative (strong-)compactness of the family of approximate solutions,
an equivalent to the Rellich theorem, using the norm | - |[1,4,y instead of the
WO1 ““_norm, is needed. This compactness theorem is, thanks to the Kolmogorov
compactness theorem, a consequence of the following inequality, which holds for
q <2, h € R? and any uy defined by (3.6) and such that ugx = 0 for K € V N oK

/ uv (x + h) — up(@)|* < [A|(|A] + Csize(V) " uy[l1,q.v, (3.11)
R4

where C' is only depending on €2, size(V) is the supremum of the diameters of the
elements of the Voronoi mesh associated to V, and uy is defined outside €2 by
setting uy(z) = 0 if = & Q.

Estimate (3.9) (where 1 < ¢ < %) gives, with (3.10) and (3.11), the relative
compactness of the family of approximate solutions in L?(Q) for 1 < g < 2, thanks
to the Kolmogorov compactness theorem. Then, using the estimate on uy, in L" ()
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forl1<r< ﬁ, the relative compatness of the family of approximate solutions is
obtained in L(12) for 1 < g < 54.

Step 3. Let uy be the solution of (3.3)-(3.4) and (3.6). Assuming that uy converges
to some u in (), for all 1 < g < 7%, as size(V) — 0, the fact that u € W, ()
for all 1 < ¢ < 7% is a consequence of Estimate (3.9) and (3.11). Indeed, for
h € RY h # 0, (3.11) gives with (3.9) (recall that uy is defined outside Q by
setting uy(z) =0 if = € Q):

/ |uy (z + h) —uyp(x)| < |h|(|h] 4 Csize(V))1!
Rd |h|4 N |h[4

Cy,

which leads, for 1 < g < ﬁ, passing to the limit as size()) — 0:

/ [u(z +h) —u(x)|?
Rd |h[4

< Cy, (3.12)

where, here also, u is defined outside by setting u(z) = 0 if = ¢ Q. Inequality
(3.12) gives Vu € LY(R?%) and therefore, since u = 0 outside Q, u € Wy4(€).

Step 4. The proof of this step is easier (at least for a regular v). Indeed, let uy
be the solution of (3.3)-(3.4) and (3.6). Assuming that wy converges to some u
in LI(Q), for all 1 < g < ﬁ, as size(V) — 0, the preceding step gives that
u € Wol’q(Q) forall 1 < ¢ < ﬁ. Taking ¢ € C5°(€2), (3.2) is proven, passing
to the limit on the numerical scheme (3.3)-(3.4). Then, a density argument gives
(3.2) for all ¢ € U,~gW, " (Q) and this concludes Step 4.

As usual, the steps 3 and 4 hold for “subsequences of sequences of approximate
solutions” and it is the uniqueness of the solution of (3.2) which gives, finally, the
convergence of all the family, that is the convergence of uy to u, unique solution
of (3.2), in LY(Q), for all 1 < ¢ < ﬁ, as size(V) — 0. Then, the conclusion of
this proof is the following theorem:

Theorem 3.2. Let 2 be a polygonal (for d = 2) or polyhedral (for d = 3) open
subset of RY (d =2 or 3). Let v € C(Q)? and p € My(2). For a genuine Voronoi
mesh associated to a set V of points of Q, let uy be the solution of (3.3)-(3.4)
and (3.6). Then, uy converges to w, unique solution of (3.2), in L1(Q), for all
1<q< 4%, as size(V) — 0.

References
[1] G. Stampacchia, Le probléme de Dirichlet pour les équations elliptiques du second
ordre a coefficients discontinus. Ann. Inst. Fourier 15 (1965) 189-258.

[2] A. Prignet, Remarks on ezistence and uniqueness of solutions of elliptic problems with
right-hand side measures. Rend. Mat. Appl. 15 (1995) 321-337.



Measure Data and Numerical Schemes 13

[3] J. Serrin, Pathological solutions of elliptic differential equations. Ann. Scuola Norm.
Pisa (1964) 385-387.

[4] H. Brezis and W. Strauss, Semilinear elliptic equations in L*. J. Math. Soc. Japan 25
(1973) 565-590.

[5] P. Bénilan, H. Brezis and M. Crandall, A semilinear elliptic equations in L*. Ann.
Scuola Norm. Sup. Pisa 2 (1975) 523-555.

[6] H. Brezis, Some variational problems of the Thomas-Fermi type. In Variational In-
equalities (Ed. Cottle, Gianessi-Lions) (Wiley, New York) (1980) 53-73.

[7] P. Bénilan and H.Brezis, Nonlinear problems related to the Thomas-Fermi equation.
Journal of Evolution Equations 3 n°4 (2003) 673-770.

[8] T. Gallouét and J.-M. Morel, Resolution of a semilinear equation in L*. Proceedings
of the Royal Society of Edinburgh 96A (1984) 275-288.

[9] P. Baras and M. Pierre, Singularités éliminables pour des équations semi-linéaires.
Ann. Inst. Fourier 34 n°1 (1984) 185-206.

[10] L. Boccardo and T. Gallouét, Nonlinear Elliptic and Parabolic Equations involving
Measures Data. J. of Functional Analysis 87 n°1 (1989) 149-169.

[11] L. Boccardo and T. Gallouét, Nonlinear elliptic equations with right hand side mea-
sures. Comm. PDE 17 n°3 and 4 (1992) 641-655.

[12] P. Fabrie and T. Gallouét, Modeling wells in porous media flows. Mathematical
Models and Methods in Applied Sciences 10 n°5 (2000) 673-709.

[13] T. Gallouét and R. Herbin, Convergence of linear finite elements for diffusion equa-
tions with measure data. C. R. Math. Acad. Sci. Mathématiques 338 issue 1 (2004)
81-84.

[14] P. G. Ciarlet, Basic error estimates for elliptic problems. In Handbook of Numerical
Analysis 11 (North-Holland, Amsterdam) (1991) 17-352.

[15] T. Gallouét and R. Herbin, Finite volume methods for diffusion problems and irreg-
ular data. In Finite volumes for complex applications, Problems and Perspectives, II
(Hermes) (1999) 155-162.

[16] J. Droniou, T. Gallouét and R. Herbin, A finite volume scheme for noncoercive
elliptic equation with measure data. SIAM J. Numer. Anal. 41 n°6 (2003) 1997-2031.

[17] R. Scott, Finite Element Convergence for Singular Data. Numer. Math. 21 (1973)
317-327.

[18] J. Droniou, Solving convection-diffusion equations with mized, Neumann and Fourier
boundary conditions and measures as data, by a duality method. Adv. Differential
Equations 5 n°10 — 12 (2000) 1341-1396.

Thierry Gallouét

LATP, CMI

13453 Marseille cedex 13

France

e-mail: gallouet@latp.univ-mrs.fr



