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ANALYTICAL AND NUMERICAL STUDY OF A MODEL OF
EROSION AND SEDIMENTATION*

ROBERT EYMARD' AND THIERRY GALLOUET?

Abstract. We consider the following problem, arising within a geological model of sedimentation-
erosion: For a given vector field g and a given nonnegative function F' defined on a one- or two-
dimensional domain Q, find a vector field under the form § = ug, with 0 < u(z) <1 for a.e. z € Q,
such that divg + F > 0 and (u — 1)(divg + F) = 0 in Q. We first give a weak formulation of this
problem, and we prove a comparison principle on a weak solution of the problem. Thanks to this
property, we get the proof of the uniqueness of the weak solution. The existence of a solution results
from the proof of the convergence of an original scheme. Numerical examples show the efficiency of
this scheme and illustrate its convergence properties.
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1. Introduction. In the framework of the petroleum industry, geological sim-
ulations are used more and more in order to get a better knowledge of the history
of the sedimentary basins. Among them, the computation of the sedimentation and
erosion processes leads to a better knowledge of the geometry of the layers and of
their lithological nature (see, for example, [15], [11], or [5]). An unknown of such
models is the thickness H(z,t) of the sediments at a point (z,t) € Q x (0,T"), where
) describes the horizontal extension of the basin (the magnitude of the diameter of
can be about several hundreds of kilometers) and T is the age of the basin (between
0 and 107 years for example). The simplest model is a diffusion equation

(1) Hi(z,t) — div[A(z)VH(z,t)] =0 for a.e. (z,t) € Q x (0,T),

where A(x) is a matrix in the general case, reducing in most of the cases to a scalar
function. But the model (1) is not sufficient for actual applications, in particular,
because it does not account for the assymetry between the erosion process (due to
the action of the weather) and the sedimentation process. Indeed, more realistic
models (see [1] or [6] and references therein) are based on the introduction in (1) of a
multiplier %(x,t) on the fluxes of sediments:

(2) Hy(z,t) — div[A(x)u(z, t)VH(z,t)] = 0 for a.e. (z,t) € Q x (0,7),
in order to satisfy the following constraints on (u, H),

(3) Hy(z,t) > —F(x) for a.e. (z,t) € Q x (0,7T),

(4) 0 <u(z,t) <1 for ae. (z,t) € Qx(0,T),
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and
(5) (@(z,t) — 1) (He(x,t) + F(x)) =0 for a.e. (x,t) € Q x (0,T).

In (3) and (5), we denote by F(x) > 0 the maximum erosion rate at point z.

In practical situations, F' is estimated by the geological study of the sedimental
history, and may be improved by solving an inverse problem (which is quite com-
plicated, by the way), using (2)—(5) as the direct problem. In large parts of the
simulation domain, the transport of sediments is due mainly to gravity effects, taken
into account by a scalar value for the matrix A(z). In a same way as above, this scalar
value can be estimated by some geological studies or by solving an inverse problem.
However, the main mechanism for the transport of sediments is the action of surface
water flows. These flows, located in river basins, can be represented by introducing
anisotropic values for this matrix A(z). The determination of realistic values for these
parameters is not an easy task and is still a challenging subject of research for the
simulation of the sedimentary basins. The function u is a complete unknown factor,
reducing the flux of sediments in order to respect the constraint (3). Despite these
difficulties of data identification, this model is considered interesting enough to be
actually implemented in an industrial simulator (see [11], [6]).

Existence and uniqueness for the full problem (2)—(5) is an open problem (some
partial results can be found in [10] or [2]). Thus we consider a semidiscretization in
time of this system of equations. We define a time step & > 0, and for an integer n such
that nét < T, we assume that the function H(™ is an approximation of H (-, né). We
then look for the functions H(™*1 and (™Y respective approximations of H (-, (n+
1)é&) and u(-, (n + 1)&), which are solutions of the system of equations

(6) %(H(H-H)(CE) — H™(2)) — div[A(z)a™ ) () VH™ (2)] = 0 for a.e. z € Q,

under the constraints
(1) %(HWU(@ ~H™(2)) > —F(x) for ace. z € O,

(8) 0 <a™V(z) <1 for ae. z€Q,

9  @"V(z)-1) (;(HWH)(I) — H™(z)) + F(x)) =0 for a.e. z € Q.

Denoting by g(z) = A(z)VH ™ (z) and reporting in (7)-(9) the expression of £ (H "+ —
H(™) taken from (6), the unknown function @"*1) is then a solution u of the following
system of equations:

div{u(x)g(z)] + F(z) > 0 for a.e. z € Q,

(10)
0 <u(z) <1forae ze,

and

(11) (u(z) — 1) (diviu(z)g(z)] + F(x)) =0 for a.e. x € Q.
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Hence, if we are able to prove that problem (10)—(11) has one and only one solution
G = u(-)g(+), the function H*1) is then given by the relation H"*+ (z) = H™ (z)+
& divg(z) for a.e. x € Q.

Remark 1.1. If there exist some regions where g = 0 and F = 0 simultaneously,
it is clear that any value in [0, 1] is possible for u. Nevertheless, g is uniquely defined
by the value 0 in such a region.

A fully implicit version of this method (namely VH ™) (z) is replaced by V H ™1 (z)
in (6)) in addition to a finite volume space discretization are used in an industrial sim-
ulator (see [11], [6]).

The aim of this paper is to focus on both the analytical and the numerical aspects
of the subproblem (10)—(11). Although it is not clear that the resolution of this
subproblem yields the complete theoretical resolution of the fully coupled problem (2)—
(5), we emphasize that it leads to the key points of a correct numerical implementation.

In this paper, the following hypotheses, denoted Hypotheses (H), are assumed.

Hypotheses (H).

1. Qis a bounded open subset of R, d € N* = N\ {0} (in applications, d = 2),
with a Lipschitz continuous boundary 9 (this gives the existence, for a.e.
x € 08, of the unit outward vector n(z) normal to the boundary).

2. There exist two functions, h € C1(2) and A : @ — M, (the set of bounded,
symmetric, definite positive, d x d matrices) such that the function g : Q —
R<, defined by g(z) = A(z)Vh(x) for all x € €, is Lipschitz continuous on
and satisfies g(z) - n(x) = 0 for a.e. x € 9N.

3. F € L*>®(Q) is such that F'(z) > 0 for a.e. x € Q.

As we see below in section 2, there does not always exist a continuous function
u : Q — R such that (10)—(11) are satisfied, and the regularity of § = ug in the
general case is an open problem. Therefore we first look for a weak formulation of
problem (10)—(11). For this purpose, let ¢ € C*(Q,R,), and let ¢ € C*(R) be such
that &'(1) > 0. We multiply the first inequality of (10) by &'(u(x))e(z), and we
integrate on Q2. We get

/E ) (div[u(z)g(x)] + F(z dx*/f z)(div[u(z)g(x)] + F(z))dz

+ /(5’@(%)) = &(D)p(x)(div[u(x)g(z)] + F(z))dz.
Q

The second term of the right-hand side vanishes, using (11), and the first one is
nonnegative. This leads to

(13) | € @)pta)@ivluteig(@)] + Fa)ae > .

We remark that, for any function ¢ which is such that ¢'(1) > 0 and ¢’ is decreasing,
we can get (13) from (12) for any function u which only verifies (10). For this reason,
we now assume that £ is convex (in the sense that &’ is nondecreasing, this terminology
is used in the sequel of this paper), and we develop equation (13), integrating by parts.
We then derive the following weak sense for a solution to problem (10)—(11).
DEFINITION 1.1 (weak solution to problem (10)—(11)). Under Hypotheses (H),
we say that a function § € L=(Q)¢ is a weak solution to problem (10)—(11) if there
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exists u € L*°(Q) such that g(z) = u(x)g(x) for a.e. x € Q, and u satisfies the
following inequalities: 0 < u(x) <1 for a.e. x € Q and

/Q (§(u(@))(—g(z) - V(@) + [€ (u(@)u(z) — &(u(@)]p(z)divg(z)

+ € (u(@))p(@)Fl@))de > 0
V¢ € CYH(R) convex such that £'(1) > 0 Vo € CL(Q,R,).

(14)

The following proposition expresses that any weak solution in the above sense
satisfies (10) in a weak sense, and the next one shows that any regular weak solution
satisfies (10)—(11), thus completing the justification of Definition 1.1.

PROPOSITION 1.2. Under Hypotheses (H), let § : Q — R? be a weak solution to
problem (10)—(11) in the sense of Definition 1.1. Then

(15) /Q(—g(x) -Vo(z)de + F(z)p(z))de >0 Vo € CHQ,Ry).

Proof. Let us assume that u € L>() is such that g(z) = u(z)g(x) and 0 <
u(z) <1 for a.e. z € Q, and (14) is satisfied. Let us take £ : s+ s in (14). We then
obtain (15). O

PROPOSITION 1.3.  Under Hypotheses (H), let § : Q — R be a Lipschitz
continuous function. Then § is a weak solution to problem (10)—(11) in the sense of
Definition 1.1 if and only if there exists a function u € L (Q) with §(x) = u(z)g(x)
and 0 < u(z) <1 for a.e. x € Q such that (10) and (11) are satisfied by the function
u.

Proof. Let us assume that § is a weak solution to problem (10)—(11) in the sense
of Definition 1.1. Then there exists u € L*°(f) such that g(z) = u(x)g(z) and
0 <u(x) <1forae zeQ and (14) is satisfied. Proposition 1.2 shows that (10) is
satisfied by the function u for a.e. z € Q. In order to prove that (11) is satisfied for
a.e. x € Q by the function u, we shall separate the cases x € Qg := {z € Q,g(x) = 0}
and z € 2\ Q. Let us take in (14) a test function ¢ whose support is included in the
open set 2\ Q. Since the function u verifies u(x) = |g(z)|/|g(x)]| for a.e. z € Q\ Q,
u is Lipschitz continuous on the support of ¢; we can thus integrate by parts, which
produces, from (14), that (13) is satisfied by u. Let us now prove that u verifies (11).

Choosing € : s — (s—1)%, we get that [, (u(z)—1)¢(z)(divlu(z)g(z)]+F(z))dz >
0 holds. This implies that (u(z) — 1)(divju(z)g(z)] + F(z)) > 0 for a.e. x € Q such
that g(z) # 0. But on one hand, u(z) <1 for a.e. z € §2, and on the other hand, (10)
is satisfied for a.e. x € 2. Therefore, u verifies (11) for a.e. x € 2\ Q.

Let us now obtain the same conclusion for a.e. # € Q. Let n € C*(R) be a
function such that 0 < n(x) < 1 for all z € R, n(0) = 1 and support(n) C [-1,1].
For all n € N*, let us define the Lipschitz continuous function ¢,, : =+ n(n|g(x)]).
On one hand, we have that for a.e. € Qq, g(z) - Ve, (x) = 0 holds. On the other
hand, for all z € 2\ Qg, we get that g(x) - Vi, () tends to 0 as n — oo and remains
bounded (indeed, it suffices to consider the cases |g(z)| < 1/n and |g(x)| > 1/n and
to use the property Vg; € L>(Q)%, where g;, i = 1,...,d are the components of g).

We then introduce ¢ : s — (s — 1) and p = ¢,, in (14) (this is possible, taking
regularizations in C1(Q,R;) of ¢,,). We then get

(16) 7™ 4+ 1™ 4 1™ > 0,
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with 7™ = [, (u( —g(2) - Ve (@))dz, TS = [, (u(z)? — 1)pn(z)divg(z)de,

and T; ") =2 fQ - 1)F(x)<pn(x)dx. Thus, thanks to the convergence properties

) tends to 0 as

of g- Vi, and to the dominated convergence theorem, we get that Tl(n
n — oo.
Since ¢, (x) tends to 0 for all z € 2\ Qg and to 1 for all z € g, we get that TQ(")

tends to fQo (u(z)? — 1)divg(x)dx. Since g(z) = 0 for all x € Qy, then d;g(x) = 0 for

ae.x€Qpandalli=1,. d (this classical property has been shown, for example,
n [17]), which produces fQ — 1)divg(z )dx =0.

We finally get that T tends to ZfQ —1)F(x )dx as n — 0o.

We thus get, passing to the limit n — oo in ( 16 fQ —1)F(x)dz > 0, which

proves that u(xz) =1 for a.e. z € Qg such that F(z) > 0.

Therefore, for a.e. z € Qq, either F(z) > 0 and u(z) =
div(g(z)) + F'(z) = 0, since g(z) = 0 for a.e. x € y. Thus (1
T € Q.

Reciprocally, let us assume that (10) and (11) are satisfied a.e. by the function u.
We then get that (13) is satisfied, and therefore equation (14) is satisfied. This proves
that g is a weak solution to problem (10)—(11) in the sense of Definition 1.1. d

This paper is organized as follows. We first give, in section 2, the analytical
expression of the weak solution in the one-dimensional case (the uniqueness result,
proved in section 3, indeed holds in this case). In section 3, we first give a char-
acterization of the set C(g, F') of functions which weakly satisfy (10). We prove a
comparison result between a weak process solution to problem (10)—(11) (defined in
Definition 3.3) and any element of C(g, F'). This result suffices to prove the unique-
ness of the weak solution to problem (10)—(11) in the sense of Definition 1.1. We then
present a numerical scheme in section 4. The existence and uniqueness of a discrete
solution is itself a nontrivial problem, which we solve by proving the convergence of an
iterative method. This scheme is then proven to converge to a weak process solution
to problem (10)—(11) in the sense of Definition 3.3. Thanks to the uniqueness result
of the weak solution, we deduce the strong convergence result of the numerical scheme
to this weak solution. We then give some numerical results in section 5 and conclude
with some open problems.

1, or F(z) = 0 and
) is satisfied for a.e.

2. Weak solutions in the one-dimensional case. We have the following
result.

PROPOSITION 2.1 (expression of the weak solution in the one-dimensional case).
Let (a,b) € R? be such that a < b, let F € L>((a,b)) be a nonnegative function, and
let g € C°([a,b]) be a Lipschitz continuous function with g(a) = g(b) = 0.

Then, the function § : [a,b] — R defined by

(17) g(z) = ygg}b} <g+(y) + /x ’ F(t)dt> — ygfi‘; | (g(y) + / ' F(t)dt)
Va € [a, b, Y

where for all s € R we denote sT = max(s,0) and s~ = max(—s,0), is the unique
weak solution to problem (10)—(11) in the sense of Definition 1.1.

Proof. Let us first remark that g defined as such verifies that for all « € [a, ],
§+(x) = minyep s (97 (9) + [* (D) and §-(2) = minye(on(g~ () + [ F()d)
with 0 < g™ (z) < g™ (z) and 0 < g~ (z) < g~ (x). Then the function g satisfies
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gt (x) = minye(q4) Gp(z,y) for all z € [a, b] with

max(z,y)

Gyl y) = g* (max(z, y)) + / F(H)dt  V(z,y) € [a, b2

Similarly, we have g~ (x) = miny¢(q,4) Gm(x,y) for all x € [a,b] with

T

Gm(z,y) = g~ (min(zx, y)) +/ F)dt  Y(x,y) € [a,b]*

min(z,y)

It is then clear that the functions G, and G,, are Lipschitz continuous on [a, b]*> with
any Lipschitz constant M such that M is a bound of F + |¢’ \ in Lm((a,b)) Let
(z,%) € [a,b]? be given, and let (Y,Y) € [a,b]? be such that §™(z) = G,(z,Y) and
(%) = Gp(z,Y). Since we have

g7 (@) =57 (2) < Gp(a,Y) = Gp(,Y) < Mz — 7,
and, inverting the roles of x and Z,
97(2) = g7 (2) < Gyla,Y) = Gp(2,Y) < M|z — 7],

we thus get that gT is Lipschitz continuous. Since the same proof holds for §—, we
thus get that § = g+ — g~ is Lipschitz continuous as well. We thus define the function
u : [a,b] — [0,1] by u(z) =1 for all z € Q such that g(x) =0 and u(x) = g(x)/g(z)
for all x € [a,b] such that g(x) # 0. Let us prove that u satisfies (10)—(11) (from
Proposition 1.3, since Hypotheses (H) are satisfied, this is sufficient to conclude).
Since for all « € [a,b] such that g(z) = 0, g(x) = 0 holds, §’'(z) + F(z) > 0 for a.e.
x € [a,b] such that g(z) = 0 [17]. Let = € [a,b] be such that g(x) > 0. Then there
exists o > 0 such that z+a <band g(y) > 0 forally € (z,x+a). For T € (z,r+ ),
let Y € [z,b] be such that §(z) = G,(z,Y). We have

(18) §(@) — §(&) < Gyl V) - Gy(2,Y) = /ZFa)dt.

The above inequality proves that §'(x)+F(z) > 0 for a.e. z € [a, b] such that g(z) > 0.
Similarly, we obtain that §'(z) + F(x) > 0 for a.e. « € [a,b] such that g(x) < 0. This
proves that (10) is satisfied. Let z € (a,b) such that u(x) < 1. Let us assume
that g(z) > 0. Again, there exists @ > 0 such that x + « < b and g(y) > 0 for
all y € (z,z + @), and again, for all z € (z,z + «), (18) holds. Since we have

x) < g(x), there exists Y € (z,b) such that §(z) = Gp(x,Y). Therefore, for all
(x,Y), since Y > z, we get

g(z) — g(Z) > Gp(z,Y) — Gp(Z,Y) = /I F(t)dt.

Thus, for all Z € (z, min(Y, z+a)), we get §(x)—g(z) = [ F(t)dt, which implies that
§'(z) = —F(x) for a.e. € Q such that u(z) < 1 and g(z) > 0. The case u(x) < 1 and
g(x) < 0 can be similarly handled. Therefore § is Lipschitz continuous and (10)—(11)
are satisfied. Thanks to Proposition 1.3, this completes the proof that g is a weak
solution to problem (10)—(11) in the sense of Definition 1.1.

Since, within the hypotheses of the above proposition, Hypotheses (H) are satisfied
(in particular, g = b/ with h : z — fax g(t)dt), we can apply Proposition 3.5, which
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implies the uniqueness of the weak solution to problem (10)—(11) in the sense of
Definition 1.1. O

Let us take two simple examples (one can find some examples inspired by geolog-
ical problems in [6]). We consider a one-dimensional case (see Figure 1 below), with
Q= (-1,1),g9 : z—2®—z,and F : x+ 1/2. In this case, it is easy to verify that
the function g defined by (17) is such that § = ug, where the function w is such that
u : xw 1forallz € (—1,—/1/2) U (y/1/2,1) and u : z + 1/(2(1 — 2?)) for all
T € (—\/m, \/W) We thus obtain that the function w is continuous over €2, but
this is not always the case.

Indeed, let us consider the case Q = (—1,1), g : z+ 2® —z for all x € [-1,0],
g : x> 1(@%—=z)forallz € (0,1, and F : z — 1/2. In such a case, g is only
Lipschitz continuous, and the function § = ug given by (17) is such that v : = +— 1
for all € (—1,—/1/2) U (0,1) and u : z + 1/(2(1 — 2?)) for all 2 € (—/1/2,0).
This function u is therefore discontinuous in 0, although the function § = ug remains
Lipschitz continuous.

3. Uniqueness results.

3.1. Properties of the set of functions which satisfy (10). We consider in
this section the set C(g, F') of functions which satisfy (10) in the sense of distributions.
We shall prove below that the weak solution § to problem (10)—(11) in the sense of
Definition 1.1 is the projection of g in L2(Q)? on C(g, F), and it is an extremal point
of C(g, F) in the sense that |g| > |y| for all v € C(g, F') (see Proposition 3.5). The
proof of this property is obtained thanks to the characterization of C(g, F') given by
Proposition 3.2.

DEFINITION 3.1 (the set C(g,F)). Under Hypotheses (H), we define the set
C(g,F) of functions v € L?(Q)¢ such that there exists v € L>®(S), with vy(x) =
v(z)g(z) and 0 < wv(z) <1, for a.e. z € Q and

a9 [ [ (@) Vo] +p@F@)dez0 Ve CU@RY),

Remark 3.1 (some properties of C(g, F')). The set C(g, F') is nonempty (because
0 €C(g,F)), convex (since the left-hand side of (19) is linear with respect to «), and
closed (in L2(Q)%).

Remark 3.2 (weak solutions and C(g, F')). Thanks to Proposition 1.2, any weak
solution to problem (10)—(11) in the sense of Definition 1.1 belongs to C(g, F).

We have the following proposition, which gives a characterization of the functions
of C(g, F).

PROPOSITION 3.2 (characterization of C(g, F')). Under Hypotheses (H), let v €
L>(Q), such that 0 < v(z) < 1 for a.e. x € Q, and let y(xr) = v(r)g(x). Then
v € C(g,F) (defined in Definition 3.1) holds if and only if the following property
holds:

/Q (E((@)[—g(x) - V()] + [€' (v(z))v(z) - £(v(2))] ¢(2) divg(z)

+ & (v(@))p(z)F(x))de > 0
Vo € CH@QLR,), Vé € CL(R) s.t. Vi € [0,1], €'(x) > 0.

(20)

Proof. Under the hypotheses of the above proposition, let us assume that v €
C(g, F). We introduce a sequence of mollifiers in R%. Let p € C>°(R%, R,) (the set of



STUDY OF A MODEL OF EROSION AND SEDIMENTATION 2351

smooth functions with a compact support) be such that

(21) {z € R% p(z) £0} C {w € RY [z] < 1}
and
(22) / p(z)dz = 1.
Rd
For n € N*, we define
(23) pn(z) = np(nx) vz € RY.
We then define the functions v, (y) = [, v(2)pn(z—y)dz. Let ¢ € C*(Q, Ry ) be given.

For a given y € Q, we introduce the function ¢ : = — (v, (y))V(Y)pn(y — x) €
CY(Q,R,) in (19), and we integrate with respect to y. We thus get T\ + 7™ > 0
with

(24) T = - /Q /Q € (0n (1)@ (@)g(2) - Vou(y — 2)dzdy
and
(25) //f (vn(y VF(2)pn(y — x)dady.

The limit of the last term, as n — oo, satisfies

lim 7{" = / (€ (w(u)) () F(v)) dy.

n—oo

We then turn to the study of T\™ as n — oco. We have T\ = 7™ + 7" 4 1"
with

/ / € (un ()0 ()0(@)g(y) - Vpuly — z)dzdy,
QJN

T = / / € (0n(0)(4)0 () (9(z) — 9(v)) - Vol — 2)dady,
and
= / / & (0a()(y) (0(x) — v(1))(9(x) — 9(¥)) - Vpuly — z)dady.
QJQ
We then have
T = / € (0n (1)) )g () - Von(y)dy = / b)g(y) - V() ()dy,

which delivers, thanks to an integration by parts with respect to vy,

T = — Jo E(un(y))div[e(y)g(y)]dy.
This leads to

Jim 3" / &(v(y))div[y(y)g(y)ldy.
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We also have, thanks to an integration by parts with respect to x,

= - /Q /Q &' (on (W) (y)v(y) pn(y — z)divg(z)dzdy,

which produces

lim 74" = /Q &' (v(y))v(y)(y)divg(y)dy.

n—00

Finally, we get

lim 7™ =0
thanks to the continuity in means of v and to the fact that x — (g(x)—g(y))-Von(y—1)
belongs to L1(£2). Then (20) is obtained by gathering all the results obtained above
by passing to the limit n — oo.

Conversely, it suffices to choose the function £ : s — s in (20), for obtaining
(19). O

3.2. Weak process solutions. Since we consider below the convergence of nu-
merical schemes, on which the only estimate that we obtain in this case is an L>°(Q)
estimate, we must therefore consider weaker solutions than that defined in Defini-
tion 1.1, namely, weak process solutions. This notion of a weak process solution, intro-
duced in [7], is related to the notion of Young measure first used by [3] in the nonlinear
scalar hyperbolic framework. Young measures are extensively used in optimal control,
nonconvex variational problems, phase transitions, microstructure problems, ... (see,
e.g., [14], [16]).

The uniqueness result proven below leads to the uniqueness of such a weak process
solution and to the fact that any weak process solution is indeed a weak solution. We
then obtain the uniqueness of the weak solution to problem (10)—(11) in the sense
of Definition 1.1. Moreover, this result is mainly used in the study of the numerical
scheme in order to prove its strong convergence.

DEFINITION 3.3 (weak process solutions to problem (10)—(11)). Under Hypothe-
ses (H), we say that a function § is a weak process solution to problem (10)—(11)
if there exists u € L>®(Q x (0,1)) such that § : (z,a) — u(z,a)g(z) for a.e.
(z,a) € Q x (0,1). And u satisfies the following inequalities: 0 < u(z,a) < 1 for
a.e. (x,a) € Qx(0,1) and

(26)
1
/Q/O (§(u(z, a))(—g(z) - Veo(z)) + [¢'(u(@, @))u(z, a) — &(u(@, a))]o(z)divg ()

+ & (u(z, a))p(z)F(z))dadz > 0
Ve € CH(R), convex s.t. £(1) >0, Vo € CH(Q,R,).

We first prove the following property, which at the same time, gives some elements
to conclude to the uniqueness of the weak process solution but also helps to prove
that this solution is an extremal point of C(g, F).

PROPOSITION 3.4 (comparison of a weak process solution and an element of
C(g,F)). Under Hypotheses (H), let v € C(g, F) be given, where C(g,F) is defined
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in Definition 3.1, and let v € L>®(Q), such that y(z) = v(x)g(z) and 0 < v(z) < 1
for a.e. x € Q. Let § be a weak process solution to problem (10)—(11) in the sense of
Definition (3.3). Let uw € L= (2% (0, 1)) be such that 0 < u(z,o) <1land§ : (z,a)—
u(z, a)g(x) for a.e. (x,a) € Qx(0,1) and such that u satisfies (27). Then the following
inequality holds:

(27) / / —u(z,a))" [-g(x) - Vo(r)dadz >0 Yo € CH(Q,R,).

Proof. This proof uses the method of doubling variables (first introduced by
Krushkov [12]) adapted to weak process solutions [8].

Let us assume the hypotheses of the proposition. Let n € C*(R?,R) be given such
that n(-, b) is convex for all b € (—o0, 1]. We also assume that 9;7, the derivative of 7
with respect to its first argument, is such that d1n(1,b) > 0 for all b € [0, 1], and that
0am, the derivative of  with respect to its second argument, is such that dan(a,b) > 0
for all a,b € [0,1]. Let ¢ € C'(R? x R4 R, ) be given.

Then, for all z € €, we have ¢(z,-) € C*(Q,R,) and for all y € Q, (-, y) €
C(Q,R,). We introduce £(-) = n(-,v(y)) and ¢ = ¥(-,y) in (27) for y € Q, and we
integrate the result on ). This produces

// / u(Y) [9(2) - Vb (z, )]

(28) + [ (u(z, @), v(y) (e, @) — (ulz, o), v(y))] ¥(z, y)divg(z)
+ oin(u(z, a),v(y))w(x,y)F(x))dadxdy > 0.

We now consider (20) for v, with £(+) = n(u(z, @),) and ¢ = ¢(x, ), and we integrate
the result on  x (0,1). We thus get

/Q/Q /01 (W(U(za @), v(y)) [-9(y) - Vy(z, y)]

(29) + [Dan(ul, @), v(y))o(y) — n(u(z, ), v(y))] bz, y)divg(y)
+ Dan(u(w, ), v(y)) (@, y)F(y) ) dadady > 0.

We now add (28) and (29). This delivers
(30) Ty +Tio+ T 20,

where

(31) / / / v))

( (z) - Vb (z,y) + 9(y) - Vyib(z,y))dadzdy,

a1 / / / (Bun(ulz, ), v())u(z, @) - 1(u(z, a), v(y)))w(z, y)divg(z)
+ (Gan(u(e, @), o(y)v(y, B) = n(u(, o), v(y)) ¥ (@, y)divg(y) ) dadady,
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and

1
T = [ [ [ @unfute.).o0) @) + donfu(e 0),0(0)) F(5)) (. )dadady

0
(33)
We again use the sequence of mollifiers in R and R¢, defined by (21)-(23). Let
¢ € CL(RYRy) and n € N* be given. We then take ¢(z,y) = ¢(z)pn(z — y) in (28)
and (29), which gives 1 € C*(RY x R%, R, ). We thus get, from (30),

(34) 7™M 4+ 7+ 7 >0,

+ 102 (u(z, @), v(y))v(y) — n(u(z, @), v(y))] divg(y)) ¢(x)pn(z — y)dadady,

1
o = [ @000 @) + dan(ute,0).00) F )
x ¢(z)pn(z — y)dadzdy.

We have T\ = T2 + T\ + T, with

(38) T = / / / n(u(z, a), v(y))pn(z — )9(z) - Vé(z)dadzdy,

(n) _ !
(39) Ty = —/Q /Q/o n(u(z,a),v(z))
x o(x)(9(x) = 9(y)) - Vpn(r — y)dadady,

1
vy T (atutw)e) — ntute0).00e))
x ¢(x)(9(x) = 9(y)) - Vpu(z — y)dadzdy.

The limit of Tl(; ) as n — oo is given by

n—oo

1
lim Tl(;) = —/QA n(u(z, a),v(z))g(z) - Vo(x)dadz.

Thanks to an integration by parts with respect to y and to Hypotheses (H), we get
Tl(;) = Tl(g) + Tl(g), where

@y 1= [ ][ e o@)ot@)on e~ vo(a) -nl)dadyda
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and

(12) T = /Q /Q / n(u(z, @), v())$()pn(z — y)divg(y)dadzdy.

We have, for a.e. y € 09,

iim [ [ n(at.c). @)oo o = 1)gla) -n(y)dadz =0,

n—oo

which produces
lim T\ =0,
and therefore

1
lim T1(:?) = lim Tl(g) = // n(u(z, a),v(z))e(x)divg(z)dadz.

n—oo

Thanks to the theorem of continuity in means applied to the function v and thanks
to the fact that (z,y) — (g9(x) — g(y)) - Vpn(z — y) vanishes for |z —y| > 1/n and
belongs to L!(Q) since g is regular, we get

lim T = 0.
n—oo
We have, again using the Lebesgue dominated convergence theorem,

I 7 = [ [ Gntate, . 0)ue,) + dtu(a, ), 000w
= 2n(u(z, @), v(x)))¢(z)divg(z)dadz

and

im (n): ' u\r,.o), v\ u\r, o), v\xr X I )aocdxr
lim 7] /Q/ (Oun(u(z, a), v(z)) + Bonu(z, a), v(x))) F(2)d(x)dadz.

n—oo

We thus get, passing to the limit n — oo in (34),

/ / (nfutz,a), (@) [g(x) - V()]

+ (Oin(u(z, @), v(2))u(z, @) + dan(u(z, @), v(y))v(z) — n(u(z, @), v(z)))¢(z)divg(z)
+(3177(u(x, a),v(x)) + O2n(u(x, o), v(x)))F(x)(b(x))dadx > 0.

Q

We now consider, for a given ¢ > 0, the function S. € C'(R) defined by

S:(s)=0 Vs € (—o0, 0],
(44) Se(s) = s2(3e —2s)/e® Vs € |0,¢],

Se(s)=1 Vs € [g, +00).
We define & (s) = [y S=(7)d7, and we set, for all (a,b) € R?, n.(a,b) = & (b—a). We
then easily get that thls functlon Ne satlsﬁes 01m:(1,b) = S (b—1)=02>0 for all
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b <1, n.(-,b) is convex for all b < 1, and a7 (a,b) = S-(b—a) > 0 for all (a,b) € R
We can then use this function in (44). We remark that, for all (a,b) € R?,

adi1e(a, b) + bdane(a, b) —ne(a,b) = (b — a)Se (b — a) — n:(a, b)
leads to
sliir%)(aalns(a, b) 4 bdan:(a,b) —n:(a,b)) =0,
and we also remark that
One(a,b) + dane(a,b) = 0.

Thus, using the Lebesgue dominated convergence theorem, we can let € — 0 in (44)
which produces

(15) [ [ @) = utw.))* [=g(w) - V()] dads > 0

which is (27) and thus concludes the proof of the proposition. ]

The above result is now used to yield the uniqueness of the weak process solution,
and thus to obtain that this weak process solution is in fact a weak solution. Note
that, in the proof of all the above propositions, the hypothesis that g can be written
under the form g(x) = A(x)Vh(z) for all z € Q is not used (g being Lipschitz
continuous is sufficient). A uniqueness result for the weak solution could then be
obtained assuming that F' > 0 a.e. in addition to g being Lipschitz continuous, but
the uniqueness result for the weak process solution remains an open problem under
such hypotheses. The proof of the uniqueness result given below explicitly uses the
hypothesis g(z) = A(z)Vh(z) for all x € Q, which fortunately holds in the physical
problem.

PROPOSITION 3.5 (uniqueness of the weak process solution). Under Hypothe-
ses (H), there exists at most one weak process solution G to problem (10)—(11) in the
sense of Definition 3.3. Moreover, if 4 € L*(Q x (0,1)) is such that 0 < u(z,a) <1
and § : (x,0) — u(z,a)g(x) for ae (z,a) € Q x (0,1) and if u satisfies (27),
then u(xz, ) does not depend on « on a.e. © €  such that g(z) # 0 (g(x) = 0 and
F(x) > 0). Then the function § defined by g(x) = u(z,a)g(x) for a.e. x € Q and
a € (0,1) is the unique weak solution to problem (10)—(11) in the sense of Defini-
tion 1.1. Moreover, this function § is an extremal point of C(g, F) in the sense that
|g] > || for all v € C(g, F) (the set C(g, F) is defined in Definition 3.1), and it is
also the projection in L*(Q)? of g on the conver set C(g, F).

Proof. Let us assume that § is a weak process solution to problem (10)—(11) in
the sense of Definition 3.3. Let u € L>®(2 x (0,1)) correspond to § in Definition 3.3.
We again denote Qy = {x € Q, g(x) = 0} and we remark that (27), proven in
Proposition 3.4, gives for all v € C(g, F'), letting v € L*°(Q) be such that y(z) =
v(z)g(x) and 0 < v(z) <1 for a.e. x € Q, that

[ [ 0@ - utw.a)* [g(0) - V()] dads 0,
Q\Q J0

Thanks to Hypotheses (H), we can define the nonnegative function ¢ by p(z) = h(x)—
mingeq h(y) for all z € Q, where h € C*(Q) is such that g(z) = A(z)Vh(z) for all
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x € Q. We then get that, for all z € Q\ Qo, —g(x)-Ve(x) = —A(z)Vh(z).Vh(z) < 0.
This produces

(46) (v(z) —u(z,a))t =0 for ae. (z,a) € Q\ Q x (0,1).

We then remark that the function v : z — fol u(z, a)dag(x) belongs to the convex
set C(g, F). Therefore, setting v = fol u(+, a)da in (46), we get that for a.e. x € Q\Q,
fol(fol u(z, B)dB — u(x,a))Tda = 0, which proves that u(z, ) does not depend on «
for a.e. x € Q\ Qy. We define T'(u) € L>*(Q2) by T'(u)(x) = u(z, a) for a.e. x € Q\ Qo
and a € (0,1) and by T'(u)(z) = 1 for a.e. x € Qy. We then get that the function
g : Q — RYsuch that § = T'(u)g is such that §(z) = §(z,a) for a.e. + € Q and
a€(0,1).

Let us assume that § and § are two weak process solutions to problem (10)-(11)
in the sense of Definition 3.3. Let u and 4 be some elements of L>°(2 x (0,1)) which
correspond to ¢ and é, respectively, in Definition 3.3. We then get, setting v = T'(u)
in (46), that (T'(a)(xz) — T(u)(z))t = 0 for a.e. € Q\ Qp and, inverting the roles of
wand 4, (T'(u)(z) —T(4)(x))*T = 0. This suffices to prove that T'(4)(z) = T'(u)(x) for
a.e. ¢ € 2\ Q, which completes the proof of uniqueness of the weak process solution.

Let us prove that the function § = T'(u)g is a weak solution to problem (10)-(11)
in the sense of Definition 1.1. We introduce in (27) the functions ¢ : s — (s—1)? and,
for all n € N*, ¢ = ¢, as defined in the proof of Proposition 1.3. The same analysis
as that which is done in the proof of Proposition 1.3 delivers that, passing to the limit
n— oo, o fol(u(x,a) — 1)daF(z)dz > 0. This proves that u(z,a) =1 = u(z) for
a.e. a € (0,1) and a.e. © € Qg such that F(x) > 0. Since all the terms of (27) under
the symbols [ vanish a.e. on {z € Q, g(z) =0 and F(x) = 0}, we get that (27) with
w implies (14) with T'(u). Thus the function g is a weak solution to problem (10)—(11)
in the sense of Definition 1.1. Since it is obvious that any weak solution is a weak
process solution, we thus deduce, from the uniqueness of the weak process solution,
that of this weak solution.

Let us now show that § is an extremal point of C(g
let v € L>(€) such that y(z) = v(z)g(z) and 0 < v(x)
to (46), we get that, for a.e. z € Q\ Qp, v(z) < T(u)(x). This proves that, for a.e.
x € Q, |y(z)| < |g(x)]. This property implies that [,(g(z) — g(x)) - (§(x) — y(z))dz =
Jo lg(@)?(1 = T(u)(x))(T(u)(x) — v(x))dz > 0 for all v € C(g, F), which shows that
g is the projection of g on C(g, F) in L?(Q)%. 0

F). Let v € C(g,F), and
1 for a.e. z € Q. Thanks

IN ~

~ —

4. Passing to the limit in numerical schemes. We now start the study of
the convergence of a numerical scheme, which is based on finite volume methods. Such
methods proved their efficiency for various nonlinear problems such as, for instance,
nonlinear degenerate problems (see, e.g., [9], [13] and references therein) and nonlin-
ear hyperbolic problems (see [8], but there exists a huge literature on this subject).
The main additional difficulty of the present problem is due to the introduction of
the limiter @ in (2) in order to satisfy the constraints (3)—(5) (recall that (2)—(5) lead
to (10) and (11) using a time discretization). The “equation” on this unknown @
seems to lead to a new type of problem which is unexpectedly not really related to
variational inequalities but has some similarity with a scalar conservation law, leading
to a nonlinear hyperbolic equation. From the numerical point of view, this similarity
may be viewed in the upwinding choice for u in (50) (more precisely, the choice of
ux or ur, on the interface between the control volumes K and L, depends on the
sign of gk ). This upwinding is crucial, for instance, in order to have a solution
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u taking values in [0, 1] (which is a constraint given by (10)). Numerical simula-
tions using a centered choice of u often lead to troubles (such as oscillations) and the
simulation has to stop (this is also true in the industrial framework). Another simi-
larity with scalar conservation laws appears in the choice of the convex function £ in
Definition 1.1.

Let us first define the notion of admissible mesh of R? (this definition is inspired
by [8]).

DEFINITION 4.1 (admissible meshes). An admissible finite volume mesh of €2,
denoted by T, is given by a finite family of disjoint polygonal (one uses here the
two space dimensions terms for the setting of the general space dimension) connected
subsets of R? such that Q) is the union of the closure of the elements of T (which
are called control volumes in the following) and such that the common interface of
any pair of neighboring control volumes is included in a hyperplane of R (this is
not necessary but is introduced in order to simplify the formulation). We denote by
size(T) := sup{diam(K), K € T}, by mg the measure of K for all K € T, and by
Nx the subset of T of all the control volumes having a common interface with K. We
then denote by £ one set of pairs of neighbors (K, L) € T? such that, if (K,L) € &,
(LK) ¢ &, and for all K € T and L € Nk, (K,L) € £ or (L,K) € €. For KeT
and L € N, we denote by myr the measure of the common interface between K and
L. We measure the reqularity of the mesh by means of the following expression:

regul(7) := max{ Z myrdiam(K)/mg, K € T}.
LGNK

Let 7 be an admissible mesh of Q. Let g7 := (gk.1)keT,Len be a family of
real numbers such that

(47) gk, =—gLxk VK €T, VLe Nk
and
(48) Z IK,L = / divg(z)dz := Gk VK eT.
LeNk K
Denoting
(49) Fk 2/ F(z)de,
K

the finite volume scheme, in order to approximate problem (10)—(11), is given by
Z <927L“L - QI?,LUK) 4+ Fr=0and ug <1or
LeNk

Z (g[Jg7LuL —gx.puk) + Fr > 0 and ug = 1.
LGNK

(50)

We define the function uz by
(51) ur(z) = ug Vee K, VK € T.

We then define the following value, which measures the consistency of the approxi-
mation g7 of the fluxes by means of a discrete L?(£2)% norm and which is expected
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to tend to 0 with size(7):

(52)

where

(53)

diam(K _
cons(gr) = E E ¥ (9k.1 — 9K,L)2 ;
KeT LeENk MKL

JK,L = / g(z) -ng rds(z) VK € T, VL € Ny.
K|L

Different choices are possible for g7. We can propose the following, for example.

e The choice gx,1 = gr,r forall K € T and L € Nk is the simplest one which

satisfies that cons(gr) tends to 0 as size(7) tends to 0. Unfortunately, it
demands in the general case the knowledge of g.

In the framework of the coupled problem given in the introduction to this
paper, the field g = AVh is not analytically known, and it must be approx-
imated. This can be achieved, assuming that A is scalar (this is the case
in some of the geological applications), using for example the finite volume
method (see [8]). The notion of admissible meshes must then be restricted to
the case where there exists, for all K € 7, a point xx in the control volume
K such that, for a pair of two neighboring grid blocks K and L, the line
(rx, ) is orthogonal to the interface K N L between these grid blocks. One
then defines 7k, = [z, ; Alx)ds(z)/d(xk,xL), where we denote by ds(z)
the d — 1 Lebesgue measure at point € K N L. One can then compute the
family (hx)xer of reals such that (48) holds under the condition

(54) gr.r =Trr(hr —hg) VK €T, VL € Nk

in addition to such a relation as ), . mxhg = 0 (this corresponds to the
discrete solution of a homogeneous Neumann problem). One can then prove
that, under Hypotheses (H), cons(g7) tends to 0 as size(7) tends to 0 (see
[8] and [18]).

In the same way, one can compute a mixed finite element approximate for
gk, which also satisfies that cons(gs) tends to 0 as size(7) tends to 0 (see

[4])-

In order to compute a solution of (47)—(50), we shall now describe an algorithm,
denoted by Algorithm (A) below.
ALGORITHM (A).

Initialization: u(lg) =1 and p(lg) =1forall K € 7.

(n—1) (n—1)

Iterations: Let n € N*. Assume that vy, ~’ and p;, ~ are known forall K € 7.
1. Computation of {p(I?), KeT}:

If Z (QE,LU(L”_U - 91_<,L“§?_1)) + Fx <0, then p(;?) =0.
(55) N
. Z (g}’Lu(L”_l) - gI},L“%_l)) + Fe >0, then pi7) = plr="),
LeNKk

2. Computation of {u%), K € T}, solution to the following linear system:

Z (g}’Lu(Ln) — g;(’Lu(I?)) =—Fg VK € T s.t. p(I?) =0,
(56)  LeN«

u(I?) =1 VK € T s.t. p(lg) =1.
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The following proposition gives a monotonicity property of Algorithm (A).

PROPOSITION 4.2 (a monotonicity property of Algorithm (A)). Under Hypothe-
ses (H), let T be an admissible mesh of Q, and let (9r.1)keT Len be a family of
real numbers such that (47) and (48) are satisfied. Let n € N* be given such that there
exists a family {(p&?),u(;;)), KeT,k=0,...,n—1} such that (55) and (56) hold in
addition to uy;) >0foral KeT, k=0,...,n—1. Let (p%))Key be given by (55).

Then, for all family of reals (Wi, sk ) ke such that sk > 0 for all K € T and
such that

Z (glt,LwL - 91}7LwK) = —SK VK € T s.t. pg?) =0,
(57) LeNk

WK = SK VKETS.t.p(I?): s

the property wg > 0 for all K € T holds.

Let us first remark that Proposition 4.2 suffices to prove that the matrix of the
linear system (57) is invertible. Since in the case sx = 0 for all K € 7, for any
family (wx)rer satisfying (57), then (—wg)kxer also satisfies (57), which proves
that wg = 0 for all K € 7. We therefore state the following corollary.

COROLLARY 4.3. Under the hypotheses of Proposition 4.2, for all families (Sk ) xeT
of reals, there exists one and only one family of reals (Wi )ker such that (57) holds.

Proof of Proposition 4.2. Let us assume the hypotheses of Proposition 4.2, and
let (wg, sk )Kker be a family of reals such that sx > 0 for all K € 7 and such that
(57) holds. Let us assume that the set 7_ = {K € T; wx < 0} is not empty. Then,
if K € 7_, one has p(I?) =0, since wxg = sk > 0 for K € 7 such that p(I?) =1. We
therefore have

(58) S (gfwn - gg pwk) + sk =0 VK €T
LeNk

Summing (58) for K € 7_ leads to

(59) S (e g+ Y sk =0,

KeT- LeNg\T- KeT_

Since wg < 0 for K € 7_ and wy, > 0 for L ¢ 7_, (59) gives sx = 0 for all K € 7_
and gx,, > 0 for all (K, L) such that K € 7_ and L € Ng \ 7_. Let k < n be the
greatest integer such that there exists K € 7_ with p(;;) =1 and py(c“) = 0 (such

a k exists since p(lg) =1 for all K € 7). We then have, for all K € 7_, p([](cﬂ) =0

(otherwise this would be in contradiction with the choice of k), and therefore one has
k -k
Do LeNk (QK,LUSL) - gK,L“EK)) + Fg < 0.
For K € 7_ such that p%) = 1 and p(llgﬂ) = 0, one has ZLGNK (g}’Lu(Lk) —

g]_(yLug?)) + Fx < 0. We thus get

So> gk —ggui)+ > Fie <o

KeT_ LeENk,LgT_ KeT_

On the other hand, since u(Lk) > 0 and since g, > 0 for all (K, L) such that K € 7_
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and L € N \ 7_ and Fx > 0, we can write

Z Z QIJ;,L“(L]C)

KeT_ LeNk,LgT-

oo Y ke -k i)+ D Fr <o,

KeT_ LeNk,LgT_ KeT_

0

IN

IN

which is impossible. This contradiction proves that 7_ is empty, which concludes the
proof of the proposition. ]

We can now prove the following proposition, which states that Algorithm (A) is
well defined and leads to a solution of (50) for some n < card(7).

PROPOSITION 4.4 (convergence of an algorithm and existence of a discrete solu-
tion). Under Hypotheses (H), let T be an admissible mesh of Q, and let (9x 1) keT LeNk
be a family of real numbers such that (47) and (48) are satisfied. Then the following
hold.

1. There exists a unique family {(pg?),u(;)), K € 7T, n € N} solution of Algo-
rithm (A).

2. For all K € T and all n € N, one has u(lg) > 0.

3. For all K € T, the sequence (u&?))neN is nonincreasing.

4. There exists n < card(T ) such that, setting ux = ug?) for all K € T, the
family {uyx, K € T} is such that ugf) =ug for all K € T and p > n. This
family is therefore a solution of (49) and (50) such that

(60) 0<ug <1 VK eT.
Proof. The family {(pgg), ugg)), K € T} is uniquely defined and satisfies ugg) >0
forall K € T.
Let us prove the first two items of the above proposition by induction. Let n € N*;

we assume that there exists a family {(pg;), uy;)), KeT,k=0,...,n—1} such that
(55) and (56) hold in addition to u(;;) >0forall K € 7, k=0,....,n—1. Let
(p%))KeT be given by (55). We can then apply Proposition 4.2 and Corollary 4.3,
setting s = 1 for all K € 7 such that pg?) =1land sxk = Fx > 0 for all K € T such
that p%) = 0. We thus immediately get the existence and the uniqueness of ug?) >0
for all K € T such that (56) holds. This suffices to prove the first two items at the

level n.
We can now prove that U(I?) < u&?il) for all K € 7. Indeed let us consider

WK = uf,?_l) - ug?) for all K € 7. We have, for all K € 7 such that pg?) =0,

7 — 7 —1 — n—1
Do Lenk (QE,LU(LL)*QK,L“%))+FK =0and } /e, (QIJ?L“(LH )*gK,Lug(L ))+FK <

0, which gives, by subtraction

Z (9}7LwL - g}_ngK) = TSK,
LGNK

with sg > 0. For all K € 7 such that p(lg) =1, we have
wg = sk = 0.

We can then apply Proposition 4.2, and we get that 0 < wg for all K € 7, which is
the third item of the proposition. Let us prove the last item.
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The definition of the algorithm gives pg?) = pg?_l) or p = 0 for all K and all

n € N*. Then, setting A,, = {K € T; pg?) = 0}, one has card(A,,) > card(A,,_1) for
all n € N*. Since card(Ag) =0, there exists n < card(7) + 1 such that card(4,,)
= card(A,-1). For this value of n one has p(n) = p("fl) for all K € 7. If
PP =1, one has u\""" = 1 and ZLeNK(gKLu(L" o —9r1 WY 4 Fe >0

(smce ZLGN—K(gK)Lu(L D _ Ik, Lu&? )) + Fy < 0 gives p%) =0).
pr(;_l) = 0, one has ZLENK(QK Lu(Ln b —9r LU g? 1))—+-FK =0and ug?_l) <1

thanks to the fact that the sequence (u (K))neN is nonincreasing and u&?) =1.
Therefore, setting ux = u("_l) for all K € 7, the family {ux, K € T} is a

solution of (49) and (50). It is also obvious to see that u(p) =ug for all K € 7 and
forallp>n—1.

This concludes the proof of Proposition 4.4. ]

Remark 4.1. Under Hypotheses (H), assuming that A is a scalar function and
following a method similar to the proof of uniqueness of Proposition 3.5, it is possible
to prove that there exists a unique solution to (49) and (50), with the choice (54) for
the discrete fluxes.

We then have the following proposition.

PROPOSITION 4.5 (weak bounded variation inequality). Under Hypotheses (H),
let T be an admissible mesh of Q0 in the sense of Definition 4.1, and let g7 be a family
of reals which satisfies (47) and (48). Let (ux)kxer be a solution of scheme (49) and
(50) such that (60) holds. Then there exists C > 0, which only depends on d,,g, F
and not on T, such that

(61) >

(K,L)e&

(uK — uL)2 <.

Proof. We multiply (50) by (1 — ug); we sum on K. We get Ty7 + Tis = 0 with
Ty = Z (1—uk) Z (9% pur — g LuK)
KeT LeNk
and
T18 = Z (1 — ’LLK)FK.
KeT
We have T17 = Thg 4+ T, with
Tw= Y (1-ug) D> gpp(ur—ux)
KeT LeNk
and, using (48),
TQO = Z (]. - UK)UKGK.
KeT
We develop Thg: we get

Tio = %z:(l—uK)2 Z gKL+ Z Z QKLUL—UK)Q

KeT LeNk KeT LeNk

S w? Y g

KeT LeNk
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Since gi ; = g5 g, We get

1 1
Tio =5 Z (1—uk)’Gk + 3 Z lgxe,nl(ur — ur)?.
KeT (K,L)e&
Gathering the previous results, we get the conclusion. 0

We can now state the convergence of the scheme to a weak process solution.
This convergence result is obtained in the sense of the nonlinear weak-x convergence,
defined in [7], which is a convenient way to understand the convergence towards a
Young measure. Indeed, a bounded sequence (uy)neny of L™(€2) converges in the
nonlinear weak-x sense to some function u € L*(Q x (0,1)) if, for all £ € C°(R),
the sequence (&(un))nen converges for the weak-x topology of L*°(£2) to the function
T fol &(u(z, ))da (the notation da stands here for the Lebesgue measure on (0, 1)).
A main compactness result is that from a bounded sequence of L (), it is possible
to extract a subsequence converging in the nonlinear weak-x sense (see [7] or [8] for
more details).

PROPOSITION 4.6 (convergence of the scheme to a weak process solution). Under
Hypotheses (H), let (T, grm))men be a sequence such that, for all m € N, T(™)
is an admissible mesh of Q in the sense of Definition 4.1 and grm) s a family of
reals such that (47) and (48) are satisfied. We assume that lim,, . size(7™)) = 0,
that there exists R > 0 s.t regul(T(™) < R for all m € N (see Definition 4.1 for
the definitions of size and regul), and that lim,, . cons(gzm)) = 0. For all m € N,
we denote by ugm) a solution of scheme (49)—(50) such that (60) holds. Then, from
the sequence (T\"™),.cn, one can extract a subsequence, again denoted (T™),,en,
such that the corresponding sequence (Uuzm)g)men converges in the nonlinear weak-
* sense (see above for the sense of this convergence) to a weak process solution of
problem (10)—(11) in the sense of Definition 1.1.

Proof. Using the property (60) satisfied by wzm), we can deduce the existence
of a subsequence, again denoted (7 (m))meN, such that the corresponding sequence
(g m) )men converges in the nonlinear weak-* sense to some function u € L>(Q x
(0,1)). We shall now prove that w is the weak process solution of problem (10)-
(11) in the sense of Definition 1.1. Let ¢ € C*(Q,R,), and let £ € C'(R) be a
convex function with ¢’(1) > 0. Let m € N, and let (7(™)) be the corresponding
admissible mesh of the subsequence. For simplicity, we do not mention the index m
until we consider some convergence properties as m — oo. We get from (50), using

E(ug) =& (1) + & (ug) — €(1), that
(62) ¢ (uk) ( Z (9% L — gx puK) + FK> >0 VKeT.
LeNk

We can then multiply (62) by ¢k, where we denote px = ﬁ S p(z)dz, and we
sum on K € 7. We get 1oy + Too > 0, with

T =Y &ux)ex Y (9kur — gx Lux)
KeT LeNK

and

Too = Y & (ux)pxFi.
KeT
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We have Tgl = T23 + T24 with
Tos = ) &(ux)uxex Y 9K
KeT LeNk

and

Toy = Z ' (uk ) Z 95 (ur — ug).

KeT LeNk
Since Y- o, 9K,L = [ divg(z)da, we thus get that

1
im (m) _ "(u(z, o) u(z, o x)divg(x)dadz.
lim_ T4 /Q/Osu,))(,)sa()dg()dd

On the other hand, we have
Ty < Top = Z YK Z 9r.p(E(ur) = E(uk)).
KeT LeNk
Gathering by edges, we get
Tps =Y (&(ur) — &(ur))(Pxgi, — PLIk.L)-
(K,L)e&
Let us compare To5 with Ths defined by
T == 3 ¢lur) [ div(p(o)gla))da.
KeT K

We have, on one hand, that

m—00

lim TQ(gn) = _/Q/o E(u(z, a))div(p(z)g(z))dade,

and on the other hand, we have
L= 3 (€lur) -~ ) [ pl@)glo) nisds(o).
(K,L)e€ K|L
Thus we get that
Tos — Tog = To7 + Tog + T,

MmKL

Thr = Z (€(ur) — &(uk)) (%)KQ}L 2 IK.L /K|L (p(:{;)ds(z)) ,

Ths = Z (€(ur) — &(uk)) (9x,L — JK.L) (miL /KL w(x)ds(x)) )

(K,L)e&

Tog = Z (§(ur) — &(uk)) </K (gKi’L —9(x) 'nK,L)@(x)d5($)>

m
(K,L)e€ IL TRKL

(recall that gg 1 is defined by (53)). In the following, we designate by C; various real
numbers which can depend on d,, g, F, ¢, £ but not on 7. Using |{(ux) — &(ur)| <
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C1 lug — ur| and the Cauchy—Schwarz inequality,

1
YK — / o(z)ds(z)| < diam(K)Cy,
MKL JK|L
and
1 .
oL — / p(z)ds(x)| < diam(L)Cs,
MKL JK|L
we get
Tor? < Cs | D lgxnl(uk —ur)? > gk pl(diam(K)? + diam(L)?)
(K,L)e& (K,L)e&

Using (61) and

> lgx.ol(diam(K)? + diam(L)?) < Cysize(T),
(K,L)e&

we thus get that
lim [T = 0.
m—00

We now turn to the study of Tss. Since we have

Ts == > &ux) ) <gK,L—gK,L>< : /K Lso(a:)dsm),

m
KeT LeNk KL

we get, using the property (48),

Tos=— > &(ux) > (9x.0 —dx.1) ( ! /KL<P(x)ds(:c) - <PK> :

m
KeT LeNk KL

Thus, thanks to the Cauchy—Schwarz inequality and using (52), we get
T3 < Cscons(gr).
Thus
Tim|T3"| = 0.
We conclude with the study of Tyg. Since

Too=— 3 €ux) 3 < / } (gK ~ g(a)- nK,L) (ole) - soK)ds(:c))

m
KeT LeNk KL

JK.L
mKL

and since leL( —g(x) -ng 1) () — pr)ds(z) < Csmgdiam(K)?, we easily

get

lim [T | = 0.
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Gathering these results gives

. (m) _ ' wlx, o))div xr)g(x))dadx.
lim 7™ — /Q / £(u(z, 0))div(p(x)g(z))dad

m—00

Finally, we easily get

Jim 757 = [ [ ¢ ute.0))e@)Pa)dads,

Gathering the previous results, we get To3 + To5 + The < 0. Passing to the limit
m — oo in this inequality, we get

#[ [ o€t e@ang@ads

1
_// E(u(z, @))div(e(z)g(z))dadz
QJo

+/Q/0 ¢ (u(z, @) p(z)F(xz)dadz > 0,

which is exactly Definition 3.3. a

Thanks to the uniqueness result, we now classically conclude with the following
convergence theorem (similar proofs can be found in [8]).

THEOREM 4.7 (strong convergence of the scheme to a weak solution). Under
Hypotheses (H), let T be an admissible mesh of Q0 in the sense of Definition 4.1, and
let g7 be a family of reals such that (47) and (48) are satisfied. Then the function urg,
where ur is a solution of scheme (49)—(50) such that (60) holds, converges in LP(Q)?
for all p € [1,00) to g, the unique weak solution to problem (10)—(11) in the sense
of Definition 1.1, as size(T) tends to 0, cons(gr) tends to 0, and regul(T) remains
bounded (see Definition 4.1 for the definitions of size(T) and regul(T), and see (52)
for the definition of cons(gr)).

Proof. Under Hypotheses (H), let (7(™),,cn be a sequence of admissible meshes
of Q in the sense of Definition 4.1 such that lim,,_ . size(7 ™)) = 0. For all m € N, we
denote by usm) a solution of scheme (47)—(50) such that (60) holds. Using Proposi-
tion 4.6, from the sequence (T(m))meN, one can extract a subsequence, again denoted
(T™),en, such that the corresponding sequence (ug(m))men converges in the non-
linear weak-x sense to a weak process solution u of problem (10) ( ) in the sense of
Definition 1.1. We then get that the limit of [, g(x)?(urwm (z fo r,a)da)?dz as

m — oo is equal to [, g(z) fo u(x, )?da — 2f0 mada fo u(x, a)da)?)dz =
0, using Proposition 3.5 which stands that g(z) = u(sc a)g( ), for a.e. 2 € Q and

€ (0,1). This proves that (uz(m) g)men converges to § in L%(Q)?. The uniqueness
of g gives the conclusion of the theorem. O

5. Numerical results.

5.1. One-dimensional example. We again consider the following data, stud-
ied in section 2: Q = (-1,1), ¢ : z+— 2®> —z,and F : z — 1/2. We recall that
the weak solution is the function g given by g = ug, where the function u is such that
u : xw 1forallz € (—1,—/1/2) U (y/1/2,1) and u : z + 1/(2(1 — 2?)) for all

—/1/2,1/1/2). We use Algorithm (A) to solve the nonlinear system (49)—(50)
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0.4

---- ex.sol
0.2

0.0

—0.4 . I . I . I .
-1.0 -0.5 0.0 0.5 1.0

Fic. 1. Approzimate solution (ap.sol) and exact solution (ex.sol) with 100 control volumes.

with gx. 1 = gi,1 (Gk,r is defined in (53)). We get, with 100 uniform control volumes,
the results given in Figure 1. The exact solution g is represented by the dashed line
(and denoted by “ex.sol.” in the legend). The approximate solution of (49)—(50) is
ur. Figure 1 gives, with the solid line, the product of uy with the exact function
¢ (and this product is denoted by “ap.sol.” in the legend). The dashed line and the
solid line are very close to one another. The last line, namely the grey dotted one,
represents the exact function g.

It is interesting to remark that Algorithm (A) converges for a significantly smaller
number of iterations than card(7). The table below gives, for different numbers of

control volumes, the number of iterations until pg?) = pg?H) forall K € 7.

Number of control volumes | Number of iterations | [|g — urgllr1(q)
10 3 0.031757
50 9 0.006969
100 17 0.003488
500 76 0.000699
1000 151 0.000348
5000 748 0.000070
10000 1496 0.000035
50000 7473 0.000007

We observe that this number behaves as 1/size(T), whereas the error in L*()
behaves as size(7T).

5.2. Two-dimensional examples. We use the coupled finite volume scheme
(48)—(54) in order to compute gr. We consider the following data: Q = (0,1)2,
A(z) = Iy, and F(z) = 1/100 for a.e. x € Q, g = Vh, where h is a solution of
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Fic. 2. Value of h from 0 (black) to 0.00111 (white): rectangular 60 x 60 mesh (left) and
triangular mesh with 3650 triangles (right).

Fic. 3. Value of u from 0.48 (black) to 1 (white): rectangular 60 x 60 mesh (left) and triangular
mesh with 3650 triangles (right).

the homogeneous Neumann problem

—Ah(z,y) =y(l —y)(—2> +z—1/6)  V(z,y) € (0,1)?,

Vh-n =20 on 9.

These data have been chosen since they represent a kind of generalization in two di-
mensions of the one-dimensional case presented above. Two meshes have been tested.
With a rectangular 60 x 60 mesh, the convergence of Algorithm (A) is obtained after
10 iterations; with a triangular mesh with 3650 triangles, 14 iterations are necessary
to converge. The results obtained after the resolution of h by the finite volume method
are presented in Figure 2. The corresponding values of the function u such that ug is
the weak solution are given in Figure 3, and the values of g,, gy, §u, gy Which are the
components of g and § are given in Figures 4 and 5 for the rectangular mesh.

These results show the efficiency of the numerical method. In particular, we can
remark that the approximate solution obtained with the rectangular mesh is very
close to the approximate solution obtained with the triangular mesh.

The following table gives, for rectangular meshes, the number of iterations needed
by Algorithm (A) for convergence.

Number of control volumes | Number of iterations
10x10 3
50x50 9
100x100 16
150%x 150 23
200200 30

We again observe that this number behaves as 1/size(7).
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A

F1c. 4. Value of gz (left) and of g (right) from —0.00342 (black) to 0.00342 (white).

Fic. 5. Value of gy (left) and of gy (right) from —0.00094 (black) to 0.00094 (white).

6. Conclusions. We have been able to prove the existence and the uniqueness
of the weak solution to problem (10)—(11) in the sense of Definition 1.1, and we have
proved the convergence of a numerical scheme, under Hypotheses (H). At this time, we
have not yet derived an error estimate although we can guess that it will be possible to
follow the same steps as that of a scalar nonlinear hyperbolic problem, since the basis
of proof of the uniqueness theorem is the doubling variable technique of Krushkov. It
is, however, probable that the error estimate that we shall obtain will be not sharp.
Moreover, the mathematical problem is not directly formulated as a function of h but
on g. We have only briefly mentioned in remarks that some of the results of this paper
can be obtained without the assumption ¢ = AVh. However, this is not the case for
all of them. Finally, much work remains to be done in order to handle the complete
problem (2)—(5).
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