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Abstract

We prove in this paper the convergence of the marker-and-cell (MAC) scheme for the discretization of the semi-
stationary compressible Navier-Stokes equations on two or three dimensional Cartesian grids. Existence of a solution
to the scheme is stated, followed by estimates on approximate solutions, which yields the convergence of the approx-
imate solutions, up to a subsequence, and in an appropriate sense. We then prove that the limit of the approximate
solutions satisfy the mass balance and mass momentum equations, as well as the equation of state, which is the main
difficulty of this study.
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1. Introduction

The aim of this paper is to prove the convergence of the marker-and-cell (MAC) scheme for the discretization of
the semi-stationary (barotropic) compressible Stokes system, introduced in [41]. These equations are posed on the

time-space domain Q7 = (0, T) X Q, where Q is a bounded domain of R adapted to the MAC scheme (see section 3),
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d = 2,3 is the space dimension and (0, 7") > 0 is the time interval, and read:

0.0 + div(ou) = 0, (1.1a)
—uAu — (u+ )Vdive + Vp =0, (1.1b)
p=0",020, (1.1¢c)
supplemented with the initial condition
0(0,x) = oo(x), (1.2)

where g is a given function from Q to R}, and the homogeneous Dirichlet boundary condition

u0.1yx00 = 0. (1.3)

In the above equations, the unknown functions are the pressure p(z, x), the scalar density field o(¢, x) > 0 and vector
velocity field u = (uy,...,uy)(t,x), where t € (0,T) denotes the time variable and x € Q the space variable. The
viscosity coefficients u and A are such that

u>0, A+u=>0. (1.4)

In the compressible barotropic Navier-Stokes equations, the pressure and the density are linked through a constitutive
law. Here we assume that the fluid is a perfect gas obeying Boyle’s law, given by (1.1c). Typical values of y range
from a maximum value of % for monoatomic gases or % for diatomic gases including air, to a minimum value close
to 1 for polyatomic gases at high temperature. For the sake of simplicity the constant a will be taken equal to 1. The
convergence result that we prove in this paper is valid for y > % Gfd = 3).

There are several motivations for the study of the model (1.1). First of all, the solutions of this system of equations
is used to build solutions of the compressible Navier-Stokes equations which exhibit persistent oscillations (see [41]).
Next, this model is derived for the dynamics of vortices in the Ginzburg-Landau theories in superconductivity. Finally,
it is the simplest system derived from a model existing for biological flows in a compressible tissue (see [4] and [9])
or in compressible porous media in petroleum engineering (see [19]). We refer to [45, 3] and [41, 13, 42] for further
development and tools for the analysis of the incompressible and compressible Navier-Stokes equations.

The mathematical analysis of numerical schemes for the discretization of the steady and/or non steady compress-
ible Navier-Stokes and/or compressible Stokes equations has been the object of some recent work. The convergence
of the discrete solutions to the weak solutions of the compressible stationary Stokes was shown for a finite volume—
non conforming P1 finite element [23, 12, 18], for the wellknown MAC scheme [11] and for a more complicated fi-
nite volume - Nedelec finite element scheme [39] (for a Navier slip boundary condition in this latter work); The finite
volume— non conforming P1 finite element was adapted in [40] to deal with the unsteady barotropic Navier-Stokes
equations albeit only in the case y > 3 (there is a real difficulty in the realistic case y < 3 arising from the treatment
of the non linear convection term). Let us also mention the works [14] and [15] where the study of the mixed scheme
is extended to regular domains and to the Navier-Stokes-Fourier equations.
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Problem (1.1) with a Navier boundary condition was discretized in [37] with a Nedelec finite element scheme,
discretizing the weak form of the momentum equation with the bilinear form f rotu - rotv + f diva divv instead of
f Vu : Vv, the authors of Ref. 30 discretize the term f rotu - rotv + f diva divv. Because of this, the resulting scheme
is not coercive, and a stabilizing term must be introduced. In the present work, we deal with the same set of equations,
but discretized with the MAC scheme and with Dirichlet boundary conditions. The resulting scheme is naturally
coercive and is easier to generalize to other boundary conditions.

Since the very beginning of the introduction of the marker-and-cell (MAC) scheme [30], it is claimed that this
discretization is suitable for both the incompressible and compressible flow problems (see [28, 29] for the seminal
papers, [5, 34, 35, 36, 1, 8, 31, 32, 46, 47, 48] for subsequent developments and [49] for a review). The proof of
convergence for the MAC scheme in primitive variables has been recently been completed [25]. Here we give a
convergence proof of the MAC scheme for the system (1.1). To our knowledge the proof of convergence of the MAC
scheme for this system is new; it is also a preliminary work to a proof of convergence of the MAC scheme for the
compressible barotropic Navier-Stokes equations. It relies on some recents time compactness results obtained in [7]
and [27], in which the famous Aubin-Simon theorem is generalized to piewewise constant functions.

The paper is organized as follows. The fundamental setting of the problem in the continuous case is recalled in
Section 2, and its discretization in Section 3: the discrete functional spaces and the numerical scheme are defined;
the convergence of the scheme, which is the main result of the paper, is stated in Theorem 1. The remaining sections
are devoted to the proof of Theorem 1. In Section 4 we derive some a priori estimates from the scheme along with
the existence of a discrete solution. In Section 5, we prove the convergence of the numerical scheme in the sense of
Theorem 1 toward a weak solution of Problem 1.1. Finally, In Section 8, we list some functional analysis results used

to prove Theorem 1.
2. The continuous problem

A weak solution of Problem (1.1)—(1.4) is defined as follows.

Definition 1 (Weak solutions). Let gy : Q — R} € LY(Q). Let y > 1. We shall say that the triplet (u, p, o) is a weak

solution to the problem (1.1)—(1.4) emanating from the initial data oy if:
1. 0 L0, T; L Q) NLY(0,T)xQ), 0>0a.ein (0,T)xQ, p e L>((0,T) x Q) and u € L*(0,T; H(l)(Q)d).

2. The continuity equation (1.1a) is satisfied in the following weak sense,
T —
f f@WP +ou-Vodxdt= - f 009(0,-) dx, Yo € C*([0, T] X Q), ¢(T,-) = 0. (2.1
0o Ja Q
3. The momentum equation (1.1D) is satisfied in the weak sense, that is for any Y € CZ((0,T) X Q)

T
f f 1Vu 2 Vi + (i + Ddiva divig — pdivig dx dt = 0, 2.2)
0 Q
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4. p=0Yaein(0,T)xQ,

5. The following energy inequality is satisfied a.e in (0,T),

1 T
f o7(1)dx + f f (IVuP + (u + D)l dival) dx dt < &, 2.3)
ay-1 0 Ja
where &) = fQ y%lgg dx stands for the initial energy.

Remark 1. 1. Note that the existence of weak solutions emanating from the finite energy initial data is wellknown

on bounded Lipschitz domains provided y > 1, see [41, Theorem 8.6].

2. The natural functional spaces for the unknows which are introduced in the above definition are obtained when

looking for some a priori estimates (see for instance [41]).

3. The numerical scheme

3.1. Space discretization

Let Q be a connected subset of R? consisting in a union of rectangles (d = 2) or orthogonal parallelepipeds
(d = 3); without loss of generality, the edges (or faces) of these rectangles (or parallelepipeds) are assumed to be

orthogonal to the canonical basis vectors, denoted by (e, ..., e,).

Definition 2 (MAC grid). A discretization of Q with a MAC grid, denoted by D, is defined by D = (M, E), where:

— M stands for the primal grid, and consists in a conforming structured partition of Q in possibly non uniform
rectangles (d = 2) or rectangular parallelepipeds (d = 3). A generic cell of this grid is denoted by K, and
its mass center by xg. The pressure is associated to this mesh, and M is also sometimes referred to as "the

pressure mesh'".

— The set of all faces of the mesh is denoted by E; we have & = Ejyy U Eext, Where Eiy; (resp. Eext) are the edges
of & that lie in the interior (resp. on the boundary) of the domain. The set of faces that are orthogonal to e; is

i . _ i) _ o (i) (i) (i) i
denoted by E?, fori=1,...,d. We then have &® = &, U Eexp Where & (resp. Ey ) are the edges of 8V that

ext’ ext

lie in the interior (resp. on the boundary) of the domain.

For o € &y, we write o = K|L if o = 0KNAL. A dual cell D, associated to a face o € & is defined as follows:

-if o = K|L € &y then Dy = Dgy U D, where Dk, (resp. Dy ) is the half-part of K (resp. L)
adjacent to o (see Fig. 1 for the two-dimensional case);

- if 0 € Eex is adjacent to the cell K, then D, = Dk .
We obtain d partitions of the computational domain Q as follows:
Q= Ugego Dy, 1€ [1, 41,
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and the i'™ of these partitions is called i™ dual mesh, and is associated to the i'" velocity component, in a sense

which is precised below. The set of the faces of the i"" dual mesh is denoted by & (note that these faces may be

orthogonal to any vector of the basis of R and not only e;) and is decomposed into the internal and boundary

edges: 8V = gfrll): uEY

ext’

The dual face separating two duals cells D, and D, is denoted by € = o|o”’.

The set of faces of a primal cell K and a dual cell D, are denoted by E(K) and g(Dg) respectively. For o € &, we

denote by x, the mass center of 0. The vector ng, stands for the unit normal vector to o outward K. In some cases,

we need to specify the orientation of a geometrical quantity with respect to the axis:

- aprimal cell X is denoted K = [a'_a}] if 0,07 € 8?2 NE(K) for some i € [1, d] are such that (x, —x,)-e; > 0;

— .
- wewrite o = K|Lif o € 8 and xgx] - e; > 0 for some i € [1, dJ;

- the dual face € separating D, and D, is written € = o|o” if x,x, - e; > 0 for some i € [1, d].

The definition of the discrete momentum diffusion operator involves a distance d, associated to a face € as sketched

on Figure 1.

d(xXy,x,) ife=olo’ €EY,

de = , for
dx,,e) ifeec&? NnED,),

ext

where d(-, -) denotes the Euclidean distance in R?.

e &D,), o0& ie[l, d].

de,
/
K Xo o
€ = olo’
de,
D,
€
o =K|L !
X X
L
0Q

Figure 1: Notations for control volumes and dual cells (for the second component of the velocity).
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The size h and the regularity 7, of the mesh M are defined by:

hpt = max{diam(K), K € M}, (3.2)
. o] (i) , G) ;s . .
nM_mln{ﬁ, ce&” o e&V, i, jell,dl, 1;&]}, 3.3)

where | - | stands for the (d — 1)-dimensional measure of a subset of R?"! (in the sequel, it is also used to denote the

d-dimensional measure of a subset of R?).

The spatially discrete velocity unknowns are associated to the velocity cells and are denoted by (s ) eg0, | €
[1, 4], while the discrete pressure unknowns are associated to the primal cells and are denoted by (px)kem. The
spatially discrete pressure space Ly, is defined as the set of piecewise constant functions over each of the grid cells
K of M, and the discrete i velocity space Hg) as the set of piecewise constant functions over each of the grid cells
D, o € EP. As in the continuous case, the Dirichlet boundary conditions are (partly) incorporated into the definition

of the velocity spaces, by means of the spaces Hg)o c HY, i e [1, d, defined as follows:

&

0 _ (@)
Hyy={ueH

9, u(x) =0Vx € Dy, o€ EQ}.

We then set Hgy = ?:1 Hg)o. Note that if # € Hgp then u, = 0 for any o € gv

ext

for i € [1, d]. Defining the
characteristic function ll4 of any subset A € Q by ll4(x) = 1 if x € A and 1 4(x) = O otherwise, the d components of

a function u € Hgy and a function p € Ly( may then be written:

ui= ) upllp, icll, dl and p= ) pclx.
Tegd kem

3.2. Time discretization

Consider a partition 0 = 0 <t <. <N =T of the time interval (0, T), with constant time step ot = " — el
hence " = moér form € {0,--- ,N}. Let D = (M, E) of Q be a MAC grid in the sense of Definition 2, then the
sets {u",o € ED i e (1, ,d},m € {0,--- ,N}}, {p,K € M;m € {1,--- ,N}) and {0/, K € M,m € {1,--- ,N})

are respectively the sets of discrete velocity, pressure and density unknowns; we define the corresponding piecewise

constant functions # = (uy, ..., uy), p and o. The approximate velocity u is thus of the form:

N
ui(t, x) = Z Z W 1, () T g oy (1),
m=1 gegd
where 1l n-1 gy is the characteristic function of the interval @', #™). We denote by Xi e the set of such piecewise
constant functions on time intervals and dual cells, and we set Xg 5 = ]—[ji:1 X;es:- The approximate pressure and the

density functions are thus respectively of the form:

N N
pt,x) = 0> PRIKE) L (@), and o(t,6) = " 3" GRIK(x) Tt gy (1),
m=1 KeM m=1 KeM



and we denote by Y the space of such piecewise constant functions.

The initial approximation for o is the average of the initial condition oy € LY(€, R} ) on the primal cells:

. 1
(%) = Ppoo = ) oflik(x), with VK € M, of = i f 0o(x) dx. (3.4)
KeM K

In particular, by virtue of the convexity of + — #7, the discrete initial energy &g pq = % fQ(go)V dx is bounded from

above by &.

N
1
We then define the discrete time derivative 9,0 € Y5 by 0,0 = Z 5(9’" - Q’"‘l)ll(,mf],,m)(t).
m=1

3.3. The fully discrete scheme

The implicit-in-time scheme reads in its fully discrete form, for | <m < N :

1 m m—1 s Up, m_.m

E(Q —0") +div(0"u") = 0, (3.5a)
— uAgu™ — (u+ DVgdivyu™ + Vgp™ = 0, (3.5b)
p" =p@") =@"). (3.5¢)

where the discrete operators introduced for each discrete equation are defined hereafter.

3.3.1. Mass balance equation
Equation (3.5a) is a finite volume discretization of the mass balance (1.1a) over the primal mesh. Given (o,u) €
Lp X Hgp, the discrete function divﬁ(gu) € L, is defined by
div’P (ou)(x) = % Z Fxo. Yx €K, YK € M,
oe&(K)
where Fx, = Fko(0,u) stands for the mass flux across o outward K, which, because of the Dirichlet boundary

conditions, vanishes on external faces and is given on the internal faces by:
Vo = KL € Ein, Fio = 10105 ke (3.6)
where ug - is an approximation of the normal velocity to the face o outward K, defined by:
Uko = Uy € - g for o € 8 N E(K). (3.7)

Thanks to the boundary conditions, uk . vanishes for any external face o~. The density at the internal face o = K|L is

obtained by an upwind technique:

Ok lf uK,o— > 0,
o7 = (3.8)
oL otherwise.
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Note that thanks to the upwind choice, any solution (0", u™) € Ly X Hgy to (3.5a) satisfies of > 0, VK € M
provided gﬁ‘l > 0, YK € M and in particular p(0™) makes sense. For fixed u, the convergence of the upwind scheme
(3.6) is shown in [6] in the case u € C!, and in [17, chapter 2] and [2] under the minimal regularity assumption
u € L'0,T,W"(Q)),divu € L'(0,T;L>(Q)). This latter assumption, which is needed to obtain an estimate on
p, is unfortunately not attainable in the framework of the compressible Stokes or Navier-Stokes equations: another
technique, relying on the coupling between mass and momentum equation is used to obtained this estimate, see
Lemma 2 below. Note that the upwind choice in the scheme ensures the positivity of the density o™ in (3.5a) is not
enforced in the scheme but results from the above upwind choice. Indeed, for a given velocity field, the discrete mass
balance (3.5a) is a linear system for o™ whose matrix is an invertible matrix with a non negative inverse [18, Lemma
C.3l].

Note also that, with this definition, we have the usual finite volume property of local conservativity of the flux

through a primal face o = K|L (i.e. Fx, = —F ), and that the flux through a dual face included in the boundary still

vanishes. Consequently, summing (3.5a) over K € M immediately yields the total conservation of mass, which reads:

VYm=1,..N, f,gmdx:fgodx. (3.9)
Q Q

3.3.2. The momentum equation

Discrete divergence and gradient - The discrete divergence operator div s, is defined by:

diVM . Hg — LM
1 (3.10)
di = — o g,
u +— divpu KEZA:/[ K] JE;KJO'IMK, K
where ug, is defined in (3.7). The discrete divergence of u = (uy,...,us) € Hgo may also be written as div(u) =
d
Z Z (O;u;)x 1 g, where the discrete derivative (O;u;)k of u; on K is defined by
i=1 KeM
ol . S , 0)
O;u))g = m(ua/ - u,) with K = [o0”'], 0,0’ € &Y. (3.11)
The gradient in the discrete momentum balance equation is defined as follows:
Vg : LM B Hg,()
(3.12)
p+— Vgp,

where for x € Q, Vgp(x) = (0;p(x),...,0,p(x))', and O,p € Hg)o is the discrete derivative of p in the i-th direction,
defined by:

o] P @)
0ip(x) = (5 (pL=pr) Vx €Dy, foro =KL &), i=1,....d (3.13)

Note that in fact, the discrete gradient of a function of Ly, should only defined on the internal faces, and does not need
to be defined on the external faces; we set it here in Hg (that is zero on the external faces) for the sake of simplicity.
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The gradient in the discrete momentum balance equation is built as the dual operator of the discrete divergence which

means:

Lemma 1 (Discrete div — V duality). Let g € Ly and v € Hgg then we have:

fqdivadx+fV5q-vdx=0. 3.14)
Q Q

Discrete Laplace operator - For i = 1...,d, we classically define the discrete Laplace operator on the i-th
velocity grid by:
@) . (@) (@)
-AZ Hé,o — Hal,o

u; —> —Ag)ui

. 1 .
~Aw) = — Y o), Vx €Dy, foroe&, (3.15)
ID,| £
€€&(Dy)
where &(D,,) denotes the set of faces of D, and

'CTEE'(MJ ~uy) ife=olo’ €EY,
boe(ut;) = (3.16)

<l ifec &2 NED,

d—gug ifee &, NEDy)

where d, is defined by (3.1). Note that we have the usual finite volume property of local conservativity of the flux
through an interface € = o |0”:

b)) = ~por (), Ve =olo” € ). (3.17)
Then the discrete Laplace operator of the full velocity vector is defined by

-As: Hgo— H
& &0 0 | . (3.18)
uv— —Agu = (—Aé)ul, ... ,—Ag)ud)t.
3.4. The main result
In the following we denote

any real number greater than 1 if d = 2,

6ifd =3.

q(d) =

Theorem 1 (Convergence of the MAC scheme). Let Q be an open bounded subset of RY, d = 2 or d = 3, adapted to
the MAC-scheme (that is any finite union of rectangles in 2D or rectangular in 3D). Let y > % ifd=3andy > 1if
d =2 and oy € L"(Q) such that oo > 0 a.e in Q.

Consider a partition I, of the time interval [0, T], which, for the sake of simplicity, we suppose uniform. Let ot,, be

the constant time step going to 0 as n — oo.



Consider a sequence of MAC grids (D, = (M, Ep))nen, with step size hay, (as defined by (3.2)) going to zero
as n — oo and satisfying n < nm, for n > 0 uniformly with respect to n and where the regularity of the mesh 1, is
defined by (3.3).

Let, for any n € N, (U, pn, 0n) € Xg, 51, X YM, 061, X YM,.01,0€ a discrete solution of (3.5) (with respect to the mesh
M, and the partition 1,) emanating form the initial data P p,00 where Py, is defined in (3.4). Then there exists
(u, p,o0) € L*(0,T; H(l)(Q)d) x L2((0,T) x Q) x (L°°(0, T;LY(Q)) NL>((0,T) x Q)), 0=>0aein(0,T)XxQ, such that

up to a subsequence, the following limits hold

on — o strongly in LY((0, T) X Q), for any g € [1,2y), and weakly in L ((0,T) x Q).
pn — p strongly in LY((0,T) X Q), for any q € [1,2), and weakly in L2((0, T)x Q).
u, — u weakly in L2(0, T; LYD(Q)%),

Ve,u, — Vu weakly in L*(0, T; L2(Q)™?).
and such that (u, p, 0) is a weak solution of Problem 1.1 emanating from o in the sense of Definition 1.

Remark 2. In the case of the compressible Stokes system, one can prove the convergence of the MAC scheme up
to y > 1 (see [11]). For the steady compressible Navier-Stokes system, we need to assume y > 3 to prove the

convergence of the MAC scheme (this is ongoing work). Here we are restricted to y > % ifd=3andy>1ifd =2.

Remark 3. In both two and three space dimensions, we can also include a non-zero external force on the right-hand
side of the momentum equation, i.e. we have additionally the term pog + f on the right-hand side of (1.15). For

(g.f) eL=((0,T) x Q)3 x L2((0, T) x Q)* we would get the same result as in Theorem 1.

3.5. Weak form of the momentum equation

For the analysis of the scheme, it is convenient to work with a weak form of the momentum equation. To this
purpose, we first recall the definition of the discrete Hé inner product [10, Chapter III], which is obtained by mul-
tiplying the discrete Laplace operator scalarly by a test function v € Hgp and integrating over the computational
domain. A simple reordering of the sums (which may be seen as a discrete integration by parts) yields, thanks to the

conservativity of the diffusion flux (3.17):

d
2
V) eHoit [ Aovdx =fuvliso = Yl vlion,
Q

i=1

. lel lel (3.20)
with [Mi, Vi]l,S("),O = Z d_ (u(r - uo”) (V(r - V(r’) + Z d_ Uy Vo
Eeggn?l ‘ eege‘z‘ ¢
e=olo”’ €cd(Dy)
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3 HY) x ngo - R HgoxHgo —» R ' o '
The bilinear forms and are inner products on Hg) and Hg o respectively,

(u,v) & [u;, vili go o @,v) = [u,v]1 g0

which induce the following discrete H(l) norms:

il g = [t il 00 = ) ?(ua—uw)% >, 'di'ui (3.21a)
B € g ¢
=i’ €cd(Dy)
d
el 5 = [l 60 = > Il g (3.21b)

i=1

Since we are working on Cartesian grids, this inner product may be formulated as the L? inner product of discrete

M N
O_/
D,
€ = dlo’
~
K iz L
Il
b D,

Figure 2: Full grid for definition of the derivative of the velocity.

gradients. Indeed, consider the following discrete gradient of each velocity component ;.

Veou; = (O1u;, ..., 04u;) with 5,~u,~ = Z (51’“1’)D5 HDE» (3.22)
€8
ele;j
Uy — Uy . -
—— withe = 0o/, and D, = e X X, X
de
®jui)p, = (3.23)
124

—d—(rej -np,  with € € g(e’)zt NE(D,), and D, = € X X, X,
€

where np_ stands for the unit normal vector to € outward D, and x. stands for the mas center of € (see Figure 2).
This definition is compatible with the definition of the discrete derivative (0;u;)x given by (3.11), since, if e ¢ K

then D, = K. With this definition, it is easily seen that
fg Vot - Veovdx = [u,v]y goo. Yu,v € Hop, Vi=1,....d. (3.24)
where [u, v]; go o is the discrete H(l) inner product defined by (3.20). We may then define
Veu = (Vgyuy,...,Vgauy), so that ngu : Vevdx = [u,v]1 g0.

Q

Thanks to the previous definition, we then introduce the following discrete dual norms on Hg.

fv~<pdx
Q

11

v € Hgo = |IVll-1.60 = max{ ; ¢ € Hgg and [lgll160 < 1}, (3.25)




With these notations, a weak formulation of the momentum equation reads for any # € (0,7) and v € Hg:

ulu(t),vligo+ W+ 2) f div pq[u(6)]div pv dx — f p()divpwdx = 0. (3.26)
Q Q

4. Mesh independent estimates

For the sake of clarity, we shall perform the proofs only in the most interesting three dimensional case. The two
dimensional case is simpler and mostly requires modifications due to the different Sobolev embeddings.. Assume
that there exists 7 > 0 such that all the considered meshes considered satisfy 7 < ny(, where 1,4 is defined by (3.3).
From now on, the letter ¢ denotes a positive number which may depend on |Q|, diam(€2), y, 4, u, i, po and on other

parameters; the dependency on these other parameters (if any) is always explicitly indicated.

4.1. Existence and estimates

Lemma 2 (Existence of approximate solutions and estimates). There exists at least a solution (u, p,0) € Xms X
Ymeor X Yoo satisfying (3.5). Any solution is such that o > 0 a.e in Q. Furthermore, there exists c(y, i, po) and

c(y, i, po, ) such that:

llellz=o.r:zr@) + 1ull20,rHs0) < €(¥s 15 00), (4.1a)

el 20, 7;05%) < (¥ 15 P05 €2). (4.1b)

Proof. The existence follows by the Brower fixed point theorem: for fixed m, assume that the existence of a solution
to the scheme (3.5) with p* > 0 is known for k = 0,...m — 1. Let M = pr’”’l dx,and letC = {p € Ly : p >
0, fgp’”‘l dx <M. Letp eC, p=p7?,and letu € Hg be the unique solution to —uAgu — (u+ )Vgdivpu + Vgp =0
(which is an invertible linear system); finally, let ¢ be the solution to %(@ -0+ divj\’:{(@u) = 0, which is also an
invertible linear system; by conservativity we have fQ pdx = fQ pdx = M and by the upwind choice ¢ > 0 so that
0 € C. Itis clear that p depends continuously on g, that # depends continuously on p and thus on o, and that ¢ depends
also continously on # and o, and therefore on 0. Hence we have constructed a continuous mapping 7 : o € C+— g € C,
which admits a fixed point by Brower’s theorem. This concludes to the existence of a solution to (3.5).

Let us then prove (4.1a). Testing (3.26) by u(f) we infer that for a.e. s € (0,T):
u||u||iz(0’s;H&0) + (u + )| divpg u||§2(ovs;y(g)) - fo fﬂ pdivyudxdt <O0. 4.2)
Multiplying (3.5a) by 7%l((g’")“y‘1 and following [20] one has for a.a s € (0, T):
1 S
—fg(s)”dx+f fpdiVMudxdtSSO 4.3)
y—1Ja 0o Jo
Summing (4.2) and (4.3) we infer that

1 .
ﬁ Q(S)y dx + MHuHIZ‘Z(O’S;HSO) + (/’l + /l)” leM u”iz(o,s;Lz(Q)) < 80 . (44)
— o z
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which gives (4.1a).
The estimate (4.1b) follows by the discrete Sobolev inequality (see Theorem 2 in the appendix). U

The following Lemma can be seen as a discrete version of [16, Lemma NN] OU AUTRE ?

Lemma 3 (Discrete renormalized continuity equation). Let (u, p,0) € X X Yase X Y o0 satisfying (3.5). Then for

any B € C*(R%) N C(R,) such that B is convex on R, we have, for a.at € (0,T),

fg B(o(?)) dx - L B(op) dx + fo L(QB/(Q) — B(0))divpudx dt < 0. (4.5)

4.2. Higher integrability of the pressure

Up to now, the only avaible estimates on the pressure p have been deduced from Lemma 2 and it gives

1Pl o.rxe) < Cy, 1, Ep).

The non-reflexive Banach space L! is not very convenient as bounded sequences are not necessarily weakly precom-
pact. We need more integrability of the pressure to pass to the limit in the pressure term. We shall prove that the

discrete pressure is in fact bounded (with respect to hy and 67) in L>((0, T) x Q), using the two following lemmas.

Lemma 4 (Necas, [16, see e.g. Lemma 10.10]). Let Q be a bounded Lipschitz domain of RY where d > 2. Let q €
L*(Q) such that fQ qdx = 0. Then, there exists v € (Hé(Q))d such that div(v) = q a.e. in Q and ||v||(H(1) @y < Clalr@
where C only depends on Q.

To adapt the proof of the continuous case, we introduce a so-called Fortin interpolation operator, which preserves

the divergence.
Lemma 5 (Fortin interpolation operator, [24, Theorem 1]). Let D = (M, E) be a MAC grid of Q. Forv € C§°(Q)d,
we define Szgv by
7~)5v = (ﬁg)vl, . ,ﬁg)vd) € Hgp, wherefori=1,...d,

D0 . 0o (i)
P CP(Q) — Hg

Vi Hﬁavi;i:19”'3d, (4.6)

. 1 .

POvi(x) = ol f vi(x) dy(x), Vx € D, o € .

g o

Let nypg > 0 be defined by (3.3). Let ¢ € (C?(Q))d, then

IPep — @l < Cohm, (4.7a)
divuPep) = Pu(dive), (4.7b)
||V856890||(L2(Q))d < CouliVelliz @y (4.7¢)

where Cy,, depends only on nq in a decreasing way, on Q and where P pq is defined in (3.4).

13



Let us now prove that the pressure is bounded in L>((0, T) x Q) with respect to the size of the discretizations.

Proposition 1. Any solution (u, p,0) € Xpmer X Ymes X Ymer of (3.5) satisfy

IPllz2¢0,1x0) < C, (4.8)
and in particular
llellz2ro,rxa) < C, 4.9)

where the constant C depends on T, Q, u, 4,7y, 1, Ep.

Proof. Let us introduce the quantity

P@",u™) = p" — (u+ Ddivyu™.

Letv" € Hé (Q)? (see Lemma 4) such that

1
divw™ = P(o",u™) — @ P", u™)dx. (4.10)
Q

Testing (3.26) by ST)S(V’“) and using Lemma 5 we get

~ 1 2
IP@", "}y = K", Pe™)1g0 + @( f P(o" u dx) .
Q

Consequently,

1 —
IP@", u™) = = | P@",u") x|} =plu™, Pe(™]i g0

19 Jo
1
< c(Qu e} g0 + €lPE@” u™) - ), e dxl7, g,
Q
for any € > 0. Since fQ P", u™)dx = fQ p"dx < c(y, Ey) we obtain
||P(Qm, um)”iz(g) S C(807/J’ 7’ Q? nM)(l + ”um”i&',o)
Consequently,
1" 172 < €00 s A, Qa0 (1 + 1”1} 5o + Idivpe™ |72 )
which gives
2 2
”p”LZ((O’T)XQ) S C(SO’ lus /l’ Qa nM)(T + ”u”LZ(O,T;HaU))'
We conclude by using Lemma 2. O
Remark 4. From estimates (4.1b) and (4.9) we infer that
<
”Qu”L%(O,T;L%(QP) <G .11
In particular, since y > %,
lloul| 2 <C. (4.12)

LT (0,T312(Q)%)
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The following estimate (4.13) is obtained thanks to the numerical diffusion due to the upwinding, as is classical in
the framework of hyperbolic conservation laws, see e.g. [10, Chapter V]. We refer the reader to [26, Lemma 4.2] for

a proof. This estimate is useful to pass to the limit in the continuity equation.

Lemma 6. Let (u, p,0) € Xpsr X Ymse X Ymer satisfying (3.5). Then there exists C only depending on the data such

that N
ot Z Z o]

m=1 o0e€&Ein,0=K|L

m _ m\2
A/l /AP 4.13)
max(o%, oy ’

The following Lemma deals with an estimate discrete time derivative of the density, which is crucial to pass to the

limit in the equation of state (3.5¢).

Lemma 7 (Estimates on the dual norm of the discrete time derivative of the density). Let (i, p,0) € Xgs XY mor XYmoo

be a solution to (3.5). Then there exists C > 0 depending only on the data such that:
9.0l 0.75w-11) < C, (4.14)
100l 0,710y < C- (4.15)
In particular the solution of —Am[w(?)] = o(t) in the sense of Proposition 3, where t € (0, T), satisfies
10:Wllz1 0,720 < C. (4.16)

Proof. In the sake of brievity we only prove (4.15). The inequality (4.14) comes from a trivial adaption of the
following proof. The inequality (4.16) is a consequence of (5.15).
Let ¢ € Ly such that ||@|[; p < 1. Multiplying (3.5a) by ¢ we obtain forany n € {1,...,N}and t € @, m:
f do(t)gdx = — Z Fy (¢x —¢1) = — Z lorlol P uly o (dx — L)
Q €8in,0=K|L 0€8Eint,0=K|L

By virtue of Holder’s inequality we infer that

m.up. m m m m 1/2 |o| 172
D D T OIS B I S o PR e T Ry B SR A (YR
dkr
0€Ein,0=K|L 0€8Ein,0=K]|L 0€Ein,0=K|L
< Clle@u@®)llr2@pllellim
where C depends only on the data. Using (4.12) gives (4.15). 0

5. Convergence analysis

The aim of this section is to prove Theorem 1. We begin with the introduction of an interpolate operator used in

convergence analysis of the discrete continuity equation (3.5a).
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Lemma 8 (Full grid velocity interpolate). For a given MAC mesh (M, E), we define, fori=1,2,3:
@) . (i)
RM . HS,O — LM

u+— Z (‘Rg& Wk XK»

KeM
where
Rwx=3 Y, ur (5.1)
oeED(K)
We also define
Rm : Hgo — Li/(

U= (U, ey ttg) — (RO, s R (1))

Ihen we havef()’ 1= 1,2,3 andl < p < 400,
||ﬂ()(u )”L Q < ||u ”L Q), YU € li()
MNT PQ) = illLP(Q) i &0

and

llu; = RY @illry < hpl@iuillircy, Yui € He. (52)

Proposition 2. Let n > 0 and (D, = (M, Ey))nen be a sequence of MAC grids with step size hp, tending to zero as
n — oo. Assume that n < np,, Yn € N where nu, is defined by (3.3). Consider for any n € N a partition I, of the
time interval [0, T, which, for the sake of simplicity, we suppose uniform. Let 0t,, be the constant time step going to 0
as n — oo. Consider for any n € N a solution (W, pn,0n) € Xg, 51, X YM,.61, X Y M, .51, to problem (3.5) (with respect to

the mesh D,, and the partition I,). Then, up to the extraction of a subsequence:

1. the sequence (U,)nen converges weakly in L2(0, T; (LS(Q))%) to a function u € L%, T; (H(l)(Q))3) and the se-

quence (Vg u,)nen converges weakly in (L*((0, T) x Q)3 to Vu.
2. the sequence (0n)nen Weakly converges to a function o in L2((0,T) X Q),
3. the sequence (pp)nen weakly converges to a function p in L2((0, T) x Q),
4. the sequence (0,U,)neN Weakly converges to the function ou in L%(O, T; LV%(Q)3),
5. u and o satisfy the continuous mass equation (1.1a) in the weak sense that is (2.1).
6. u and p satisfy the momentum balance equation (1.1b) in the weak sense that is (2.2).
7. 020a.ein(0,T)x Q.

Proof. The stated convergences (i.e. points /. to 3.) are straightforward consequences of the uniform bounds for the

sequence of solutions, together, for the velocity, with the compactness theorem 3. Point 4. comes from Lemma 13
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combined with Proposition 5, estimates ( (4.11) and (4.14). Point 7. is an easy consequence of point 2.. Let us then

prove point 5. i.e. that u, o satisfy (2.1).

Letp € C*([0,T] x Q) such that o(T,-) = 0. Multiplying (3.5a) by ¢ and integrating over (0, T') X Q gives

T
f f 0:0np + div‘/]\'j(n (0nttn)p dx dt = Time + Topace = 0. (5.3)
o Ja

A discrete summation by parts gives

T T
1
Time = f f Ouonp d dt = - f f 01, ) (p(t + 81,,x) (2, 1)) dlx
0 Ja 0 Ja oty

1 T 1 ‘tn
+ —f an(Lx)QD(hx)dth——f fPM,,(Qo)SD(l,x)dth-
Oty Jr-s1, Jo 0t Jo  Ja

By virtue of max;_s, 7140 lol < Cpot, we obtain

1

T
= f f@n(h x)o(t,x)dxdt — 0 as n — oo.
Oty Jr-s1, Ja
Since P m,(00) —n—eo Q0 In L'(Q) we infer that

1o
rou f IPM"(QOYP(L x)dx — f@oga(o,x) dx asn — oo.
0t Jo  Ja Q

Clearly, since ¢ is smooth, we observe that %(cp(t + 0ty, X) — @(t,x)) = Oy in L¥((0,T) X Q) as n — oo. Using the

weak convergence of the sequence (0, ),ey We get

T 1 T
lim f fgn(t, x)—(p(t + Oty, x) — @(t,x))dx dt — f f o0 dx dt.
n=e Jo Jo Oty 0o Jo

Consequently
Tiime — — fT f 00,pdx dt— f 00¢(0,x)dx as n — oo. 5.4
0 Ja Q
For the study the term T'gpyce, for the sake of readability, the dependency of the discrete function on n is omitted. The
partition of [0, 7] is denoted 0 = 1 < ' < ... < ¥ = T. In the following we denote ¢ = % lj: \qu ngo(t, x)dxdt,

m _ 1 "
m= g o [ e x) dxdt

N N
Tapace =61 ) > " 1ol0r™ = gl)@lt - ngo ) =gl +6t D D" 3" |oloe(ult - nxo )@ — ol

m=1 Ke M 0€&E(K) m=1 Ke M 0e&(K)

N
=Ri=6t) > D loloRe - nko)(@y — ).

m=1 Ke M 0e&(K)

Using Holder’s inequality we infer that

N _ 2
IR| < C<p m(étz Z |0|M m |)1/2 % (”Qu”Ll((o,T)XQ))Ip,

u
Ko
max(o’}, 0" ’
m=1 0€&Eip,0=K|L (QK’ QL )

17



Consequently, by virtue of (4.13) and (4.12), one has R} — 0 as n — co. Now we can write

N
5tZ Z Z lorlok (g - nx. o) (@ — ¢%)

m=1 Ke M oe&(K)
N T
=6ty 3 D loloRl - nk el - f f o divplu(n)] dx dt
0 Q

m=1 KeT 0e&(K)
3

N T
s > ol - uteh) - fo fg 0w div p([u ()] dx dt

m=1 KeM Jj=1,
v,(r’eé)('f)(K),
K=[o0"]

N 3 T
— 6 m |O-| m m m |0—| m m m .
=0t ), KR ), (e — el + el — ) = || epdivadu(d]dxdt

m=1 KeM j=1, 0 Q

0,07 eEV(K),
K=[oo’]

N 3 . T
=61 ) Y Klek > (@ el + @ PL (k) - fo fg op div plu(r)] dx dt
m=1 KeM j=1
3

=6t > > IKIoE > (RAUNK@PL @)k + @ kP ¢k ) - fo fg o divplu()] dx dt

m=1 KeM Jj=1
T
=f anWMn(un)~V<pdxdt+R1+R2
0 Ja

where the remainder R; and R, are given by

< Ry,p >= 0t

M=
=
S

0"B;(WHROPI (™) — ™) dx,
Q

i
~
1]

N 3

<Ryng>=6t) ) f " ROWH@ P (@™ - 3™ dx.
Q

m=1 j=1

A straightforward computation gives

|Ri| < CcphMl|Q||L2((0,T)><Q)||u||L2((0,T)><Q)3

and
IRa| < Cohmllollzzo,myxall Rm tll 20, 1yx0) -

Using (4.1b) and (4.9) we get R|,R, — 0 asn — oo.
By virtue (4.1b), (4.8) and (5.2) we have

On(ty, — Rp, () — 0in L'((0, T) x Q) as n — oo.
18



Consequently, by virtue of the weak convergence of o,u, towards ou in , we obtain

T T
f anRMn(un)'VQDdxdt_)f fQuledth asn — oo.
0 Q 0 Q

Summing up the previous limits and passing to the limit in (5.3) we obtain that u, o satisfy (2.1) for ¢ € C2°([0, T)xQ).
Let us then prove point 6. i.e. that u, p satisfy (1.1b) in the weak sense.
Let ¢ be a function of C°((0, T') X Q)>.

Taking ?’gn(lﬁ(t)) as a test function in (3.26) and integrating over (0, T') we infer:

T T
p f f Vot Ve, [Pe, ()] dxdt +(u + ) f f div gty div g [P, ()] e e
0 Q 0 Q

T P
- fo fﬂ DPn divpg [Pe, (1)) dx dt = 0.

The convergence of the first term may be proven by slight modifications of a classical result [10, Chapter III]:

T _ T
lim f f Ve, un 2 Ve, [Pes, (1) dx dt = f f Vu : Vigdxdt.
e oo Ja 0 Ja

From the definition of ¢, and thanks to the L> weak convergence of the pressure, we have:

T T
f f P div g, [Ps, (1)) dx dt = f f pn divip dx
0 Q 0 Q

T T
lim f f Pndiv g [Pe, ()(1)] dx dt = f f p divip dx dt.
n—e Jo Q 0 Q

By virtue of the > weak convergence of div sy, , , we have also:

and therefore

n—oo

T T
lim f f div pg [1a(D)] div o [Pg, (W(1))] dx dt = f f divu divyy dx dt.
0 Q 0 Q

Finally u, p satisfy point 6. and the proof of Proposition 2 is complete. O

5.1. Passing to the limit in the equation of the state

The goal of this part is to pass to the limit in the nonlinearity (3.5¢). The aim is to prove that sequence the (0, )nen

converges to o in L((0, T) x Q).

5.1.1. The effective viscous flux

To overtake this difficulty in the continuous case we introduce the quantity p(o) — (1 + 2u) divu usually called
the effective viscous flux. The effective viscous flux enjoys many remarkable properties for which we refer to Hoff
[33], Lions [41], or Serre [43]. Note that this quantity is nothing other than the amplitude of the normal viscous stress
augmented by the hydrostatic pressure p, that is, the "real" pressure acting on a volume element of the fluid. The
passage to the limit on the effective flux is stated in Proposition 4 below; it is a discrete version of [13, Proposition
6.1], which necessitates some preliminary lemmas which we now state.
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5.1.2. On the discrete Laplace equation
First of all, we introduce a modification of the discrete gradient which, contrary to Vg, takes account the value of
a function w € Ly, at the external faces. It reads:
65 . LM e H,g
W Vew 5.5)
Vew(x) = @w(x), ..., 0gw(x))',

where 5,-w € Hg) is the discrete derivative of w in the i-th direction, defined by:

lo| _ T e o0
(wp —wg) Vx €D, foroc=K|Le&E,

m int”
diw(x) = (5.6)
—% WkRks € Yx e D,, foroe&EK)N 8&.
The discrete curl operator of a function v = (v, ..., vs) € Hg is defined as follows :
61\/2—62\/1 ifd=2,
curl, v = 6.7

(821/3 - 63\/2, 63\/1 — 61\/3, 61\/2 - 62\11) ifd = 3,

where the functions (0;v;)1<; j<4 are introduced in (3.22). More precisely, in (3.22), the quantities (0;v;)1<; j<q are

defined for v € Hg; they are naturally extended here to the case v € Hg.

Lemma9. Let D = (M, E) be a MAC grid, (v,w) € (H&o)z. Then the following discrete identity holds:

ngv :Vewdx = fdiva div, w dx + f curl, v - curl, wdx. (5.8)
Q Q Q

We define the discrete Laplace operator on the primal mesh by:

—AM : LM —)LM

w— —Apw

1

— Apw(x) = I Z bro(w), YxeK, VKeM, (5.9)

ge&(K)
where
ﬂ(WK —wy) ifo =KL e &y,
dKL
Pro(w) = (5.10)

LA if & € Eexe N EK)
dK,o'
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where dg; = d(xg,x;) and dg, = d(xg, o). We then introduce the following bilinear form on L:

V(p.q) € L}, f (=Amp) qdx = [p, qlim
Q

5.11)
| o o (
with [p, glim = Z . (pk — po) (g —qu) + Z o Pk dx
0€8Ein,0=K|L KL 0€Ein,0CK Ko
LyX Ly — R
The bilinear form is an inner product on L which induces the following norms:
P.9) = [P, glim
lor| lor|
gl = la-alim= >, o ak—a’+ ), S —dk. (5.12)
0€8Ein,0=K|L KL €Ein,0CK Ko
Similarly to (3.25) we introduce the following norm
q € Ly — |lgll-1m = max{ qudx ; we Lygand |[wlim < 1) (5.13)
Q

The following Proposition states the existence of a solution of the discrete Laplace equation supplemented with

the discrete Dirichlet boundary condition.

Proposition 3. Let D = (M, E) be a MAC grid. Then for any o € Ly there exists only one w € Ly, such that
—Apw = 0. (5.14)

Moreover

Wl < lloll-1m (5.15)
The following Lemma is used to pass to the limit in the nonlinearity (3.5¢).

Lemma 10. Let w € Ly Letv = —Vgw € Hg be defined by (5.5). Then, with the discrete curl operator denoted curl "
defined by (5.7), we have curl,y = 0.

Furthermore, if w satisfies —Apw = o then div,y = o.
In the following we define an approximation @y € Ly of a function ¢ € C2°(2) defined by:
om(x) = p(xg) forall x € K, (5.16)

and consider for w € Ly, the gradient of the function wyp € L as defined in (5.5), that is jg(WgoM) =

(@1 (WP, - Oa(Wpp0))'.

The following Lemma deals with the discrete Hl20 . estimates of the solution of (5.14).

Lemma 11. Let D = (M, E) be a MAC grid. Let n > 0 such that n < na where nay is defined by (3.3). let 0 € Ly
and let w € L be the finite volume solution of —Apw = o, with an homogeneous Dirichlet boundary condition, i.e.
let w be the solution to (5.14). Let ¢ € CZ(Q). Then, there exists C, only depending on ¢, ny and Q, such that
IVewerlliso < Collollz) where || - I 0 is defined in (3.21b).
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Proposition 4 (Weak convergence of the effective viscous flux). Under the assumptions of Proposition 2, we have for

any (¢, ¥) € C2(Q) x C2(0,T),

T T
lim f f(p,, = Qu + Ddiv,, u,)onpy dx dt = f f(p — (2u + Ddiv u)opy dx dt, 5.17)
0 Ja 0o Ja

n—oo

up to a subsequence, if necessary.

Proof. To prove Proposition 4 we proceed in several steps.

Let ¢ € C2(Q). For a MAC grid D = (M, &), we define g € Ly, @) € Ho) by:

om(x) = p(xk),Yx € K, VK € M,

¢ (x) = p(x,),¥Vx € Dy, Yo € E

int *

For a sequence of grids M,,, for short we shall denote ¢, = ¢ar,. We define w,(¢) with (5.14) (with M, and o,(¢)
instead of M and o) and v,(r) with v,(¢) = —vg"(wn(t)).

Stepl:v, > vin L%(0, T;LIZUC(Q)3) where v € L2(0, T; H- (Q)).

loc

Denoting v, = (v,.1,Vn2,Vn3) and setting Ve = (v,,,1<pg) ,v,,,zgag),vnggog)) € Xg, a1, it is sufficient to prove that

the sequence (V}),en converges in L2(0, T; L*(Q)?) for any ¢ € CX(€). We will use Theorem 5 with B = L*(Q)°,
X, = Hg o and ¥, = L}(Q)*. Clearly, thanks to (5.15) and the fact that o, is bounded in L2((0, T) x ), the sequence

(VE),e is bounded in L2(0, T; L2(Q)?). From Lemma 11 we infer that the sequence (||V{ llL2(0,7:H, o) Jnen 18 bounded.

(1

Now we can write 3,V = (¢,

OVn,1, ¢§?8tvn,2, (pgjavn,g). Consequently
BV Dlly, < Cy 110wa(D)lly, < CllVe, @wa(t)lly,
Finally by virtue of (5.15) and (4.15) we obtain the existence of C only depending on such that, for any n € N,

||5zvf||Ll(0,T;Y,l) <C (5.18)

Noting that the sequence (Hg, o)nery is L*(Q)?-limit included in H(‘)(Q)d in the sense of Definition 5, thanks to the
discrete Aubin-Simon theorem 5 and to the regularity of the limit, Theorem 6, there exists v € L?(0, T; HIIOC(Q)3 ) such
that v, — v in L2(0, T; leoc(Q)3).

Step 2 : Conclusion of the proof of Proposition 4.
Since V{ (1) € Hg, it is possible to take v = y(£)V{ () in (3.26):

Qu+ ) f Y(D)div v, [, (0)] div g, [VED)] dx + p f w(r)eurly, [, (1)] curly, [VE ()] dx
Q Q

- f Y(Opa(Hdiv, [V (H)]dx = 0. (5.19)
Q
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Since div g, [v,(£)] = on(f), we first remark that:
fQ Y(O)div p, [w,(n)] divy, [Vi (0] dx = fg Y(Odiv pm, [w,(D)]on (e dx

+ f Y@ divpy, [, (D], () - Vodx + Ry, (1), (5.20)
Q

where lim, e [IR1 4ll110.7) = O, thanks to the discrete L*(0, T; H'(Q))-estimate on u,, and the L*(0, T; L2 (Q)) estimate

loc

on v,. Replacing the quantity div, [©,(f)] by p,(f), the same computation gives:
fg YO0 divy, [Vi(D]dx = L Y(O)pn(Dpn(Dgp dx + L YOpa(O)ya(t) - Vo dx + Ro (1), (5:21)
where lim,, 0 [|[R2,4ll11 0,7y = 0. Following [11], the second term of (5.19) can be transformed as follows:
L Y(t)eurl py, [, ()] curly, [VE (D] dx = fg; Y(t)curlpg, [w, (1)]curl py, [v, (1)l dx
+ L y(ncurlyg, [ ()] - L)y, dx + R3 (1)
where: .1cm
L(yp) is the same matrix involving the first order derivatives

v, is a convex combination of the values of v, and is such that ¥, — v in L*(0,T ;LIZOC(Q)). Note that the

coefficients in the convex combination involve the ratios of cell diameters, and the proof of convergence requires

the assumption 7 < 174, , see [11, Proposition 7.4] for the complete expression and proof.
lim,,—,c0 [IR3 4l 0.7y = O (for the same reason as Ry ;).

By Lemma 10, curlpy, [v,(¢)] = 0 we obtain

f y()curl p, [w,(1)] curl g, [Va(1)] dx = f y()curlp, [w,(1)] - L@)v(t) dx + R3 ().
Q Q

Note that the expression of v, can be found in [11] and the convergence of v, previously stated is a consequence of
the fact that < 57,4, (see also [11]).

Combining the previous estimate and integrating over the time we obtain
T T
f f Y(Don(t)p((2p + Ddiv g, [,(1)] = pa(r)) dx dt + f f YO + Ddivpg, [1,(0] = pult) a(t) - Vo dax dt
0o Jo 0 Ja
T
+ u f f Y(t)curlp, [u,(O)1L(@)V, (1) dx dt+R, =0, (5.22)
0 Ja
where lim,,_, ;. R, = 0. Passing to the limit in (5.22) we obtain

T
lim fo fg U(Den(Dp((2u + Ddivp, [,(0] = pa(D)) dx dt
T
= fo fg Y(0)(p(t) — Qu + div [u(®)])v(r) - Voo dx dt
T
- f f wy(Oecurl[u(®)] - L) dxdt. (5.23)
0 Q
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Since (u, p,p) satisfy the momentum equation (see Proposition 2) we infer, since (u,v) € LZ(O,T;H(')(Q)3) X

L*(0, T; Hy, (Q)),

T T
f f w((Z,u + A)divu — p) div(ev)dx dt +pu f f yeurl(m) - curl(pv) dx dt = 0.
0o Ja 0o Ja

But thanks to the discrete L*(0, T; H!

10C((2)3) on v,, it is quite easy to prove that diva,[v,] and curlyy, [v,] converge

weakly in L*(0,T; L2 (Q)) towards diva and curly. This gives div[v(#)] = o(¢) and curl[v(¢)] = 0 and therefore

loc

T
f f Y(p — Qu+ Adiva)y - Ve dx dt
0o Jo
T T
= f f (2u + Adivu — p)wgag dxdt +/1f f yeurl[u]L(pyv dx dt. (5.24)
0 Ja 0 Ja

We obtain the expected result by combining (5.23) and (5.24).

5.1.3. A.e. and strong convergence of o, and p,
Let us now prove the a.e. convergence of o, and p,,. First of all we respectively denote o**!, o7, oIno and o divu
the weak limits of the sequences (QZH),,eN, (©nens (04 In 0,)nen and (o, div M, Un)neN 1n a suitable LP((0, T) X Q) space

where p > 1, passing to subsequences if necessary. Using [12, Lemma 2.1], one has for any s € (0, T):

S S
lim f f(pn - Qu+ A divy, u,)o, dx dt = f f(p - 2u+ D divu)odx dt
0 Ja 0 Ja

n—oo

More precisely, with the notation introduced above we have for any s € (0, T)
fos LW— Qu+ Dodivu dxdt = fo fQQ_VQ — u+ Dodivudxdt. (5.25)
As the result of the DiPerna-Lions theory (see [42, Lemma 6.9]), (0, u) extended by zero outside € satisfies
d,(01n(0)) + div(o In(o)u) + odivu = 0in D'((0, T) x R?).

Consequently the function ¢ — o(#) In(o(?)) is continuous with values in some Lebesgue space equipped with the weak

topology and we can use the previous equation to obtain for almost all s € (0,7) :

f(gln(g))(s) dx—fgo In(o0) dx+fsfgdivudx dt=0 (5.26)
Q Q 0o Ja

Moreover from (4.5) with B(¢) = tIn(¢) we obtain for almost all s € (0,7) :

f (0n In(0,))(s) dx — f 0o In(op) dx + f ‘ f ondivp, u, dxdt < 0.
Q Q 0 Q

Passing to the limit in the previous inequation we infer that

fgln(g)(s)dx—fgoln(go)dx+fsfgdivudxdts0. (5.27)
Q Q 0 Ja
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Substracting (5.26) from (5.27) gives

f(g In())(s) — oIn(o)(s)dx < — fs f odivu —odivu dx dt (5.28)
Q 0 Ja

But by virtue of 5.25 we have

S . 1 S _
ffgdivu—gdivudxdt=—f fgﬂ“—gﬂgdxdt (5.29)
o Jo 2u+Jo Jo

where the last inequality follows as in [13], so the following relation holds:

olnp=plnpaein (0,T) X Q.

From Lemma 12 we obtain 9, — o a.e in {o > 0}. Consequently o, — o in L'((0,7) x Q) and the following
convergences hold

on — o strongly in L((0, T) x Q), for any g € [1,2y),
Pn = 0, — 0 strongly in L((0, T) x Q), for any g € [1,2),

which gives p = o7 a.e in (0, T') X Q. We have thus proved that the pressure p and the density o satisfy the equation of

state (1.1¢). To conclude the proof of Theorem 1, there only remains to prove the energy inequality.

5.2. Passing to the limit in the energy inequality

Since g0, — 0 in LY((0, T') x Q) we infer that

fQZ(t) dx — fgy(t) dx, a.e on (0, 7). (5.30)
Q Q

Morover Vg u, tends to Vu weakly in L((0, T) x Q)>3. Therefore (2.3) is obtained by passing to the limit in (4.4).
The proof of Theorem 1 is now complete.

6. Conclusion

In this paper, we considered the MAC scheme for the semi-stationary barotropic compressible Navier-Stokes
equations. This scheme, which is very popular in the computational fluid dynamics community, also proved to be quite
adapted to a convergence analysis. To our knowledge, the convergence analysis established in this article seems to be
the first for this problem (see [37] for an alternative discretization with different boundary conditions). Ongoing work

concerns the extension to the stationary and non stationary Navier-Stokes equations in two or three space dimensions.

7. Appendix: some functional and discrete-functional analysis results

The following discrete Sobolev inequality is a direct consequence of [10, Lemma 9.1].
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Theorem 2 (Discrete Sobolev inequality). Let Q be an open bounded subset of RY, d = 2 or d = 3, adapted to the
MAC-scheme (that is any finite union of rectangles in 2D or rectangular in 3D), and let D = (M, E) be a MAC scheme
of Q. Let g < +oo ifd =2 and q = 6 if d = 3.Then there exists C = C(q, Q) such that, for all u € Hg,

[lell sy < Cllulli g,0-

The following estimate on the translates of a discrete function u as a function of |ju||; g is a consequence of [10,

Lemma 9.3].

Proposition 5 (Estimate on the translates). Let Q be an open bounded subset of R, d = 2 or d = 3, adapted to the
MAC-scheme (that is any finite union of rectangles in 2D or rectangular in 3D), and let D = (M, E) be a MAC grid

of Q of size hat. Letu € Hg. We denote by ii the extension of u to RY. Then the following estimate holds:

Vi € RY, (@G + ) =l o < Clipll(lll + Aad)lul? . (7.1)

where C > 0 depends only on Q.

8. Some functional analysis results

For the convenience of the reader we list some functional analysis results to be used throughout this article.

The first Lemma is a classical result on weak limits and convexity, see e.g. [16, Lemma 10.20].

Lemma 12. ( Let O be a bounded open subset of RM, M > 1. Suppose g : R — (—c0, 0] is a lower semicontinuous
convex function and (f,)nen is a sequence of functions on O for which f, — f weakly in L'(0), g(f,) € L1(O) for each
n, g(fy) — @ weakly in L'(0). Then g(H < @ aeinO, g(f) € LY(0) and fo g(f)dx < liminf, J;) g(f)dx. If
in addition g is stricly convex on an open interval (a,b) C R and g(f) = g(f) a.e in O, then, passing to a subsequence

if necessary, fu(y) = f(y) fora.ey € {y € O, f(y) € (a,D)}.
The following lemma is used in the passage to the limit in the discrete continuity equation.

Lemma 13. For n € N, consider a partition I, of the time interval [0,T], assumed to be uniform for the sake of
simplicity. Let the constant time step 6t, be such that 6t, — 0 asn — +oo. Let 1 < p1,q; < +00, 1 < py,qy < +o0

such that p_l, + p—12 = qi] + q—12 = 1. Foranyn € N, let (f,, g,) € L?(0,T; L1"(Q)) x LP*(0, T; L~2(Y)). Assume that:

1. f, and g, are constant on each interval of the partition I,,.

2. The sequences (fy)nen and (gn)nen converge weakly respectively to f and g in LP'(0,T;L9(Q)) and
LP2(0, T; L%2(Q)7).

3. The sequence (t - W)%N is bounded in L'(0, T; W~11(Q)).

Then f,g, — fg in the sense of distributions on (0,T) X Q.
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Proof. We follow the proof of [38, Lemma 2.3]. Let

N, N,
Fo= ) [ gam@,  and  gr= > gl (8.1)
p=1

p=1
we notice that by virtue of item 3,

fu=Fa = 0in D'((0,T) x Q), (8.2)

where f; is the piecewise affine function defined by

Ny

Fo= D (=

p=1

t— !

T)nmflq,,,)(t). (8.3)

Since the sequence of derivatives (8, f,)uen is bounded in L'(0, 7; W="1(Q)) and using item 4, an application of [41,
Lemma 5.1] gives

gy — fginD'((0,T) x Q. (8.4)

It only remains to prove that (f, — £,)g, — 0in D'((0, T) x Q)?, statement for which we refer to the proof of Lemma
2.3 in [38]. O

We continue with a weak compactness result of the space Xg,s into L*(0, T3 Hy(€)).

Theorem 3. Consider, for any n € N, a partition I, of the time interval [0, T], which, for the sake of simplicity, we
suppose uniform. Let dt, be the constant time step going to 0 as n — oo.

Consider a sequence of MAC grids (D, = (M, Ep))nen of Q with step size hy, going to zero as n — co. Let us
consider for any n € N a function u, € Xg, 5, such that the sequence (|lu|| [2(0.T:Hg, o) neN IS bounded. Let 1 < g < +o0
ifd=2andq=06ifd =3.

Then, passing to subsequences if necessary, the sequence (u,)nen converges weakly in L>(0, T; LY(Q)?) to a limit
u and this limit satisfies u € L*(0, T; H(l)(Q)d).

Furthermore, the sequence of functions t € (0,T) — Vg, (u,(t)) € L2(Q)%4 converges weakly in L*((0, T) x Q)¢

tot — Vu()].

Proof. Let us denote by i, (respectively ’ﬁgnu,,) the extension of u,, to (0, T) x R? by zero. By virtue of Theorem 2

there exits (u, V) € L2(0, T; LY(Q)%) x L*((0, T) x Q)™ such that up to a subsequence
ii,, — it weakly in L>(0, T;LYQ)%),  Vgu, — V weakly in L%((0, T) x Q)™ 8.5)

where (i, V) stands for the extension of (u, V) to (0, T) x R?¢ by zero. We obtain from Theorem 5(see Appendix)

applied to u,, after an integration over (0, T)

Vi € RY, iy, + 1) = Bl o o 2y, < CllI(IIL+ ). (8.6)
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Consequently passing to the limit in the previous inequality
v € RY, (@G, - + 1) = @l g 7y 2y < CllnIP (8.7)
and therefore the function u belongs to L%, T; H(l)(Q)d). Moreover for any ¢ € C°((0,7T) X Q)4 there exists Ry

T T
f fu,, -divyg dxdt = —f ngnun : Vi dx dt+Ry (8.8)
0o Ja 0o Jo

where the remainder Ry, satisfies

such that

IRy|Cyhp, . (8.9)

Consequently passing to the limit in we obtain that

T T
f fu-divapdxdt:—f fv:wdxdt (8.10)
0 Q 0 Q

which gives the expected result. O

The famous Aubin-Simon lemma discusses the compactness in L?(0,T; B) (1 < p < o), which is widely used in

the study of nonlinear evolution partial differential equations. This theorem states as follows
Theorem 4. Let 1 < p < oo. Let X, B, Y be three Banach spaces such that
1. X C B with compact embedding,

2. B C Y with continuous embedding.

Let T > 0 and (u,)nen be a sequence of LP(0, T; X) such that
1. (Up)nen is bounded in LP(0,T; X).
2. (4u,)nen is bounded in L'(0, T Y).
Then there exists u € LP(0, T; B) such that, up to a subsequence, u,, — u dans L7(0, T; B).

In numerical analysis, the spaces X and Y depend on the discretization of the computational domain. Futhermore
we have deal with discrete derivatives. We then introduce a discrete version of the above theorem to take account
these two points.

We continue with two definitions useful to introduce a discrete version of the Aubin-Simon theorem Theorem 5

below, see [44] for the original result in the continuous setting. We follow here [21].

Definition 3 (Compactly embedded sequence). Let B be a Banach space and (X,,),en be a sequence of Banach spaces

included in B. We say that the sequence (X,)nen is compactly embedded in B if any sequence satisfying

1. u, € X, foralln e N.
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2. the sequence (||lupllx, )nen is bounded
is relatively compact in B.

Remark 5. Given a sequence (D, = (M,, E,))nenen of MAC grid of the computational domain €, with step size iy,

going to 0 as n — oo, it is well known that the sequence (Hg, 9)nenen 18 compactly embedded in L2(Q)“.

Definition 4. Let B a Banach space, (X,,)nen be a sequence of Banach spaces included in B and (Y,,)qen be a sequence
of Banach spaces. We say that the sequence (X,,, Y,)nen is compact-continuous in B if the following conditions are

satisfied
1. The sequence (X,)nen is compactly embedded in B.

2. X, C Y, (forall n € N) and if the sequence (u,)nen is such that u, € X, (for all n € N), (|lullx, nen bounded and

llnlly, — O (as n — +oo), then any subsequence converging in B converge (in B) to 0.
Remark 6. In agreement with Remark 5 the sequence (Hg, o, L?(Q)%),ey is compact-continuous is B = L2(Q)?.

Let us now state the discrete version of the Aubin-Simon theorem. This theorem is proved in [7]. It is useful to

prove the so-called Effective viscous flux (see Proposition 4).

Theorem 5 (Aubin-Simon Theorem with a sequence of subspaces and a discrete derivative.). Let 1 < p < oo, let
B be a Banach space, and let (X,)nen and (Y,)uen be sequences of Banach spaces such that X, C B forn € N. We
assume that the sequence (X, Y,)nen is compact-continuous in B. Let T > 0 and (u,)qen be a sequence of LP(0,T; B)

satisfying the following conditions:
o (HI) the sequence (u,)yen is bounded in LP(0,T; B).
o (H2) the sequence (||uyllir,7:x,))neN is bounded.

o (H3) the sequence (||0;upl|L1 0,7:y,) )neN is bounded.

Then there exists u € LP(0, T; B) such that, up to a subsequence, u,, — u in L?(0,T; B).

With the hypotheses of Theorem 5, another interesting question is to prove an additional regularity for u, namely
u € L?(0,T; B) where X is some space closely related to the X, (and included in B). In definition 5 we precise the

meaning of the sentence "X closely related to the X,," and we give in Theorem 6 a regularity result.

Definition 5 (B-limit-included). Let B be a Banach space, (X,)qen be a sequence of Banach spaces included in B and
X be a Banach space included in B. The sequence (X,)en is B-limit-included in X if there exists C € R such that if u

is the limit in B of a subsequence of a sequence (u,)nen verifying u, € X, and ||luyllx, < 1, then u € X and ||u|lx < C.
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The regularity of a possible limit of approximate solutions may be proved thanks to the theorem which we recall

below [22, Theorem B1].

Theorem 6 (Regularity of the limit). Let 1 < p < coand T > 0. Let B be a Banach space, (X,)nen be a sequence of
Banach spaces included in B and B-limit-included in X (where X is a Banach space included in B). Let T > 0 and,
form e N, Let u, € LP(0,T; X,,). We assume that the sequence (||uyllir0,1:x,))nen is bounded and that u, — u a.e. as

n— oo, Thenu € L7(0,T; X).
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