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Abstract. We show that the family of gradient schemes includes the Raviart—
Thomas R1T} mixed finite elements. This result can be used to obtain conver-
gence results for a large number of linear and nonlinear problems.

1 Introduction

The numerical solution of environmental underground studies often in-
volves models which require the approximation of linear and nonlinear het-
erogeneous and anisotropic diffusion operators for general piecewise regular
coefficients and on general meshes [4, 2 [1, 13]. A wide number of numer-
ical schemes based on several different approaches have been developed in
the last fifteen years to this purpose. An illustration of the variety of these
approaches may be found in the two benchmarks which were held in 2008
(two-dimensional case) and in 2011 (3D case) [13, [12]]. The family of gradi-
ent schemes was introduced to synthesize some of these approaches and was
proven to converge for a large number of nonlinear problems [[10, 5]]. This fam-
ily contains several wellknown schemes, such as conforming and lumped con-
forming schemes, mimetic schemes, discrete duality finite volume schemes.
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The aim of this paper is to show that it also contains the RT}, mixed finite
element method and apply it to two phase flow problems.

2 Gradient schemes for diffusion problems

Let Q be an open bounded subset of R¢, where d is the space dimension. A
gradient discretization D for a space-dependent second order elliptic prob-
lem posed on the domain 2, with homogeneous Dirichlet boundary conditions
on the boundary 02, is defined by D = (Xp o, IIp, Vp), where:

o the set of discrete unknowns Xp g is a finite dimensional vector space on
R, corresponding to the approximation of the homogeneous Dirichlet elliptic
problem,

e the linear mapping IIp : Xpo — L?(2) is the reconstruction of an approxi-
mate function from the discrete unknowns (also often called “lifting operator’).
e the linear mapping Vp : Xpo — L?(Q)? is the discrete gradient operator.
It must be chosen such that || - [|p := [|[Vp - || 12(q)a is a norm on Xp p.

Let us now give the fundamental properties that we seek when designing
a gradient discretization (or when recognizing a gradient discretization in an
existing scheme) in order to be able to prove its convergence.

e Coercivity. Let C'p be the norm of the linear mapping IIp, defined by

I
Cp= max Itp0llz2e) @2.1)
vE€XD,0\{0} |v]|p

A sequence (D, )men of gradient discretizations is said to be coercive if there
exists Cp € Ry such that Cp,, < Cp forallm € N.

e Consistency. Let Sp be defined by: p € H*(Q) — Sp(¢) € [0, +00) with
Sp(p) = vé%iﬂ,o <||HDU = @llr2) + IVov — VSOHLQ(Q)GZ) N )

A sequence (D, )men of gradient discretizations is said to be consistent if, for
all p € H}(Q), Sp,, (¢) tends to 0 as m — oo.

e Limit—conformity. Let Hy;, () = {¢ € L*(Q)¢,divep € L*(Q)} and let
Wp: Haiv(2) X Xp o — [0, +00) be defined by
V(cp,u) S Hdiv<Q) X XD,O7

W (e, u) = /Q (Vou(x) - (@) + Mpu(z)dive(z)) da.

(2.3)

Note that for a conforming finite element method, we have Wp (¢, u) = 0.
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A sequence (D, )men of gradient discretizations is said to be limit-conforming
if, for all sequence u,, € Xp,, o such that ||uy,]||p,, is bounded, and for all
@ € Hyiw(Q), Wp, (¢, ) tends to 0 as m — oc.

e Compactness. A sequence (D, )men of gradient discretizations is said to
be compact if, for all sequence u,, € Xp,, o such that ||w,,||p,, is bounded,
the sequence (IIp, U, )men is relatively compact in L2(€2).

The linear case. Let A and \ € R, such that 0 < A\ < X and let My(), \)
denote the set of d x d symmetric matrices with eigenvalues in (), \). Assum-
ing that A is a measurable function from  to Mg4(\, ), and f € L?(Q2), we
seek an approximation of @ € Hj () satisfying

/ A(x)Vu(x) - Vo(z)dx = / f(z)v(x)dz, Yo € HE(Q). (2.4)
Q Q

If D = (Xp,p, Vp) is a gradient discretization, the related gradient scheme
for the discretization of this problem is to look for u € Xp o such that

/ A(x)Vpu(z) - Vpu(x)de = / f(x)Ipv(x)dx, Vv € Xpy. (2.5)
Q Q

The coercivity, consistency and limit-conformity properties for a family of gra-
dient discretizations are sufficient to ensure the convergence of Ilpu to u in
L?(Q) and that of Vpu to Va in L?(2)%. The compactness property is only
needed for the convergence of gradient schemes in the case of nonlinear prob-
lems.

3 RT} mixed finite element schemes are gradient schemes

Let O be an open bounded connected subset of R?, d € N*. Let Q be a
finite dimensional subspace of L?({2). Let V be a finite dimensional subset
of Hgiv(£2); the divergence operator is thus well defined on V' whereas the
gradient of an element of () is not defined. It is however natural to define
a discrete gradient on () by a duality formula; let U be a finite dimensional
space of L%(Q)? with same dimension as V' and such that

Vv e U, / v(x) - w(zx)de =0 for all w € V implies v = 0,
Q

then the discrete gradient of u € (), denoted by V,u, is the unique solution of :

Vou € U,
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/ w( (z)de + / u(x)divw(x)de =0, VYweV. (3.1)
Q

In the case of the linear problem (2.4), a natural (non conforming) scheme is
then

u e Q,
/A(ac)Vau( -Vyu(x)de = / f(®)v(x)dx, Vv € Q. (3.2)
Q

In order to define the scheme completely, it remains to choose the subspace U'.
Since the solution u of the continuous problem (2.4) satisfies AVu € Hgiy (£2),
it is natural to take

U={pec L)% Ap eV} (3.3)

With this choice for U, a function u € (@ is solution to (3.2)) with V, defined
by (3.1), if and only if the pair (—AV,u,u) = (v, q) where (v,q) € V x Q is
a solution to

/w (z)v(x )da:—/ ¢(x)divw(x)de =0, VYw eV, (3.4a)

/¢ )divo(a dac—/w Vi € Q. (3.4b)

Indeed, Equation (3.4a) corresponds to (3.1) with v = —AV,u. Letting u =
¥ € Qin (3.1I), we have

/Q@Z)(:L')divv(ac)dm:—/Qv(x)-va@b(m)dm:AA(m)%u(w)-%w(m)dx

and therefore ([3.4b) corresponds to (3.2), thanks to the choice (3.3) of U. Note
that at this point, the problems and are not necessarily well posed.
The well-posedness is obtained for adequate choices of (V, Q).

Here we choose V' spanned by the corresponding RT}; basis functions on a
regular simplicial mesh 7~ [6], and @ spanned by the family (x;);cs of piece-
wise polynomial basis functions of degree k on each cell of the mesh. It is
wellknown that in this case, Problem (3.4)) (and therefore (3.2))) is well posed.
We now wish to compare the mixed finite element for a general, possibly non
linear problem, to a gradient scheme discretization. So we again consider a
regular simplicial mesh, and V' and @) as above, but we now generalize the
space U as follows:

U={pel’(%ApeV}, (3.5)
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where A is an arbitrary measurable function from Q to M4(A, A). Let us define
the gradient discretization D = (Xp,1lp,Vp) by: Xpo = RY, IIpu =
> icr wixi and Vpu = V,(IIpu). Then (B.1) with U defined by (3.5) may be
written as

AVpu €V,

/ v(x) - Vpu(x)de + / Ipu(x)dive(xz)de =0, Vv e V. (3.6)
Q Q

Note that for most problems, we shall choose A to be the identity matrix.
However we can also choose A = A, the absolute permeability matrix of an
anisotropic heterogeneous porous media, for instance in the case modelled by
the linear problem (2.4).

Let us now show that the resulting gradient scheme is coercive, consistent,
limit conforming and compact, as stated in Theorem [3.1] below. In order to
do so, we first recall some known results on the RT} mixed finite element
schemes. Let us introduce the broken Sobolev space H'(T) of functions
whose restriction to each simplex K of the mesh belongs to H!. First recall
that, for (V, Q) defined by the (RT},, P*) mixed finite element approximation,
there exists [6, Lemma 3.5 page 17] an interpolation operator P, : Hy =
Hgio (Q) N (HY(T))? — RT}, such that

Vp e P* v e Hr, / p(x)div(v — Pyv)(x)de = 0, (3.7)
Q

and there exists a > 0, only depending on the regularity of the mesh [6, The-
orem 3.1], such that

¥ € Hr, v — Pollp2ip < oh(D_ [vll3pn )2 (38)
TeT

where h denotes the size of the mesh 7. Let us recall how we deduce from the
above properties the standard “inf-sup” condition: let p € @, let us prolong p
by 0 on a ball B with radius R containing €. Then there exists w € H}(B)
such that

Vg € H&(B),/ Vw(x) - Vg(x)dx = / p(x)g(x)dx. (3.9)
B B
Moreover w € H?(B) and there exists 3 only depending on d and R such that

|l g2(8)y < Blpllr2(0)-
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Therefore, since Vw € H, we have from (3.8)
[Vw — PeNVwl| 2qya < ahBpll2q),
which shows that
[1PeVwl 2 9ya < (2R +1)BIpll 120 (3.10)

which immediately leads to the inf-sup condition. This enables to apply the
general result on mixed approximations [6, Theorem 5.3 p. 39] (due to Brezzi):
for a given f € L?(Q) and discretization spaces V, @ defined by the k-th order
Raviart-Thomas mixed approximation (RT}, P¥), there exists one and only
one (v,q) € V x @ solution to (3.4) and there exists d, only depending on A,
A, on the regularity of the mesh and on 2 such that

llg — UHLQ(Q) + [Jv + AquHdiv(Q) <

O(inf 1Y —ullz@ + jnf llw — AVullgy @), G1D
where u € H{(Q) is the unique solution of
Vv € HY (), / A(z)Vu(zx) - Vu(z)dz = / f(@)v(x)de.  (3.12)
Q Q

Let us now state that the R7T}, mixed finite element scheme is a gradient scheme.

Theorem 3.1 Let (T,,)men be a sequence of regular simplicial meshes in the
sense of |6, Theorem 3.1 p.14] such that the size hy, of the mesh T,, tends to
0asm — oo. Fork € N, let (Vy,, Qm)men be the corresponding sequence
of RTj, finite element spaces. Let D,, = (Xp,,0,1lp,,,Vp,,) be defined
from (Vi Q) by (3.6). Then D,, is a gradient discretization and the family
(Din)men is coercive, consistent, limit-conforming and compact in the sense
of the definitions of Section 2]

Proof
e Coercivity. Letu € Xp,, o (which means that p = Ilp, u € Q). Using
B-10), let w € H}(B) be defined by (3.9), and let v = P,Vw € Vj,,. Thanks

to (3.7), we get that
Pl = = [ ple)divole)da.
From (3.6)), we get

Mo, ulfee) = [ v(@): Vo, ue)de.
Q
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Thanks to (3.10)), we then get
Mp,,ull 20y < (@D +1)B( Vo, ull2(0)e,

which proves the coercivity property.

e Consistency. Let us check the consistency property on the set R = {¢ €
H} (9); there exists f € C2°(Q) such that ¢ is solution to (3.12)}. Let ¢ € R.
Considering Problem with f = —div(AVy), we define u € Xp,, o by
p=1Ilp,,uand v = —AVp,_ u. Then, we get from (3.11)

Mp,, v —@llr2) + [AVD, u — AV g (@)
<8 int 6= pllizie + ot lw— AVl o).

Since the right hand side of the above inequality tends to 0 as m — oo, we
obtain that Sp,, (¢) tends to 0 as m — oo. The proof of consistency is then
concluded by density of R in H{ () (see Lemmabelow).

e Limit-conformity. Let (u,,)men such that u,, € Xp,, o and Vp, u,, re-
mains bounded in L2(Q)? as m — oo. Let o € Hg;y (2), and ,,, € V;, be an
interpolation of ¢ such that || — @[z, (@) tends to 0 as m — oo. Then

W, (@) = | (Vo n(@) (&) + Tlp, i (@)dive(a) do =

| (T0100(@) (p(@) 00 (@) 1T, 00 (@) divip () ~divep () )

thanks to (3.6). Applying the coercivity inequality, we get that the right term
of the preceding inequality tends to 0 as m — oo, which shows the limit
conformity of the sequence.

e Compactness. We consider a sequence (um)men such that u,, € Xp,, o
and Vp,, u,;, remains bounded in L?(Q)¢ as m — oo. Then, thanks to the
coercivity property, we first extract a subsequence (samely denoted), such that
Ip, u,, weakly converges in L*(R?) to some u € L?(R%) (prolonging by 0
outside €2). Using the limit-conformity, we get that Vp,_ u,, (prolonging by 0
outside Q) weakly converges in L?(R%)? to Vu, which shows that u € H}(9).
Let w,, € H}(B) N H?(B) (resp. w € H}(B) N H?(B)) be defined by (3.9)
for p = Ilp,, um (resp. p = u). A classical result is that w,, converges in
H{}(B) to w (from the weak convergence of the gradient and the convergence
of its norm).
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Letting v = P, Vw,, in (3.6), we get
/ PNwy,(x) - Vp,, um(x)de +/ IIp,, um (x)div P, Vwy, (x)de = 0,
Q Q

which provides, thanks to (3.7)),

/ PNVwp,(x) - Vp,, uy(x)de — / (Ip, um (x))%da = 0.

Q Q

Thanks to (3.8)) and to the convergence of Vaw,, to Vw in L2(Q2)?, we get that
Py, Vw,, converges in L?(0) to Vw. By strong/weak convergence on the first
term, we get

lim | (p,, um(x))?de = /Q Vw(z) - Vu(x)dz

m—0o0 Q
=— / div(Vw(x))u(x)dx = / u(z)?de.
Q Q
This shows the convergence of Ilp, u,, to u in L?(£2), hence concluding the
proof of the compactness of the discretization. [J

Lemma 3.2 (A density result) Ler Q be an open bounded subset of R%, let A
be an arbitrary measurable function from € to the set of d X d matrices, and,
for a.e. T € Q, A(x) is symmetric with eigenvalues in (A, \) C (0,400),
and let R = {¢ € H}(Q); there exists f € C°(Q) such that ¢ solution of
(B:12)}. Then R is dense in H}(S2).

Proof The mapping T : H}(Q) — H1(Q) defined by u +— T(u) =
—divAVu is continuous and one-to-one thanks to the Lax-Milgram lemma.
Therefore the inverse mapping 7! is also continuous. Since C°(€2) is dense
in H~1(Q) and R = T~1(C2°(R)), the conclusion follows. [J

Convergence of the schemes. Let us recall that for a coercive, consistent,
limit-conforming and compact gradient discretization, we are able to prove the
convergence of the associated gradient scheme for a number of linear or non
linear problems [8] (11,7, 5] In particular, Theorem 3.1] proves that the gradient
discretization defined by (3.3)-(3.6)) is coercive, consistent, limit-conforming,
and compact, whatever the choice of the matrix A in My(), ). In particular,
for A = A, it yields the convergeequation*nce of the classical mixed finite
element scheme for the diffusion problem [2.4] with no regularity assumption
on the solution (see [9, Lemma 2.2] or [5, Lemma 3.1]). In the following
section, we recall the convergence result that was proven for two phase flow in
[LO] for gradient discretizations and which naturally includes the R7j scheme.
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4 Application to two phase flow in porous media and Richards’
equation

We are interested here in the approximation of (u,v), solution to the incom-
pressible two-phase flow problem in the space domain €2 during the time period
(0,7):

O(x)0pS(x, p) — div(ky (x, S(x, p))A(x)Vu) = fi, (4.1a)
()0 (1 — S(z,p)) — div(ka(z, S(z,p)) A(x)Vv) = f2, (4.1b)
p=u—uv, for € Qx (0,7), (4.1¢)

where u (resp. v) denotes the pressure of the phase 1, called the wetting
phase (resp. of the phase 2, which is the nonwetting phase), p is the difference
between the two pressures, called the capillary pressure, the saturation of the
phase 1 is denoted by S(z, p) (it is called the “water content” in the framework
of Richards’ equation), and where ®, A, k;, g; and f; (i = 1, 2) respectively
denote the porosity, the absolute permeability, the relative permeabilities, the
gravity and the source terms.
Remark Alternately, we also consider a generalized Richards equation ob-

tained from [@.1) either by replacing Equation (4.1a)) by

u(zx,t) = u(x) for (z,t) € Q x (0,T), 4.2)
or replacing by
v(x,t) = v(x) for (z,t) € Q x (0,T). (4.3)

Problem is considered with the following initial condition:
S(x,p(x,0)) = S(x, pni(x)), forae. z € Q, (4.4)
together with the non-homogeneous Dirichlet boundary conditions:
u(x,t) = u(x) and v(x,t) = v(x) on IN x (0, 7). 4.5)

The detailed assumptions are provided in [10]] and include that the functions
ki, © = 1,2, are bounded by below by some value ki, > 0. This latter
assumption is needed for the convergence proof (it is classical for the Richards
problem). Problem (4.1))-(@.4)-(.3) is considered under an appropriate weak
sense, and it is approximated by the tools provided here, in the following way.

We consider a time interval (0,7") and (t(”))n:07.,.’N such that t0 = 0 <
1) < tN) = T We then set #(3) = (41 _¢() forp = 0,...,N—1.
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Let us consider the following mixed finite element scheme for the approxima-
tion of Problem (4.1)),(@.4),@.5) (let us emphasize that this discretization is
not based on the global pressure formulation of the problem). We consider a
simplicial mesh of €2, which is sufficiently regular, and we define Q C L?(Q)
as the set of the piecewise constant functions on the elements of the mesh,
and V' C Hyg;y(Q2) be defined by the RT| basis. The scheme is then given
(dropping the time indices (n + 1) for the unknowns) by

findu,v € @, u,v eV, p=u—uv,

nweh / (k1 (S(a, p))A) D - + / udive = 0,
Q

v e V. [ (n(S(a )N wt [ wdive <o
& Q

e /((I)(m) s +3)

/ fi(z,t)q(x)dxdt.

Q

S((I),p) - S(m’p(n))
s +3)

+ divu) q(x)dx

Q
1 t(n+1)

g€ Q, /(—CI)(:E)

+ divv)q(;p)dm
t(n+1)
/sz(w, t)q(z)dxdt.

Q
_ 1

We can then rewrite the above discretization, for example in the case of (4.1a),
under the form of a gradient scheme:

findu,v € Xpo, p=1u—v,

Yw € Xp, /Q (@(az)

+ k1 (S(x, IIpp)AVpu - pr> da

S (@, Tpp) — S(=, Ipp™)
st t3)

pr

1 t(n+1)
= — x, t)[Ipw(x)dxedt,
7 | A omu@)

defining IIp and Vp by with A = ki (Sp(x,p))A. Writing a simi-
lar equation for (.1b)), the resulting scheme is then very close to that given
in [10]], and a similar study to that given in [[10] can be done for proving its
convergence to the weak sense of Problem (4.1)),(4.4),(.5)), based on the four
properties (coercivity, consistency, limit-conformity and compactness) intro-
duced in this paper. This proof also requires that the reconstruction operator
be piecewise constant, and therefore it applies to the case of the RTj scheme.
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In the case of the Richards equation, the scheme is obtained by replacing one
of the discrete conservation equations by the imposed value for the pressure.
A possible extension of this work is the generalization of this result to the RT}
scheme, which could be obtained by a comparison between the reconstruction
operator with a piecewise constant reconstruction operator.
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