ANALYSIS OF A FRACTIONAL-STEP SCHEME FOR THE P; RADIATIVE
DIFFUSION MODEL

T. GALLOUET, R. HERBIN, A. LARCHER, AND J.-C. LATCHE

ABSTRACT. We address in this paper a nonlinear parabolic system, which is built to retain the main math-
ematical difficulties of the P1 radiative diffusion physical model. We propose a finite volume fractional-step
scheme for this problem enjoying the following properties. First, we show that each discrete solution satisfies
a priori L>-estimates, through a discrete maximum principle; by a topological degree argument, this yields
the existence of a solution, which is proved to be unique. Second, we establish uniform (with respect to
the size of the meshes and the time step) L2-bounds for the space and time translates; this proves, by the
Kolmogorov theorem, the relative compactness of any sequence of solutions obtained through a sequence
of discretizations the time and space steps of which tend to zero; the limits of converging subsequences are
then shown to be a solution to the continuous problem. Estimates of time translates of the discrete solutions
are obtained through the formalization of a generic argument, interesting for its own sake.
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1. INTRODUCTION

We address in this paper the following nonlinear parabolic system:

%—Au+u4—gp:0 for (x,t) € Q x (0,T),

o—Ap—ut=0 for (z,t) € Q x (0,7,
(1) u(z,0) = up(x) for z € Q,

u(z,t) =0 for (z,t) € 002 x (0,T),

Veo-n=0 for (x,t) € 02 x (0,T),
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where © is a connected bounded subset of R?, d = 2 or d = 3, which is supposed to be polygonal (d = 2) or
polyhedral (d = 3), T' < oo is the final time, u and ¢ are two real-valued functions defined on Q x [0,T") and
0%} stands for the boundary of €2 of outward normal n. The initial value for u, denoted by ug, is supposed
to lie in L>°(Q) N HY(Q) and to satisfy 0 < ug(z) < @p for almost every z € 2, where g is a non negative

real number.

This system of partial differential equations is inspired from a simplified radiative transfer physical model,
the so-called P, model, sometimes used in computational fluid dynamics for the simulation of high temper-
ature optically thick flows, as encountered for instance in fire modelling (see e.g. [16, 11] for an exposition
of the theory, [15, 2, 14, 17] for recent developments and applications or the documentation of the CFX or

FLUENT commercial codes for a synthetic description).
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In this context, the unknown u stands for the temperature, ¢ for the radiative intensity and the first
equation is the energy balance. System (1) has been derived with the aim of retaining the main mathematical
difficulties of the initial physical model; in particular, adding a convection term in the first equation would
only require minor changes in the theory developed hereafter.

In this short paper, we give a finite volume scheme for the discretization of (1) and prove the existence and
uniqueness of the discrete solution and its convergence to a solution of (1), thus showing that this problem
indeed admits a solution, in a weak sense which will be defined.

2. THE FINITE VOLUME SCHEME

Even though the arguments developed in this paper are valid for any general admissible discretization in
the sense of [7, Definition 9.1, p. 762], we choose, for the sake of simplicity, to restrict the presentation to
simplicial meshes. We thus suppose given a triangulation M of €2, that is a finite collection of d-simplicial
control volumes K, pairwise disjoint, and such that Q = Ug ey K; the mesh is supposed to be conforming in
the sense that two neighbouring simplices share a whole face, i.e. there is no hanging node. In addition, we
assume that, for any K € M, the circumcenter xx of K lies in K; note that, for each neighbouring control
volumes K and L, the segment [z, 1] is orthogonal to the face K|L separating K from L.

For each simplex K, we denote by &(K) the set of the faces of K and by | K| the measure of K. The set of
faces of the mesh € is split into the set &y of internal faces, i.e. separating two control volumes, and the set
Eext Of faces included in the domain boundary. For any edge o € €, we denote by |o| the (d-1)-dimensional
measure of 0. For each internal face 0 = K|L, we denote by d,, the distance d(z g, z1,); for an external face o
of a control volume K, d, stands for the distance from zx to . The regularity of the mesh is characterized
by the parameter 05¢ defined by:

. PK
2 O = —
(2) M = min o
where px and hg stand for the diameter of the largest ball included in K and the diameter of K, respectively.
We define the mesh size h as h = max{hg, K € M}.

We denote by Ha(©2) C L2(f2) the space of functions which are piecewise constant over each control
volume K € M. For all u € Hy((Q2) and for all K € M, we denote by ug the constant value of u in K. The
space Hy(92) is equipped with the following classical Euclidean structure. For (u,v) € (Hp(£2))?, we define
the following inner product:

(3) [, v == Z % (ur, —ug)(vp —vK) + Z % UK VK.
0€&int (0=K|L) 0€Eext (0EE(K))
Thanks to the discrete Poincaré inequality (5) given below, this scalar product defines a norm on Hy¢(£2):

(4) ull e = [, u] 3,

The following discrete Poincaré inequality holds (see Lemma 9.1, p. 765, in [7]):

(5) Julla(oy < diam(®) Julliae  Vu € Hag(@):
We also define the following semi-inner product and semi-norm:
< U,V Sppi= Z M (ur, —ug)(vy — vK), [ul1,v =< u,u >;v/[2 .

0€&in; (0=KI|L) 7

These inner products can be seen as discrete analogues to the standard H'-inner product, with an implicitly
assumed zero boundary condition in the case of the inner product [-, |-
For any function u € Hy¢(Q), we also define the following discrete H~!-norm:

1
llul| 1,0 == sup — [ wovdz.
vety (@) Il Jo

v#£0

By inequality (5), the || - [|—1,n-norm is controlled by the L?(2)-norm.
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The discrete Laplace operators associated with homogeneous Dirichlet and Neumann boundary conditions,
denoted by Ant,p and Ay n respectively, are defined as follows:

Vi € Hy(R2), VK € M,

(AnN(¥))x = - Z |0| (VL — ¥K),

‘K| U:K\L
(Do (¥))x = <AM,N<¢>>K+% > .

| |oe£exm£(K) 7

The link between these operators and the above defined inner products is clarified by the following identities,
which are obtained by a standard reordering of the unknowns.

(7a) Vo, w € Hy (Q Z |K| vie (Anin(w))xg =< v,w > -
KeM

(7b) Vo,w € Hy(Q), — Y |K] vk (Anp(w)x = [v,w].
KeM

Finally, we suppose given a partition of the interval (0,7), that we assume uniform for the sake of
simplicity, with t =0,...,t" =nét,...tN =T.

At each time ", an approximation of the solution (u™,¢™) € Ho () x Hy(2) is given by the following
finite volume scheme:

VK € M,
n+1 _ un
(8&) KTK _ (AM,D(UnJrl)) +|un+1 (u?(+1) @TIL( —0, forn=0,...,N —1,
(8b) PRt — (AM NNk — (WYt =0 forn=0,...,N -1,
8c ud = / uo(x) d,
(8d) Pk — (Ann(9”)k — (ug)* =0

Hence, assuming (u%) kem and (¢% ) ke known, we first solve the nonlinear system (8a) to ﬁnd (W) ket
and then solve the linear system (8b) to compute (¢ ) k. Note that in (8a), the term u? is discretized
as |u7;(Jrl (u "+1) to ensure positivity (see proof of Proposition 3.1 and Remark 3.1 below). In practice,
the nonlinear system (8a) is solved by the Newton method; it could also be solved by a monotony method,
thanks to the fact that the discretization preserves the monotony.

3. A PRIORI L°°-ESTIMATES, EXISTENCE AND UNIQUENESS OF THE DISCRETE SOLUTION

We prove in this section that the numerical scheme (8) admits a unique solution. The proof is based on a
topological degree argument, which requires some a priori estimates on possible solutions to (8). Uniqueness
is based on the positivity property of the scheme.

Proposition 3.1 (Existence and uniqueness of the approximate solution).

(1) The scheme (8) has a unique solution.
(2) For 0 <n < N, the unknown @™ satisfies the following estimate:

4
VKeM, 0<epk< 7.
eM S Pk = [ILHE% UL:|
(3) For 1 <n < N, the unknown u™ satisfies the following estimate:

VK e M, OguK<maﬁu7Ll L
Le



Proof. Step one: positivity of the unknowns.

We first observe that, from its definition (8c) and thanks to the fact that ug is non-negative, u° is a non-

negative function. Let us suppose that this property still holds at time step n. We write the second equation
of the scheme (8b) as:

Vi — (Daen(P™)x = (uk), VK € M.
This set of relations is a linear system for ¢", and the matrix of this system is clearly an M-matrix: indeed,
from the definition (6) of Ay, it can be easily checked that its diagonal is strictly dominant and has only
positive entries, and all its off-diagonal entries are non-positive. Since the right-hand side of this equation is
non-negative, ¢” is also non-negative. The first equation (8a) of the scheme can now be recast as:

1 1
) S5 G (| ! = (Baco ()i = Sk + o, VK €M
This set of relations can be viewed as a (nonlinear) matrix system for the unknown u"*!; the matrix of this

system depends on u™*! but is also an M-matrix for any values of u"*!. Since we know that ¢™ > 0, the
right-hand side of this equation is by assumption non-negative and so is u"**.

Step two: upper bounds.
Let @ be a constant function of Hy¢(€2). From the definition (6) of Ay n, we see that Ay n(@) = 0. The
relations (8b) and (8d) of the scheme thus implies:

(" — @)k — (Ann(e" — @)k = (uf)* — ¢, VK e M, V¥n =0,...,N.

Choosing for the constant value of ¢ the quantity (maxzenr u?)? yields a non-positive right-hand side; hence,
from the above mentioned property of the matrix of this linear system, (¢"*t! — @) < 0, VK € M and
Vn =0,...,N — 1, which equivalently reads:

n< n4 = DS .
(10) ¢ < (maxup)!, VK €M, ¥n=0,....N

Let us now turn to the estimate of the first unknown u™t!. Let K{ be a control volume where u"*! reaches
its maximum value. From the definition (6) of Ay p, it appears that:

—(Ap,p (™)K, > 0.

The first equation (8a) of the scheme for the unknown u}gl reads:

1 n n n n n n
(11) 57 Wi, — ui,) = (Boep (™) + [l (i )* = ¢, ] =0, ¥n €0, . N = 1.

By the inequality (10), we see that supposing that u}?gl > maxren uf yields that the first and third terms
of the preceding relation are positive, while the second one is non-negative, which is in contradiction with
the fact that their sum is zero.

Step three: existence of a solution.

Let us suppose that we have obtained a solution to the scheme up to time step n. Let the function F be
defined as follows:

F 2 Reard0) o [0, 1] — .y Reard®)
(U,a) = (ug)kenm, @) — F{U,a)= (vk)xkem such that:
VKeM, vg= 5 (ux —ufk) — (Anep(u)k + o [Juk| (uk)® — k] -
It is clear that u™*! is a solution to (8a) if and only if:
(12) F((ug ™) ken, 1) = 0.

First, we observe that the function Fy, which maps R4 onto R (M) and is defined by Fo(U) = F(U,0),
is affine and one-to-one. Second, a straightforward adaptation of steps one and two yields that the estimates
on any possible solution u"! to (12) hold uniformly for o > 0. The existence of a solution to (12) then
follows by a topological degree argument (see e.g. [4]).
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Finally, the existence (and uniqueness) of the solution to the second equation (8b) of the scheme, which is
a linear system, follows from the above mentioned properties of the associated matrix.

Step four: uniqueness of the solution.

Let us suppose that the solution is unique up to step n and that there exist two solutions «™*! and v™*! to
(8a). By the identity a* — b* = (a — b) (a® + a®b + ab® + b%), the difference du = u"*+1 — v +1 satisfies the
following system of equations:

1
VE €M, | =+ (i) + (i 2o + i k") + (o)) | dure = (Baep () = 0.
Since we know from the precedent analysis that both u"K+1 and v?‘l are non-negative, this set of relations

can be seen as a matrix system for du; the matrix of this system is again an M-matrix; we thus get du = 0,
which proves the uniqueness of the solution. (|

Remark 3.1 (On the non-negativity). We see from Relation (9) that the discretization of u* as a product
of a positive quantity (here |u"Tt|P) and (u"*1)? (where p + q = 4) with q odd (that is ¢ = 3 or ¢ = 1)
is essential to prove the non-negativity of u™*; note that we have indeed observed in practice some (non-
physical) negative values when this term is discretized as (u"1)*.

We also wish to emphasize that the non-negativity is obtained here thanks to the fact that the discretization
is performed with a two-point flux finite volume scheme, which yields an M -matrix for the discrete Laplace
operator. Hence we have only considered here the admissible meshes in the sense of [7, Definition 9.1, p.
762], since these meshes satisfy an orthogonality condition that yields the consistency of the two-point flux
approximation. On general meshes, several consistent schemes have been designed, but these schemes do not
ensure the positivity of the solution naturally; more on this subject may be found in e.g. [6].

4. CONVERGENCE TO A SOLUTION OF THE CONTINUOUS PROBLEM

Let Hp be the space of piecewise constant functions over each K x I", for K € M and I" = [t", t"t1), 0 <
n < N —1. To each sequence (u"),=o,n of functions of Hy(£2), we associate the function v € Hp defined by
u(z,t) = u"(z) for " <t <", 0 <n < N — 1. In addition, for any u € Hp, we define 9; n(u) € Hp by

Orp(u)(z,t) = Opp(u)™(z) for t" <t <"1 0<n<N-1

where the function 0o (u)™ € Hy () is defined by:

u () — un(x utt —
Op,p(u)"(z) := M, e Opp(u)y = L—K VK ecM
’ ot ’ ot
For any function v € Hp, we define the following norms and semi-norms:
N
||U||i2(o,T; HL) = ot Z Hun”%]\/[v
n=0
N-1
02ty =5 D N1
n=0
N
|u‘i2(0,T;H%v[) = 0t Z ‘Un‘iM.
n=0
The norms | {|L2(0,7; 11 ) and |- |20, 11 ) can be seen as discrete equivalents of the L2(0,T; HY(Q))-norm,

and || - ||L2(O’T;H;v[1) may be considered as a discrete L2(0,7; H~(2))-norm.

Let us now derive some estimates on the solution to the scheme (8), which will be useful to get some
compactness on sequences of approximate solutions.



Proposition 4.1 (Estimates in energy norms). Let u and ¢ be the functions of Hp associated to the solution
(u™)o<n<n € Hat( DN and (9™)o<n<n € Hae(Q)N T of the scheme (8). Then the following estimate holds:

(13) lullr2 0,7, Hi,) T ||3t,D(U)HLz(o,T; Hyh T el L2 x 0,7))

+Helrzorm1) + 1960 (@) 220 (0,1)) < ce,
where the real number ¢, only depends on §, the initial datum ug and (as a decreasing function) on the
parameter Oy characterizing the regularity of the mesh, defined by (2).

Proof. First, we recall that, thanks to (7), we have, for any function u € Hy(2):

- Z |K| ug (Ane,p(w)k = [Jullf
KeM

= Y IE| uk (Anen(u)k = [ulf
KeM

Multiplying Equation (8a) by 2 dt | K| u’IL(H, using the equality 2a (a — b) = a® + (a — b)? — b2, summing over
each control volume of the mesh and using the first of the preceding identities yields, for 0 <n < N — 1:

||Un+1||%2(9) + funtt - UnHiz(Q) - ||Un||%2(9) + 20t [[u" T 5
+25t/ |u" TP dx = 26t / " da.
) Q

By Proposition 3.1, u"*! is non-negative and ¢% < @, VK € M, (recall that uy < @p a.e.) and is thus
bounded by the L°°-norm of on the initial datum wug. Therefore, we get:

[u" T[T 20y = 1w 172y + 288 [u" 7 5 < 26t g /Qun+1 da.

By the Cauchy-Schwarz inequality, the Young inequality and the discrete Poincaré inequality (5), we thus
obtain:

" ey = ™ 72y + 0t lu™ | nc < 0t |92] diam(2)* a5,

Summing from n =0ton =N — 1, we get:

N
N . _
™ 3y + S 0t 2 < 7160 ciamn()? a5 + 3

n=1
Since, by assumption, ug € Hj(Q), the discrete H'-norm of u?, [[u®||1 ¢ is bounded by c||ugl|p1 (o) where the
real number ¢ only depends on §2 and, in a decreasing way, on the parameter 0y characterizing the regularity
of the mesh (see e.g. Lemma 3.3 in [10]). Together with the preceding relation, this provides the control of
the first term in (13).

We now turn to the estimate of Hat,’D(“)”LZ(O,T;H;Tl)' Let v be a function of Hy¢(€2); multiplying (8a) by

|K| vk and summing over K € M, we get for 0 <n < N — 1:

/ Op,p(w)* vder = f[u"+1,v}M — / [(u"+1)4 — (pn] v dzx.
Q Q

Both (u"*1)* and ¢" are non-negative functions which are bounded by g, and therefore the difference
(un )2 —n is itself bounded by g; using the Cauchy-Schwarz inequality and the discrete Poincaré inequality
(5), we thus get:

[ 2o vde < [ o + ad 00 dim(@)] ol ac
Q
and so:

1010010 < " ac -+ 8 102 (@),

which, by the bound of [|u||r2(o,7; 11 ), vields the control of the second term in (13).
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As far as ¢ is concerned, the second equation (8b) of the scheme and the initialization (8d) yield, thanks
to the positivity of the unknowns:

|Wﬂ@mn+Wﬂ@wsljéwmmmnogngw.

Thus, by Young’s inequality, we get:

1 1 _
B ||80n||i2(9) =3 |Q|Ug-

Multiplying by ¢ and summing over the time steps, this provides the estimates of |||l z2(x(0,7)) and

|@lr2 (0,7 m1,) We are seeking.

To obtain a control on J; p(y), we need a sharper estimate on 0y »(u). Multiplying Equation (8a) by
| K| Or,p(uw)} and summing over K € M, we get for n=0,...,N — 1,
(14) 18,0 (w)" | F2(0y + 11" = T3,
with
== Y K| 0 ()i (Aaep (@) and T3 = — Y [K| 8 (W) ([ui| (ui™)? = %)
KeM KeM
Thanks to the identity (7b), we get that

Tln _ [at,D(U)n;Un+1]M _ ([un+17un+1]M n n+1]M) .

— [u™ u

|~

Using the definition (3) and the fact that a® — ab = 1(a® — b* + (a — b)?) > (a® — b?), we get that

1 n n
(15) Ty 2 oo (1 e = 1B )
Thanks to Proposition 3.1, invoking the Cauchy-Schwarz inequality, we get that
(16) T3 < QU2 g 10,0 (w)" || L2

Gathering (14)-(16), we get for 0 <n < N — 1:

1 n n 1 n
190 (W)™ 720 + 557 (™ IR = ") < 1012 @ 101, ()" | 2 0,

so, by Young’s inequality:

1 _
1900 (W)™ 1720y + 57 ("M o = 1" [E.00) < 19 5.
Multiplying by dt and summing over the time steps yields:
(17) 10, (W22 0.1y + 1617 0 < QT a5 + [[u°[1F v,

which provides an estimate for ||0;,p (u)||z2(ax (0,7))- Taking now the difference of the second equation (8b)
of the scheme at two consecutive time steps and using (8d) for the first step, we obtain for 0 <n < N — 1:

n+1\4 n \4
VK EM dnlpl — (o (@ne))) = e (k)
= [(ui™)? + (™) ufe +ui (uie)® + (uk)®] O (w)ke
Multiplying by |K| 0,0 (@)% over each control volume of the mesh and summing yields:
10:,(0)" 1720 + 100 (0)™ 1T ae < 455 (1050 (W) || 220y 10,0 (9)" |22 ()

which, using Young’s inequality, multiplying by ¢ and summing over the time steps yields the desired
estimate for [|0¢,p(©)[|22(ax (0,7)), thanks to (17). O

Let us now prove that sequences of solutions of the scheme (8) converge, as the space and time steps tend
to 0 (up to a subsequence), to a weak solution of Problem (1), thereby proving the existence of this weak
solution.
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Theorem 4.2 (Convergence of the finite volume scheme). Let (u("),en and (9")en be a sequence of
solutions to (8) with a sequence of discretizations such that the space and time step (™) and 5t tend to
zero. We suppose that the parameters Oy my characterizing the reqularity of the meshes of this sequence are
bounded away from zero, i.e. Opymy > 0 > 0, Vm € N. Then there exists a subsequence, still denoted by
(W) pen and (™)en and two functions @ and ¢ such that:

(1) u™ and ™ tend to @ and @ respectively in L2(Q x (0,T)),
(2) @ and ¢ are solution to the continuous problem (1) in the following weak sense:

@€ L>®(Qx (0,7)) NL2(0,T; HY(Q)), ¢ € L2 x (0,T)) NL*0,T; H'(Q)),

T
(182) /0 /Q{—%fmva-wﬂa‘*—@w] dxdtz/ﬂw(x,O)uo(x)dx,Vi/)ECS"(Q>< 0,7)),

T —
(18b) /0 /Q [(p—a")y+ V- V] dedt =0,V € CX(Q x [0,7)).

Proof. The following estimates of the space translates can be found in [7], Lemma 9.3, p. 770 and Lemma
18.3, p. 851:

Vo € Hy (), ¥n € RY,

Tove [l [Inl + () 7],

[0 +n) = 0llZ2@ay < [l [J0fE ac (I +2h) + 2102 0]l (0] ,

[9¢- + 1) = 0l Z2gay < Ilv]

where © stands for the extension by zero of v to R? and the real number ¢(£2) only depends on the domain.

For m given, let ¢(™ and ¢("™) be the functions of L (R? x R) obtained by extending ("™ and ™) by 0
from Qx[0,T) to R*xR. The estimates of Proposition 4.1 of |ju(") L2 (0,7, 11, and (™) 120,75 11,), together
with the L>°-bound for ¢("), thus allow to bound independently of m the space translates of ("™ and @™
in the L2(Q x (0,7))-norm. In addition, Theorem A.1 applied with | - ||. equal to || - |1, for u(™ and with
| - [« equal to || - [[12(q) for ¢(™), together with the estimates of Hu(m)HLz(O’T; HI ) ||8t7@(u)(m)\|L2(0,T; HZ')
llellz2@x o,7y) and [|0:,p(0)ll2(@x(0,1)) of Proposition 4.1 and with the L>-bounds on 0™ and u(™ |
allows to bound the time translates of 4(™ and $(™), still independently of m and in the L?(Q x (0,T))-
norm. Furthermore, by Proposition 3.1, the sequences (%(")),,cn and ($(™),,en are uniformly bounded in
L>(Q x (0,7)), and thus in L?(Q x (0,7))). By Kolmogorov theorem (see e.g. [7], Theorem 14.1, p. 833),
these sequences are relatively compact and strongly converge in L2(2 x (0,7)) to, respectively, @& and @.

The regularity of the limits, i.e. the fact that @ (resp. @) lies in L2(0,7; HA(Q2)) (resp. L2(0,T; H*(£2)) can
be proved by invoking [7, Theorem 14.2 and Theorem 14.3] thanks to the uniform bounds on |ju(™ lr2(0.7 )
and |<P(m)|L2(o,T; mt ) given in Proposition 4.1, similarly to the technique of [9]; it can also be proved (again
thanks to the estimates of Proposition 4.1) by invoking Theorem B.1 given in the appendix below, which

gives a more straightforward way to obtain the regularity in a more general setting. The spaces which are
considered in the application of Theorem B.1 are B = L?(Q), X,, = Hyom) () and X = H}(Q).

To prove that @ and ¢ are solution to the continuous problem, it remains to prove that (18) holds. This
proof is rather standard (see e.g. the proof of Theorem 18.1 pp. 858-862 in [7] for a similar, although more
complicated, problem) and we only give here the main arguments. Let ¢ be a function of C*(Q2 x [0,T)).
We define ¥} by ¥ = ¢(zk,t™), for K € M and n € {0, ..., N}. Multiplying Equation (8a) by &t | K| 1/);?'1
and summing up over the control volumes and the time steps, we get for any element of the sequence of
discrete solutions:

N-1 uvn+1 —un
> ¥ arlal gt | (Anen e+ ) -
n=0 KeM

=T1+Tr+T5=0,



where, for enhanced readability, the superscript (™ has been omitted and:

Z Z |K| ,(/}nJrl n+1 712]7
n=0 KeM
N—-1

T=3 > —6t|K| v (Asep ™))k,
n= OKEM

T3: Z Z 6t|K| ,(/}n+1 [( n+1)4_(p7[z{].
n=0 KeM

Reordering the summations and using the fact that (-, T) = 0, we get for T;:

N-1
Ty =Tia+Tio, with Ty =— Y [K[ ¢ uf and Tig =Y > |K|ufk [k —¢i].
KeM n=1 KeM

Let us decompose T7 1 as:

T171=—/Qu0(x)w(ac 0)dz + Z / ug(z) — u%) Y(z,0) dz + Z |K| v Ry K,

KeM KeM
1
with Ry x = 7|K| / Y(x,0) dz — P(zk, it).
K

Let us first note that u® converges to up in L'(Q2) and that ¢(-,0) € C2(£2); therefore the second term
of T11 tends to zero with h; on the other hand, since u}, < g, VK € M and, from the regularity of 1,
|Ry k| < ¢y (6t + h), the third term of T ;1 also tends to zero with 6t and h.

Now, the term 77 » also reads:

N-1
Tyo=— / / (z,t) xt)dxdt—i—z Zdt ux (Ry)k
st

n=1 KeM
with:

tntt n+1 n
n _ Tﬂ(ﬂ?K,t + ) — ¢($K7t )
(Ry )i = 5t|K|/ () do dt — 5t ’

and thus |(Ry)%| < ¢y (6t + k). Since uf; § Ug, VK € M and 0 <n < N, we get:

T1—>—/u0(x) acOd;v—/ / (z,t) xt)dxdt as  m — oo.
Q

Thanks to the definition (6) of Ay p, reordering the summations in 75 and using the fact that ¢(-,7) = 0,
we obtain:

T N—-2
—/ /u(w,t) Ap(a,t)ydedt— Rywith R= 3" S 6t ! 37 Jo] (Ry)nt!
it JQ

n=0 KeM o€l (K)

where the residual term (Ry)"*! is the difference of the mean value of Vi) - n over o x ("1, t"2) and its
finite volume approximation |o| (¢x —91)/dy for o0 = K|L. By consistency of the diffusive fluxes (Ry)7"!
(see Theorem 9.1, pp. 772-776, in [7]) we have (Ry)7™! < Cyh; reordening the summations in R and using
the Cauchy-Schwarz inequality, we get

n+1 un-{-l
|R| < 6t C’whz o 7L d,
n=0 oc€&int
oc=K|L

< Cy(dQUT) V2l 01 11 b

9



and thus R — 0 as h — 0 thanks to the control of ||ullpz(o 7,5 ). Since @ is known to belong to H§(Q) and
P € C(Q2x[0,T)), we thus have

T
T — / / Vi(z,t) - Vip(z,t) de dt as m — 00.
0o Ja

Finally, T35 reads:

T N-2

T3 = / / ¥(z,t) [u(z,t)* — p(z,t — 6t)] dzdt — Rs, with Ry = — Z Z St|K| [(upt')* — o] (Ry)
ot JQ n=0 KeM

tn+2

1

and (Rw)?(—i_l = 7515 |K| -

[ vty dzdt = wlan .

K

The term Rj3 tends to zero by the L>®-estimates for u and ¢ and the regularity of 1. Since u("™ tends to @
in L2(Q x (0,7)) and is bounded in L®(2 x (0, 7)), (u(™)* converges to @* in L'(0, T; L*(R2)); in addition,
from the time translates estimates, ©(™) (-, — dt) also converges to ¢ in L'(0,T; L'(2)). We thus get:

T
T;5 %/0 Aw(x,t) [d(z,t)* — 3(z,t)] dudt as m — oo.

Gathering the results for Tj, T> and T3, we obtain (18a). The relation (18b) is obtained using the same
arguments; the convergence of the diffusion term in case of Neumann boundary conditions poses an additional
difficulty which is solved in Theorem 10.3, pp. 810-815, in [7]. O

The uniqueness of the solution to the problem under consideration is beyond the scope of the present
paper. Note however that such a result would imply, by a standard argument, the convergence of the whole
sequence to the solution.

5. CONCLUSION

We propose in this paper a finite volume scheme for a problem capturing the essential difficulties of a
simple radiative transfer model (the so-called P; model), which enjoys the following properties: the discrete
solution exists, is unique, and satisfies a discrete maximum principle; in addition, it converges (possibly up
to the extraction of a subsequence) to a solution of the continuous problem, which yields, as a by-product,
that such a solution indeed exists. For the proof of this latter result, we state and prove an abstract estimate
allowing to bound the time translates of a finite volume discrete function, as a function of (possibly discrete)
norms of the function itself and of its discrete time derivative; although this estimate is underlying in some
already available analysis on finite volumes [7, Chapter IV], [8, 9] and discontinuous Galerkin approximations
[5], the present formulation is new and should be useful to tackle new problems. Variants of the presented
numerical scheme are now successfully running for the modelling of radiative transfer in the ISIS free software
[13] developed at IRSN and devoted to the simulation of fires in confined buildings [1], and in particular
nuclear power plants.

APPENDIX A. ESTIMATION OF TIME TRANSLATES

The objective of this appendix is to state and prove an abstract result allowing to bound the time translates
of a discrete solution.

We now introduce some notations. Let Hy¢(£2) and Hp be the discrete functional spaces introduced in
Sections 2 and 4 respectively. We suppose given a norm || - ||« on Hy(2), over which we also define the dual

norm || - ||* with respect to the L2-inner product:
/uv dz
Vu € Hy (), lul|* == sup e

vEH N (), v#£0 V][«
10



These two spatial norms may be associated to a corresponding norm on Hyp as follows:

N
Vu € H'D? U= (un)0§n§N7 Hu”%ﬁ(O,T; Hye ) — Zét ”un”zv
n=0
N-1
2
and Hu”iQ(O,T;Hf;W) = Z ot flu™ "~
n=0

Theorem A.1l. Let u be a function of Hp and 7 a real number. We denote by @ the extension by zero of u
to R? x R. Then we have:

Ja,- +7) = 8 ) oy <7 |2 N0y

1
+5 100 (lR0,m5 + 2 Wl o100 |-

Proof. Let u be a function of Hp and ¢t € R. Let 7 be a real number that we suppose positive. The following
identity holds:

N-1
A0t 7) — (8 = X200 w0+ 3 () [ -] N () u

where x” : R — R is the function defined by x7(t) = 1 if t < t" < ¢+ 7 and x?(t) = 0 otherwise. For
5 € R we define n(s) by: n(s) = —1if s < 0, n(s) is the index such that t"(*) < s < ¢")+1 for 0 < s < tV,
n(s) = N for t > tV. Let ng(t) and n1(t) be given by ng(t) = n(t), n1(t) = n(t+7). We adopt the convention
u™t = = 0. With this notation, we have for u(-,t + 7) — u(-,t) the following equivalent expression:

u(yt+7) =, t) = um® —gyro®)
and thus:

/Q [u(z,t+7) —u(z, )] do =

N-1
AT [X%) W 3O o =] (0w
Q n=1

Developing, we get:

/ u(a, £+ 7) — ulz, ]2 de = Tr(t) + To(t) + Ts(t)
with: ?
Ta(0) = 20) [ [a0r =]

N
Th(t) = Z X:‘(t)/Q [u"l(t) - u""(t)] [u™ —u™"'] du,

TS(t) = —X_Irv(t)/ [unl(t) _uno(t):| UN_l da.
Q

We first estimate the integral of Ty (¢) over R. Since x2(¢) is equal to 1 in the interval [—7,0) and 0 elsewhere,
and since u™(®) = 0 for any negative t, we get:

0
/Tl(t) dt:/ /u"l(t) u® da dt < 7 [Jullf e 0.1 12(0))-
R —7JQ

By the same arguments, we get the same bound for the integral of T3(t):

/R Ty(t) dt < 7 |2 0.1 1200

From the definition of the || - ||* norm, we get:

N—-1
To(t) < 6t S X2 [0 (@) M| um® —uro®],
n=1

11



and thus, by Young’s inequality:
iy 1 2
Tot) <6 A0 |5 10um ()1 4 O+ O 2]
n=1
Integrating over the time, we get:

/ To(t)dt <Toq+ Too+Ts3,
R

with

Cq 2
Ton= [ D X)) (0w " dt,
R

N-1[ mt+l N—1
[ S e dt] 2
n=1

N—1 [ gl N—1

Lo =t 3" S e dt] 2
n=1

m=0

Note that w0 ®) = ¢™ for t™ < t < t"™*! and w™®) = ™ for t™ — 7 < t < t"™T! — 7; therefore, thanks to
relation (19) of the technical lemma A.2 given below, we have

tm—1

N—-2
T ni *2
T, = 3 nz:% 5t |0, o (w)™ ||

IN

-
B} ||at7®(u)|‘12_42(0,T;H3‘v[)'
Thanks to Relation (20) of Lemma A.2 we get:

N-1

Too <T Z St lu™|? <7 Hu”iQ(O,T;HM,*)'

m=0
Finally, by the same argument:
N-1
Tos <7y 6t [u™2 <7 l[ullfaor .-

m=0

This concludes the proof for positive 7. The case of negative 7 follows by symmetry. O

Lemma A.2. Let (t")o<n<n be such that t° = 0, t" = nét, tN = T, 7 be a positive real number and
X?: R = R be the function defined by x*(t) =1 if t <t™ < t+ 7 and x*(t) = 0 otherwise. Then, for any
family of real numbers (oa)n=1 n and, respectively, for any real number t, we have the following identities:

N N
(19) /R Lz_:l an x> (t)] dt = T; Qp,
t+ot [ N
(20) /t Z Xf(s)] ds <.

Proof. The function x?(¢) is equal to one for t € [t" — 7, t"), so we have:

N T N m
/ lz apXr(t)] dt = Z an/ dt.
R n=1 i n=1

tn—1

To obtain the inequality (20) we remark that ¢t € [t" —7, t") is equivalent to t —t" € [—7, 0) and so x7(t) =1
is equivalent to x2(¢t — ¢") = 1 (under the assumption t° = 0). We thus have:

t+6t [ N N t—t" 45t
/ lz x¢<s>] as=> [ sds< [ ds=r,
t 1 t—tn R

n=1
12



O

Let us remark that the above theorem may be generalized to the Banach setting as in [9]. In fact, this
has led to some adaptations of the Aubin-Simon compactness result to the discrete setting, see [12, 3]. Note
however that the compactness result is somewhat stronger here than in the general Banach setting, in the
sense that the estimate on the time translates is bounded by a power of 7, namely here C'\/7, where 7 is the
translation step. This bound is obtained thanks to the fact that the norms || - ||« and || - |* are dual. In the
general case, we are only able to show that the time translates tend to 0 as 7 tends to 0.

APPENDIX B. REGULARITY OF THE LIMIT

Definition B.1 (B-limit included sequence of spaces). Let B be a Banach space, (X, )nen be a sequence of
Banach spaces included in B and X be a Banach space included in B. We say that the sequence (X, )nen
is B-limit-included in X if there exists C € R such that if u is the limit in B of a subsequence of a sequence
(un)nen verifying un, € Xpn and [lun|x, <1, then u € X and [Jullx < C.

Theorem B.1 (Regularity of the limit). Let B be a Banach space, (X, )nen be a sequence of Banach spaces
included in B and B-limit-included in X (where X is a Banach space included in B) in the sense of Definition
B.1.

Let 1 < p < 400 and T > 0, and, for n € N, let u, € LP(0,T;X,). Let us assume that the sequence
(lunll 2o (0,7:x,,))nen is bounded and that u, — u in LP(0,T; B) as n — +oo. Then u € LP(0,T; X).

Proof. Since u,, — u in LP(0,T; B) as n — 400, we can assume, up to subsequence, that u, — u in B a.e..
Then, since the sequence (X,,)nen is B-limit-included in X, we obtain, with C' given by Definition B.1,

Jullc < Climinf flun |y, ac.

Using now Fatou’s lemma, we have

T T T
p < p . . p < p. . p .
| I < e [ tming 015, @ < Cotimint [ 0, o

n

Then, since (||un 10 (0,7,x,))nen is bounded, we conclude that u € LP(0, T} X). O
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