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We investigate the connections between several recent methods for the discretization
of anisotropic heterogeneous diffusion operators on general grids. We prove that the
Mimetic Finite Difference scheme, the Hybrid Finite Volume scheme and the Mixed
Finite Volume scheme are in fact identical up to some slight generalizations. As a con-
sequence, some of the mathematical results obtained for each of the method (such as
convergence properties or error estimates) may be extended to the unified common frame-
work. We then focus on the relationships between this unified method and nonconforming
Finite Element schemes or Mixed Finite Element schemes. We also show that for isotropic
operators, on particular meshes such as triangular meshes with acute angles, the unified
method boils down to the well-known efficient two-point flux Finite Volume scheme.
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1. Introduction

A benchmark was organized at the last FVCA 5 conference®® in June 2008 to test the
recently developed methods for the numerical solution of heterogeneous anisotropic
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problems. In that benchmark and in this paper, we consider the Poisson equation
with homogeneous boundary condition

—div(AVp)=f inQ, (1.1a)
p=0 on0Q, (1.1b)

where € is a bounded open subset of R? (d > 1), A : Q@ — My(R) is bounded
measurable symmetric and uniformly elliptic (i.e. there exists ¢ > 0 such that, for
ae. v € Qand all £ € R4, A(z)€ - € > (|¢)?) and f € L2(Q).

The results of the FVCA benchmark, in particular those of Refs. 10, 20, 28, 29,
seem to demonstrate that the behavior of three of the submitted methods, namely
the Hybrid Finite Volume method!??22! the Mimetic Finite Difference method®,
and the Mixed Finite Volume method!®:16 are quite similar in a number of cases (to
keep notations light while retaining the legibility, in the following we call “Hybrid”,
“Mimetic” and “Mixed” these respective methods).

A straightforward common point between these methods is that they are written
using a general partition of {2 into polygonal open subsets and that they introduce
unknowns which approximate the solution p and the fluxes of its gradient on the
edges of the partition. However, a comparison of the methods is still lacking, prob-
ably because their mathematical analysis relies on different tool boxes. The math-
ematical analysis of the Mimetic method® is based on an error estimate technique
(in the spirit of the mixed finite element methods). For the Hybrid and the Mixed
methods?"15, the convergence proofs rely on discrete functional analysis tools which
have recently been adapted to the discontinuous Galerkin framework!'?. The aim
of this paper is to point out the common points of these three methods. To this
purpose, we first gather, in Table 1 of Section 2, some definitions and notations
associated with each method, and we present the three methods as they are intro-
duced in the literature; we also present a generalized or modified form of each of
the methods. The three resulting methods are then shown to be identical (Section
3) and to inherit some of the mathematical properties of the initial methods (Sec-
tion 4). Particular cases are then explored in Section 5, which show the thorough
relations between this unified method and a few classical methods (nonconforming
Finite Elements, Mixed Finite Elements and two-point flux Finite Volumes) and, as
a by-product, provide a flux lifting operator for a particular choice of the stabiliza-
tion parameters (but any kind of grid). Finally, a few technical results are provided
in an appendix.

2. The methods

We first provide the definitions and notations associated with each method (in order
for the readers who are familiar with one or the other theory to easily follow the
subsequent analysis, we shall freely use one or the other notation (this of course
yields some redundant notations)).
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Mim. FV
Partition of 2 in polygonal sets Qp M
Elements of the partition (grid cells) (“control vol- | p K

ume” in the finite volume framework)

OFE, or numbered £
K

Set of edges/faces of a grid cell
from 1 to kg

Edges/faces of grid cell e o
Space of discrete p unknowns (piecewise approxi- oh H oy
mations of p on the partition)

Approximation of the solution p on the grid cell e DK
E=K

Discrete flux: approximation of \%I fe —AVp - n%, .

(with e = o an edge of E = K and n%, = ng, the | I'g Fro
unit normal to e outward E)

Space of discrete fluxes (approximations of xh F

ﬁ fe/g —AVp-n)

Table 1. Usual notations and definitions in Mimetic (Mim.)and Finite Volume frameworks (F'V).

Remark 2.1. In the usual Finite Volume literature, the quantity Fix , is usually
rather an approximation of fa —AVp-ng , than ﬁ fg —AVp-ng ,; we choose here
the latter normalization in order to simplify the comparison.

In all three methods, a natural condition is imposed on the gradient fluxes
(called conservativity in Finite Volume methods and continuity condition in Mimetic
methods): for any interior edge o (or e) between two polygons K and L (or E; and
E2>7

FK70+FL’J:0, (or FEI = —F§2). (21)
This condition is included in the definition of the discrete flux space F (or X").

The Mimetic, Hybrid and Mixed methods for (1.1) all consist in seeking p € H g
(or Q") and F € F (or X"), which approximate respectively the solution p and its
gradient fluxes, writing equations on these unknowns which discretize the continuous
equation (1.1). Each method is in fact a family of schemes rather than a unique
scheme: indeed, there exists some freedom on the choice of some of the parameters
of the scheme (for instance in the stabilization terms which ensure the coercivity of
the methods).

2.1. The Mimetic method

The standard Mimetic method first consists in defining, from the Stokes formula,
a discrete divergence operator on the space of the discrete fluxes: for G € X",
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DIV"G € Q" is defined by
1 <&
(DIV"G)p = & > leil G- (2.2)
i=1

The space Q" of piecewise constant functions is endowed with the usual L? inner
product
[p,dlor = Z |ElpEqr
EcQy,

and a local inner product is defined on the space of fluxes unknowns of each element
E:
kg
[FE7GE]E :FE‘MEGE = Z ME’S’TFESGEET, (23)

s,r=1

where Mg is a symmetric definite positive matrix of order kg. Each local inner
product is assumed to satisfy the following discrete Stokes formula (called Condition
(S2) in Refs. 5, 8):

VE € Qy,, Vq affine function, VG € X" :
kg

[(Avq)I,G]E+/Eq (DIV'G)pdV =) G4 /_qdz, (2.4)

i=1 €i
where ((AVq)!)% = ﬁ J. AeVg-ng d¥ and Ag is the value, assumed to be constant,

of A on E (if A is not constant on E, one can take Ap equal to the mean value of
Aon E).

Remark 2.2. Note that Condition (S1) of Refs. 5, 8 is needed in the convergence
study of the method, but not in its definition; therefore it is only recalled in Section
4, see (4.7).

The local inner products (2.3) allow us to construct a complete inner product
[F, Glxn = > peq, [F, G5, which in turn defines a discrete flux operator Gh:. Q" —
X" as the adjoint operator of DZV": for all F € X" and p € Q",

[F,G"plxn = [p, DIV"Flqn

(notice that this definition of ghp takes into account the homogeneous bound-
ary condition (1.1b)). Using these definitions and notations, the standard Mimetic
method then reads: find (p, F) € Q" x X" such that

DIV'F =f,, F=G"p (2.5)

where f;, is the L? projection of f on Q", or in the equivalent weak form: find
(p, F) € Q" x X" such that

VG € X" . [F,G]xn — [p,DIV"G]gn =0, (2.6)
Vg € Q" : [DIV"F,q|gn = [fn, don-
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The precise definition of the Mimetic method requires to choose the local matrices
Mg defining the local inner products [+, -]z. It can be shown® (see also Lemma 7.2
in the appendix) that this matrix defines an inner product satisfying (2.4) if and
OIlly if MENE = RE where

Rp is the kg x d matrix with rows (|e;|(Ze, — ZE)T )iz1.kp,
with Z. the center of gravity of the edge e (2.8)
and T the center of gravity of the cell F,

and Ng is the kg x d matrix with columns:

(Ap); -ny
(NE)] = . . fOI'j = 13"'ada (29)
(Ap)j - np”
(Ag); being the j-th column of Ag,
or equivalently
1 _ _
Mp = EREA;]RE + CpUpCE (2.10)
where
Cg is a kg x (kg — d) matrix such that Im(Cg) = (Im(Ng))+, (2.11)
Ug is a (kg — d) x (kg — d) symmetric definite positive matrix. (2.12)

Here, we consider a slightly more general version of the Mimetic method, re-
placing Zg by a point xr which may be chosen different from the center of gravity
of E. We therefore take

1

Mg
|E|

ReAL'RE + CpURCE (2.13)

where

Rp is the kg x d matrix with rows (|&;|(Ze, — 28)T)ic1.kp,
with Z. the center of gravity of the edge e (2.14)
and xzg any point in the cell E.

The other matrices Cp and Ug remain given by (2.11) and (2.12). The choice
[(2.13),(2.14)] of Mg no longer gives, in general, an inner product [-,]g which
satisfies (2.4), but it yields a generalization of this assumption; indeed, choosing a
weight function wg : E — R such that

/ wg(z)de = |E| and / zwg(z)dr = |E|zg, (2.15)
E B

we prove in the appendix (Section 7.1) that the matrix Mg can be written (2.13)
with R defined by (2.14) if and only if the corresponding inner product [-,-|g
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satisfies

VE € Qy,, Vq affine function, VG € X" :
kg

I e;
[(AVq) ,G]E+/E q(PIV"G)p wpdV = _ G / ds.

1=1

(2.16)

Definition 2.1 (Generalized Mimetic method). The Generalized Mimetic
scheme for (1.1) reads:

Find (p, F) € Q" x X" which satisfies [(2.2),(2.3),(2.6),(2.7),(2.13),(2.14)].

Its parameters are the family of points (zg)geq, (which are freely chosen inside
each grid cell) and the family of stabilization matrices (Cg,Ug)gcq, satisfying
(2.11) and (2.12).

2.2. The Hybrid method

The standard Hybrid method is best defined using additional unknowns p, playing
the role of approximations of p on the edges of the discretization of Q; if £ is
the set of such edges, we let H m be the extension of Haq consisting of vectors
7 = ((px)xems (Po)oce). It will also be useful to consider the space Hg of the
restrictions px = (pi, (Do )ocey ) t0 a control volume K and its edge of the elements
pE H M- A discrete gradient inside K is defined for px € Hg by

Vkbk = \K| > lol(pe — pr)nk.o- (2.17)
UESK

The definition of this discrete gradient stems from the fact that, for any vector e
any control volume K and any zx € R?, we have

|Kle= Y |ole: (Z, — zx)nk o (2.18)

c€EK

where Z, is the center of gravity of ¢ and xk is any point of K. Hence the discrete
gradient is consistent in the sense that if p, = ¥(Z,) and px = Y(xk) for an
affine function 9 on K, then Vxpx = Vi on K (note that this consistency is
not sufficient to ensure strong convergence, and in fact, only weak convergence of
the discrete gradient will be obtained). A stabilization needs to be added to the
discrete gradient (2.17) in order to build a discrete coercive bilinear form expected
to approximate the bilinear form (u,v) — fQ AVu - Vvdx occurring in the weak
formulation of (1.1). Choosing a point zx for each control volume K (for instance
the center of gravity, but this is not mandatory), and keeping in mind that pg is
expected to be an approximation of the solution p of (1.1) at this point, a second-
order consistency error term Sk (Px) = (Sk,o(Pk))see) is defined by

SK,U(ﬁK) =Po —PK — vKﬁK : (jo - xK)' (219)
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Note that thanks to (2.18),

Z ‘U|SK,U(5K)nK,U = 0; (2.20)

oefk
and that Sk »(Px) = 0 if p, = ¥(T,) and px = Y(zk) for an affine function ) on
K.

The fluxes (Fi »)seg, on the boundary of a control volume K associated with
some p € H g are then defined by imposing that

VK € M, Yix = (qx, (4o )oce,) € Hi
Z lo|Fr.o(qx — ¢o) = |K|AkV kDK - VKGx+

o€k

> aKadK Sk,o(Pr)SK0(qr) (2.21)

cEEK 7

where Ak is the mean value of A on K, di , is the distance between xx and the
hyperplane containing ¢ and ax , > 0 is a stabilization parameter, which ensures
that the resulting matrix is invertible. Note that Fix , is uniquely defined by (2.21),
since this equation is equivalent to

o]

lo|Fr,o = |K|AkVKPK - VKqK + Z aK,am

c€EK

Sk.o(PK)SKo(qr)  (2.22)

where ¢k satisfies ¢ — g, = 1 and qx — qo» = 0 for 0’ # 0. To take into account
the boundary condition (1.1b), we denote by HM o={p € H nq such that p, = 0
if 0 C 90} and the Hybrid method can then be written: find p € HM70 such that,
with Fg , defined by (2.21),

Vichuo: 3 Y lolFiolax—a) = 3 ax [ £ @)

KeMoe€k KeM

In particular, taking gx = 0 for all K, and ¢, = 1 for one o and 0 for the others in
(2.23) yields that F' satisfies (2.1); once this conservativity property is imposed by
requiring that F' € F, we may eliminate the ¢, from (2.23) and reduce the Hybrid
method to: find (7, F) € Hpyo x F satisfying (2.21) and

VKeM: Y |o|Fko = / f. (2.24)
o€k
This last equation is the flux balance, one of the key ingredients of the finite volume
methods.

Let us now introduce a generalization of the Hybrid method for the comparison
with the other methods. As previously mentioned, the stabilization term Sk is
added in (2.21) in order to obtain a coercive scheme (the sole discrete gradient
(VDK )kem does not allow to control p itself); the important feature of Sk is
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that it yields a coercive bilinear form, so that we may in fact replace (2.21) by the
more general equation

VK e M, Yix € Hi Y |0|Fko(qx — o)

c€lK
= |K|AKVKPK - Viix + > Bi 4 0 Sk.o(Px)Sk o (@x)
o,0'€€K
= |K|Ax VDK - Virgx + Sk (Grx) B Sk (Pr), (2.25)

where B%’mg, are the entries of a symmetric definite positive matrix B (the su-
perscript H refers to the Hybrid method).

Definition 2.2 (Generalized Hybrid method). A Generalized Hybrid scheme
for (1.1) reads:

Find (5, F) € Hpqo x F which satisfies [(2.17),(2.19),(2.24),(2.25)].

Its parameters are the family of points (xx)kears (Which are freely chosen inside
each grid cell) and the family (BX)xcaq of symmetric definite positive matrices.

Remark 2.3. Another presentation of the Generalized Hybrid method is possible
from (2.23) and (2.25) by eliminating the fluxes:

Find p € fIMp such that,Vq € fIM,O :
> IK|IAkVkPK - Vi + », Sk(ix) BitSk(Px)

KeM KeM
-3 /K f. (226)

KeM

2.3. The Mixed method

As in the Hybrid method, we use the unknowns p in H M for the Mixed method
(that is to say approximate values of the solution to the equation inside the control
volumes and on the edges), and fluxes unknowns in F. However, contrary to the
Hybrid method, the discrete gradient is no longer defined from p, but rather from
the fluxes, using the dual version of (2.18), that is:

|K|e = Z lole - nk o (Ts — k). (2.27)
c€lK

For F' € F, we denote Fx = (Fik,o)ocey its restriction to the edges of the control
volume K and Fg is the set of such restrictions; if Fx € Fg, then vig(Fk) is
defined by

IK[Akvi(Fi) = = Y |o|Fko(To — 2x) (2.28)

o€k
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where, again, Ax is the mean value of A on K, %, is the center of gravity of
o and zx a point chosen inside K. Recalling that F , is an approximation of
ﬁ J, —AVp-ng ,, Formula (2.27) then shows that v (Fg ) is expected to play the
role of an approximation of Vp in K.

The Mixed method then consists in seeking (7, F) € H Mo X F (recall that
F € F satisfies (2.1), and we impose p, = 0 if o C 9Q) which satisfies the following
natural discrete relation between p and this discrete gradient, with a stabilization
term involving the fluxes and a positive parameter v > 0:

VK e M, Vo €k : p, —px =V (Fk) - (T, —zk) —vdiam(K)Fk , (2.29)

and the flux balance:

vKeM: S [olFi, :/Kf. (2.30)

oefk

Multiplying, for any Gx € Fk, each equation of (2.29) by |¢|Gk,, and summing
on o € £k, we obtain

VK € M,VGk € Fi © Y (px — po)lolGr.o

c€lK

= |[K|vk(Fk) - Axvi(Gr) + Y | vdiam(K)|o|Fx oG o-
oc€lk
The term >, ¢ vdiam(K)|o|Fk Gk, in this equation can be considered as a
strong stabilization term, in the sense that it vanishes (for all Gk) only if Fk
vanishes. We modify here the Mixed method by replacing this strong stabilization
by a weaker stabilization which, as in the Hybrid method, is expected to vanish on
“appropriate fluxes”. To achieve this, we use the quantity

Tk o(Fx)=Fr o+ Axvk(Fk) Nk o, (2.31)

which vanishes if (Fi ¢ )secs, are the genuine fluxes of a given vector e. Then, taking
IB%% to be a symmetric positive definite matrix, we endow F with the inner product

(Fk,Gr)k = |K|vk (FK) - Ak vk (Gk) + Z B 5.0 k.o (Fi) Tk o (Gc)

o,0'€EK
= |K|VK(FK) 'AKVK(GK)+TK(GK)TB%TK(FK) (232)
and we replace the stabilized formula (2.29) linking p and F' by
VK € M, VG € Fi : (Fk,Gr)k = Y (px — Po)lo|Gk.o. (2.33)
oelk

We can get back a formulation more along the lines of (2.29) if we fix o € Ex and
take Gk (o) € Fk defined by Gk (o), = 1 and Gk (o), = 0 if 0/ # 0: (2.33) then
gives

1 1

Po — PK = |K|vi(Fr) - Axvi(Gk (o)) — HTK(GK(U))T]B%TK(FK)

o]
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But |K|Axvk(Gk (o)) = —|o|(Zs — k) and thus
po — Pk = VK (Fk) - (o — 2K) — ﬁTK(GK(U))TB%TK(FK)- (2.34)

This equation is precisely the natural discrete relation (2.29) between p and its
gradient, in which the strong stabilization involving Fx , has been replaced by a
“weak” stabilization using Tk (Fik).

Definition 2.3 (Modified Mixed method). A Modified Mixed scheme for (1.1)
reads:

Find (5, F) € Hpqo x F which satisfies [(2.28),(2.30),(2.31),(2.32),(2.33)).

Its parameters are the family of points (zx)xeam (which are freely chosen inside
each grid cell) and the family (BY)xecaq of symmetric definite positive matrices.

Remark 2.4. If F and pk are linked through (2.33) then the discrete gradient
vk (Fk) and Vgpg from the Modified Mixed and Generalized Hybrid methods are
in fact identical. Indeed, we then have (2.34) and thus, by (2.18),

Vb = Vi (Fk)

1
_ﬁ Z B%a—/,g”TK,O’/ (FK) Z TK,J”(GK(O'))DKJ. (235)
o, 0c"€EEK ocEEK
But Akvi(Gk(0)) = f%(ig — zx) and thus, using again (2.18),
1
Z TK,a//(GK(O'))nK,g =Ng " — w Z |g|(§;a — xK) ‘N NE o
o€k oc€lK
= nK,G’” — nK,G’” = O

so that (2.35) reduces to Vkpx = v (Fk).
Note that this gradient was also used in the MFD setting for error estimators?
and for the reconstruction of a piecewise linear approximate solution®.

3. Algebraic correspondence between the three methods
We now focus on the main result of this paper, which is the following.

Theorem 3.1 (Equivalence of the methods). The Generalized Mimetic, Gen-
eralized Hybrid and Modified Mized methods (see Definitions 2.1, 2.2 and 2.3) are
identical, in the sense that for any choice of parameters for one of these methods,
there exists a choice of parameters for the other two methods which leads to the
same scheme.

The proof of this result is given in the remainder of this section, and decom-
posed as follows: for comparison purposes, the Generalized Mimetic method is first
written under a hybridized form in Section 3.1; then, the correspondence between
the Generalized Mimetic and the Modified Mixed methods is studied in Section 3.2;
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finally, the correspondence between the Generalized Mimetic and the Generalized
Hybrid methods is carried out in Section 3.3.

3.1. Hybridization of the Generalized Mimetic method

Although the edge unknowns introduced to define the Generalized Hybrid and Mod-
ified Mixed methods may be eliminated, they are in fact essential to these methods;
indeed, both methods can be hybridized and reduced to a system with unknowns
(ps)oce only. In order to compare the methods, we therefore also introduce such
edge unknowns in the Generalized Mimetic method; this corresponds to the La-
grange multipliers procedure, quite classical for instance for the Raviart-Thomas
mixed finite element, and already used in Ref. 27.

Let F be a grid cell and e € OF be an edge. If e is an interior edge, we denote
by E the cell on the other side of e and define G(e, E) € X" by: G(e,E)g =1,
G(e, E)% = —1and G(e, E)%, = 0if ¢/ # e. We notice that G(e, E) = —G(e, E) and,
using G(e, E) in (2.6), the definitions of DZV" and of the inner products on X}:and
Q" give |el(ps —pg) = [F. Gle, E)] g +1F, Gle, B)| = [F, Gle, E) & —[F, G(e, E)| 5.
It is therefore natural to define p, (only depending on e and not on the grid cell £
such that e C OF) by

VE € Qp, Ve € OF : |e|(pg — pe) = [F,G(e, E)]g. (3.1)

This definition can also be applied for boundary edges e C 0f2, in which case it
gives p. = 0 (thanks to (2.6)).

We thus extend p € Q" into an element p € H M,0 having values inside the
cells and on the edges of the mesh. Denoting, as in Section 2.3, Fp the space of
restrictions G g to the edges of E of elements G € X" and writing any G € Fg as a
linear combination of (G(E, €))ccor, it is easy to see from (3.1) that the Generalized
Mimetic method [(2.6),(2.7)] is equivalent to: find (7, F) € Hgo x X" such that

VEEQ}L, VGEEfE : [FE,GE}EZ Z |e|(pE—pe)GfE (32)
ecOE

and

VE€Q,: Y |e|F :[Ef. (3.3)

ecOFE

3.2. Proof of the correspondence Generalized Mimetic «— Modified
Mixed

The simplest comparison is probably to be found between the Modified Mixed and
Generalized Mimetic methods. Indeed, we see from [(2.30),(2.33)] and [(3.2),(3.3)]
that both methods are identical provided that, for any grid cell K = FE, the local
inner products defined by (2.32) and (2.13) are equal: {(-,-)x = [,|g,- We there-
fore have to study these local inner products and understand whether they can be
identical (recall that there is some latitude in the choice of both inner products).



November 4, 2009 13:43 WSPC/INSTRUCTION FILE compa-ma3as

12 J. Droniou, R. Eymard, T. Gallouét & R. Herbin

Let us start with the term |K|vg(Fk) - Akvik(Gk) in the definition of (-, -) k.
Thanks to (2.28),

|K|vi(Fk) - Axvi(Gk) = & (Z Ay (|ol(z —xK))FK,o>
o€lk
<Z|(f —.’EK GKU>.
oelk

But, with the definition (2.14) of Rg, Y, c¢, 01(Zo — k) Fk o = RLFi and thus

1

|K|vi(Fr) Arvi(Gr) = &

(AR'REFK)-(REGK) = Gk <|K|REA 1RT> F.
Hence, the term |K|vk(:) - Akvk(+) in the definition of (-,-) is identical to the
first term WllREAglRE in the definition of the matrix Mg of [-,-]g (see (2.13)).
Therefore, in order to prove that (-, ) = [, "] g, it only remains to prove that, for
appropriate choices of C, Ur and B, we have for any (Fx,Gr) € Fa-:

T (Gr) ' BM Ty (Fr) = GECpURCLFx (3.4)

(see (2.32) and (2.13)); in fact, this is the consequence of Lemma 7.3 in the appendix
and of the following lemma.

Lemma 3.1. The mappings Tx : R*®* — R¥? and CL : R¥® — R*2~4 have the
same kernel.

Proof. We first prove that:

i) Im(Ng) C Ker(Tk) i.e. Tk »((Ng);) =0foralloc € Eg and all j =1,...,d
(which also amounts to the fact that the lines of Tk are orthogonal to the
vectors (Ng);).

ii) dim(Im(Tk)) = kg — d, and therefore dim(Ker(Tk)) = d.

Item i) follows from (2.28) and (2.27): we have Agvi((Ng);) =
k] Loeex [0l(AK); K o (To — 1) = —(Ak); and thus Tk o ((Np);) = (Ak); -
ng . — (AK)j ‘NK o = 0.

In order to obtain Item ii), we first remark that kg — d is an upper bound of
the rank of Tk since the lines of T are in the orthogonal space of the independent
vectors ((Ng);)j=1,..a (*). Moreover, (2.28) shows that the rank of vix : R*® —
RF® is the rank of the family (Z, — 2 ),ce,, that is to say d, and the kernel of v
therefore has dimension kg — d; since Tx = Id on this kernel, we conclude that the
rank of Tk is at least kg — d, which proves ii).

2Let us notice that the independence of ((Ng);) =1,....q can be deduced from the independence
of the columns of Ag: thanks to (2.27), any non-trivial linear combination of the (Ng); gives a
non-trivial combination of the columns of Ag.
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These properties show that Ker(Tx) = Im(Ng) = (Im(Cg))* = ker(CE), and
the proof is complete. O

The comparison between Tk (Gg)IB¥ Tk (Fy) and GLCrUrCLFk is now
straightforward. Indeed, let (Cg,Ug) be any pair chosen to construct the General-
ized Mimetic method; applying Lemma 7.3, thanks to Lemma 3.1, with A = CZL,
B = Tk and {-,-}grs-a the inner product on R¥#~% corresponding to Ug, we
obtain an inner product {-,-}grz on R¥® such that {Tx(Fk),Tr(Gk)Irre =
{CELFy,CLGK}grs-+ = GLCRURCLFk; this exactly means that, if we define
BY as the matrix of {-,-}gks, (3.4) holds. Similarly, inverting the role of CL and
Tx when applying Lemma 7.3, for any B used in the Modified Mixed method
we can find Ug satisfying (3.4) and the proof of the correspondence between the
Generalized Mimetic and Modified Mixed methods is concluded.

3.3. Proof of the correspondence Generalized Mimetic <
Generalized Hybrid

To compare the Generalized Mimetic and Generalized Hybrid methods, we use a
result of Refs. 8, 30 which states that the inverse of the matrix Mg in (2.13) can
be written

1 ~

where D is a kg X (kg — d) matrix such that
Im(Dg) = (Im(Rg))* (3.6)

and Ug is a symmetric definite positive (kg — d) x (kg — d) matrix (note that
the proof in Refs. 8, 30 assumes xg to be the center of gravity of F, i.e. Mg to
satisfy (2.10), but that it remains valid for any choice of zg, i.e. for any matrix
Mg satisfying (2.13)). This result is to be understood in the following sense: for
any (Cg,Ug) used to construct Mg by (2.13), there exists (]D)E,@E) such that Wg
defined by (3.5) satisfies Wg = My', and vice-versa.

For pr = (pE, (De)ecor) € ﬁE, we denote by Pg the vector in R¥# with com-
ponents (|e|(pg — pe))ecor. The relation (3.2) can be re-written Mg Fr = Pg, that
is to say 'y = WgPg, which is also equivalent, taking the inner product in R*=
with an arbitrary Qg (built from a ¢g € }NIE), to

VE € Qy,, Vip € Hp : Z lel(gs — qe)Ff = QEWEPx (3.7)
ecOFE

The Generalized Mimetic method [(3.2),(3.3)] is therefore identical to the General-
ized Hybrid method [(2.24),(2.25)] provided that, for all E = K € Q,

V(Pe.dr) € Hp : QEWrPE = |K|Ax Vb -Vidx +Sk (k) BESK (P ). (3.8)
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As in the comparison between the Generalized Mimetic and Modified Mixed meth-
ods, the proof of (3.8) is obtained from the separate study of each term of (3.5).

First, by the definition (2.9) of the matrix Ng and the definition (2.17) of Vg pr,
we have (NgPE)j = ZEEBE |6|(AE)J . n%(pE 7pe) = 7|K|(AK)]‘ . VK]HK for all
j =1,...,d, that is to say, by symmetry of A, N;Pp = —|K|AxV gpr. Hence,

o) <E|NEA INT> Pr = |K|(AxVidx) A (A VEDK) = | KAV kDK -V KK -

The first part of the right-hand side in (3.8) thus corresponds to the first part of
W g in (3.5), and it remains to prove that (with appropriate choices of Dg, U g and

B, for all (pg,qr) € HE, QTDEUED Pr = Sk(qx)TBESK (Pr). Let us notice
that, defining L : R¥# — RF® by

T
LK(V) < V DKV ( —.TK)> s
‘ | oclk (3'9)
Wlth DKV = ‘K| Zaegk VanK,aa
this boils down (letting V = Pr and V' = Qp) to proving that
V(V,V) e RF® « (V\TDgUpDLV = L (V) TBE Ly (V). (3.10)

As previously, this will be a consequence of Lemma 7.3 and of the following result.

Lemma 3.2. The mappings Lk : R*® — RFE and DL : RF2 — R*2~4 have the
same kernel.

Proof. From (3.6), we get that Ker(DL) = Im(Rg). Hence it remains to prove that
Im(Rg) = Ker(Lk)

Let us first prove that Im(Rg) C Ker(Lg). The j-th column of Rg is (Rg); =
(lo|(z2 — x%))fegl{ (the superscript j denotes the j-th coordinate of points in RY).
Thus, for any e € RY, by (2.27)

Dk (REg); |K\ Z lole  nk o (] — K):ej7
o€fk
which means that D (Rg); is the J-th vector of the canonical basis of R?. We then
have Dk (Rg); - (To — 2x) = T4, — 2%, and thus

(Lr((Rp);))s = &, — ) — Dx(Rp); - (T, — 2x) = 0;

this proves that the columns of Rg are in the kernel of Ly, that is Im(Rg) C
Ker(Lg).

Next we notice that the rank of the mapping Dg: V € RFE — DgV € R
(i.e. the rank of the family (nx )segy) is d and that the mapping L is one-to-
one on Ker(Dg). Hence dim(Im(Lg)) > dim(Ker(Dg)) = kg — d, and therefore
dim(Ker(Lg)) < d. But since Im(Rg) C Ker(Lg) and dim(Im(Rg) = d (the rank
of the rows of Rg), we thus get that Im(Rg) = Ker(Lg). O
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From Lemmas 7.3 and 3.2, we deduce as in Section 3.2 that for any choice of
(Dg, Ug) there corresponds a choice of BZ such that (3.10) holds, and wvice-versa,
which concludes the proof that the Generalized Mimetic method is identical to the
Generalized Hybrid method.

Remark 3.1. These proofs and Remark 7.1 show that one can explicitly compute
the parameters of one method which gives back the parameters of another method.
Notice also that the algebraic computations required in Remark 7.1 to obtain these
parameters are made in spaces with small dimensions; the cost of their practical
computations is therefore very low. However, to implement the methods, it is not
necessary to understand which (Cg,Ug) or (Dg, Ug) corresponds to which BY or
BZL, since the only useful quantities are CpUgCEL, DEﬁEDg, Ti () TBM T (-) and
L ()TBELK(-), and the relations between these quantities are trivial (see (3.4)
and (3.10)).

4. Convergence and error estimates

We showed in Section 3 that the three families of schemes which we called Gen-
eralized Mimetic, Generalized Hybrid FV and Modified Mixed FV are in fact one
family of schemes, which we call the HMM (Hybrid Mimetic Mixed) family for short
in the remainder of the paper. We now give convergence and error estimate results
for the HMM method.

4.1. Convergence with no regularity

In this section, we are interested in convergence results which hold without any
other regularity assumption on the data than those stated in Section 1. We therefore
consider that A is only bounded and uniformly elliptic (not necessarily Lipschitz
continuous or even piecewise continuous), that f € L?(2) and that the solution to
(1.1) only belongs to H}(2) (and not necessarily to H?(12)).

We study how existing results, previously established for the Hybrid scheme,
can be extended to the HMM method. In Ref. 21, we proved the L? convergence of
the “standard” Hybrid method for a family of partitions of €2 such that any cell K is
star-shaped with respect to a point zx and such that there exists 6 > 0 satisfying,
for any partition of the family,

dr o diam(K)
, max
dL o KeM dK o
! oe€k ?

<0, (4.1)

max [ max
o€Eint

K7 (o4
where &,y denotes the set of internal edges of the mesh and M, the set of cells
to which o is an edge. We now show how the convergence of the HMM schemes
may be deduced from an easy extension of Theorem 4.1 and Lemma 4.4 in Ref. 21

provided that:
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e in the Generalized Mimetic formulation [(2.2),(2.3),(2.6),(2.7),(2.13),
(2.14)],

there exist s, > 0 and S, > 0, independent of the mesh,
such that, for all cell K and all V = (V;)segy
$e Y oldko(Ve)? S VIMKV < S0 Y Joldk .o (Vo)?,
0€EK o€fK
e in the Generalized Hybrid formulation [(2.17),(2.19),(2.24),(2.25)], using
the notation (3.9),

(4.2)

there exist 5, > 0and S, > 0, independent of the mesh,
such that, for all cell K and all V = (V;)seg,

Y d|"| (Lx(V))2 < Lg(V)TBELE (V) < (4.3)

0€EK 7

S0 3 A7 (L2,

o€k Ko

e in the Modified Mixed formulation [(2.28),(2.30),(2.31),(2.32),(2.33)],

there exist 5, > 0 and 5'* > 0, independent of the mesh,
such that, for all cell K and all V = (V;)seek,

50 Y loldro (Tro(V))? < T (V) BY Tie (V) < (4.4)

oelk ~
S Y loldi.o (Tio (V).
cEEK
The three conditions (4.2), (4.3) and (4.4) are in fact equivalent (this is stated in
the next theorem), and one only has to check the condition corresponding to the
chosen framework.

Theorem 4.1 (Convergence of the HMM method). Assume that A : Q —
My(R) is bounded measurable symmetric and uniformly elliptic, that f € L?(£2)
and that the solution to (1.1) belongs to H}(Q). Let 6 > 0 be given. Consider a
family of polygonal meshes of Q such that any cell K is star-shaped with respect to
a point xx, and satisfying (4.1). Then the three conditions (4.2), (4.3) and (4.4)
are equivalent. Moreover, if for any mesh of the family we choose a HMM scheme
such that one of the conditions (4.2), (4.3) or (4.4) holds, then, the family of corre-
sponding approzimate solutions converges in L?(Q) to the unique solution of (1.1)
as the mesh size tends to 0.

Proof. Let us first prove the equivalence between (4.2) and (4.3), assuming (4.2)
to begin with. Using (3.10), we get that, for all V,
VIDKUKDLV = Lic(V)TBE Lk (V).

Let us apply the above relation to L (V) defined by L (V) = |o|Lk(V)s. From
(2.27) (see also (2.18)) and recalling the operator Dk defined in (3.9), we easily get
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that Dy Ly (V) = 0, which provides L (Lx(V)) = Lg (V). Hence we get
(Lx(V))"DrUDE Lk (V) = L (V) BELk (V).

We then remark that NZ L (V) = 0 (once again from (2.27)) and therefore, using
(3.5),

L(V)'BELk(V) = L (V) Wi Lk (V). (4.5)
Let Ix be the diagonal matrix Ix = diag((y/|o|dk o )seer)). Condition (4.2)
applied to G = [ Fk gives, for all G € Fg,
5.GLGr < GEIIMEI G < S.GLGk.

This shows that the eigenvalues of ]I7 MK]I;( are in [s., Si], and thus that the
eigenvalues of I M g = IxWglkg belong to [S o L]. Translating this into bounds

on (I L (V) TTgW el (I L (V)), we deduce

1 1 o~ - - 1 1~

— ——(Lg(V))? < (Lx(V)TWxLg(V) < — (L (V),y)?
S*Z ‘0_|de0( K( )) —(K( )) K K( )_S*Z |0_|de0( K( ))7
and (4.3) follows from (4.5) (with 5, = g- and S, = J-). Reciprocally, from (4.3),
following the proof of Lemma 4.4 in Ref. 21 and setting V,, = |o|(px — p,) in that
proof, we get the existence of ¢; > 0 and ¢y > 0, independent of the mesh, such
that

V2

o -

(4.6)

0¥ |

Using [ as before, we then get (4.2) with s, = é and S, =

<VITWKV < ¢y Z

|dKa | |dK0

Let us turn to the proof of the equivalence between (4.2) and (4.4), beginning
by assuming that (4.2) holds. Using (2.27), one has Tk (Axk vk (Fk) Nk o )ocex) =
0, and thus Tk (Tk(Fk)) = Tk (Fk); hence, noting that RL Tk (Fg) = 0 (once
again thanks to (2.27)) and remembering (2.13), (3.4), we see that (4.2) applied to
V = Tk (Fk) directly gives (4.4). The reciprocal property follows, in a similar way
as (4.6), from a simple adaptation of classical Mixed FV manipulations (used for
example in the proof of a priori estimates on the approximate solution), see Ref.
15.

Note also that obtaining (4.2) from (4.3) or (4.4) is very similar to Theorem 3.6
in Ref. 8.

We can now conclude the proof of the theorem, that is to say establish the
convergence of the approximate solutions: using (4.3), this convergence is a direct
consequence of Theorem 4.1 in Ref. 21 with a straightforward adaptation of the
proof of Lemma 4.4 in the same reference. The convergence could also be obtained,
using (4.4), by an easy adaptation of the techniques of proof used in the standard
Mixed setting (see Ref. 15). O
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Mimetic schemes are usually studied under a condition on the local inner prod-
ucts usually called (S1) and which reads®: there exist s, > 0, S, > 0 independent
of the mesh in the chosen family such that

k‘E k'E
VE €y, VG e X" : 5. |E|(GH)? <[G,Gle < S. > _|E|(GE)? (47
i=1 i=1
The mesh regularity assumptions in Refs. 5, 8 also entail the existence of C; > 0,
independent of the mesh, such that

Crdiam(K)*! < |o|, Vo € &k,

Cldlam(K) < dK,0'7 Vo € Ek. (48)

4=1 whenever o € &,

Under such mesh assumptions and since |o| < 2¢~1diam(L)
it is easy to see that there exists § only depending on C; such that (4.1) holds; still
using (4.8), we see that the quantities |o|dk » are of the same order as | K| and thus
that (4.7) implies (4.2) (with possibly different s, and S,). We can therefore apply
Theorem 4.1 to deduce the following convergence result under the usual assumptions

in the mimetic literature (except for the regularity assumptions on the data).

Corollary 4.1 (Convergence under the usual mimetic assumptions). We
assume that A : Q@ — My(R) is bounded measurable symmetric and uniformly
elliptic, that f € L*(Q) and that the solution to (1.1) is in H} (). Consider a family
of polygonal meshes of Q) such that any cell E is star-shaped with respect to a point
xg, and such that (4.8) holds (with Cy independent of the mesh in the family). We
choose local inner products satisfying Condition (S1) of Ref. 5 (i.e. (4.7) with s, Sk
not depending on the mesh) and (2.16). Then, the family of approzimate solutions
given by the corresponding Generalized Mimetic schemes converges in L?(2) to the
solution of (1.1) as the mesh size tends to 0.

In particular, taking x g as the center of gravity Ty of E, (2.16) reduces to Con-
dition (S2) of Ref. 5 (that is to say (2.4)), and the family of approzimate solutions
given by the corresponding “standard” Mimetic schemes converges in L*(Q) to the
solution of (1.1) as the mesh size tends to 0.

Remark 4.1 (Compactness and convergence of a gradient). The proofs
of the above convergence results rely on the use of the Kolmogorov compactness
theorem on the family of approximate solutions, see Lemma 3.3 in 15 or Section 5.2
in 21. In fact, this latter study shows that for p € [1,400), any family of piecewise
constant functions that is bounded in an adequate discrete mesh-dependent WP
norm converges in LP(Q) (up to a subsequence) to a function of Wy*(€2). The
regularity of the limit is shown thanks to the weak convergence of a discrete gradient
to the gradient of the limit (see Step 1 in the proof of Lemma 5.7 in Ref. 21). Note
that this compactness result and the construction of this weakly converging gradient
are completely independent of the numerical scheme, which is only used to obtain
the discrete WP estimate and the fact that the limit is indeed the solution of (1.1).
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Moreover, it is possible, from the approximate solutions given by the HMM
schemes, to reconstruct a gradient (in a similar way as Eqs. (22)-(26) in Ref. 21)
which strongly converges in L?(Q) to the gradient of the solution of (1.1), see
Theorem 4.1 in Ref. 21. One can also directly prove'® that the gradient v, defined
from the fluxes by (2.28), is already a strongly convergent gradient in L?(Q); in
fact, the strong convergence of this gradient is valid in a more general framework
than the one of the methods presented here!.

4.2. Order 1 error estimate

Let us first consider the original Mimetic Finite Difference method (2.2)—(2.12).
This method is consistent in the sense that it satisfies the condition (S2) of Ref. 5.
Under the assumptions that:

e Condition (M1) of Ref. 5 on the domain £ (namely €2 is polyhedral and
its boundary is Lipschitz continuous) and Conditions (M2)-(M6) of Ref. 5
(corresponding to (M1)-(M4) in Ref. 8) hold;

e The stability condition (S1) of Ref. 5, 8 holds; this condition concerns
the eigenvalues of the matrix Ug in (2.10), and are connected with the

discretization,
o A c Whee(Q)4¥d and p € H2(Q),

then Theorem 5.2 in Ref. 5 gives an order 1 error estimate on the fluxes, for an
adequate discrete norm; moreover, if € is convex and the right-hand side belongs
to H1(f2), an order 1 error estimate on p in the L? norm is also established.

By the equivalence theorem (Theorem 3.1), this result yields similar error esti-
mates for the Generalized Hybrid and Modified Mixed methods in the case where
the point xx is taken as the center of gravity Ty of K.

In the case of the original Hybrid method (2.23), an order 1 error estimate is
proved in Ref. 21 only under the assumption of an homogeneous isotropic medium,
that is A = Id, and in the case where the solution to (1.1) also belongs to C?()
(but with no convexity assumption on the domain ). As stated in Remark 4.2 of
Ref. 21, the proof is readily extended if the solution is piecewise H? (in fact, in Ref.
21 the situation is more complex because the Hybrid scheme is considered in the
more general setting of the SUSHI scheme, which involves the elimination of some
or all edge unknowns; see Section 5.4 below).

4.3. Order 2 error estimate

Under an additional assumption of existence of a specific lifting operator, compat-
ible with the considered Mimetic Finite Difference method, a theoretical L?-error
estimate of order 2 on p is proved in Ref. 5. A condition on the matrix Mg which
ensures the existence of such a lifting operator is given in Ref. 7: in particular, if
the smallest eigenvalue of Ug is large enough (with respect to the inverse of the
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smallest eigenvalue of CLCx and to the largest eigenvalue of a local inner product
involving a generic lifting operator), then the existence of a lifting operator compat-
ible with Mg, and thus the super-convergence of the associated Mimetic scheme,
can be proved.

Regarding the consequence on the HMM method, this means that, if xx is the
center of gravity of K and if the symmetric positive definite matrices (Ug)geq, or
(BIE) er or (BY) ger are “large enough”, then the approximate solution p given
by the corresponding HMM method converges in L? with order 2. It does not seem
easy to give a practical lower bound on these stabilization terms which ensure that
they are indeed “large enough” for the theoretical proof; however, several numerical
tests (both with zx the center of gravity of K, or zx elsewhere inside K) suggest
that the HMM methods enjoy a superconvergence property for a wider range of
parameters than those satisfying the above theoretical assumptions.

5. Links with other methods

We now show that, under one of its three forms and according to the choice of its
parameters, a scheme from the HMM family may be interpreted as a nonconforming
Finite Element scheme, as a mixed Finite Element scheme, or as the classical two-
point flux finite volume method.

5.1. A nonconforming Finite Element method

In this section, we aim at identifying a hybrid FV scheme of the HMM family with
a nonconforming Finite Element method. Hence we use the notations of Definition
2.2 and Remark 2.3. For any K € M and o € £k, we denote by Ak , the cone
with vertex xx and basis o. For any given p € H M we define the piecewise linear
function p: 2 — R by:

VK e M, Vo €&k, forae. z€ Ak, :

Skl ) - (o = 7

plz) = px + (VKﬁK + dﬂ
K,o

where Ok > 0 (note that, since ng - (To — Tx) = dk o, in the particular case
where Bx = 1 we have p(Z,) = p,). We let Hyg = {p, b € Hpq} and we define the
“broken gradient” of p € H g by

VK e M, Vo €&k, forae z€ Ak :

Vh(a) = Vi(a) = Vi + L5

d SK U(pK)nKU
K,o

We consider the following nonconforming finite element problem: find p € H M such
that

VqEHM / Vp Vq( dx—/f )q(x) d, (5.1)
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where K(m) is equal to Ak for a.e. x € K. Then the above method leads to a matrix
which belongs to the family of matrices corresponding to the Generalized Hybrid
method (and thus also to the Generalized Mimetic and Modified Mixed methods).
Therefore, since | Ax» | = ‘U‘d%, we get from (2.20):
/ A(2)Vp(z) - Vg(z)dz = Y |K[AxVipr - Viix

Q@ KeM

+ Y Sk(dx)"BESk (x),

KeM
with
2
H o] (Br)
BKO’O‘: AKnK,U'nK,Ju
\0, d dk.o
and, for o # o/,
BY .4 = 0.

Note that this definition for BZ fulfills (4.3) under the regularity hypothesis (4.1),
hence ensuring convergence properties which can easily be extended to this noncon-
forming Finite Element method (5.1) even though it is not completely identical to
a HMM scheme, since the right-hand sides do not coincide: in general,

[ r@iwde 2 ¥ o [ 1

KeMm

Indeed, this does not prevent the study of convergence since the difference between
the two right-hand-sides is of order h.

5.2. Relation with Mixzed Finite Element methods

In this section, we aim at identifying a particular HMM scheme, under its mixed
version with a Mixed Finite Element method. Let us first recall the remark provided
in Section 5.1 in Ref. 5 and Example 1 in Ref. 9: on a simplicial mesh (triangular if
d = 2, tetrahedral if d = 3), the Raviart-Thomas RT0 Mixed Finite Element method
fulfills properties (4.7) and (2.4), and it is therefore possible to include this Mixed
Finite Element scheme in the HMM framework. Our purpose is to show that our
framework also provides a Mixed Finite Element method on a general mesh (note
that, even in the case of simplices, this method differs from the Raviart-Thomas
RTO0 method). We use here the notations provided by Definition 2.3. Still denoting
Ak, the cone with vertex zx and basis o, we define, for F' € F,

VK e M, Voeék, Ve e lNgeo :

~ - 5.2
Fro(x) = —Axvic(F) + T o (Firo ) K (5:2)

dK,o

If = belongs to the interface 0 Ak , NOAk , between two cones of a same control
volume, we have (z — zk) - N9A ,n0A = 0 and thus the normal fluxes of F »
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are conservative through such interfaces; moreover, for all 0 € £k and all z € o, we
have (r — 2k) - Nk, = di,» and thus, by (2.31), Fg ,(z) - ng , = Fg »; since the
elements of F satisfy (2.1), these observations show that the function F', defined by

VK e M, Vo €&k, forae x€ Nk, : F(z) = }?K’U(x), (5.3)
satisfies F € Hg; (Q). Noting that

ZTKUFK/ TTIK g ZTKUFK)Mzo (5.4)

d+1
0€EK 4 Ko oefk +

(thanks to (2.28), (2.31) and (2.27)), we have, with A again denoting the piecewise-
constant function equal to A in K,

/K Az)"'F(z) - G(z)de = |K|vk (Fi) - Axvi (Gg )+

Z VK0 Tk o (Fx)Tk,o(Gr) (5.5)

o€k
with

’YK,g:/ /A\(x)flxixKoxixK dz > 0.
AK o dKﬂ de

The right-hand side of (5.5) defines an inner product (-, -) k which enters the frame-
work defined by (2.32), setting

BY 4o = VK.0, and BY , ., =0 for o # o', (5.6)

which fulfills (4.4) under the regularity hypothesis (4.1) (hence ensuring convergence
properties). Therefore the form [(2.6),(2.7)] of the resulting HMM scheme resumes
to the following Mixed Finite Element formulation: find (p, F') € Hxq x F such that

vGe 7 [ Ra) P - Cla)de — / p(@)divG(z)de =0,  (5.7)
Q Q

Vg€ Hp ¢ / 2)divE(z) dz = /Qq(x)f(x) dz, (5.8)

where F = {F, F € F}. Indeed, since | Ag., | = wd% and >
we have, for all F' € .7?

/dwF Yo = 3 JolTico(Fie) = 3 JolFics (5.9)

oc€fk 0€EK

ocefk |O.|nK70' = 07

and (5.8) written on the canonical basis of Hp, is exactly (2.30). Summing (2.33)
on K, the terms involving p, vanish thanks to the conservativity of G and we
get (5.7). Reciprocally, to pass from (5.7) to (2.33), one has to get back the edge
values p,, which can be done exactly as for the hybridization of the Generalized
Mimetic method in Section 3.1 (using G = G(K, o) such that G(K,0)k ., = 1,
G(K,0)r,, = —1if Lis the control volume on the other side of o and G(K,0)z,9 =0
for other control volumes Z and/or edges 6).
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An important element of study of the standard Mimetic method seems to be the
existence of a suitable lifting operator, re-constructing a flux unknown inside each
grid cell from the fluxes unknowns on the boundary of the grid cell (see Ref. 5 and
Section 4.3). We claim that, for the Generalized Mimetic method corresponding to
the choice (5.6), the flux F given by [(5.2),(5.3)] provides a (nearly) suitable lifting
operator : it does not completely satisfy the assumptions demanded in Theorem 5.1
of Ref. 5, but enough so that the conclusion of this theorem still holds.

Proposition 5.1. For Fx € Fy, let ﬁK be the restriction to K ofﬁ defined by
(5.3). Then the operator Fi € Fi — Fi € L*(K) satisfies the following properties:

VFx € Fx,Vo €&k, Vx €0 : F\K(x)-nKﬂ:FK)g, (5.10)
VFk € Fi , Yq affine function : / q(z)div(Fg)(z) do =
K
/ q(z)DIV" (Fr)wg(z)dz, (5.11)
E

VF € R defining Fx = (F -ng.)ece, : Fx =F, (5.12)
for any wg satisfying (2.15).

Remark 5.1. Properties (5.10) and (5.12) are the same as in Theorem 5.1 in Ref.
5, but Property (5.11) is replaced in this reference by the stronger form “div(ﬁ K) =
DIV"(Fx) on K7 (xf is also taken as the center of gravity, which corresponds to
wg =11n (5.11)).

Proof. We already noticed (5.10) (consequence of (2.31) and the fact that (z —
T) Ng,=dgy forallz € o). If F € RY and Fx = (F -k ,)ocey, then (2.27)
and (2.28) show that Axvi(Fix) = —F and thus that Tk (Fx) = 0, in which case
Fr = —Agvi(Fx) = F and (5.12) holds.

Let us now turn to (5.11). For ¢ = 1, this relation is simply (5.9). If ¢(z) = =,
then

/K q(2)div(Fy)(z)dz = Y Trq(Fx)d / da

d
cefK AK,U K,o

and (5.4) then gives

/K q(z)div(Fy)(z)dz = Y Tk o(Fi)d dii' Ako |

c€EK

= Z lo|Tk o (Fr)rK

o€k

( > |oFK,U) »

oc€lk

- [ a@PD (Fiuse) s
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by assumption on wg. O

5.3. Two-point flux cases

We now consider isotropic diffusion tensors:
A = \x)1d, (5.13)

with A(z) € R and exhibit cases in which the HMM method provides two-point
fluxes, in the sense that the fluxes satisfy F'g = 7g g/ (pr—pEe’), in the case where e is
the common edge of two neighboring cells E and E’, with 75 g > 0 only depending
on the grid (not on the unknowns). Recall that using a two-point flux scheme yields
a matrix with positive inverse, and is the easiest way to ensure that, in the case
of a linear scheme, monotony and local maximum principle hold. The two-point
flux scheme is also probably the cheapest scheme in terms of implementation and
computing cost. Moreover, although no theoretical proof is yet known, numerical
evidence shows the order 2 convergence?® of the two-point scheme on triangular
meshes, taking for xx the intersection of the orthogonal bisectors?4''8. Therefore,
whenever possible, one should strive to recover this scheme when using admissible
meshes (in the sense of Ref. 18 previously mentioned). In the HMM framework,
two-point fluxes are obtained, using the notations provided by Definition 2.1, if the
matrix of the bilinear form [F, G]x» in (2.6) is diagonal. This implies, in the case
of meshes such that two neighboring grid cells only have one edge in common, that
the matrices Mg defining the local inner product (2.3) are diagonal. If the matrix
M is diagonal, we get from the property MgNgp = Rp and from (5.13) that there
exists u% € R such that

upngG = T. — Tg. (5.14)

This implies that xp is, for any face e of E, a point of the orthogonal line to e
passing through Z. (zg is then necessarily unique) and that p5 is the orthogonal
distance between x g and e. In the case of a triangle, g is thus the intersection of the
orthogonal bisectors of the sides of the triangle, which is the center of gravity only if
the triangle is equilateral; hence , except in this restricted case, the original Mimetic
method cannot yield a two-point flux method. Note also that there are meshes such
that the orthogonal bisectors of the faces do not intersect, but for which nevertheless
some “centers” in the cells exist and are such that the line joining the centers of
two neighboring cells is orthogonal to their common face: these meshes are referred
to “admissible” meshes in Definition 9.1 p. 762 of Ref. 18; a classical example of
such admissible meshes are the general Voronoi meshes. On such admissible meshes,
the HMM method does not provide a two-point flux scheme for isotropic diffusion
operators, although a two-point flux Finite Volume scheme can be defined, with the
desired convergence properties'8.

In this section, we shall call “super-admissible discretizations” the discretizations
which fulfill the property (5.14) for some choice of (zg)geq, . We wish to show that
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for all super-admissible discretizations and in the isotropic case (5.13), the HMM
method provides a two-point flux scheme. Using the notations of Definitions 2.2 and
2.3, (5.14) is written ng , = (Z, — k)/dKk,» and defines our choice of parameters
(TK)Kem.

Let us take ax,, = Ax in the Hybrid presentation (2.21), denoting by Ak the

mean value of the function A(z) in K. Using Definition (2.17) for Vxpx and thanks
to (2.18), a simple calculation shows that

Z |0‘)\KSK,G(§K)SK,G(EIVK) = Z |0‘)\K (pK*pU)(inqg)

o€k dK’U o€k dK’U
— |K[Ak VDK - VKiK.

Hence we deduce from (2.21) that Fk , = d/\TK(pK — p,) and the conservativity

(2.1) leads, for an internal edge between the control volumes K and L, to p, =
Ak, o ALPL+dL o Ak PK
dr,cAL+dp o Ak

. The resulting expression for the flux becomes

AKAL
FK o=
' dK,o')\L + dL,O'AK

(px —PL)>

which is the expression of the flux for the standard 2-points Finite Volume scheme
with harmonic averaging of the diffusion coefficient.

It is also easy to find back this expression from the Mixed presentation (2.32),

taking
dK o
BM ,
K,o,0 |J| AK )
and, for o # o/,
BY .00 = 0.
The property
S 101 Ty (P T (G) = Y 10122 P
)\K Ko\l K)LK,o K /\K K,ocYUK,o

celk oefk

— |K|vk(Fk) - Ak vk (GK),

which results from (2.28), (2.31), (2.18) and (5.14) (under the form dk  ng , =
ZTo — Xk ), shows that

dK,o‘
<FK7GK>K: Z |O’| /\K FK,O'GK,O"

cEEK

Thanks to (2.33), this gives Fix , = d)‘K%(pK — ps) and we conclude as above.
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5.4. Elimination of some edge unknowns

In the study of the hybrid version (2.26) of the HMM scheme??:?! | it was suggested
to replace the space Haq,o by the space H/l\g/(,o defined by Hf/t,o = {p € Hp,o such
that po = > e, BEpg if o € B}, where:

i) M, is a subset of M, including a few cells (in general, less than d + 1,
where we recall that d is the dimension of the space) “close” from o,

ii) the coefficients 3% are barycentric weights of the point Z, with respect to
the points -, which means that e v BE =1and Y cpy, BEzx =
Zo,

iii) B is any subset of the set of all internal edges (the cases of the empty set
or of the full set itself being not excluded).

Then the scheme is defined by: find p € H /1\3/1,0 such that

vie HY o S |K|AkVibr Viix + Y Sk(dx) BELSk(Gx)

KeM KeM
=S ax [ £ 61)

KeM
In the case where B = (), then the method belongs to the HMM family and in
the case where B is the full set of the internal edges, then there is no more edge
unknowns, and we get back a cell-centered scheme. In the intermediate cases, we
get schemes where the unknowns are all the cell unknowns, and the edge unknowns
po with o & B.

This technique has been shown in Refs. 20, 21 to fulfill the convergence and
error estimates requirements in the case of diagonal matrices IB%%. It can be applied,
with the same convergence properties, to HMM methods with symmetric positive
definite matrices B as in Section 4.

6. Conclusion

In this article, we showed that the Mimetic mathod, the Hybrid Finite Volume
scheme and the Mixed finite volume scheme may be, up to some slight generaliza-
tions, cast into a unified framework which we called the HMM family of schemes.
This study was perforemd in the case of a linear single equation (1.1), but the three
above methods have also been used on more complex situations.

The Finite Volume litterature addressed nonlinear problems, such as the incom-
pressible Navier-Stokes equations'?16, fully non-linear equations of the p-Laplacian
type'*17, non-linear coupled problems'!, etc. All the ingredients needed to write
the schemes for these nonlinear problems are already present in the linear setting
which we studied here. Moreover, the techniques of proof for the convergence of the
scheme developed for the linear diffusion equation (1.1) are based on compactness
arguments which are naturally adapted to nonlinear problems, such as those studied
in the above cited papers.



November 4, 2009 13:43 WSPC/INSTRUCTION FILE compa-ma3as

A unified approach to Mimetic Finite Difference, Hybrid Finite Volume and Mized Finite Volume methods 27

The Mimetic Finite Difference litterature contains several extensions and fine
studies of the scheme for the linear diffusion problem: generalization of the method
to meshes made of cells with curved faces®, construction of higher-order schemes*?3
or study of optimala posteriori error estimators for local refinement?3, for example.
These tools are based on the same ideas that lead to the basic MFD scheme, and
could therefore also be used in the HMM setting, modulo some slight adaptations.
Another lead, probably a little less straightforward but nevertheless possible and
certainly more interesting, would be to try and adapt the ideas of the scheme for
meshes with curved faces or the a posteriori error estimators to non-linear problems
such as the ones mentioned above: all these schemes and developments being based,
as we showed in this paper, on the same ideas, their mixing seems at least like a
reasonable possibility.

In conclusion, the unifying framework was proposed here to facilitate the transfer
of ideas and techniques used for one method to another; of course, it has a larger
field of application than (1.1) and should help in giving some new leads for each
method.

7. Appendix
7.1. About the Generalized Mimetic definition

We prove here two results linked with the definition of the Generalized Mimetic
method: the existence of a weight function satisfying (2.15) and the equivalence
between (2.16) and (2.13).

Lemma 7.1. If E is a bounded non-empty open subset of R% and xp € R, then
there exists an affine function wg : R — R satisfying (2.15).

Proof. We look for ¢ € R? such that wg(z) =1+¢- (v —2p) =1+ (z — 2p)T¢
satisfies the properties (where Tg is the center of gravity of E). The first property
of (2.15) is straightforward since [,(z —Zg)dz = 0, and the second property is
equivalent to |E|Zp + [, z(x — Tg)'{de = |E|ag; since [, Zp(z — zp)" dz =0,
this boils down to

</E(xiE)(x:zE)de>g |E|(zg — Zg). (7.1)

Let Jg be the d x d matrix [, (z — Zg)(z — Zp)T dz: we have, for all n € R\ {0},
Jen-n = [,((x—Zg)-n)*dz and the function & — (x —Zg) - 1) vanishes only on an
hyperplane of R%; this proves that Jgmn-n > 0 for all n # 0. Hence, Jg is invertible
and there exists (a unique) & satisfying (7.1), which concludes the proof. O

Lemma 7.2. Let [, |g be a local inner product on the space of the fluzes unknowns
of a grid cell E, and let Mg be its matriz. Then [-,-|g satisfies (2.16) (with wg
satisfying (2.15)) if and only if Mg satisfies (2.13) (with Rg defined by (2.14) and
(Cg,Ug) defined by (2.11) and (2.12)).
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Proof. It is known® that, for the standard Mimetic method, (2.4) is equivalent to
MgNg = Rg with Rg defined by (2.8) and N defined in (2.9); similarly, it is quite
easy to see that (2.16) (with wg satisfying (2.15)) is equivalent to

MgNg = Rg (7.2)

with Rg defined by (2.14): indeed, (2.16) with ¢ = 1 is simply the definition (2.2) of
the discrete divergence operator (because [, wg(z)dz = |E|) and, with ¢(z) = z;,
since [, zjwp(r)dr = |E|(zg);, (2.16) boils down to

ke ke

GEMp(Np); + Y Ghlel(zr); = > Ghleil(z.,);,

i=1 =1

which is precisely GEMg(Ng); = GLE(Rg); with (Rg); the j-th column of Rg. We
therefore only need to compare (2.13) with (7.2).

Let us first assume that Mg satisfies (2.13). The generic formula (2.27) implies

R%:(Ng); = |E|(Ag); (7.3)
and thus
1
@REAERENE = Rg. (7.4)

Since CENg = 0 by definition of Cp, this shows that My satisfies (7.2).

Let us now assume that Mg satisfies (7.2) and let us consider the symmetric
matrix

~ 1 _
Mp = Mg — EREA;R%. (7.5)

By (7.2) and (7.4), we have MgNg = 0, and the columns of N are therefore in
the kernel of Mg. The definition of Cg shows~that the columns of Ng span the
kernel of CL: we therefore have ker(CL) C ker(Mp) and we deduce the existence of

a kg x (kg — d) matrix A such that
Mp = ACE. (7.6)

By symmetry of ME we have A(Cg = CpAT and thus A(CE(CE = CgATCg; but
CLCpg is an invertible (kg — d) x (kg — d) matrix (since Cg is of rank kg — d) and
therefore A = CEATCp(CLCE)~! = CgUg for some (kg — d) x (kg — d) matrix
Ug. Gathering this result with (7.5) and (7.6), we have proved that Mg satisfies
(2.13) for some Ug, and it remains to prove that this last matrix is symmetric
definite positive to conclude. By (2.13) and the symmetry of Mg and I—]{J‘REA;IRE
we have CpUpCEL = CgULCEL and, since C% is onto and Cg is one-to-one, we
deduce Ur = UZL. To prove that U is definite positive, we use (2.13) and the fact
that Mg is definite positive to write

Ve € ker(RE), € #0 : (UgCLE) - (CLE) > 0. (7.7)
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This shows in particular that ker(RE) Nker(CEL) = {0} and thus, since ker(R%)
has dimension kg — d, that the image by CL of ker(R%) is R*#~4. Equation (7.7)
then proves that Ug is definite positive on the whole of R¥#~? and the proof of the
lemma is complete. O

7.2. An algebraic lemma

Lemma 7.3. Let X, Y and Z be finite dimension vector spaces and A : X — Y,
B : X — Z be two linear mappings with identical kernel. Then, for all inner product
{-,-}y onY, there exists an inner product {-, -}z on Z such that, for all (z,2') € X2,
{Bz,Bx'} 7 = {Az, Ax'}y .

Proof. Let N =ker(A) = ker(B). The mappings A and B define one-to-one map-
pings A: X/N — Y and B : X/N — Z such that, if Z is the class of x, Az = Az
and Bx = BZ. We can therefore work with A and B on X/N rather than with A
and B on X, and assume in fact that A and B are one-to-one.

Then A : X — Im(A) and B : X — Im(B) are isomorphisms and, if {-, -}y is
an inner product on Y, we can define the inner product {-, }imp) on Im(B) the
following way: for all z, 2’ € Im(B), {z, 2’ }im(p) = {AB ™2, AB™'2'}y (this means
that {Bz, Bx'}imp) = {Aw, Az'}y for all x,2’ € X). This inner product is only
defined on Im(B), but we extend it to Z by choosing W such that Im(B)®W = Z,
by taking any inner product {-,-}w on W and by letting {z, 2’} z = {2B, 25 }im(B) +
{zw, 2y tw for all z = 2p+ 2, € Z =Im(B) @ W and 2’ = zj; + 2}, € Z. This
extension of {-, }1m(p) preserves the property {Bxz, Bx'} 7, = {Ax, Ax'}y. |

Remark 7.1. The proof gives a way to explicitly compute {-,-}z from {-, -}y, A
and B: find a complementary subspace G of ker(A) = ker(B) in X, compute an
inverse of B between G and Im(B), deduce {-, - }1m(p) and extend it to Z by finding
a complementary subspace space of Im(B).
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