NUMERICAL APPROXIMATION OF THE GENERAL
COMPRESSIBLE STOKES PROBLEM

A. FETTAH AND T. GALLOUET

ABSTRACT. In this paper, we propose a discretization for the compressible
Stokes problem with an equation of state of the form p = ¢(p) (where p stands
for the pressure, p for the density and ¢ is a superlinear nondecreasing function
from R to R). This scheme is based on Crouzeix-Raviart approximation spaces.
The discretization of the momentum balance is obtained by the usual finite
element technique. The discrete mass balance is obtained by a finite volume
scheme, with an upwinding of the density, and two additional terms. We prove
the existence of a discrete solution and the convergence of this approximate
solution to a solution of the continuous problem.

1. INTRODUCTION

Let © be a bounded open set of R?, polygonal if d = 2 and polyhedral if d = 3. Let
p € C(R,R) be a convex nondecreasing function such that:

¢(0) =0, pis C* on RY
and

(1.1) Va € R, 3b > 0 such that: ¢(s) > as —b, Vs € R;.

For M, >0, f € L2(Q)¢ and g € L>=(Q)?, we consider the following problem:

(1.2a) — pAu — %V(divu) +Vp=f+pgin Q, u=0onddQ,
(1.2b) div(pu) =0 inQ, p>0 in Q, / p(x)de = M,
Q
(1.2¢) p=p(p) in Q.
Remark 1.1.

o We assume that the function ¢ is convex, but not necessarily strictly convex.
We also assume that ¢ is nondecreasing but it can be constant on an interval
(in fact, since @ is convex, the function ¢ is, at least for m large enough,
increasing on [m, +00)).

e The condition (1.1) is equivalent to the following one:

lim inf (s)/s = +o0

Key words and phrases. Compressible Stokes equations, finite element methods, finite volume
methods.
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e The fact that ¢(0) = 0 is not a restriction since p can be replaced by
(p — ¢(0)) in the momemtum equation and the EOS (namely the equation
(1.2¢)) can be written as p — ©(0) = ¢(p) — ¢(0).

e The convexity of the function ¢ can be replaced by the following condition:
there exist a,a,b,b > 0 and v > 1 such that:

(1.3) Vs € Ry, as” —b < o(s) < as> 4+ b.

Here also the function ¢ is assumed to be nondecreasing but not necessarily
increasing.

e The coefficient 1/3 in the second term of the Left Hand Side of (1.2a) is
natural from the physical point of view. From the mathematical point of
view, it is easy to replace it by [, as long as i > 0.

Definition 1.2. Let f € L2(Q)%, g € L>®°(Q)? and M > 0. A weak solution of
Problem (1.2) is a function (u,p, p) € H3(2)? x L%(Q) x L2(Q) satisfying:

,u/ Vu:Vvdw—i—ﬁ/ div(u)div(v) d:c—/pdiv(v) dex
Q 3 Ja Q

(1.4a)
= / f~vd:c+/ pg - vdx for all v € H}(Q)?,
Q Q
(1.4b) / pu - Vpdz =0 for all p € W (),
Q
(1.4c) p>0ae. in Q, / pdx =M, p=p(p) a.e. in Q.
Q

The main objective of this paper is to present a numerical scheme for the compu-
tation of an approximate solution of Problem (1.2) and to prove the convergence
(up to a subsequence, since, up to now, no uniqueness result is available for the
solution of (1.2)) of this approximate solution towards a weak solution of (1.2) (i.e.
a solution of (1.4)) as the mesh size goes to 0. The present paper follows a previous
paper [6] where a similar result was presented in the case p(p) = p?, v > 1 (see also
[11]). We present here a discretization with the so called Crouziex-Raviart element,
as in [6]. However, it could be possible also, without additional difficulties, to use
a MAC scheme, as in [7]. The fact to consider a general EOS (instead of p = p7)
induces some additional difficulties with respect to the previous papers [6] and [7].
In particular for the estimates on the discrete solutions (Section 3.2 and Appendix
A) and for passing to the limit in the EOS (Section 3.3 and Appendix B). For
passing in the limit in the EOS, we mimic some ideas which were developped for
the study of the Navier-Stokes equations, see [12], [8] or [13]. A part of the results
given in this paper was presented in the FVCA6 workshop (Prague, 2011) and in
a short paper (containing few proofs) in the proceedings of this workshop, see [9].
The present paper is more general. In particular, it considers more general EOS
and it includes the gravity effects (two improvements which induce the need of non
trivial developments, for instance for obtaining estimates on v an p and for passing
to the limit in the EOS). Furthermore, the present paper contains complete proofs
and an appendix with lemmas interesting for their own sake.

Remark 1.3. In the spirit of [12], [8] or [13] (which are devoted to the study of the
compressible Navier-Stokes equations, but not on the discretization point of view),
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it is worth noticing that if (p,u) € L?(Q) x H} () satisfies (1.4b), then, it is known
that (p,u) is a renormalized solution of div(pu) = 0 in the sense of [4], that is

(p¢' (p) — &(p))div(u) + div(¢(p)u) = 0 in D'(RY),

for any C'-function ¢ from R to R such that ¢’ is bounded (in order to give a sense
to the preceding equation, we set v = 0 in R? \ Q, so that « € H'(R?)). This is
explained in Remark B.3.

2. DISCRETE SPACES AND NUMERICAL SCHEME

Let 7 be a decomposition of the domain £ in simplices, which we call herafter a
triangulation of €2, regardless of the space dimension. By £(K), we denote the set
of the edges (d = 2) or faces (d = 3) o of the element K € T for short, each edge
or face will be called an edge hereafter. The set of all edges of the mesh is denoted
by &; the set of edges included in the boundary of €2 is denoted by Eext and the set
of internal edges (i.e. £\ Eext) is denoted by Eiyg. The decomposition T is assumed
to be regular in the usual sense of the finite element literature (e.g. [2]), and, in
particular, 7 satisfies the following properties: ) = Uker K; if K, L € T, then
KNL =0, KNLis a vertex or KN L is a common edge of K and L, which is
denoted by K|L. For each internal edge of the mesh o = K|L, nk, stands for the
normal vector of o, oriented from K to L (so that nx; = —npg). By |K| and |o|
we denote the (d and d — 1 dimensional) measure, respectively, of an element K
and of an edge o, and hx and h, stand for the diameter of K and o, respectively.
We measure the regularity of the mesh through the parameter 6 defined by:

(2.1) 0 = inf {fTK’ KeT}
K

where £ stands for the diameter of the largest ball included in K. Note that for
all ¢ € &y, 0 = K|L, we have hy, > £ > Ohgx and h, < hy and so O hg <
hy < 67 'hy. Note also that for all K € T and for all ¢ € £(K), the inequality
ho o] <2 6~%| K| holds ([10, relation (2.2)]) and if ¢ = K|L a rough estimate gives
|K| < (2/60)??|L|. These relations will be used throughout this paper. Finally, as
usual, we denote by h the quantity maxyecT hi .

The space discretization relies on the Crouzeix-Raviart element (see [3] for the
seminal paper and, for instance, [5, pp. 199-201] for a synthetic presentation). The
reference element is the unit d-simplex and the discrete functional space is the space
P, of affine polynomials. The degrees of freedom are determined by the following
set of edge functionals:

(2.2) {F,, 0 € £(K)}, F,(v) = |J|_1/vd7.

The mapping from the reference element to the actual one is the standard affine
mapping. Finally, the continuity of the average value of a discrete functions v across
each edge of the mesh, F,(v), is required, thus the discrete space V}, is defined as
follows:

23 Vi={vel?Q): VKeT,v|lg € P(K);
’ Vo € &, 0 = K|L, F,(v|x) = F,(v|0); Vo € Eexe, Fy(v) = 0}.
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Indeed, this space V}, should be denoted by V7 since it depends on T and not only
on h (which is given by 7) but this (somewhat incorrect) notation is commonly
used.

The space of approximation for the velocity is the space W), of vector-valued func-
tions each component of which belongs to Vi,: Wj, = (V4,)9. The pressure and the
density are approximated by the space L of piecewise constant functions:

L, = {q € L*(Q) : q|x = constant, VK € T} .

Since only the continuity of the integral over each edge of the mesh is imposed,
the functions of V}, are discontinuous through each edge; the discretization is thus
nonconforming in H'(Q)¢. We then define, for 1 < i < d and uw € Vj, Oy u as
the function of L2(2) which is equal to the derivative of u with respect to the
it" space variable almost everywhere. This notation allows to define the discrete
gradient, denoted by Vj, for both scalar and vector-valued discrete functions and
the discrete divergence of vector-valued discrete functions, denoted by divy,.

The Crouzeix-Raviart pair of approximation spaces for the velocity and the pressure
is inf-sup stable, in the usual sense for “piecewise H'” discrete velocities, i.e. there
exists ¢; > 0 only depending on () and, in a non-increasing way, on 6, such that:

/ p divy,(v) de

Vp € Ly, sup > ¢cillp—m(p)llLz) »
veW, ||'U||]_,b
where m(p) is the value of p over Q and || - |1, stands for the broken Sobolev H*

semi-norm, which is defined for scalar as well as for vector-valued functions by:

TS

KeT 7K

ol |Vv|2d:1;:/ V02 da.

Q
This norm is known to control the L? norm by a Poincaré inequality (e.g. [5, lemma
3.31]). We also define a discrete semi-norm on Ly, similar to the usual H semi-norm
used in the finite volume context:

(o
VpeLn, ol = ) |,7| (px — pr)*.
0 EEint, 7
o=K|L

From the definition (2.2), each velocity degree of freedom may be indexed by the
number of the component and the associated edge, thus the set of velocity degrees
of freedom reads:

{ﬂg’i, (S ginta 1< < d}
We denote by e, the usual Crouzeix-Raviart shape function associated to o, i.e.
the scalar function of V}, such that F,(e,) =1 and F,/(e,) =0, for all o’ € £\ {c}.

Similarly, each degree of freedom for the pressure is associated to a cell K, and the
set of pressure degrees of freedom is denoted by {px, K € T}.

We define by r, the following interpolation operator:
Th H(Q) — W,

(2.4) u ==Y Fe(u)ee =Y o™t (/Jvdw) €o.

cef ce€
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This operator naturally extends to vector-valued functions (i.e. to perform the
interpolation from H}(Q)? to W},) and we keep the same notation 7, for both the
scalar and vector case. The properties of r;, are gathered in the following lemma.
They are proven in [3].

Theorem 2.1. Let 6y > 0 and let T be a triangulation of the computational domain
Q such that 8 > 0y, where 0 is defined by (2.1). The interpolation operator ry, enjoys
the following properties:

(1) preservation of the divergence:
Vo € HE(Q)Y, Vg € Ly, / q divy,(rpv) de = / q div(v) dez,
o Q

(2) stability:
Vv € H(Q), |rno

1 < c1(bo) [v]a(q)
(3) approximation properties:
Vo € H2(Q) NHL(Q), VK € T,

v = ravllizey + hi V(v = r00) L2y < c2(60) i [lnzr) -

In both above inequalities, the notation ¢;(6p) means that the real number ¢; only
depends on 6y and 2, and, in particular, does not depend on the parameter h
characterizing the size of the cells; this notation will be kept throughout the paper.

The following compactness result was proven in [10, Theorem 3.3].

Theorem 2.2. Let (vy,)nen be a sequence of functions satisfying the following as-
sumptions:

(1) Vn € N, there exists a triangulation of the domain T, such that v, € V},,
where Vy,, is the space of Crouzeiz-Raviart discrete functions associated
to T, (and h, given by T,), as defined by (2.3), and the parameter 6,
characterizing the regularity of T, is bounded away from zero independently
of m,

(2) the sequence (v )nen is uniformly bounded with respect to the broken Sobolev
H' semi-norm, i.e.:

vn €N, lonllipe < C,

where C' is a constant real number and ||-||1,, stands for the broken Sobolev
H! semi-norm associated to T, (with a slight abuse of notation, namely
dropping, for short, the indexr n pointing the dependence of the norm with
respect to the mesh).

Then, when n — 0o, possibly up to the extraction of a subsequence, the sequence
(vn)nen converges (strongly) in L2(Q) to a limit v such that v € H{(Q).

We now present the numerical scheme we use. Let p* be the mean density, i.e.
p* = M/|Q| where || stands for the measure of the domain Q. Let also a and &
be given, with @ > 0 and 0 < £ < 2. Let T be a (regular) decomposition of the
domain € in simplices. The discrete unknowns are u, p and p, with v € W}, and
p,p € Lp. Using the notations previously introduced, we consider the following
numerical scheme for the discretization of Problem (1.2):
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u/ Viu: Viyvde + %/ divy (u)divy (v) de — / p divy,(v) de
Q Q

(2.5a) Q@
= f-vd:c—l—/pgmdwforallveWh,
Q Q
(2.5b) Z (|0’|’u}~;70 PK — |olug , pr) + Mg +Tx =0forall K € T,
oc=K|L
(2.5¢) pr = ¢(pk) forall K € T.

The quantity ug  is defined by
Uk, = o] / udy - ngr.
g

As usual, u;’a =max(ug s, 0) and U, = — min(ug s, 0), so that ug , = u;’a—
Uy . The terms Mg and Tk read:

(2.6a) Mg = h* K| (px — p*),
g
(2.60) Tie= 3 1 (o 4 o)) (oxc — o).
o=K|L 7

3. EXISTENCE AND CONVERGENCE OF APPROXIMATE SOLUTIONS

3.1. Existence of a solution. Let 7 be a (regular) decomposition of the domain
Q in simplices. We prove in this section the existence of a discrete solution, that
the existence of a solution to (2.5), by using the Brouwer fixed point theorem to a
convenient application T from RY to RY where N =card(T). We first define 7.

Let p = (px)ke7. Choosing the elements of T in an arbitrary order, we then have
p € RY. We calculate p by the following relation: px = () for all K € T.

We now compute u as the unique solution (in W},) of (2.5a) with p instead of p in
the Right Hand Side of (2.5a) (and p given by px = ¢(pj) for all K € T). The
existence and uniqueness of u is an easy consequence of the coercivity in W}, of the
bilinear form

(u,v) — u/ Viu: Vyvde.
Q
Furthermore, the solution w continuously depends on p (since ¢ is continuous).

We have now to define p (and we will set T'(p) = p). We change a little bit the
term Tx. Instead of (2.6b), we take

g ~ ~
Tk = Z h |}T| (Ipx| +1pLl) (px — pL) -
oc=K|L g

With this choice of Tk, the set of Equations (2.5b) leads to the linear system of
N equations with N unknowns (which are px for K € T). The equations of this
system may be written as:

(3.1) > akpL =bx forall K €T,
LeT
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with

(6% g = 4
aicr = KK+ Y (loluie, + 5 2 (3] +12)).
o=K|L 7

_ g ~ ~ .
axc = ol —h 7 (il 4 15ul) if o = KIL.

ar,;, = 0if K and L do not share an interface.
bx = h®|K|p*.
Using the fact that uy , = u}a (for o = K|L), one has, for all K € T,

ZaK7L>O

LeT
and, forall K, L€ T, K # L,
ag,r, <0.
With these properties, it is quite easy to show thet the system (3.1) has a unique
solution. Furthermore, since by > 0 for all K € T the solution p satisfy px > 0
for all K € T (see Lemma C.4). Finally, since the coeffcients ax ; and bx depend

continuously of 5 (and since the application A — A~! is continuous on the set of
invertible N x N matrix), the solution p of (3.1) continuously depends on p.

We define now (as we said before) the map T from RY to RY setting T'(5) = p.
The map T is continuous.

If p € Im(T), we also showed that px > 0 for all K € T. Futhermore summing for
K € T the equations (3.1) we obtain

Z hQIK]pK = Z bK = Z halK‘p*.
KeT KeT KeT

With the definition of p*, this gives ), [K|px = M. Since p — > o1 |K||pk|
is a norm on R¥ | this proves that the whole set Im(7T') is included in a fixed ball of
RY. Then, we can apply the Brouwer fixed point theorem. It gives the existence of
p € RY such that T'(p) = p. This gives the existence of a solution (u,p, p) to (2.5).

We conclude this section by remarking that if (u,p,p) is a solution to (2.5), we
necessarily have T'(p) = p and this show that

pr >0 for all K € T and Z |K|prx = M.
KeT

3.2. Estimates on the discrete solution.

Lemma 3.1. Let T be a triangulation of the computational domain Q and ® a
nondecreasing function in C1(R}). Let (u, p) € Wy, x Ly, satisfy the second equation
of the scheme, i.e. Equation (2.5b). Then, px > 0 for oll K € T and:

/ ®(p)divy(u)dz < 0.
Q
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Proof. We fist remark that p is solution of (3.1) with

o (o2
arcx =K+ Y (ol + 517 (ol + 1o,

o=K|L
axce = ~lotuig, ~ 1 (o + |ow]) if o = KIL,
arg,r =0if K and L (;o not share an interface.
b = hY|K|p*.

Then, since bx > 0 for all K € T, one has px > 0 for all K € T (see Lemma C.4).

Let the function ¢ € C'*(R%) satisfying ¢'(s) = @ for all s > 0 (¢ is nondecreas-
ing). Multiplying (2.5b) by ¥ (px) and summing over K € T yields T1 +To+T5 = 0

with:
Ty= ) ¢lpx) Y lolpous nke,
KeT o=K|L
Ty =Y h*|K|9(pk) (px — p")
KeT o]
g
Ts= Y Wlpx) Y, (hx+ho) e (px +pL) (px —pL) -
KeT o=K|L
Let:

1= 3 [ @lpu)avtu) = X lohe s (Bor) - 0001

KeT o=K|L
We have: T4 = T4 — T1 — T2 — T3
= Y lolue - nkr[®(px) — (pr) — po(Y(px) — ¥(pr))] — To — T,
o=K|L
with p, = px if us -ngyp >0 and p, = pr, if uy - gy <O0.

The fact that 1 is nondecreasing yields:
* Ty = ) e WKW (p") (px — p*) =0,

* Ty =Y, geip(hc + he)6 2 (pxc + p1) (i — pr) (W(pxc) — ¥(p1)) = 0.

For a > 0, we define ®, on R% by ®,(s) = ®(a) — (s) — a(tp(a) — ¢(s)). Since
® is nondecreasing (and s¢’(s) = ®'(s)), one has ®,(s) < 0 for all s € R%. Then,
thanks to the choice of p,, one has

> lolug - nkL[®(px) = ®(pr) — po((px) — (pL))] < 0
oc=K|L

which gives:
T, = / ®(p)divi (w) da < 0.
Q
0

Proposition 3.2. Let 8y > 0 and let T be a triangulation of the computational
domain Q such that 6 > 0y, where 0 is defined by (2.1). Let (u,p,p) € Wy, x Ly, X Ly,
be a solution of (2.5). Then there exists C, only depending on the data of the
problem Q, f, g, u, v, M and on 0y, such that:
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(3.2) lullie <C, lpllz) < C and |pllrz@) < C.

Proof. Let (u,p, p) be a solution of (2.5) .Taking u as test function in (2.5a) yields:

(3.3) plul?, + H/ div} (u) de — / p divy(u)de = / frude +/ pg - ude.
' 3 Ja Q Q Q
Using Lemma 3.1, a (well known) discrete Poincaré Inequality and the Holder

Inequality, one obtains the existence of C; only depending on €2, f, u, g such that

(3.4) lullip < CL(1+ lplle) )-

Since p = ¢(p), using (1.1), for all € > 0 there exists C. (only depending on &, ¢
and Q) such that:

(3.5) o2y < Ce+ellpllia() -

Then, with (3.4), for all ¢ > 0, there exists C., only depending on Q, f, i, g, ¢
and ¢ such that

(3.6) lullie < Ce+elpliae -

We now use Lemma C.2. There exists w € H}(Q)¢ such that div(w) = p — m(p)
a.e. in Q and [|wl|g1(q)e < e llp — m(p)|lL2() where c; only depends on .

Taking v = r,w as test function in (2.5a) yields:

/ pdivp(v)de=p | Viu: Viyvde + % divy (u)divy (v) de
Q Q o

— f-vda:—/pg-vdw.
Q Q

Since [, divj(v)de = 0, this gives also

/Q[p —m(p)] divy(v)de = M/Q Viu: Vyvde + % /Q divy (u)divy, (v) de

f/fﬂvda:f/pgw)da:
Q Q
and then

/[p —m(p))*dx = ,u/ Viu: Vyvde + %/ divy (uw)divy, (v) de
Q Q Q

—/f-'vd:c—/pg~vd:c.
Q Q

Using theorem 2.1, lemma C.2 and the inequalities (3.5) and (3.6) we get for all
€ > 0, the existence of D., only depending on Q, f, u, g, ¢, g and € such that

lp = m(p)L2@) < De +¢plLz) -
In order to obtain an estimate on |[p[|r2 , we now use the fact that [, pde = M
(and we will deduce an estimate on |p||zz in term of , f, u, g, 6o, ¢ and M).

We first modify a little bit the function ¢ (which is only nondecreasing) in order
to obtain a function @ continuous and one-to-one from R, onto Ry, so as to be
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able to use its inverse function. Let sp > 0 such that ¢(sg) = 1. We define the
increasing function ¢ from Ry to Ry by

@(s):iifogsgso,

50
t
?(s) = s max #t) if 59 < s.
s€[so,8]

The function @ is a continuous increasing and one-to-one function from R, onto
Ry . Then, there exists ¢ (continuous increasing and one-to-one) from Ry onto R
such that

V(p(s)) = p(¥(s)) = s for all s € R,
Since Im(y) = Ry, we have lim,_, o0 ¢(s) = +o00.

We also remark that for all s > 0 one has for s > s¢, @(s) > ¢(s) and then, a.e. in
Q

| U(0) = V(p(p) < D) + plso) = p+ 1
This gives [, (p)dz < M + Xg(Q).

We now use Lemma A.1. It gives the existence of C, only depending on €, f, u,
g, 0y, ¢ and M such that

(3.7) Ipllz> < C.

Using (3.7) in (3.4) we thus get the estimate on |ju/1p -
Finally, thanks to p = ¢(p) and (1.1), the estimate on p follows. O

Lemma 3.3. Let 0y > 0 and let T be a triangulation of the computational domain
Q such that 6 > 0y, where 0 is defined by (2.1). Let (u,p,p) € Wj, x Ly, X Ly, be
a solution of (2.5). Then, there exists C' only depending on 2, f, g, 1, v, M and
0o such that

he |p|3- < C and E(p) < C
where E(p) = Z mm(L

,—)(px — pr)?|o]|lur ol
o=K|L PK PL

Proof. We recall that px > 0 for all K € 7. Multiplying Equation (2.5b) by
In(p(K)) and summing over K € T, we thus obtain:

> In(px) Y lolukope + Y W(px)Mix + Y In(px)Tk =0,
KeT o=K|L KeT KeT

with p, = px if ug - >0 and p, = pr, if ug , <O0.
The fact that the function s € R} — In(s) is increasing yields:

(3.8) > (k) Y lolukops + Y (px)Tx <0
KeT oc=K|L KeT
Reordering the summations in the second term yields:

> I(px)Ti = Y B ? (px + pr) (In(pr) —n(pr)) (pr — pr) -
KeT o=K|L 7
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Then, using the mean value theorem, for all 0 = K|L there exists j, between pg
and py, such that

PK + PL -
Z In(pg )T, Z h¢ LT L)2 (7~)’ ( Po € (pxspL))
KeT o=K|L Po
and this gives Z In(pr)Tk > Z ht % (p — pL) .
KeT o=K|L

Using this inequality in (3.8) we get
> o) X loluors+ 0 8T (o= pr? <0
KeT o=K|L o=K|L
which be rewritten as
S lolusonnn(o) = (o) + 3 47 (e — g <0,
oc=K|L o=K|L
If o = K|L, we now choose for K the cell satisfying ug , > 0. We thus obtain
o
" louscopsclin(or) ~ (o) + 3 1D (o~ pr)? <00
o=K|L o=K|L 7

Adding and substracting the quantity ZU:KIL lo|uk,(px — pr), we then get

" Iotuscolon (n(or) ~ Inor)) — (o — )]+ 30 16 (o~ pr)?
o=K|L o=K|L ho

<= Y loluko(px —pr) = —/ pdiviu < |
_ Q
o=K|L

Since we have ||p||r2(q) < C and |ju1, < C where C is given by Proposition 3.2,
we obtain

> lolukolpox (n(px) — In(pr)) = (px — pL)]

(3.9) o=KIE

g
+ Z hE%(PK—PL)QSC?

o=K|L 7

We now use Lemma C.5 with ¢(s) = In(s). We obtain the existence for o = KIL
of p, between px and py, such that

1 ~,
> Jolukolpox (n(px) = In(pr)) = (px — pL)l = Y Slolur.o(pr = pr)’p, "
O':KlL U:KlL
Using this equality in (3.9), we get:

> 5 Nolurolox — pr)?5 + 3 h§|,7| (px — pr)* < C.
0657:711 oc=K|L

S1 Sa

This gives S; < C? and Sy < C? and concludes the proof since Sy = h¢ |p\%— and
E(p) < S1. O
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3.3. Passing to the limit in the discrete problem.

Theorem 3.4. Let a > 0 and 0 < £ < 2. Let a sequence of triangulations (Tp)neN
of Q be given. We assume that hy, (given by Tp) tends to zero when n — co. In
addition, we assume that the sequence of discretizations is regular, in the sense that
0, > 0o > 0 for all n € N. For n € N, we denote by W),, and Ly, the discrete
spaces (for velocity, pressure and density) associated to T, and by (Wn,Dn,pn) €
Wi, X L, X Ly, a corresponding solution to the discrete problem (2.5). Then, up
to the extraction of a subsequence, when n — co:

(1) The sequence (w,)nen (strongly) converges in L2(Q)? to a limit u € HY(Q)?

and (pp)nen and (pp)nen converge weakly in L2(Q) to p, p respectively;
(2) (u,p,p) is a solution to Problem (1.4).

Furthermore, if ¢ is increasing, the sequences (pn)nen and (pp)nen converge in
LP(Q) for 1 <p <2 (up to a subsequence).

Proof. The proof is devided in four steps:
e Step 1. Existence of a limit

The convergence (up to the extraction of a subsequence) of the sequence (w,,, py, prn)
is a consequence of the uniform (with respect to n) estimates of Proposition 3.2
(applying Theorem 2.2 to each component of u,). Then (up to an extraction) the
sequence (U, )nen (strongly) converges in L2(2)4 to a limit w € H}(2)? and (py,)nen
and (py)nen converge weakly in L2(Q) to p and p.

Since p, > 0 and fQ pndx = M, we obtain, passing to the limit as n — oo, p > 0
a.e. and [, pde = M.

We now have to prove that (u,p) satisfies (1.4a) (this is proven in Step 2), that
(u, p) statisfies (1.4b) (Step 3) and that p = p(p) a.e. (Step 4). Step 4 will also
gives the strong convergence of p and p if ¢ is increasing.

e Step 2. Passing to the limit in (2.5a)

Let 1 be a function of C2°(£2)%. We denote by 1,, the interpolant of 1) in W}, , i.e.
Yn, = rp, (¢). Taking v = 1), in (2.5a), we obtain:

[ Vh"un:thwndsc—i—% divy, (wn)divy, (1) d

(3.10) ) Q
—/pn divhn(wdw:/f-wndw+/png~wndw.
Q Q Q

We now write [, Vi, wy : Vi, by dz = T1 + T5 with

T = / Vi, Un: Vi (¥n —)de and Tr = / Vi, ty: Vy de.
Q Q

Using the third property of the interpolation operator given in theorem 2.1, we get,
with ¢(6p) only depending on €2 and 6y,

ITh] < flunllip 1@ = ¥)llp < c(@o)hn [wnll1p Y120

and thus T7 tends to zero as n tends to +oc0. Integrating by parts over each control
volume, the term T, reads:

TQZ—/Qun~Awd:B+ > [unlo : Voo dy,

0€Em “ 7
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where [u,], = (uxg @ ng +urp @ ny) if 0 = K|L (for all K € T,, ugx is the
value of u,, in K, and ng is the normal vector to 0K exterior to K). We omit
the dependance of &,y with respect to n. Noticing that n; = —ng and applying
Lemma 2.4 in [10], we get, again with ¢(fy) only depending on Q and 6,

|3 [l V0 o o] < el s ol

o€Eint
and thus tends to zero as n tends to +00. On the other hand we have:

7/un'A1/Jd.’1}4)7/U'A1/}d£BaSTL4)+OO
Q Q

= / Vu : Vipde since u € H(Q).
Q

Then, the first term of the Left Hand Side of (3.10) converges to [, Vu : Vi) dx as
n — oo. For the second term of (3.10), using the first property of the interpolation
operator in theorem 2.1, we get, with [u,, - n], = ukx -ng +uy -ng,

/divh (up)divy, (¥y,) de = / divy, (uy,)div(vy) de

KEeT, i<d j<d KeT,

Z ZZ/ Up)i Z_d)] dz + Z /un n|,divey dy

KeT, i<d j<d o€Eint

=T51 + T .
Applying Lemma 2.4 in [10], we get, with ¢(6y) only depending on  and 6,

n|ydive) dy| < e(0o)hn [[wnl1p [dive | o)

o
0€Eint

and thus T o tends to zero as n tends to +o0o0. Then, the second term of (3.10) has
the same limit as 75 ; and this limit is fQ divu divey de.

For the third term of (3.10), we use, once again, Theorem 2.1 which yields:

/ P divy, () dae = / pr div(y) dae — / p div(®)) de as n — +o0.
Q Q Q

We now consider the Right Hand Side of (3.10). Since v,, — 9 in L?(Q)¢ we obtain

/Qf~wndm—>/9f-1/)da:asn—>+oo.

For the last term of (3.10), we use, once again, the (L?)? convergence of 1, to 9
and we use the weak-L? convergence of p,, to p. We obtain

/Png'¢ndw—>/pg~wdwasn—>+oo.
Q2 Q

Finally, we can pass to limit in (3.10) as n — oo and we get (1.4a) for all ¥ €
C>(2)? (and then, by density, for all ¢ € HZ(Q2)?), namely:

,u/QVu : Vo de + %/Qdiv(u)div(w) da — / p div(y) de

Q

~ [ #-vdes [ pgvia
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e Step 3. Passing to the limit in (2.5b)
Let 1 be a function of C°(Q)¢.Multiplying (2.5b) by ¥k = ¥(rx) and summing

over K € 7, we obtain:

h+T+ T3 = Z (07 Z lo|uk,opo + Z hol K YK (pre — p*)
KeT,  oc&(K) KeT,

g
3 v 3 05 (ot o) (s —pu) =0
KeT, ce&(K) 7
The first term T} reads, with ¥, = ¢(z,),

T1 = Z Z |U|uK7‘7p‘ﬂ/}K = Z Z ‘a|uK,opo(wK _1;[}0)

KeT, ce€(K) KeT, c€€(K)

= Z Z loluk opx (VK — o) + Ry

KeTn ce€(K)

with Ry = — Z Z |U|UK,J(PK - pa)(wK - wa)'

KeT, ce€(K)

T, = Z PEVEK Z |U|’U,K70— Z PK Z |O—|uK,U17ZJO'+R1

KeTy oc€e&(K) KeT, oc€&(K)

= Z pK/ Ydivu, de — Z pK/ div(¢u,)dx + Ry + Ry + Rs.
K K

KeT, KeT,

with Ry = — ) pk / () — g )diva, da
K

KeT,

(3.11)

Then,

and Rz = Z PK Z (¢ - ’(/}J)un "NK.o dy

KeT, ocE(K)Y

T :7/ Pty - VU + Ry + Ro + Rs.
Q
Let us now prove that the terms Ry, Ry, R3 — 0 as n — +o0o. We begin with R;.
One has, with Cy, = [[|V¥[ 1= (),

Ril=1 Y Y lofuro(on — po)(x — )]

KeT, c€€(K)

<Cy Y (hx+ho)lox — prlloflux,s
o=K|L

This gives, with the Cauchy-Schwarz inequality,

(hK—FhL)Q 3
|Ri| < CyE(pn) Z —— 1~ lollukq|)
(U—K|L min(ze o) )

Then,

|R1| < CuB(pa)( D (hi +hi)*(px + pr)lolurol)?.
o=K|L

S2
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Using again the Cauchy Schwarz inequality we thus obtain:

Sy < (Y (hie +ho)lollpr +pL)*) (Y (hi + he)Plofjux.o|*)/?
oc=K]|L oc=K|L

The properties of the scheme given in section 2 and Hélder’s Inequality yields, with
C1(0o) and C3(6p) only depending on Q and 6,

Sa < C1(0)( Y (K| +ILD(px +pr)*)2( Y (hi +he)llunllfe()) '
oc=K]|L o=K|L

< Ca(00)( Y K1p3) (Y b llwnllFag).
KeT, o=K|L

The estimate on p, in L%(f) gives the existence of C3, only depending on the
L2-bound on p,, and on Cy(fy) such that:

So < Cs( 3 hEunla)”.
oc=K]|L

By Lemma 2.3 in [10], we have:
lo|
K]

We thus obtain, with some Cy and Cs only depending on the L?-bound on p,,,
and 6,

[wnllz2() < (A2 (lwnllze () + i | Va2 x)-

2 2 2 2 1/2
82 < Ca(0 D0 WlllunlZaguey + b | Vatn 22
KeT,

< Cshn([unlZ2q) + llun

Finally, thanks to the bound on u,, (Proposition 3.2) we get lim, o, S2 = 0 and
thanks to the bound on E(p,) (Lemma 3.3) we conclude that lim,, ., R = 0.

[16)12.

‘We now come to Ry. One has

|Ro| < Cyhn llpnllLz(o) [1dive, (wn)lLz@) < Cphn llpnllz@) lwallie

which tends to 0 as n — +o0.

It remains to treat R3. One has

Rl =1 Y o 3 [ dadun oy
KeT, ocE(K)V Y

1Y (ore =) [ (6= ) s

o=K|L g

In order to prove that lim,,_,., R3 = 0, we treat separetely, the interfaces ¢ where
the sign of u,, - ng , is constant or not (for o between K and L, it can be different
for K and L). For the interfaces where the sign of u,, - nk . is constant, we use the
same arguments as for the first term R; (bound on w, and bound on E(p,)) and
we get a bound in v/h,, for the sum of these terms. For the interfaces where the sign
of u, - nk , is not constant, we use a bound (only depending of the regularity of
the mesh, that is ) of |[u, Nk o|r1(o) by [[VUnlL1(x) (this bound uses the fact
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that u, - nx, vanishes at a point of o). Then, thanks to the bound on |ju, |1
and ||pn|2(q) , we get a bound in h, for the sum of these terms.

Finally, since lim,,_,o, R; =0 for i = 1,2, 3, one has

lim 77 = — lim Prnln - VY do.
Q

n—00 n—0o0

Using the L?(Q2) convergence of u, and the L?({)-weak convergence of p,, we
conclude that

lim le—/pu~V¢dm.
Q

n—oo
We now prove that T5 and T35 tend to 0 as n — oo. We remark that
| Ty |=| Y b 1K (px — p*) i |< hG2M [ poe () — 0 as n — 400
Ke7—n
and o]
o
Tsl= Yo > B T (px +p1) (Px — pL) YK |

KeT, ceE(K) 7

g
18§ S T okt 00) (o — ) (orc — )|
o=K|L ¢
<Ouhs S (it he) D (ot o) Lok — .
o=K|L 7

We now use the Cauchy-Schwarz Inequality to obtain, with C; only depending on
1) and the bound on h$|p,|? given by Lemma 3.3,

g 1

T3] < Cub Lpnbr (32 (s +he)® (o4 0
o=K|L 7

o 1

< hf/Q( _XK:L(hK + h)? % (pr + pL) )2

The properties of the mesh given in section 2 yield the existence of ¢(6y) only
depending on €2 and 6y such that

lo] K|+ [2]
hO’ (hK + hL)2
We thus obtain | T3 [< C1v/c(B0) b/ * (X sy (K| + |LI) (pxc + pr)?)%. Thanks
to the L?-estimate on p,, we then conclude that lim,,_,o, T3 = 0.

< c(fo)

Finally, we can pass to the limit in (3.11) as n — oo and we obtain (1.4b) for all
Y € C(Q2). This gives also (1.4b) for all ¢p € W1>°(Q) thanks to Lemma B.6
(since u € H}(Q) and p € L*(Q)).

e Step 4. Passing to the limit in the Equation Of State

In order to conclude the proof of Theorem 3.4, it remains to prove that the equation
of state is satisfied, that is p = ¢(p) a.e. in Q. This is a tricky part of the proof.

Let (gn)nen be a sequence such that g, € Ly, for all n € N. We assume that the
sequence (¢, )neny Weakly converges in L2(Q) to ¢ € L2(Q) and satisfies

|qn|T <c h;nv
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where c¢ is a positive real number and 7 is such that n < 1. Then one has:

(3.12) Vi € CX(Q), lim [ (divp,(un) —pn) gutpde = /Q(div(u) —p) qp de.

n—oo Q

This result is proven in [6], Proposition 5.9. Indeed, in Proposition 5.9 of [6] the
hypothesis on p is p € L?7(Q), v > 1, and the sequence (p,)nen converges to p
weakly in L?7(Q), but the proof given in [6] is also true for v = 1.

Taking ¢, = p,, in (3.12) (which is possible with n = £/2, thanks to Lemma 3.3),
one obtains

(3.13) Vo € C°(Q), lim [ (divs, (uy) — pn) pntp da = /Q(div(u) —p) py de.

n—oo Q

We now want to prove (3.13) with ¢ = 1 a.e. on . This is possible, thanks to
Lemma C.1, if the sequence ((divy, Uy —Pn)pn)nen is equi-integrable. The condition
(1.1) on ¢, and the L% -bound on divy, u,, and on p, will give this equi-integrability.
Let a > 0 and b > 0 given by (1.1). One has a.e. on €,

apn < @(pn) +b=py +0b,

so that
202 2b?
2 n
o=z T
If C is a bound for the L?-norm of p,, (such a bound is given by Proposition 3.2),
one obtains for any borelian subset A of 2,

202 2p?
/ prdae < =5+ = |A|.
A a a

Let € > 0, we then take a? = 2C? /e which yields:

2b2
/ prdr < e+ — |A].
A a

ca?

d th ith 6 = —
an en, wi TR

|A| §5:>/pidx§25.
A

This proves the equi-integrability of the sequence (p2),en. Since the sequence
((divh, Un—pn))nen is bounded in L2(£2), we then easily conclude (with the Cauchy-
Scwarz inequality) that the sequence ((divy, wn—pn)pn)nen is equi-integrable. Thus
Lemma C.1 yields the conclusion, namely (3.13) is true for ¢y =1 a.e. on

(3.14) lim [ (divp, (un) — py) pnde = / (div(u) — p) pde.

We now want to get rid of [, pdiv(u)dx and [, ppdiv(u,)dx in (3.14).

Since p € L%(Q), p > 0 a.e. in Q, u € H(Q)? and (p, u) satisfies (1.4b), we can use
Lemma B.1. It gives

(3.15) /Qp div(u) dz = 0.
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Then, using (3.15) in (3.14) we get:

lim [ (p, — divp, (un)) pr de — / ppdx =0.
Q

n— oo Q

By Lemma 3.1 we also have fQ pndivy, (u,) de < 0. Hence:

n—roo

(3.16) limsup/pnpndwgfppdw.
Q Q

To conclude the proof of p = ¢(p), we will now use the so called Minty trick. Let
p € L?(2) such that p(p) € L*(Q). We define for n € N the function G,, by

Gn = (¢(pn) — ©(0))(pn — P) = (Pn — ¢(p)) (P — P)-
One has G,, € L'(Q), G, > 0 a.e. in Q (since ¢ is nondecreasing) and

(3.17) OSLGmmzlﬁMM—mﬁ—ﬂmm+w@Wﬂw

Using (3.16) and the weak convergences of p,, to p and p,, to p in L?(Q), we obtain:

0 <timsup [ G < [ (9= olp)(p ) da.

n—oo

We have thus proven that for all p € L(Q2) such that ¢(p) € L?(2) one has

(3.18) lé@*¢@”@fmdw2&

We now have to choose p conveniently to deduce p = ¢(p) a.e. on € from (3.18).
The idea of the Minty trick is to take p = p+ (1/k)¢ with ¢ € C°(Q), k € N* and
to let k goes to +o0o. Unfortunately, ¢(p+ (1/k)) is not necessarily in L?(). then,
such a choice for g is not possible. We will use here (and only here) the convexity of
¢. Since (pp), weakly converges in L?(2) to p and since the sequence (¢(py))nen
is bounded in L?(Q), we deduce, using the convexity of ¢, that ¢(p) € L?(Q2). This
is proven in Lemma B.8. This allows us a convenient choice for p.

Let ¢ € C°(Q,R). For k,m € N*, we set

1
Pkm = P + Ewlpﬁm-

Since p € L?*(), one has pgm € L?(2). Using the fact that ¢ is nondecreasing
(and nonnegative), we have, with M = [[1)[| L (q)
P(prm) < ¢(p) + (m + M),

so that ¢(pkm) € L?(Q) (since p(p) € L*(Q)). Then, since pgm and ©(pk,m)
belong to L?(§2), we can choose p = pg m, in (3.18). We obtain

/Q(p - @(p + %d)lpgm))wlpgm S 0.

Fixing m in N*, we use the Dominated Convergence theorem on the sequence
(g ) ken with g = (p — p(p + %1/le§m))wlp§m. Indeed, the continuity of ¢ gives
g = (p — ¢(p))Y1,<m a.e. in Q. Furthermore, since ¢ is nondecreasing, one has,
for all n € N*,

gx| < H = [p+¢(p) +p(m+ M)][¢] ae. inQ,
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and H € L'(Q). Then, the Dominated Convergence theorem yields

| o= etz <o
Changing 1) in —1), we conclude that [,(p—¢(p))¥1,<m = 0 for all ¢ € C°(,R).

Once again by the Dominated Convergence Theorem, as m to +o0o we get: fQ (p—
©(p))y =0 for all ¥ € C°(N2) This gives p = ¢(p) a.e. in Q.

The hypothesis of convexity of the function ¢ is only used to get that the four
terms of the Right Hand Side of (3.17) are in L'(2). If the hypothesis of convexity
for ¢ is replaced by the hypothesis (1.3), the proof is a little simpler. In this case,
the L?-bound of p,, gives a L?7-bound on p,, (since ap) < ¢(pn) +b = p, + b).
Then one has p, — p weakly in L?7(Q) and we can use G,, with p € L?'(Q) such
that ¢(p) € L?/7=1(Q) (which is the dual space to L?7(R2)). With such a p, the
four terms in the Right Hand Side of (3.17) are in L'(£2)) and we obtain (3.18).
For ¢ € C(Q) and k > 0, we take p = p + (1/k)t (so that p € L?7(Q) and
o(p) € L>/7=1)(Q)). Passing to the limit as k — +oo in (3.18) leads to

|- etenvas <o
Q

With this inequality, we conclude, as before, that p = ¢(p) a.e. in Q.

In both cases (¢ convex or ¢ satisfies (1.3)), if ¢ is increasing, we can obtain a
strong convergence of p,, and p,, as in [6]. We take directly p = p in the definition
of G,,. We obtain that G,, = (¢(pn) — ©(p))(pn — p) — 0 in LY(Q) as n — cc.
Then, up to a subsequence, one has G,, — 0 a.e. in . Since ¢ is increasing, we
finally deduce that p, — p a.e.. This yields also p,, — p in L9(Q) for all ¢ € [1,2],
p=p(p) a.e. in Q and p, — p in LI(Q) for all ¢ € [1,2][.

The proof of Theorem 3.4 is now complete. (I

Conclusion

We gave a scheme for the discretization of the compressible Stokes problem with a
general EOS and we proved the existence of a solution of the scheme along with the
convergence of the approximate solution to an exact solution (up to a subsequence)
as the mesh size goes to zero. A first difficulty of the paper is to get some estimates
on the approximate solution (in particular with the dependancy of the forcing term
with the density). A second complication is in the passage to the limit in the EOS.
This difficulty is due to the nonlinearity of the EOS and the fact that the estimates
on pressure and density only lead to weak convergences. It will be now interesting
to consider the Navier-Stokes problem along with the evolution problem.

APPENDIX A. ESTIMATE ON p

Lemma A.1. Let Q be a bounded set of RY (d > 1) and p € L*(Q), p > 0 a.e..
We assume that there exist a <1 and b € R such that

lp —mllLz < allpl|Lz + b,

where m is the mean value of p. Furthermore, we assume that there exist A €
R and a continuous function 1 from Ry to Ry such that fQ Y(p)de < A and
limg o ¥(8) = +00. Then, there exists C' only depending on Q, a, b A and 1 such
that |lpllrz <C.



20 A. FETTAH AND T. GALLOUET

Proof of Lemma A.1 ~
We first modify the function ¥. Let so € Ry such that ¥(sg) > 0. We define ¥ by

U(s) = 1(sp) if 0 < s < sp,

Y(s) = s min 0} if s < s.
tE[so,s]

We remark that 1(s) < (s) for s > sg, so that [, ¥(p)dz < A= A+ (s0)Aa(X).

Furthermore, one has 1im5%+oow( ) = 400. In order to prove this result, let

(sn)nen be an incresing sequence such that lim, . s, = +o0o. For n € N let

tn € [S0,8n) such that 1 (s,) = (¢¥(t,)/tn)s,. For any converging (in Ry U {+oc})

subsequence of the sequence (t,)nen, still denoted (¢,)nen, we have two possible

cases,

First case. lim,, oo t, =t € Ry. Then lim,, . ¥ (s,) = +o0

(since ¥ (t)/t > 0)

Second case. lim,, ;o t, = +00. Then lim,, . ¥(s,) = +00

since §(sn) > (tn).

We then conclude that lim, ., ¥(s) = +oo. Finally we also remark that the

function s +— (:) is nonincreasing on R .

We now prove the bound on ||p|pz . Let N > 0, one has

pde = [ pla)ds+ r)de < < -i (p(z))da
Q p>N p<N l/fN Q

This gives mA4(Q2) < & [|p||r2 2 d)é\]fv)A We now use the bound on ||p —ml||2 , it
leads to
Ipllze < llp—mllze +mAa(€)'/? N
< b+ — . |
<alpllz: +b+ Naa(Q)172 [pllzz = + DN )Aa(Q)1/2
If ||pllrz # 0, we now choose N such that N}\d(lﬂ)lﬂ = 2H1P_Hi2 , that is N =
2 .
%, we obtain
LM Y P I
2 W =g I = (@)
Since lim,_, o ¥(s) = +00, there exists C; such that
24 1—a
N>C1 = — < .
ST AN — (@) T 4
Then, with C5 such that W = (1, ona has
2A l1—a
Ipllee > Co= = < :

PN)(A —a)ra(2) = 4

Therefore

4b
Iplz: > Co = |p[r2 < 1—a

Then, we conclude that ||pl|z < C = max{Cy, %}.
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APPENDIX B. PASSING TO THE LIMIT IN THE EOS

Lemma B.1. Let Q be a bounded open set of R%. Let p € L?(Q), p > 0 a.e. in Q
and u € H}(Q)?. Assume that (p,u) satisfies:

(B.1) / pu-Vdr =0 for all o € WH(Q).
Q
Then,
(B.2) / pdiv(u)dz = 0.
Q

Remark B.2. Before giving the proof of Lemma B.1, we want to point out the
following remark. In the case of a regular function p, say p € C*(£2), and assuming
that p > 0 in Q, the proof is very easy. We take ¢ = In(p) in (B.1) which yields,

since Vo = %Vp,
u-Vpdx =0.
i

But, for any v € C°(Q2)? one has [, v-Vpdz = — [, pdiv(v) de. Then, the density
of C2°(Q)" in H(Q)? yields [, v- Vpdx = — [, pdiv(v) dx for v € H(2)%. This
gives (B.2).

This proof is interesting because it suggests the proof of an equivalent result in the
case of a discrete version (using a convenient numerical scheme) of div(pu) = 0 (see
Lemma 3.1). In other words, working on a numerical scheme is quite similar of
working on the continuous equation with a regular solution.

Proof. We now prove Lemma B.1. (without assuming p € C1(Q) and p > 0).
We set u = 0 in R\ Q and p = 0 in R?\ Q, we have p € L?(R%) and u € H*(R9)<.
We also deduce from (B.1):

(B.3) / pu - Vpdz = 0 for all ¢ € C*(RY).
Rd
Let (r,,)nen+ be a sequence of mollifiers, that is:

TEC?O(Rd,R),/ rdz =1, r >0 in R?

(B.4) e

and, for n € N*, z € R%, r,,(z) = nr(nz).
For n € N*, we set p, = p*r, and (pu), = (pu) * r,. Thanks to (B.3), we have
div((pu),) = 0 in R%. Since u € HY(RY)? and p € L?(RY), we will prove in
Lemma B.4 that div((pu), — ppu) — 0 in L*(R%) as n — oo. Then, if (¢n)nen- is
a bounded sequence in L>(R?) which converges a.e. to ¢, we have:

(B.5) — | div(ppu) gndx = div((pu)n — ppu) godz — 0 as n — co.
R R

Let ¢ be a bounded and C* function from R to R, taking ¢, = v¥(p,) in (B.5)
(which converges a.e. to 1(p), at least up to a subsequence) we obtain

—/ div(pnu) ¥(pp)dz — 0 as n — oco.
Rd
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We now define 6 by 6(s) = [ t¢/(t)dt for s € R and we obtain

0(pn)div(u)dz = / pnt (pn)u - Vppdr = / pntt - V(pp)dx
R4 Rd

Rd

and then/ 0(p)div(u)dx = li_>m/ 0(pr)div(u) de = 0.
R n—=0 JRa

R4

It is now quite easy to construct a sequence of functions (1, )nen such that 0 <

0,(s) < sforall s € Ry and lim, o 0,,(s) = s for all s € R;. With the Dominated

Convergence Theorem we then conclude that pdiv(u)de = 0. (]
R4

Remark B.3. Under the hypothesis of Lemma B.1, a quick look on the proof of this

lemma shows that it is also possible to prove

/¢ )div(w) de = 0,

for any continuous function ¢ (from R to R) “at most linear”, that is such that

|¢( )|

lim sup —=— < 400

s——+o00o
It is also possible (as it was said in Remark 1.3) to prove that (p, u) is a renormalized
solution to div(pu) = 0 in R<.
Indeed, let ¥ be a bounded and C' function from R to R and ¢ € C°(Q). Taking

gn = Y(pn)p in (B.5) (which converges a.e. to (p)ep, at least up to a subsequence) we
obtain

—/ div(pnu) ¥(pn)ede — 0 as n — oo.

Taking, for s € R, (s = [J (t)dt and 0(s) = [ t'(t)dt = s¢(s) — (s), we obtain,
after some integrations by parts and passing to the limit as n — oo,

[0 0) = sl ivipde — [ dpu- Tode o

Then, it is easy to see that this equality also holds if 1 is a C* fonction form R to R with
a bounded derivative. This proves that (p,u) is a renormalized solution to div(pu) = 0 in
R%.
Lemma B.4. Let p € L?(RY) and u € H'(RY)9. Let (7,)nen+ be a sequence of
mollifiers as given by (B.4) and, for n € N*, p, = p*r, and (pu), = (pu) * ry,.
Then,

V((pu)n — pnu) — 0 in L' (RY)*
and then,

div((pu)p — ppu) — 0 in L (R?).

Proof. Let i,j € {1,...,d}. Denoting by uy,...,us the components of v and by 9;
the derivative with respect to x;, we have to prove that the sequence (0;[(pu;)n
Pnt;])nens converges to 0 in L*(R?). (As a consequence, taking i = j and summing
on 4, we obtain that div((pu), — ppu) — 0 in L!(R%).)

We have

il(pug)n — pnuj] = (puj) * Oirn — (px 0ip) uj — priu; = Fy — G,
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with
F, = (puj) x 0irn, — (p* 0ir) uj — p(Oiuj * 1)
and
Gr = pnOiuj — p(Oiuj * ).
Since p, — p in L*(RY) and Q;u; * r, — Oiu; in L2(R?) (as n — o), the two
parts of G,, converges in L*(R?) (as n — 00) to pd;u;. Then, the sequence (G,,)n
converges in L'(R?%) (as n — o) to 0. It remains to show that F,, — 0 in L'(R?).

Using the fact that 0;u;*r, = u;%0;r, and the fact that r, has a compact support,
we have, for a.e. x € RY,

Fp(x) = /Rd (p(x —y) — p(x)) (uj(z —y) —u;(x)) dirn(y)dy

= [ ta =2 = pta)) (e = 2) =y (@) n D),

n

where B is a ball of center 0 and radius R containing the support of . Then, we
get:

Fa@)l < n [ 1(ota = 2) = p@) (gl = 2) = uy @) ()l

We integrate over R the preceding inequality and we use the Fubini-Tonelli Theo-
rem,

/ (Fo(a))dz <
(B.6) Ra ; ;
wf [ (ol — 2) = pla))(uy (e — Z) — uj<z>>|dx] 91 (2)\d.
B Rd n

n

Using the Cauchy-Schwarz Inequality, we have for z € B,
z z
[ 1ot = 2) = s s = )~ uya) e
Rd n n
z 9 1/2 z 9
< lp(z = —) — p(z)["dx |uj(z — =) — u;(z)|"de
R4 n R4 n

1/2

For all z € B (see Lemma B.5) we have
z R\ 2
[ ste = ) = wi@)Pde < ()l e
Then,
z z
[ ot = 2) = p@)usta = 2) = us(a)ldo
(B.7) " 1/2

< 2l | [ ote = 2) = pa)ae

Let ¢ > 0. Since p € L?(R%), there exists § > 0 such that
heRY, b < 6= [lo(- +h) = pll2ey <e.
With (B.7), this gives if n > R/¢ and z € B,
z

[ ota = 2) =) use = 2) = us(a)lde < 3 oo -
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Coming back to (B.6), we obtain, if n > R/4,
R
/ | Fo () |dz < n—e [Jul g1 (raya / |0i7(2)|dz = € R ||ul| g1 (raya / |0;r(2)|dz.
R n B B

This proves that F,, — 0 in L'(R%) as n — oo and concludes the proof of Lemma

B.4. [
Lemma B.5. Let w € HY(R?). Then, for h € R%,
(B.8) [w(-+h) = wllr2@ay <A [w]aga)

where |h| is the Euclidean norm of h.

Lemma B.5 is well-known. A proof is given, for instance, in [6].

The following lemma (Lemma B.6) proves that (for regular enough set 2) in Lemma
B.1, W1°(Q) can be replaced by C2°(€2). That is to say that B.1 is true with
o € W1°(Q) if (and only if) it is true with the weaker assumption ¢ € C°(1Q).
Lemma B.6 is given with p € L*(Q) and u € (H}(Q))%, which is the case needed
for the present paper (and allows a nice proof using the Hardy inequality). Similar
results are possible with different assumptions on v and p (for instance, p € L™>()
and u € Wy'' (Q)). However, the fact that pu € L'(Q) is obviously not sufficient to
ensure that (B.1) is true with ¢ € W1H%°(Q) as long as it is true for ¢ € C°(Q).
In a following paper, dealing with the Navier-Stokes equations, we will give the
same lemma with a weaker assumption on p (since p € L?(Q) in the case of the
Navier-Stokes equations, when d = 3 and v < %) In this case, the proof will use a
different argument, slightly more complicated.

Lemma B.6. Let Q be a bounded open set of R%, with a Lipschitz continuous
boundary. Let u € (H} ()4 and p € L?(Q2) such that, for all ¢ € C(R),

(B.9) / pu - Vodr = 0.
Q
Then (B.9) holds for all p € W1°(Q).

The proof of this lemma is given in [7] (Lemma A.1).

Remark B.7. The hypothesis p € L?() is sharp in Lemma B.6, as we will see now.
Let d > land 2d/(d 4+ 2) < g < 2. We give here an example for which (B.9) holds
for all p € C2°(Q) but does not hold for some ¢ € W1°(Q). In this example,
one has p € L9(Q) and u € (H}(Q))? (so that pu € L'(R)?). Let us assume that

Q =]0,2[x] — 1,1[¢"1. Let o €]3, %[ We define p and u = (uy,...,uq)" as follows:
d
uy(z) = z‘f‘H(l —lzil) ifz € Q, 21 <1,
i=2

E&

up(x) =2 —a)* |1 = o)) if 2 € Q, 21 > 1,

i=2
U2:...:Ud:O,
1
ple) = — ifreQ, z, <1,
Ty
1 .
plr)= -——=-ifz e, o1 >1

(2 — .Il)
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We have p € L(Q) (thanks to ag < 1) and u € (H}(Q))? (thanks to 2a > 1).
Since pu; does not depend on 1, if is easy to see (integrating by parts) that (B.9)
holds for all ¢ € C2°(Q2). Taking now ¢ € C2°(R?) with, for instance ¢ = 0 outside

] —1,1[x] — 3, 2[*"!, one has

d
/pu-dex = —/ [T =20, y)dy,
Q =330 i
where y = (z2,...,2,). It is possible to choose ¢ such that ¢(0,y) > 0 for all
y €] — 5, 3[*"'. This gives [ pu- Vdz < 0 and proves that (B.1) does not hold

for this choice of ¢ (which belongs to W>°(Q)).

Lemma B.8. Let ¢ be a convex function from Ry to Ry and (pn)nen be a sequence
of nonnegative functions of L?(Q) weakly converging in L*(2) to p. We assume that
the sequence (¢(pn))nen is bounded in L*(2). Then, o(p) € L?(£2).

Proof. Since p,, > 0 a.e. (for all n € N), one has also p > 0 a.e..

Since the sequence (p,, )nen weakly converge in L?(Q) to p, there exists a sequence
(Pn)nen converging (strongly) in L?(2) to p and such that p,, is (for all n € N) a
convex combination of {px, & > n} (this result is known as the Mazur lemma).

Then, for all n € N, there exists ¢,, € N and a9, ...,y 4, such that
dn dn
Pn = Zan7ip,L+i, Zam =land ap; >0fori=0,...,q.
i=0 i=0

Let M = sup{ [[¢(pn)|z2(0) }- Using the convexity of ¢ (and the fact that ¢ take
its values in R ) we have, for all n € N,
an
0 < So(ﬁn) < Zan,i(p(anri) a.€.,
=0

and then
qn

loa)lzz@ <3 o lo(onsi)llzaey < M.
i=0
Up to a subsequence, one has p, — p a.e. and then, using the continuity of the
function ¢, ©?(pn) — ¢2(p) a.e on Q. Then, using Fatou Lemma, we thus get

p(p) € L2(Q) (and [lp(p)lL2(e) < M). U

APPENDIX C. GENERAL LEMMAS

Lemma C.1. Let (F,)nen C LY(Q) be an equi-integrable sequence, and F be a
function of L1(Q). We assume that:

(C.1) lim [ F,pdz= / Fodx for all ¢ € CZ(9).
n—oo 0 Q
Then:

lim F,dx = / Fdex.
Q Q

n—oQ

Lemma C.1 is well-known. A proof is given, for instance, in [6]. The following
lemma is also well-known. A simple proof of this result is given in [1].
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Lemma C.2. Let ¢ € L*(Q) such that [,qdx = 0. Then, there exists w €
(H§(Q))* such that div(w) = q a.e. in Q and |w|gi () < c2|lgllL2@) where
only depends on ).

We now give two simple lemmas related to the so-called “M-matrices”. We recall
that for a vector x of R", the fact that all the components of = are nonnegative is
denoted by x > 0. Similarly the fact that all the components of z are positive is
denoted by x > 0.

Lemma C.3. Letn € N* and A be a nxn matriz with real entries (these entries are
denoted by a; ;, i, j =1,...,n). We asume that A satisfies the following properties:

a;; <0 foralli,je{l,...,n}, i # 7,
@ii + D0 @iy >0 foralli € {1,...,n}.
then,
(C.2) zeR", Az >0= 2z >0,

which is equivalent to say that A is invertible and that all the entries of A~' are
nonnegatives. Futhermore, one also has

(C.3) zeR™ Az >0=2>0,

Proof. The proof of (C.2) is very classical. We can do it, for instance, by contra-
diction. Let z € R™ such that Az > 0. We assume that a = min{z;, i =1,...,n}
< 0 (where the z; are the components of x) and we choose iy € {1,...,n} such
that z;, = a.

Since the ig-component of Ax is nonnegative and since z;, < z; for all ¢, one has,
thanks to the properties of A,

Lig (aioﬂ'o + Z aioﬁj) >0,
J#io
Which gives x;, > 0, in contradiction with z;; = o < 0. This proves (C.2).

In order to prove (C.3). Let e be the vector of R™ whose all components are
equal to 1. let x € R™ such Az > 0. Then, for ¢ > 0 small enough, one has
A(x —ee) = Ax —eAe > 0. Thanks to (C.2), one deduces x —ee > 0 and this gives
x> 0. O

The second lemma is a little bit less classical but is a very simple consequence of
the first one.

Lemma C.4. Letn € N* and A be a nxn matrixz with real entries (these entries are
denoted by a; ;, 4, j =1,...,n). We asume that A satisfies the following properties:

a;; <0 foralli,je{l,...,n}, i #j,
Qi+ 505 >0 foralli€ {1,...,n}.

(C.4) reR", Az>0=x2>0

(C.5) reR” Ax>0= x>0,
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Proof. The matrix A? satisfies the properties of lemma C.3. Then A! is invertible
and (A*)~! has all its entries nonnegative. This gives that A is also invertible and

has all its entries nonnegative since (A*)~1 = (A~1)!. This gives that A satisfies
(C.4)

The proof of (C.5) is the same as the proof of (C.3) in lemma C.3. O

Lemma C.5. Let ¢ be a function of class C' from R% to R. Let ¢ from R% to R
such that sy'(s) = ¢'(s) for all s € R%.. Let a,b € R, a #b. Then, there exists c
between a et b such that

(8(6) ~ (@) — (9(b) ~ p(@)) = (b~ a4/ (c)

Proof. One has
b b b
(6(B) — (a))b — ((b) — pla) = b / & (s)ds — / o/ (s)ds = / (b— )/ (s)ds.

But,

b b b
min]w’(t)/a (b — s)ds S/a (b — s)Y'(s)ds < max ¢'(t)/a (b — s)ds.

t€fa,b te€[a,b]

Then, since ¢’ is continuous on [a, b], there exists ¢ € [a, b] such that

/ (b ! (8)ds = /(0 / (b s)ds,

b
Noticing that /

a

1
(b—s)ds = i(b — a)?, we obtain the desired equality. O

REFERENCES

[1] Bramble, J.H.. A proof of the inf-sup condition for the Stokes equations on Lipschitz domains,
Mathematical Models and Methods in Applied Sciences, 13, 2003

[2] Ciarlet, P. G. Finite Elements Methods — Basic Error Estimates for Elliptic Problems. Hand-
book of Numerical Analysis, Volume II, North Holland, 1991, editor: Ciarlet, P. and Lions,
J.L..

[3] M. Crouzeix and P.-A. Raviart. Conforming and nonconforming finite element methods for
solving the stationary Stokes equations I. Revue Francaise d’Automatique, Informatique et
Recherche Opérationnelle (R.A.LLR.O.), R-3:33-75, 1973.

[4] R. DiPerna and P.-L. Lions. Ordinary differential equations, transport theory and Sobolev
spaces. Invent. Math. 98 (1989), no. 3, 511-547

[5] A. Ern and J.-L. Guermond. Theory and practice of finite elements. Number 159 in Applied
Mathematical Sciences. Springer, New York, 2004.

[6] R. Eymard, T. Gallouét, R. Herbin, and J.-C. Latché. A convergent finite element-finite volume
scheme for the compressible Stokes problem. Part II: the isentropic case. Math. Comp. 79
(2010), no. 270, 649675

[7] R. Eymard, T. Gallouét, R. Herbin, and J.-C. Latché. Convergence of the Mac scheme for the
compressible Stokes equations. STAM J. Numer. Anal. 48 (2010), no. 6, 22182246

[8] E. Feireisl. Dynamics of viscous compressible fluids. Oxford Lecture Series in Mathematics and
its Applications, 26. Oxford University Press, Oxford, 2004

[9] A. Fettah and T. Gallouét. Compressible Stokes problem with general EOS. Finite volumes
for complex applications. VI. Problems & perspectives. Volume 1, 2, 457465, Springer Proc.
Math., 4, Springer, Heidelberg, 2011.

[10] T. Gallouét, R. Herbin, and J.-C. Latché. A convergent finite element-finite volume scheme
for the compressible Stokes problem. Part I: the isothermal case. Math. Comp. 78 (2009), no.
267, 13331352



28 A. FETTAH AND T. GALLOUET

[11] K. Karlsen, and T. Karper. A convergent nonconforming finite element method for compress-
ible Stokes flow. SIAM J. Numer. Anal. 48 (2010), no. 5, 18461876

[12] P.-L. Lions. Mathematical topics in fluid mechanics -volume 2- compressible models. volume
10 of Oxford Lecture Series in Mathematics and its Applications. Oxford University Press,
1998.

[13] A. Novotny, and I. Straskraba. Introduction to the mathematical theory of compressible
flow. Oxford Lecture Series in Mathematics and its Applications, 27. Oxford University Press,
Oxford, 2004



