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Abstract. We prove in this paper the convergence of the Marker and Cell (MAC) scheme
for the discretization of the steady state compressible Stokes equations on two or three dimensional
Cartesian grids. Existence of a solution to the scheme is proven, followed by estimates on approximate
solutions, which yield the convergence of the approximate solutions, up to a subsequence, and in an
appropriate sense. We then prove that the limit of the approximate solutions satisfies the mass and
momentum balance equations, as well as the equation of state, which is the main difficulty of this
study.
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1. Introduction. Since the introduction of the Marker-and-Cell (MAC) scheme
[11], it is claimed that this discretization is suitable for both incompressible and
compressible flow problems (see [9, 10] for the seminal papers, [2, 12, 13, 14, 1, 3,
22, 23, 24, 25, 26] for subsequent developments and [27] for a review). The use of
the MAC scheme in the incompressible case is now standard, and the underlying
convergence theory is wellknown. On the contrary, even if some references in the
literature report the satisfactory behaviour of this discretization for compressible flow
problems, up to our knowledge, no stability nor convergence proof is known in this
context. This is the goal of this work, restricting ourselves to the stationary case and
to the Stokes problem. The extension to Navier-Stokes equations will be addressed
in forthcoming papers. Adapting at the discrete level the arguments of the recent
theory of compressible Navier-Stokes equations [17, 6, 20], we prove the existence of
a solution to the discrete stationary Stokes equations, and the convergence (up to a
subsequence, since, up to now, no uniqueness result is available for the continuous
case) of this solution towards a weak solution of the continuous problem as the mesh
size goes to 0. This convergence result seems to be the first one for the compressible
Stokes problem in the finite volume context. Convergence results for the same problem
can be found in [7, 5, 16] for the Crouzeix-Raviart element, and, with Navier slip
conditions, in [15] for a mixed finite element discretization.

The paper is organized as follows. We first state the continuous problem (Section
2), then we present the discrete spaces, norms and operators of interest (Section 3).
The scheme is then given (Section 4), and the remainder of the paper is devoted to
its analysis: existence and estimates for the discrete solution (Section 5), convergence
to a limit satisfying (under a weak form) the differential equations of the continuous
problem (Section 6), and finally the equation of state (Section 7).

For the sake of simplicity, we describe the MAC discretization of the compressible
Stokes problem in the two-dimensional case, for the square computational domain
Q = (0,1)2. However, the presented material extends to the three-dimensional case
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and to any bounded domain adapted to the MAC-scheme (that is any finite union of
rectangles in 2D or rectangular parallelipeds in 3D); whenever the extension is not
straightforward, we give the details of the generalisation.

2. The continuous problem. Let © be an open bounded domain of R? with
d=2or3,and let v > 1. For f € L2(Q)¢ and M > 0, we consider the following
problem:

—Au+Vp=FfinQ, u=0on09Q, (2.1a)

div(pu) =0 in Q, p >0 in Q, / plx)de = M, (2.1b)
Q

p=p"in Q. (2.1c)

A weak solution of this problem is a function (u,p, p) € Hi(2)? x L%(Q) x L27(Q)
satisfying:

/ Vu:Vvdr — / p div(v)dx = / f-vdz for all v € H{(Q)?, (2.2a)

Q Q Q

/pu -Vpdzx =0 for all p € WH°(Q), (2.2b)

p >0 ae. in Q, / pde =M, p=p7 ae. in Q. (2.2¢)
Q

REMARK 2.1. Note that thanks to the fact that u € H}(Q)? and p € L2(Q),
one could replace p € WH*(Q) by ¢ € C(Q), see Lemma A.1 in the Appendiz.
However, this is no longer true if p € LY(Q) for ¢ < 2 (with ¢ > 6/5 if d = 3 and
q > 1 if d =2 in order for pu to belong to L'(2)¢).

3. Discrete unknowns and function spaces. For simplicity, we now suppose
Q = (0,1)? and describe the MAC grid, which we will call M in the following. Let
N,M € N, N,M > 2 and let {h}, i = 1,...,N} and {h}, i = j,..., M} be two
families of positive numbers such that:

N M
=3 m=t,
j=1

i=1
and let us define the step size h of the discretization by:

h =max{hi,... k%, by, ..., hY,}. (3.1)

For the estimates and convergence proof, we need to assume the quasi-uniformity
of the mesh, namely that there exists 7 > 0 such that:

nhghz,hélghfor1§i§N,1§j§M. (3.2)

K3

Let (xi7%)1§¢§N+1 and (yj7%)1§j§M+1 be the families of real numbers defined by:

1 =0, w1 —x_1=hi (sothat zy 1 =1),
=0, Y41 —yj—1=hj (sothatyy 1 =1).

Yy 2
2

W= o=



y
u’
o T27]+%
yj+§ -
Y
T Pijs Pij Tur h;
u’ u®
1= 3,7 i+ 5.
ulo s
) 2
Yj-1 ? S

xiJr%
FiGc. 3.1. Mesh and unknowns.

We also define (z;)o<i<n+1 and (¥i)o<j<m+1:

1
r9=0, =z = (xi_%—l—xﬂ_%)forlgigN, TN+1 = 1,

2
1 )
Yo=0, yj =5y Tyy)forl<j<M, yap=1
and set:
1
hi oy =5 +hi), hg=0, iy, =0,
WYy = Sy ), Rl =0, W, =0,

We can now define the following three partitions of = (0,1):

Q = U 1<i<N, Kivj’ K77.7 = ($i7%,$i+%) X (y‘]f%’yj*i’%)’
1<j<M

O [ x _ X . ) .

V=V enp, Kilpp K7y 5= (@im1,20) X (4521, 9541),
1<j<M

O — Y Y — . .

Q=u 1<i<N, K@j,%? Ki,j*% - (xi—%vxi—i-%) X (yjflvyj)'
1<j<M+1

These three partitions form the “MAC grid”; they are used respectively for the dis-
cretization of the pressure and the density, the z-component of the velocity and the y-
component of the velocity. We then define three discrete function spaces, S C L (Q),
S? C L*(Q) and SY C L*°(Q2), which stand for piecewise constant functions over each
of the grid cells K, K* and KVY respectively, and the discrete unknowns for the prob-
lem are such that the (discrete) pressure p belongs to S, the density p belongs to S,
the z-component of the velocity u”* belongs to S* and the y-component of the velocity
uY belongs to SY. The subdomains K, K% and KY will be referred to hereafter as the
control volumes for the pressure and density, the z-component and the y-component
of the velocity respectively. As usual at the continuous level or for variational discrete
formulation (as in the finite element context), the Dirichlet boundary conditions are
(partly) incorporated in the definition of the discrete spaces, and, to this purpose, we
introduce S C S* and S§ C SY defined as follows:

Sg = {v"® € §% such that v* = 0 over K7 _ and K%, ., for 1 <j < M},
350 N+3.7 (3 4)
S§ = {v¥ € SY such that v¥ = 0 over Kf’l and KfM+l, for 1 <i < N}. '
5] s 2
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Fic. 3.3. Notations for the control volume Kl_y], 1
T2

The x-component of the velocity will be supposed to belong to S§, which consists
in setting to zero the degrees of freedom of v* located at the left boundary (i.e.
{0} x (0,1)) and right boundary (i.e. {1} x (0,1)) of Q; the y-component will be
supposed to belong to S§, which consists in setting to zero the degrees of freedom of
v¥ located at the bottom boundary (i.e. (0,1)x{0}) and top boundary (i.e. (0,1)x{1})
of . Since the discrete functions are determined by the values that they take over
their respective control volumes, the unknowns of the discrete problem are:

DPigy Pigs 1SlSN7 1§J§Ma
W, I<ISNAL1<j<M, w!, , 1<i<N 1<j<M+1,
2 )

(2

and the Dirichlet boundary conditions imply that u% ;= Uy, 1 ;= Ofor1<j<M,
2 20
. =0for1<i<N.

and uv¥, =
i3 3

Yy
U hig

For each component of the velocity, the finite volume discrete Laplace operator
is given by a classical five-point formula. This discrete Laplace operator is obtained
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by writing a discrete momentum flux balance for each component over each corre-
sponding velocity cell K* or KY; it is well known that it is not consistent in the finite
difference sense, see e.g. [4, Section 5.2 page 732] except on uniform meshes. For the
z-component of the velocity, the discrete Laplacian is such that A®v* € S§ for any
v® € 5§, and as usual in the finite volume formulation, implicitly takes into account
the Dirichlet boundary at the top and bottom boundaries; since u” is prescribed to
zero in the left and right layers of control volumes, the Laplace operator is not defined
in these control volumes. Similarly, the discrete Laplacian for the y-component of the
velocity is such that, Vo¥ € S§, AVv? € S¥, implicitly takes into account the Dirichlet
boundary conditions at the left and right side, and does not need to be prescribed in
the bottom and top layers of control volumes. Let us now define the following bilinear
forms over respectively S§ and S§:

Vo', w” € S,
(v*,w*)* = A%y* w¥dx = E |[K¥ o | AT, w1
’ Q 1=3,] —9J t—35,07
2<4i<N,
1<j<M (3.5)
Vol w¥ € S§, :
(¥, w¥)¥ = / AYY ¥ dx = E K AV w?
Q J T3 J T3 )3
1<i<N,
2<j<M
where | - | stands for the Euclidean measure. Let £* be the set of the edges of

the control volumes (K7 . j)1<i<N+17 1<j<Mm associated to the z-component of the
i—1,5/1<i< <i<

velocity, including the internal ones (i.e. separating two control volumes) and the
external ones (i.e. included in the boundary of Q). For each edge o € £* and
v® € 5%, we denote by [v”]s= either the jump of v* across o” if o7 is an internal
edge, or the value of v* in the control volume adjacent to o if o® is an external edge.
Reordering the summation in Equation (3.5), we obtain:

“|

W e 55, @) = Y 7 s (35)

d
oreET o

where, for an internal edge 0%, dy,- stands for the distance between the mass centers
of the two control volumes adjacent to o¢® and, for an external edge o*, d = stands
for the distance between the mass center of the control volume adjacent to ¢” and
the boundary. With similar notations, we obtain:

Vol w? € S, (v, wY)Y = ad

ovesly

[0¥]ov [w¥]ou. (3.7)

oY

These bilinear forms are thus symmetric. Moreover each form induces a norm over
respectively S§ and S§, which we denote:

072 = @707, 2 = 00, 49

This norm is known to control the L? norm by a discrete Poincaré inequality [4,
Lemma 9.1 page 765]. In addition, a compactness result holds for sequences of discrete
functions bounded with respect to this norm. This result is given in Theorem 3.1
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below; to state it, we first define discrete derivatives of elements of S§ and S§. For
v = (v*,0Y) € S§ x S§, we define 950" € S and 9%,vY € S by:

xT x ) Y
v . — U . v —v
i+1.,7

i1 il i1
(820%);; = Tzﬂ7 (DY W) s = % (3.9)

7 J
in K;;,7i€{l,...,N} and j € {1,...,M}. The formulae (3.9) give, in particular,
a discrete divergence operator div, v = 950" + 9%,vY (see (3.14)-(3.15) below). In
order to define 0%,v” and 9%,v?, we need a fourth partition of Q:

O — [Ty 3 ry —

Q= U Kifé,jfé’ with Kifé,jfé = (xi,l,xi) X (yjfl,yj).
1<i<N+1
1<j<M+1

The fourth discrete function space is the space S*¥ C L*°(£2) which stands for piece-
wise constant functions over each control volume K*¥. We now define 9%,v" € S
and 0%,vY € S*Y by, for all i € {0,...,N} and j € {0,...,M}:

v¥ oy — U
i+3.g+1 Titd.g

Yy T Yy .z _ : Yy
0™ = (O )iy 1 jr1 = W m K¢+%,j+§’
o (3.10)
; 1 S
z oy z Y _ i+1,j+35 u,j+3, . Ty
v’ = (jv")ir 1 vy = E Ky
i+l
where h% , and hY , are defined by (3.3) and
Jt3 i+3
e x _ y _ y _
Viii0 = 0, Ui T 0, Vo1 = 0, UN1o1 = 0. (3.11)

We may then define a discrete curl operator, useful for the the proof of convergence
of the scheme, by curlpyv = 95,0Y — 0%,v". Similary, a discrete curl operator may
also be defined in the case d = 3 with an obvious discretization of the continuous curl
operator.

THEOREM 3.1. Consider a sequence of MAC grids (My)nen, with step size h™
(as defined by (3.1)) tending to zero as n — oco. Let (ul)nen (resp. (u¥)nen) be a
sequence of discrete functions, i.e. such that each element of the sequence ul, (resp.
u¥ ) belongs to a space S™" (resp. SY™) and such that ||ulllz (resp. |[ullly ) is
bounded. Then the sequence (uX)pen (resp. (u¥)nen) converges in L2(Q) to a limit
u® (resp. u¥), and this limit satisfies u® € H}(Q) (resp. u¥ € HY(Q)). Furthermore,
one has (054, u, 0% ul) — Vu® (resp. (0%, uy, 0%, u¥) — Vu¥) weakly in L*(Q)?,
as n — oo.

Proof. The proof of convergence of the sequence (uf),en is similar to that of [4,
Theorem 9.1 page 772]. The weak convergence of the discrete gradient in L?(Q)? is
easily obtained by discrete integration by parts, thus shifting the discrete derivatives
on a smooth test function and passing to the limit on its discrete derivative. O

The discrete H! norm of a velocity field v = (v*,vY) € S§ x S§ is defined from
the ||-||z norm and the |-||, norm of its z-component and y-component respectively
by flvll3, = llo”l2 + [l0]3 -

We now define the discrete gradient as follows:
V,:|S— S§xS§
0= ((%.0)", (V,0)")
6
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with:

1
for2<i<N, 1<j<M, (Vyq)ii;= N (¢i,j — Gi-1,5),

R (3.13)
for1<i<N, 2<j<M, (V)i s = 57— (@i = dij-1)-

i=3

Note that the values of the z-component (resp. y-component) of the gradient over the
left and right (resp. bottom and top) boundary sides of the mesh do not need to be
defined, since it is supposed by definition to vanish: (V,,¢)* € S¥ (resp. (V,,q)¥ € S§).
Let us now define a discrete divergence operator as follows:

div

| SEx Sy — S

v = (0%, 0%) s div, (v) = div,, [M (3.14)

with, for 1 <i< N, 1<j < M:

v h¥hY it3.] ijts =5 m—%)' (3.15)

z 1
div,, {v ] = (W of 1 +hiv! o —hivl = hiv!
irj i '

This divergence operator satisfies:
Vo e S§ xSy, divy ()llezi) < V2]l -

A fundamental feature of the MAC scheme is that the discrete gradient operator
and the (opposite of the) divergence operator are dual with respect to the L? inner
product:

Vv € S§ x S§, Vg € S, /U-Vqum: —/ q div, (v) de. (3.16)
Q Q

Another fundamental feature of the scheme is its so-called ” inf-sup” stability property
[18, 21, 19], which reads:

/ q div, (v) de
Yq € S, sup &

||'U|| > Cis ”q - m(q)||L2(Q) . (317)
veS§x Sy M

where ¢;5 is a real number only depending on € and the parameter n characterizing
the uniformity of the mesh, and m(q) denotes the mean value of g over .

4. Presentation of the scheme and of the main results. Consider a MAC
grid as defined in the previous section, which we denote by M. A crucial property
which must be satisfied by the scheme we are about to construct is that the resulting
approximate density stays positive. To this purpose, the mass equation (2.1b) is
discretized with an upwind choice for the density. For any p € S and v = (v*,0Y) €
8% x §¥, we define an upwind discrete divergence div,’(pv) € S defined by its values
on each cell K ;:

1
1, up R Yy x x Yy
(div, " (pv))ig = he Y (R Pit g 305y T Prg sy
v T pTg .
h PimiiVio1 h phr%vi7j_%) (4.1)



where the value of the density at each edge is upwinded with respect to the velocity:

Pivij = Pij if v’” 1 >0 and Piyij = Pi+lj otherwise,

Pij+t = Pij if v 41 >0 and Pijrt = Pij+l otherwise.

We define an average density p* by p* = M/|Q|, and (f*, f¥) € S* x SY by:
1
(fT)icry = |KT ] f'* de  for2<i<N, 1<j<M,

(fNij-r = |Ky |/ fydac for1<i< N, 2<j< M.
1 Yy

=3 _
2

REMARK 4.1. The density p* can be chosen as any positive function satisfying
p* €S and fQ p*dx = M. However, the solutions of the scheme may depend on the
choice of p*.

With these notations, the MAC scheme reads, for a given positive a:

Find w = (u*,u¥)" € S§ x S§, p € S and p € S such that:

(AT T)z——j+((VMp)T)z——j:(fm)i—ljv QS’LSN ISJSM (4
(A%u?); s 1+ ((Vyp))ijor = (f¥)ij-1, 1<i<N, 2<j < M, (4.
di‘{ﬁp(p U) +h*(p—p*) =0, (

p=pT,p>0. (4.2d)
Note that this scheme conserves the total mass; indeed, summing (4.2¢) over K € M
yields that the integral of p and p* over () are equal.

From the identities (3.5) and (3.16), the first two equations of the scheme may be
set under the following discrete variational form:

u=(u",u?) e S5 xSy, peS, and, Vv = (v*,vY) € 5§ x SY,

(u®,v%)p + (u¥,0¥), — / p div, vde = / fvde.
Q Q

(4.3)

In Section 5 below we prove the existence of a solution to the scheme 4.2, along
with some estimates. The remainder of the paper is devoted to the proof of the
following convergence theorem.

THEOREM 4.1 (Convergence of the MAC scheme). Let Q be an open bounded
subset of R?, d =2 or d = 3, adapted to the MAC-scheme (that is any finite union of
rectangles in 2D or rectangular parallelipeds in 3D). Let f € (L2(Q))%, M >0, v > 1,
and o > 0. Let n > 0 and (My)nen be a sequence of MAC grids satisfying (3.2) and
with step size h™ tending to zero as n — 0o. Let (Un)neN, (Pn)nen and (pn)nen be
the corresponding sequence of MAC-discrete solutions. Then, up to the extraction of
a subsequence:

e the sequence (un)nen converges in (L2(Q))? to a function u € H(Q)?,
e the sequence (pp)nen converges in LP(Q) for any p such that 1 < p < 2v and
weakly in L27(Q) to a function p of L*7(Q
o the sequence (pn)nen converges in LP(Q
weakly in L2(Q) to a function p of L2(Q

8

)

0
)
) for any p such that 1 < p < 2 and
)

)



e u, p and p satisfy the continuous problem (2.2).
REMARK 4.2. The same convergence result holds (with no problem of passage to
the limit in the equation of state) for v = 1, with only a weak convergence of (pp)nen
and (pp)nen in L2(Q).

5. Existence of the solution and estimates. To avoid the use of the indexes
i,J when possible, we use in this section notations designed for general grids (see e.g.
[7]). We denote by Eint the set of all the internal edges o = K|L of the (pressure)
grid, where K and L are the two (pressure) control volumes separated by o. We then
define a normal vector to any edge of the pressure grid by n, = (1,0)! or n, = (0,1)%.
For any K € M, we denote by i the set of edges of K and for any o € £k, we
introduce €& = n¥X . n, where nX denotes the unit normal vector to o outward to
K (so that e = +1). For a discrete velocity field u € S§ x SY, we denote by u, the

unknown associated to the edge o, that is u, = (G i (resp. Uy, = ule) if o is the
2 HLIT 2

edge separating K; ; from K, ; (resp. K; j+1). Then, for a density field p € S and
an internal edge o = K|L, we denote by p, the upwind choice for p on o with respect
to u, that is p, = px if u-nX >0, p, = pr, otherwise; finally, [p], = |px — pr|. With
these notations, the discrete divergence given in (3.15) becomes:

div, u = Z lo|ugeX (5.1)

c€EK

and similarly, the discrete upwind divergence given in (4.1) becomes:

divi®(pu) = > |olpsucel. (5.2)

c€EEK

The following lemma states the positivity of the discrete density. It is (easily)
proven by observing that for a given velocity field, the discrete mass balance (4.2¢) is
a linear system for p the matrix of which is an M-matrix [8, Lemma 2.1].

LEMMA 5.1. Let u* € S§, u¥ € S§ and p € S satisfy (4.2¢c). Then p > 0.

PROPOSITION 5.2. There exists a solution to System (4.2).

Proof. The proof of this result is obtained by applying the fixed point Brouwer
theorem. Let u* = ((u®)k, (u¥)¥)! € S§ x S§ be a given discrete velocity field. We
define p**! as the solution of (4.2¢) with u® = (u®)*F and u¥ = (u¥)", i.e.:

di\{;lp(karluk) + ha(karl o P*) = 0.

The existence of a solution to this linear system is a consequence of Lemma 5.1 along
with the positivity of this solution. In addition, we deduce from the conservativity of

the scheme that:
/pk“dm = / p*da. (5.3)
Q Q

This relation provides a bound for p**! in the L! norm, and therefore in all norms
since the problem is of finite dimension. Through the equation of state, we thus obtain
a bound for pF*1 = (p**1)7 in a discrete norm. We now define (u®)**! and (u¥)*+!
as the solution, with p = pF*1, of (4.2a) and (4.2b) respectively:

x(, x\k+1 k+1\z _ T . .
(A" 5+ (V™ ) )iy = (F)in1y 2SI N, 1< <M,

i1
(A W)Yoy + (V™)) = (igoyy 1SI<N, 2<5 <M.

1
L) — 3

9



Since p**1 is bounded, its gradient V, p**! is bounded, in particular in L2(2)? (note,
however, that the bounds that we thus obtain depend on the mesh). Multiplying
(4.2a) by ((u®)F*+1), summing over ¢ and j, and using (3.5), we get:

17%,]’7
@) = [ [T 7+ 7] ) da

Invoking now the fact that the || - ||, norm controls the L? norm, we thus obtain
an a priori bound for ||(u®)**1|,, let us say ||(u®) 1|, < C%, with C* depending
only on f* and (V,p**1)*. Taking f* = 0 and (p**1)% = 0, this estimate provides
the uniqueness of (u®)¥*! solution to (4.2a) and in turn, its existence. The same
arguments hold for (u¥)F*! and we thus get that (u¥)*T! exists and satisfies an
inequality of the form |[|(u¥)**!||, < C¥. Finally, the function ((u®)¥, (u¥)*))
((u®)k*L (u¥)**1)) is continuous. By the Brouwer theorem, it thus admits a fixed
point in the convex set C defined by:

C={("Y) € S5 x5 st |u*ll, <C”and |u’|, <C¥}.

This fixed point is a solution to the scheme. O

Let us now turn to stability issues: in order to prove convergence, we wish to
obtain some uniform (with respect to the mesh) bounds on the solutions to (4.2);
these bounds are stated in Lemma 5.5 below. We begin by a technical lemma, which
extends [5, Lemma 5.1] and yields Lemma 5.4. In fact, Lemma 5.4 is not only useful
for stability issues, but for three other reasons. Firstly, it allows an estimate on u in
a dicrete Hj norm (Proposition 5.5), as in [5]. Secondly, it yields a so called weak BV
estimate if v > 2 or weighted weak BV estimate if v < 2 (Proposition 5.5). These
weak BV estimates depend on the mesh and do not give a direct compactness result
on the sequence of approximate solutions; however they are useful in the passage to
the limit in the mass equation. Note that the weak (and weighted weak) BV estimate
did not have to be used in [5] because of the presence of an additional stabilization
term; this latter term was in fact introduced for technical reasons for the passage to
the limit in the equation of state. Thirdly, Lemma 5.4 gives (with 8 = 1) a crucial
inequality which is also used in order to pass to the limit in the equation of state.

LEMMA 5.3. Let p be a positive function of S, and u = (u*,u¥) € S§ x S§. Let
@ be a continuously twice-differentiable function from (0,+o00) to R. Then, for any
0 € &, 0 = K|L, there exists a real number p, € [min(pg, pr.), max(ps, pr)] such
that:

| #0) i) de = [ o) = ()] disude+5 3 lol ) fuol [

0€Eint

Proof. Using the expression of the divergence operator, we get:

/ ¢'(p) divyP(pu) dz = / [p¢'(p) = @(p)] div,ud + R,
Q Q
with:

R= Y>> lol [¢'(px) ps — ¢ (o) pic + @lpic)] o€l

KeMoefk
10



Reordering the summations and noting that €X = —el for 0 = K|L, we get:

R=Y |of “@'(px)pa — ¢ (p)pc +9(px)| = [¢' (L) ps — &' (pr) oL + w(m)”uaef-

0€E&int
o=K|L

Without loss of generality, we may orient any edge o € Eint as 0 = K|L where K is
such that w - nX >0, so that p, = px, and we get:

R= > [p(px) = elpr) = ¢'(pr) (px — pr)] Iuol,
oc=K]|L

which yields the result thanks to a Taylor expansion of ¢. O

LEMMA 5.4. Let p € S and w = (u”,u¥) € S§ x SY satisfy (4.2c). Then, for any
0 € &nt, 0 = KI|L, for any > 1:

. 1 o
[ Pt uda 5 3 Bl prs ol 2 < C e,

Uegint
where C' only depends on M, 3 and 2, and

pos =min(py >, p} ) for o = K|L. (5.4)

Proof. By Lemma 5.1, we know that p > 0. Let us first suppose that § > 1.

Multiplying (4.2¢) by the test function 3 b 1,0671 and integrating over ), we get:

B
B—1Ja

g
B—1

P pude + [ e pde =0 (659)
Q
By Lemma 5.3 applied with ¢(s) = 5%, there exists a family of real numbers (jy )oce,.,

such that p, € [min(pxk,pr), max(pk,pr)] and such that the first term of Relation
(5.5) satisfies:

b

1
B-13: u _ B3 ~3—2 2
7 [ iR = [ pPaivude g 3 gl 577 ol .

0€Eint

Since the function s +— s” is convex, the second term of Relation (5.5) satisfies:

B ha/52pf8*1(p— p*)de > /Q(P'B —(p)’)dz > ﬂh_al /Q ~(p")” da.

51 =31

The two above relationships and the fact that p, g < p2~2 yield the result for 3 > 1.
For 8 = 1, the arguments are the same with ¢(s) = slog(s). O

e}

PROPOSITION 5.5. Lety > 1,p€ S, p€ S and u = (u®,u¥) € S§ x SY be a
solution to the scheme, i.e. system (4.2). Then there exists C1 depending only on f,
M, Q and v such that:

lully + lplle@) + llolley @) < Cr (5.6)
11



Moreover, for any € [1,7], there exists Cy depending only on f, M, Q, v and 8
such that

> 1ol pos lusl []5 < Co, (5.7)

o€Eint

where py g is defined in (5.4). In particular, for v > 2, we get by taking 8 = 2 in
(5.7):

> ol fuel ]2 < Co. (5.8)

o€Eint

Finally, p >0, p=p" and/pda;:M.

Q
Proof. Let us first notice that p > 0 thanks to Lemma 5.1, that p = p” by
definition of the scheme (4.2) and that [, pdz = M thanks to the conservativity of
the scheme, see (5.3). By (4.3), we have:

Jul?, = [ pdivy(@dz = [ (Fu" + frur)de,
’ Q Q
and thus, thanks to the fact that the discrete H! norm controls the L? norm:

a2, —/deiVM(u)dw < Cs,

where C'5 only depends on f and 2. Lemma 5.4 with 8 =~y yields, since p = p”:

. 1
/delVM(u) dz + B Z Yol poy |uq[p]5 < Cu,

0E€Eint

where Cy only depends on M, 7, o and 2. Summing these two relations, we thus
obtain:

1
lull? +5 > V1ol pon luol [pl; < Cs + Ca. (5.9)

o€Eint

Let m(p) stand for the mean value of p. Thanks to the discrete inf-sup condition
(3.17), there exists a function v € S§ x S,v # 0, such that [,p div,(v)dz >
cis [0 — m(p)|lLz2q) [|v][, - Choosing this specific function v as test function in (4.2)
then allows a control of [p —m(p)|r2(q) . In addition, the positivity of the density
and the conservativity of the scheme yields:

/pda::/pl/vda::M,
Q Q

and thus a classical result (see e.g. [5, Lemma B.6]) implies that |[|p[l 2(q) itself is
bounded, and therefore so is ||p||r2v(q) . We have therefore proved (5.6) and (5.7) for
f=n.

In order to prove (5.7) for B < 7, let us use once again Lemma 5.4, to obtain:

S Jo! poslusl [p2 < — /Q o div,, (w) dz + C,

o€&int
12



where C' depends on M, ), v and .

Since p is bounded in L??(Q) and |div,,(w)|12() is controlled by |[|ul,,, this
concludes the proof. O

REMARK 5.1 (Strong and weak BV estimate). Note that the estimate (5.8) is
the classical weak BV estimate used in the multi-dimensional hyperbolic theory (see
e.g. [4, Lemma 21.3 page 889]). It is different from strong BV estimates used in the
one-dimensional setting (and which are not available in the multidimensional case for
non Cartesian meshes) because it is not independent of the mesh: it behaves as h—z
where h is the mesh size, but this weak control is still sufficient to pass to the limit in
the schemes.

6. Passage to the limit in the mass and momentum balance equations.
PROPOSITION 6.1. Let n > 0 and (My)nen be a sequence of MAC grids (My)nen
satisfying (3.2) and with step size h™ tending to zero asn — 00. Let (U )nen, (Pn)nen
and (pn)nen be the corresponding sequence of solutions to (4.3),(4.2¢),(4.2d). Then,
up to the extraction of a subsequence:

the sequence (wy)nen converges in (L2(Q))? to a function u € (H§(Q))2.
the sequence (pn)nen weakly converges to a function p in L27(Q),
the sequence (pn)nen weakly converges to a function p in L2(Q),
u, p and p satisfy the continuous momentum and mass balance equations
(2.2a) and (2.2b).
5. p>0 ae and [,pde =M.

Proof. The stated convergences (i.e. points 1. to 3.) are straightforward conse-
quences of the uniform bounds for the sequence of solutions, together, for the velocity,
with the compactness theorem 3.1. Point 5. is an easy consequence of point 2. Let us
then prove point 4. i.e. that u, p and p satisfy (2.2a) and (2.2b). Let ¢ be a function
of C2(2)2, and let ¢ and ¥ be the functions of S*™ and S¥" respectively, obtained
by taking the average value of ¢® and ¥ over each internal edge of the primal mesh
M,,. Let o, = (0%, %) and Au, = (A%uZ, AYuY)t. Then:

™o o =

/Aun-wnder/VMpn-sondw:/fn-sondw~
Q Q Q

The convergence of the first term may be proven by slight modifications of a classical
result [4, Chapter III):

lim Au, - p, dr = / Vu - Vedx.
Q

n—oo Q

From the definition of ¢, and thanks to the weak convergence of the pressure, we
have:

/ Vbn-p,dx = / pn divep dx and therefore lim [ V, p,-¢, dz = / p divep dz.
Q Q Q Q

n—oo

Finally, since lim I pnde = / f - pde, the functions w and p satisfy (2.2a).

Now let ¢ € C2°(Q2), and let ¢, € S,, with values (¢r,);; = ¥(i,y;) on K, ;, for
1<i<N,1<j<M,ie (¥n); is the midpoint value of ¢ in the respective box
(i,4) of the mesh. Note that, in this relation and in the remainder of the proof, the
dependency of the mesh on n has been omitted for short. Let us multiply the discrete
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mass balance equation (4.2c) corresponding to K ; by h? th (¥n)i,; and sum over ¢
and j, to obtain 1%, + Ty + Ty,n = 0, with:

N M
Tom =h > > W RY (¥n)iy [(pn)i — 7],
N i:]vlljzl
Tem = Z Zhé] (wn)u [(pn)iJr%,j (Uf;)H%,j - (pn)i—%,j (ufp)i—%,j]v
i;l j;[l
Tyn = Z Z hi (wn)u [(pn)i,j+% (u%)i,j-i-% - (Pn)i,j—% (UZ)”—%]
i=1 j=1

Since the sequence (py,)nen is bounded in L(Q2), the term T ,, tends to zero for any
a > 0. Reordering the summations, we get for T ,,:

N M
z V)i N tn i,J
= E E % Pn)v+2,a (un)i-l—%,j ( )thr () ot
i=1 j=1 1+2

Since we have:

(Yn)it1,; — (Vn)iyy 1 /
= = - Oz dzx| < cy hyp
} hi+% b 1 th K*

where 0, denotes the partial derivative with respect to the x variable and ¢y, € R
depends only on v, we get T , = Th 5, + R1,n with:

Tin=33 [ (e (Wi, devde,

and, by the Cauchy-Schwarz inequality and thanks to (3.2):

|Rin| < ey hn ZZhH—l |(pn) itd,j (ui)zﬂr%,ﬂ
=1 j=1 (61)

<chnllpnllLz) llunlliz@)

where ¢ depends only on M, Q and f through the bounds on p,, and u,, (see Propo-
sition 5.5) and on ¢ and the parameter 7 defined in (3.2). Therefore R, tends to
zero when n — oo. Now we can decompose T ,, = T ,, + Ra , with:

T = [ oo e, R ZZ/ (pndissy — pn] (W2)iss, Outo e

=1 j=1

On one hand, by definition, the quantity (pn)H%J is equal either to (pn);; or to

(Pn)i+1,5- On the other hand, over Kﬁrl o Pn is equal to (py,);,; on the "i—side of the
L

edge” and to (p,)i41,; on the ” (i + 1)— side”. Since 0,1 is bounded, we thus get:

[R2.n| < cy E E hipr b5 [(n)ivs 5l [(pn)ias = (pn)igl-
=1 j=1
14



Let us first suppose that v > 2. We have:

1/2
R < [ZZM’ WD)yl on)isns = (pu)igl?]

=1 j=1
1/2
[Zzhw 1 hy fl)7:+%,j|] :

=1 j=1

The last two quantities are controlled, by the second inequality of Proposition 5.5,
i.e. Relation (5.7), for the first one and because (uZ),en is bounded in L(2) for the
second one. So we get |Rg | < ¢ h,l/ with ¢ independent of n.

If we now suppose that v < 2, we may write:

) Y 1/2
|Ra,n| < cyphl/? [Zzhy Wit )21 sl ()i — (pn)z',j|2}

=1 j=1
/
[Zzhﬂé hy (P )H_%J)%7 |(ufz)i+%,j|:|1 i

=1 j=1
(6.2)
where (pn);q 1 ; = max((pn)ij, (on)it1,5). Hence by (5.7), the first sum is bounded.
For the second one, we have:

h’I‘ hy 5N 2=y Ty Sl hr hy m 1/2
S B (i P (0l < [ 330 Y 00 )
=1 j=1 =1 j=1
/
[ZZW 1 hj max((ﬂn)i,j»(Pn)m,jal)QT g

=1 j=1

The first term in the right hand side is controlled since ||luj|[12(q) is bounded and,
the second one is controlled since |pn|r2(q) is bounded, using the regularity bound
(3.2) on hf_;/h{. In this case also, | Ry | tends to zero.

By the weak and strong convergence of (pn)neny and (u®),en respectively, we
have:

lim T, , = hm Tgn:/pum Oz de.
Q

n—oo

By the same arguments, we obtain:

lim Tyn_/puy Oy dz,
Q

n—oo

which shows that p and wu satisfy the continuous mass balance equation. O

REMARK 6.1. Note that, in the case v > 2, the convergence proof may easily be
modified so as not to require that all the meshes M, satisfy (3.2) with the same n (it
is used here only for short in order to get (6.1)). However, in the case v < 2, it does
not seem easy to proceed without this reqularity assumption, which is used to obtain
(6.2). Moreover, the same assumption is also used in the proof of convergence of the
equation of state, for any v (see Step 2 of Lemma 7.3).
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7. Passing to the limit in the equation of state. Under the hypotheses of
Proposition 6.1, up to a subsequence, the approximate solution (wy,, pn, pn) converges
(in the sense given in Proposition 6.1) to (u,p,p) (as n — o0); the limit (u,p, p)
belongs to H(2)? x L2(Q) x L?7(Q) and satisfies (2.2a), (2.2b), p > 0 a.e. and
Jo pda = M. There remains to show that (u,p, p) satisfies (2.1c), i.e. the equation of
state p = p” a.e. (and that the convergence of p,, and p,, are strong in the appropriate
Lebesgue spaces).

If v = 1, this is easily proved (except for the strong convergences of p,, and p,),
thanks to the weak convergence as n — oo of p, and p, to p and p in L?(Q2). For
~v > 1 however, we may not pass to the limit in the nonlinear equality p, = p) since
the convergence of p,, towards p and of p,, towards p are only weak in L2 (Q). In order
to obtain the relation p = p”, the main idea is to prove that:

liminf/pnpndmg/ppdm. (7.1)
Q Q

n— oo

Once this inequality is proven, it is quite easy to deduce (up to a subsequence) the
a.e. convergence of p, and p, and therefore p = p7 (and we also obtain the desired
strong convergence of p,, and py,).

7.1. Proof of (7.1) in a continuous setting. For the sake of clarity, we first
prove (7.1) in a simple (but unrealistic) setting, namely assuming that w,, satisfies
the following approximate (but not discrete) equation:

u, € H(l)(Q)Q, —Au, + Vp, = f,, (7.2)

with f,, € L2(Q)? and f,, — f weakly in L?(Q2)? as n — oo. The proof we give here is
slightly different from that of [5]. It is more adapted to the case of the MAC scheme
that we consider here but it could also be used for the proof of convergence of the
scheme considered in [5].

For all v,w in H}(Q)? (in fact w € H!(Q)? is sufficient), one has:

/V'v:desc:/divvdivwdzc+/curlv curl w de. (7.3)
Q Q Q

with, for v = (v7,vY), curl(v) = 0,v¥ — 0yv™ (05 (0y) denoting the derivative with
respect to the x (resp. y) space variable). Even though the relation (7.3) is well-
known, we now give its proof, which will later be used as a guide for the proof of
the discrete counterpart of (7.3), stated in Lemma 7.1. Let v = (v%,0Y) € C(Q2)?,
w = (w*wY) € CX(Q)%. A blunt comparison of the two sides of (7.3) using the
definition of the differential operators yields:

/V'U:V'wdsc:/divvdivwdsc—i—/curl'v curlwdx — R,
Q Q Q

with R = [ 0,0 0yw? + 0yvY 0, w” — Oyv* 0pw? — OvY Oyw” de.

Q
A double integration by parts gives:

/(%Ug”aywydw:/avaamwydsc and /@W@mwx dw:/&rvyaywmdsc,
Q Q Q Q

which leads to R = 0 and (7.3). Then, we obtain (7.3) in H}(Q2)? by density.
16



REMARK 7.1 (Extension of (7.3) to the three-dimensional case). In the three
dimensional case, the curl operator is defined by curlv = (9,v* — 0,v¥, 00" —
Dpv*, Oyv¥ — Oyv®)t. The quantities curlv and curlw are thus vector valued but
Relation (7.3) still holds, replacing the product curlv curlw by the dot product curlv-
curlw in R®. The proof of (7.3) then follows by using three times the formula (7.3)
written in the two dimensional case. More precisely, if v = (v%,v¥,v*) € C*(Q)3,
w = (", WY, w?) € CX(Q)3, one has, for (a1, a2,a5) € {(2,9,2), (9,2, 2), (2,,9)},

/ 0oy V' Oay W' + 0y Onp W™ + 0a U200, W*? + 0y 0?0, w™? da
Q

= / (O, V™ + 0qy %) (O, W™ + O, w™?) da + / curl® v curl® w de,
Q Q

where curl®® denotes the az-th component of curl. Then, adding these three equations
leads to:

Vv :Vw + Opv* 0w | dx =
A > }

ac{z,y,z}

{divvdivw + Z Oa v 0qw® + curlw - curl w} dx.

Q ae{z,y,z}
This gives (7.3) for v,w € C(Q)3 and, by density, for v,w € H{(Q)3.

Using formula (7.3), we get from (7.2), for all v in H}(2)?,

/divundivvda}+/curlun curlvdw—/pndivvdm:/fn-'vdsc. (7.4)
Q Q Q Q

Let us assume, for a moment, that we may choose v = v,, with:
curlv, =0, divv, = p,, (7.5)

and v,, bounded in H}(Q)?. Unfortunately, such a choice is possible in H*(Q)? but
not in H}(Q)?, and we shall see later how to get around this difficulty. With such a
choice of v,,, we have up to a subsequence, v,, — v in L?(2)? and weakly in H}(©2)?
as n — oo with:

curlv =0, dive = p. (7.6)

Since divv,, = p, and curlv,, =0, (7.4) reads / (divu, — pp) pnde = / [ vnde.
Q Q

Since f,, and v,, weakly converge in L2(Q)? to f and v respectively, we obtain:

lim (divu, — pn) pnde = / f-vde.
Q

n—oo Q

But, since (u, p) satisfies (2.2a), one has:

/divudivvdw+/curlu curlvdw—/pdivvdwz/f~vdw.
Q Q Q Q

which gives, thanks to (7.6), / (divu — p)pdx = / f -vdx. Therefore:
Q

Q

lim [ (p, —divu,) ppdx = /(p —divu) pdex. (7.7)

17



Finally, thanks to the mass balance equation (2.2b), Lemma 2.1 of [5] gives:

/ pdivudz =0.
Q
We assume also that u,, satisfies an approximate mass balance equation leading to:

liminf [ p,divu, dz <0.

n—oo Q
This holds in the discrete case, that is when p, and w, satisfy (4.2¢), as stated in
Lemma 5.4. Then one deduces (7.1) from (7.7).

Unfortunately, the above proof of (7.1) fails because it is impossible to choose v, in
H}(2)2. In order to overcome this, we implement the following construction for v,,
which we sketch formally, since it gives the building blocks for a similar construction
in the discrete MAC setting in the following subsection. We first choose w,, such that
wy, € HY(Q) and —Aw,, = p,. Since the sequence (py,)nen is bounded in L?(€), the
sequence (wy)nen is bounded in Hg(Q2). But we can then also derive an H} (€2)-
estimate on w, (an H?(Q)-estimate is also available if € is convex; however this
assumption is otherwise not needed in the present paper); indeed, for ¢ € C(£2) the
sequence (A(wy,@))nen is bounded in L2(Q) (by some quantity depending on ¢), two
“formal” integrations by parts (which can be justified) give:

Z / 0o Oy (Wi p) Oary Dy (Wi p) A =
an,ane{zy)” (7.8)

S 0000009 2us )b = [ (M) da

ar,az€{z,y} @ @

Since (wy,)nen is bounded in Hg(Q) and in H} (), up to a subsequence, w, — w
weakly in H}(Q) and in H?

() as n — oo, so that w, — w in L*(Q) and V(w,¢) —
V(wp) weakly in H}(Q)? and (strongly) in L2(2)? for all ¢ € C°(Q2). Setting
v, = —Vw, and v = —Vw, we then have v,, € H}OC(Q)Q, divv, = p, a.e. in €,
curlv,, = 0 a.e. in Q and, as n — oo, v, — v in L? (2)? and weakly in H}, ()2,
with (7.6) (i.e. curlv =0, dive = p).

Let ¢ € C°(Q), so that v, € H(Q)?. Let us now prove that:

lim | (p, —divuy,) p,ede = / (p—divu) ppde. (7.9)
Q

n—oo Q
Taking v = v,¢, (7.4) gives:
/ div u,div(v,e) de + / curlu,, curl(v,p)de
Q Q
—/pn div(v,p) de :/ I (vnp) de.
Q Q
But, div(v,p) = pnp+v,- Ve and curl(v,p) = L(p) v, where L(p) is a 1 x 2-matrix

(in the three dimensional case, a 3 x 3-matrix) involving the first order derivatives of
. Thus:

[ v, —p.) puode = [ £, (wop)da
Q Q

— / (divuy,) v, - Voda — /curlun L(p)v, dx + / PV, - Vodz.
Q Q

18



Using the weak convergence of u,, in H}(2)2, the weak convergence of p,, and f,, in
L2(Q) and L2(£2)? respectively and the convergence of v,, in L? (Q)?, we obtain:

lim [ (divu, —pn) prpde = / f(vp)de
Q

n—oo Q
—/(divu)'o -Veodx — /curlu L(p)vde + / pv - Vpde.
Q Q

But, since (u,p) satisfies (2.2a),

/ divu div(vy) de —|—/ curlu curl(vy) dx — / pdiv(vy) de = / I (vp)de,
Q Q Q Q

which yields, using (7.6):

/(divu—p)wdw=/ I (vp)de
Q Q
—/(divu)v~V<pdw—/curlu L(gp)vdac—l—/pv-Vgpdw
Q Q Q

which proves (7.9).

Using now the fact that (p, — divuy,) p, is bounded in LI(2) for some ¢ > 1
(namely g = 27/(y+ 1) > 1, thanks to the L?(Q) estimate on (p, — divu,) and the
L27(Q) estimate on p,), we deduce from (7.9) (see Lemma B.2 of [5]) that:

lim [ (p, —divu,)p,dz = / (p —divu) pde.
Q

n—oo O

The proof of (7.1) then folows from the mass equation (2.1b), as it was from (7.7).

7.2. Proof of (7.1) in the discrete MAC setting. We now have to prove
(7.1) with (wp, p,) solution of the discrete momentum equation (4.3) rather than of
the approximate continuous momentum equation (7.2). We use here the fact that the
MAC scheme allows an identity similar to (7.3), given in Lemma 7.1 below. Note that
this path is quite different from the Crouzeix-Raviart framework [5]; indeed, for this
latter discretization, the analogue of (7.3) involves some jumps at the boundaries of
the elements, and an ad hoc strategy (including the introduction in the scheme of a
stabilization term) was necessary to circumvent this difficulty.

We first define, in the framework of Section 3, that is with a MAC grid denoted
by M, the discrete operator curl,,, using the fourth partition of {2 and the space
S*Y defined in Section 3. The operator curl,, is defined from S* x SY to S*Y; for
v=(v*0vY) €S x SYandforie{l,...,N+1},j€{l,...,M + 1}, one has:

Yy Yy T x
I R VP
L,j— 5 i—1,j—3 i— 3, i—5,j—1
curl,, v = 2 z — 2 2 on K, 1. 1, (7.10)
M h® hll 1=35] 73
i—1 j—1
2 2
where h% , and hY , are defined by (3.3) and
Jjt+s it+3
x _ T _ Yy _ Y —
Vi_i0= 0, Vil M1 = 0, Vo -1 = 0, UNi1jo1 = 0.

In fact, one has curl,, v = 9%v¥ — 0 %,v", where 95,vY and 9%,v” are defined by
(3.10). More precisely, in (3.10), the quantities 9%,v¥ and 9%,v" were defined for
v € S§ x S§; they are extended here to the case of v € S* x SY.
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LEMMA 7.1. Let M be a MAC grid, v = (v*,vY) € S¥ x S§ and w = (w”*,wY) €
S¥ x S§. Then the following discrete identity holds:

v*,w*)? 4+ (v¥,wY)? = [ div, v div,wdx + | curl,vcurl, wdx. (7.11)
Q M M Q M M

Proof. As in the continuous case, a blunt comparison of the two sides of (7.11)
using the definition of the discrete differential operators yields:

", w4+ (WY, wY)Y = [ div, v div,w+ [ curl,, veurl, w - R,
Q M M Q M M M

where R,, is a discrete version of the quantity R obtained in the continuous case, that
isR,,=A+ B —-C— D with:

N — Y wr o, —wt
. 7J+2 m—% i+3.j =50\ v 2
B = o hi k7,
i=1j=1 i
N+1MA+1 vy — Y 1 w? . —w? 1
17 Vi -t i—3.J i—5.j—
D= ( )( 2 ) hE LBy
1 j=1 hj 3 R
i=1 j= —5 -2

The terms A and C' are the same as B and D, exchanging ¢ and j, N and M and
x and y. The terms A and B come from fQ d1V vdiv,wdx and the terms C' and
D come from [, curl,, v curl,, wde. In order to prove (7 11), it is sufficient to prove
B =D (and, 51m11ar1y, A= C) To this purpose, we use a double discrete integration
by parts:

N41 M+1
— _onT
- Z Z i,j—3% Ui 1,]—%) (w7—§d w7—§7j—1)
i=1 j=1
N+1M+1 N M+1
_ Y T T _ Y z _ anZ
= Vi (Winyy — Wiy o) > Vi (Wi~ Wiy a)-
=1 j=1 i=0 j=1
By (3.11) (i.e Vo1 = N+1,J 1 =0forall j€{1,...,M +1}), we get:
N M+1
— Yy x _
D _Z Uq,g—§(w1i—z71 Wistj—1~ Wipd wH—%,J—l)
i=1 j=1
N M+1 M
Yy x fd Y T T
:§ Y oW, — ,—E Ev.. w? o —wh ).
Uwf%( i=3.] 1+%J) m+%( i3] z+%,j)
i=1 j=1 i=1 j=0

Since v¥ € S§, one has v i1 :vi’,M+% =0 for alli € {1,..., N}. Therefore:

!

N M
— Zz Zz _
—ZZ 1 ,j+2)(w*%,j_wi+%,j)_B'

i=1 j=1

REMARK 7.2 (Three-dimensional case). If d = 3, the operator curlpy is vector
valued and, for instance, with natural notations, the third component of curly is
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defined on a space denoted S*Y which stands for piecewise constant functions over

each K; 1 ; 1, with K;_1; 13 = (Ti—1,@i) X (yj-1,¥5) X (2p_1,2441) and the
formula for this component of curly v is the same as in the case d = 2, adding the

subscript k.

The three-dimensional operator curl yq also satisfies Lemma 7.1. As in the continuous
case (see Remark 7.1), the proof of this result is obtained by using three times the proof
of the two-dimensional case.

Let us now return to the setting described at the beginning of this section. Assum-
ing that the hypotheses of Proposition 6.1 are satisfied, (., pn, pn) converges (in the
sense given in Proposition 6.1) to (u,p, p) (as n — oo) and the limit (u,p, p) belongs
to Hj(Q2)? x L?(Q2) x L?7(2) and satisfies (2.2a), (2.2b), p > 0 a.e. and [, pdz = M.
We want to prove that p = p” a.e. (and that the convergence of p,, and p,, are strong
in the appropriate Lebesgue spaces).

For simplicity, when we consider a sequence (M,,)nen of MAC grids, the index
M., is replaced by n in the notation of discrete functions and operators, such as div,,,
curl,, or V pq. With these notations, since (uy,, p,) satisfies (4.2a) and (4.2b), one has
for all v € S§ x SY, using (7.11):

/divnundivnvdw—i—/cuﬂn Uy, curlnvdw—/pndivnvdw:/ fnovde. (7.12)
Q Q Q Q

We now have to choose a suitable test function v in this relation. As in the simpler
case described above, an optimal choice would be v = v,, € S§ x S§ with curl,, v,, = 0,
div,, v,, = p,, and v, bounded for the natural norm of S§ x S§, i.e. the ||- |, norm.
But, here also, such a choice is impossible in S¥ x Sy but is possible in S* x SY (with
a local estimate in a discrete H? norm, as we shall see later), building v through a
convenient discretization of the Dirichlet problem.

We now describe this choice for a general MAC grid M. Let p = {p;;, i =
1,...,N,j=1,....M} e Sand let w={w,;;,i=1,...,N,j5=1,...,M} € S be
the finite volume solution (on the mesh associated to p and p) of —Aw = p with an
homogeneous Dirichlet boundary condition, that is:

A=, (7.13)
where A, w € S is defined by, for alli € {1,...,N}, j € {1,..., M},

Wit1,j — Wiy  Wij — Wi—1,5 | Wij41 — Wij  Wij — Wi -1
(AM’LU)zJ _ +1,5 J o 5] »J + J+ 5] >J »J (714)

x x x T Yy Yy Yy Yy ?
hr hy oy R Wy h DA

with, for all4 € {0,...,N+1} and j € {0,..., M + 1},
Wo,j = WN+1,j = Wi,o0 = Wi m+1 = 0. (7.15)

Eet us theg take v = —V pmw where Vo is a discrete gradient of w defined by
Vamw = (Vaw)*, (Vayw)?)t € §* x SY with:

Wit1,j — Wi

(Vmw)i s ;= —a i€ {0,...,N}, je{l,...,M}, (7.16a)
2 i+%
— Wi 4 —W;45 . .
(Vpw)!, s = % ie{l,...,N}, je{o,...,M}. (7.16b)
i+3
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Note that in general Vw does not belong to S¥ x S§. This choice of v (using
the finite volume discretization of the Laplace operator on the grid associated to
p) ensures that div,, v = p. Furthermore, since v is a discrete gradient given by
formulae (7.16), it satisfies curl ;v = 0 (relation (7.13) is not used for this property).
These two properties are stated in the following lemma.

LEMMA 7.2. Let w ={w;;,i=1,...,N,j=1,....,. M} e S. Letv = (v",vY) =
~Vmw € 8% x SY be defined by (7.16) and (7.15). Then, with the discrete curl
operator denoted by curl,, and defined by (7.10), we have curl,,v = 0.

Furthermore, if w satisfies (7.13) with p = {pij,i=1,....N, j=1,....M} € S,
then div,,v = p.

Proof. We first prove that curl,, v = 0, which is the discrete counterpart of the
classical equality curl(Vw) = 0 for a regular function w. Let ¢ € {1,..., N + 1} and
j€{l,...,M+1}. By definition (7.10), one has, on K;_1 ; 1, curl, v = A— B with:

3+J
Yy Yy T T
vl —v! v —vF
Lj—35 i—1,j—5 =3, i—35,j—1
A= 2 2 and B = 2 2 .
x Yy
h® Ry
) =3
Recall that the values at the boundary are given by:
T _ x _ Yy — Y —
Vi1 = 0, Vi_1Mg1 = 0, Uo,j—% =0, UN_HJ._% =0.

We now use (7.16) (and (7.15) for the values at the boundary), that is

Wit1,j — Wiyj

—vf = ————=, 1 €{0,...,N}, j€{0,...,M + 1},
2] h1+l
wi'+1_2wi’ . .
—viy’ﬂ%:%, i1€{0,...,N+1}, j€{0,..., M},
i+3

and we obtain:

Wi —Wij-1 | Wiolj — Wio1j-1

h® Ry h® | hY
tmz Iz =z J

_ Wiy T Wintj | Wil T Wisyo1

hY | h* hY | h* ’
j—3 i—3 J—3 i3

A:

, B=

1
3
from which one deduces A = B and then curl ,v = 0.

We now prove the second part of the lemma. Let ¢ € {1,...,N} and j €
{1,...,M}. One has, on K, ;, following (3.15),

1
div, v = = (h vl 1 . —hiv!

T Y Yo,
Ry Ry T Py vy

i—5.J i,j+3 ij—3%
Using (7.16), we obtain:

Witlj — Wiy | Wij — Wizl Wiyl — Wiy
hE h* hE h* hY nY
¢ ity i iy 7 it

Wij — Wij—1 _ i
= p;i.
hY Y 7

J

1
2

div, v = — +

which concludes the proof of the lemma. O

REMARK 7.3. As for Lemma 7.1, this proof extends to the three-dimensional
case.

As in the continuous setting described in Section 7.1, we now prove, in Lemma 7.3
below, that an L2(£2)-estimate on p gives a discrete-H? (Q) estimate on w and then a

loc
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discrete-H; () estimate on v. In order to state these local estimates, we first define
an approximation ¢ of a function ¢ € C°(Q2) defined by:

i ;= @(z;,y;) foralli € {0,...,N+1},j€{0,...,M +1}. (7.17)

and consider for w € S, the gradient of the function wpa € S as defined in (7.16),
that is V(wearm) = (V(wpm)®, V(wer)?)t. Note that if ¢ = 1, one recovers (using
(7.15) as the boundary conditions for w) (V. (we))® = —v® and (V aq(wip))¥ = —v¥
where v = (v*,vY) is defined by (7.16).

LEMMA 7.3. Let M be a MAC grid, let p € S and let w € S be the finite volume
solution of —Aw = p, with an homogeneous Dirichlet boundary condition, i.e. let w be
the solution to (7.13)-(7.15). Let ¢ € C°(). Then, there exists Cy, only depending on

n (which is such that (3.2) holds) and Q, such that ||(Vi(we))* |z < Cy |lpllLz)

and [[(Va(we))?lly < Co llpllrzco -
Proof. Step 1. We first prove that the discrete Hj-norm of w is controlled by the

L2-norm of p. This is a consequence of a now classical discrete Poincaré inequality,
which is quite easy to prove with a Cartesian mesh. Indeed, using

i N
wig = (wry—wi-15) = > (Whj — wki1)
k=1 k=1

forie {1,...,N} and j € {1,..., M}, the Cauchy-Schwarz inequality yields:

N M hy

||w||L2(Q) = ZZ he . (Wit1,; — ww)2

i=0 j=1 i+3%

and then |wl|2) < |wl,,, with:

N M he
||’LU||2 ZZ hm wz-{—lj _w77] +ZZ ’LUq G+l — w”) .
i=0 j=1 i+3 i=1 j=0 J+2

(Note that we again use the notation || - ||,, for functions of S whereas it was used for
functions of S§ x S§ before, since there is no possible confusion here). Then, since:

[wdwds =l = [ pods < ol ol
we obtain:
[wll, < diam (2) |[pllLzq) - (7.18)

Step 2. Let > 0 be such that (3.2) is satisfied. Let ¢ € C°(Q) and ¢,, be its
discrete approximation defined by (7.17). Thanks to the discrete Hi-estimate (7.18)
on w, there exists C, only depending on ¢, n and Q such that [|A, (we, )2 <
Cy |lpllz(o) - We now deduce an estimate on ||[(V(wep))*|le and [[(Va(we))Y |y,
using a discrete counterpart of the computation which leads to (7.8). In the following
we denote for short by we; ; the quantity w; @, ;, for ¢ € {0,...,N + 1} and j €
{0,..., M + 1}. With this notation, we remark that ||(V(we))®||? = A+ B with:

2
Yy
w‘Pz+1,J — WYi,j WP4,5 — WP—1,5 hj
A=Y ( v e ) n
i=1 j=1 +3 i—3 g
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and:

h* 4 h¥

N M+1 2 hE
o Z WPit+1,j — WPij  WPi41,5-1 — WPjj—1 its
z+2 z+1

i=3
Note that A (resp. B) is a discrete counterpart of the square of the L2-norm of

0205 (wep) (resp. 0y0z(wep)). We now perform a double discrete integration by part
to transform B:

N M
1
B = Z Z(w%ﬂ,j — WPi,j — WPit1,5-1 + w%‘,jq) (w%‘ﬂ,j - w%‘,j) N
=0 j=1 i+3 -3
N M 1
- Z Z(w%+17j+1 — Wi 1 — WPit1j + Wi 5) (Wpit1; — Wi ;) R
i=0 j=1 i+3+1

This can be rewritten as:

B— ZZ(U}%H,] T WPiH1,5—-1  WPH1,+1 w<,0i+1,j) WPit1,5 — WP; 5
1

Y x
i=0 j=1 ]—— hj+% h1+2
N M
_ Z Z(w% g T WPiG—1 WP 41 — WP\ WP, — WP,
/ hY h® | '
1=0 j=1 *% Jt+3 i+1

Changing the index in the first summation (and noting that ¢o; = ¢ny1; = 0)
yields:

N M
B = Wi, J — w<p1 J—1 WPi,j4+1 — WP4j\ W45 — WPi—1,5
1j=1 J+3 i—31

i= 2

N M
= Z(w%,j WPij—1 Wil — w%‘,j) WPit1,j — Wi, j

Yy x )
i=1 j=1 '—% hj+% h1+2
which can be rewritten as:
N M
B— WP j — WP -1 WP 41 — WPi 5
>0 (T -
1 - 1
=1 j=1 -3 J"rg
(w%,j T WPi-1,j  WPi41,j — w%j)
x x :
hifé th

Adding A to this expression of B gives:

WPi+1,5 — WP;5 WP; 5 — WP;—1,5
H(VM we)) Ha: ZZ( + J J jhm J) (A, (wp,,)i; h;/
1 .

i=1 j=1 +3 i—3

Exchanging x and y, ¢ and j, a similar computation yields:

we; — WY; WP;.5 — WP; 5—
|(Van(we)) 2 = };};( Lt P DR TR (A, (0, )i B

i=1 j=1 +3 i—3
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Then, we obtain the desired result:

T2+ T a1 = 3 S (B (g )2 B

=1 j=1
= IIAM(WM)II@(Q) < O Iplliae) -

Under the hypotheses of Proposition 6.1, the sequence (pp)nen is bounded in
L2(Q2). Let (wp)nen be the corresponding sequence (defined as in Lemma 7.3) and
v, = (v, vY) with v2 = —(V,(wp))®, v¥ = —(V,(we))Y. Thanks to Lemma 7.3,
the compactness theorem 3.1 gives, for all ¢ € C°(Q), that, as n — oo and up to a
subsequence, (V,,(wg))® and (V,(wy))? converge in L?(2) and that the limits are
in H{(2). Then, using a diagonal extraction (with a sequence (p,)pen C C°(9),
vp =1 on K, and dist(Kp, Q2°) < 1/p), we obtain that, up to a subsequence, v, — v
in L? .(2)? and v € H}, .(2)%. Furthermore, using Lemma 7.2 (that is the fact that
div,, v,, = py, and curl,, v,, = 0), it is quite easy to show that divw = p and curlv =0
(see Proposition 7.4).

We can now prove that, for all ¢ € C°(Q):

/(pn —div, up)pnpde — /(p —divu)ppdx as n — oco.
Q Q

This is stated in the following result.

PROPOSITION 7.4. Letn > 0 and (My,)nen be a sequence of MAC grids satisfying
(3.2), with step size h™ tending to zero as n — oco. Let p, and u, be solution of the
discrete momentum equations, that is (4.2a)-(4.2b), associated to M,,. Assume that,
asn — 00, pp, — p weakly in L2(Q) and w,, — w in L2(Q)? with u € H{ (). Assume
also that there exists C € R such that ||(u,)*|z < C and |[(u,)Y]ly < C. ForneN
let pn, € Sy, and assume that p, — p weakly in L2(Q). Then, for all ¢ € C(),

lim [ (p, —div,, u,)pnpde = / (p — divu)ppdex.
Q

n—oo Q

Proof. Let v be defined by (7.13)-(7.16). Let ¢ € C(£2). For a MAC grid M,
we define paq € S, ph, € S§ and %, € S§ by:

om=wij=p(@i,y;)in K;j, 0<i<N+1, 0<j<M+1, (7.19a)
P =Piys; =0@ip1,y;) N K15, 0<i<N+1,0<j<M+1, (7.19b)
P = Pijrt = (@i Y1) N K501, 0Si<N+1L, 0<j<M+1. (7.19)
For a sequence of grids M,,, for short we shall denote ¢,, = prq, . We define w,, with
(7.13)-(7.15) (with M,, and p,, instead of M and p) and v,, with (7.16) (with M,

and wy, instead of M and w). We set v,, = (vE@Z, v¥pY). Since v, € S§ x S§, it is
possible to take v = ¥, in (7.12):

/ div,, u,, div,, v, dz + / curl, u, curl, v, dx — / prdiv,, O, da = / fn-Opde.
Q Q Q Q
(7.20)
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We now mimick the proof of (7.9). Since div,, v, = py, we first remark that:
/ div,, u,, div,, 0, d = / (div,, un)pnpde + / (div,, upn)vy, - Vodz + Ri,, (7.21)
Q Q Q

where lim,, o Ry, = 0, thanks to the discrete H (Q)-estimate on w,, and the LlQOC(Q)
estimate on v,. Replacing div,, u,, by p,, the same computation gives:

/ D div,, 0, dx = / DPnpnpde + / DnVp - Vpdr + Ra p, (7.22)
Q Q Q

where lim,,_, R2,, = 0. Similarly, we transform the second term of (7.20):

/ curl,, u, curl, v, de = / curl, u, (curl,, v, )¢ de
Q

0 (7.23)
+ / (curl,, ) (4 97~ wa—‘;) dz + Ry,

where lim,_, R3,, = 0 (for the same reasons as R; ,,) and with v,, = (0}, 0Y) where
T

v (and similarly ©¥) is defined as follows:
hY hY
— +1
vy, = 2hjy (Uﬁ)i+%,j+1 + %Tj('vﬁ)wr%,j on K 1 i1
it3 i+

Since curl,, v, =0, (7.23) leads to:

/ curl,, w, curl,, v, de = / (curl,, u,)L(¢)Ty dx + R3.p, (7.24)

Q Q

where L(yp) is the same matrix involving the first order derivatives of ¢ as in the proof
of (7.9).

We recall now that, thanks to Lemma 7.3, since p,, is bounded in L2(Q2), the
compactness theorem 3.1 gives that, up to a subsequence, as n — oo, v, converges
to some v in L? ()% and that v € H}, (2)%. Thanks to its definition, the L} (2)?
limit of v,, is the same as v,,, namely v. Indeed, using (3.2) and the discrete-H}_(€2)?
estimate on v,,, it is quite easy to show that (v, —o,) — 0in L? ()% as n — co. As
a consequence of the compactness theorem 3.1 we also have that div,, u,, and curl,, w,,
converge weakly in L?(Q) towards divu and curlu. By hypothesis, we have the weak
convergence of p, in L?(Q) towards p. Then, using (7.24)-(7.21), we deduce from

(7.20):

lim [ (div, up — pn) pnip d = /

n—00 Q Q

((p —divu)v - Ve — (curlu)L(p)v + f - v<p) dex.

Finally, since p, and u, are solution of the discrete momentum balance equations,
we already know thanks to the estimates on p, and p, that the limits p and u are

solution of the momentum balance equation; hence, since v € H}OC(Q)Q:

/(divu —p) (dive) pdx =
Q

/ ((p —divu)v - Vo — (curlu)L(p)v + curlu(curlv)p + f - 'u<p) de.
Q
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But, thanks to the discrete H} (€2)?-estimates on v, it is quite easy to prove (as
in Theorem 3.1) that div,, v,, and curl,, v,, converge weakly in L} () towards divv
and curlw. This gives that divew = p and curlv = 0 and therefore:

/Q(divu —p)ppdr = /Q((p —divu)v - Ve — (curlu)L(p)v + f - wp) dex.

Then, we obtain the desired result, that is:

lim [ (p, —divu,) pppde = / (p — divu) pp de. (7.25)
Q

n— oo Q

We now want to replace in (7.25) the function ¢ (which is in C°(2)) by the
constant function equal to 1. Let us set F,, = (p, — div,, u,) pn. The estimate on
(pn — div,, u,) in L2(Q) and the estimate on p,, in L?7(Q2) give, thanks to the Holder
inequality, an estimate on F), in LI(Q) for ¢ = 2v/(y+ 1) > 1 (since v > 1). This
yields the equi-integrability of the family (F,)nen. Then Lemma B.2 of [5] and (7.25)
give the desired result, namely:

lim [ (p, —div, uy) ppde = / (p — divu) pde.
Q

n— oo Q

But thanks to the mass equations (discrete and continuous, that is (2.2b) and (4.2¢)),
Lemma 2.1 of [5] and Lemma 5.4 give:

/pndivMunda:§Chg, /pdivudsz.
Q Q

Then, we conclude that

liminf [ pnp,de <lim sup/ Pnpnde < / ppdex. (7.26)
Q Q Q

n—0oo n— o0

7.3. A.e. and strong convergence of p, and p,. Let us now prove the a.e.
convergence of p, and p,. Let G, = (p) — p?)(pn — p). One has G,, € L}(Q) and
G, > 0 a.e. in . Futhermore:

/Gndsc:/pnpndsc—/pnpdsc—/p”pndw+/p”pdw-
Q Q Q Q Q

Using the weak convergence in L2(Q) of p,, and p,,, and (7.26), we obtain:

liminf | G, dx <O0.

n—oo Q

Then (up to a subsequence), G,, — 0 a.e. and then p, — p a.e. (since y — y7
is an increasing function on Ry). Finally, p, — pin LI(Q) forall 1 < q¢ < 27,
Pn = p) — pYin LI(Q) forall 1 < g < 2, and p = p?. We have thus proved the
convergence of the approximate pressure and density, which, together with Proposition
6.1 concludes the proof of Theorem 4.1.
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8. Discussion. In this paper, we considered the MAC scheme for the stationary
barotropic compressible Stokes equations. This scheme, which is very popular in
the computational fluid dynamics community, also proved to be quite adapted to a
convergence analysis. Although, for simplicity, we only wrote the MAC scheme for
the unit square, the convergence analysis holds for any finite union of rectangles or
rectangular parallelepipeds in 3D, as stated in the convergence theorem 4.1.

To our knowledge, this convergence analysis seems to be the first for a finite
volume discretization of the compressible Stokes problem. Beside the convergence
of the scheme, these analyses also provide an existence result for solutions of the
continuous problem (which could also be derived from the continuous existence theory
ingredients for the Navier-Stokes equations, as stated in [17, p. 162]). In this respect,
we would like to note that the strong convergence of the density and pressure, which is
the difficult point of this study, is performed by mimicking a proof for the convergence
of perturbations of continuous Stokes equations [5, Theorem 2.2]. A crucial step of
this proof is the fact that the integral of the product of the pressure times the density
converges, as described in [5, Proof of Theorem 2.2, Step 3] and section 7.1 of the
present paper; this way of proving the strong convergence of the pressure results from
a (slight) simplification of the original proof [17].

An easy extension of this work consists in replacing the diffusive term —Aw in
(2.1) by its complete expression —p Au — /3 V(dive) with g > 0 (i.e. the usual
form of the divergence of the shear stress tensor in a constant viscosity compressible
flow), which is a more realistic term for the model problem (2.1). Then, say for the x
component, one replaces the quantity —A®u® in 4.2a by —u A*u® — u/3 V7 (div, u).
Another easy extension is to take gravity effects, that is to replace f by f + pg, with
Ff e L2(Q)% and g € L>(92)?%. In both cases, the convergence results given above are
still true.

Ongoing work concerns the extension to the steady state and transient Navier-
Stokes equations in two or three space dimensions.

Appendix A. Weak formulations of the mass balance equation. For
the sake of completeness, we add here a proof of a known result, used in order to
prove (2.2b). Indeed, the proof that the limit of the approximate solutions satisfies
(2.2b) is done for a test function ¢ € C(2) rather than for p € W1°°(Q). The
following lemma (Lemma A.1) proves that this is indeed also true with ¢ € W1°(Q).
Lemma A.1 is given with p € L2(Q2) and uw € (H}(Q2))?, which is the case needed
for the present paper (and allows a nice proof using the Hardy inequality). Similar
results are possible with different assumptions on v and p (for instance, p € L>°(Q)
and u € (W' (Q)%). However, the fact that pu € L'(Q) is obviously not sufficient to
ensure that (2.2b) is true with ¢ € W1°°(Q) if it is true for p € C°(Q).

LEMMA A.1. Let Q be a bounded open set of R, with a Lipschitz continuous
boundary. Let uw € (HY(Q))? and p € L2(Q) such that, for all p € C(Q),

/qu -Vepdz =0. (A.1)

Then (A.1) holds for all p € W1>°(Q).
Proof. Step 1. We first prove that (A.1) holds for all p € C*(R9). Using the
regularity of the boundary, there exists C' € R, only depending on {2, an increasing
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sequence (K, )nen C © and a sequence (¢n)nen C C2°(2) such that:

on=1onK,, 0<¢, <1lonQ, dK,R*\Q)<1/n,
[Von| < Cn, m(C,) < C/n with C,, = Q\ K,

where m(C,,) denotes the d-dimensional Lebesgue measure of C,. Let ¢ € C(R%).
Since e, € C() for all n € N, one has / pu - V(pp,)dx = 0.
Q

This gives that / pupy - Vo do + / pup - Vo, dx = 0.
Q Q
The Dominated Convergence Theorem gives that:

lim pup, - Vodx = / pu - Vodz.
Q Q

n—oo

Then, in order to obtain (A.1), it remains to prove that:

lim [ puy-Vo,dz =0.
Q

n—oo

This is an easy consequence of the Hardy Inequality, namely of the fact that, thanks
to u € HY(2)?, one has u/é(x) € L2(Q)?, where §(x) in the distance from x to the
boundary of 2. More precisely, using the Cauchy Schwarz inequality, the assumptions
on ¢, and §(z)n <1 for all x € C,,, one has:

|pu|dmfgc%c7[jg dex]%[jQ (%)de}%

where C, only depends on ¢. The right hand side of this inequality tends to 0
as n — oo since p, u/§ € (L2(Q))¢ and lim, o, m(C,) = 0. This gives (A.1) for
p € CZ(RY).

|/qu<p-V<pn dz| < Cq,Cn/

Cn

Step 2. Proof of (A.1) for p € W1>°(Q).
Let ¢ € WH*°(Q). The function ¢ is the restriction to Q of an element of W1 (R?),
still denoted by ¢. Let (r,)nen+ be a sequence of mollifiers, that is:

re C*(RYR), /Rdrdwzl, r>0in R? (A.2)

and, for n € N*, & € R, r,(z) = ndr(nx).

Setting ¢, = ¢ %y, one has, for all n € N*, / pu - Vo, dx = 0.
Q

Since Vi, = (V) x 1y, using the Dominated Convergence Theorem, one gets (A.1).
O

REMARK A.1. The hypothesis p € L?(Q) is sharp in Lemma A.1, as we show
now by a counterexample. Let ¢ < 2 (with ¢ > 6/5if d =3 and ¢ > 1 if d = 2). Let
us construct p and w such that (A.1) does not imply (2.2b).

Take p € L4(Q) and u € (HL(2))? (note that pu € L1(Q)4). Let us assume that
Q=1(0,2) x (=1,1)%"1. Let o € (3, %) and let p and u = (uq,...,uq)" be defined as
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follows:

d
x¢ H(l —Jz|) it e Q, 1 <1,
ul(sr:) = =2 d
(2 —xl)aH(l —Jxg]) ifx € Q, 1 > 1,
i=2
U =...=1uqg =0,

1
—alfa?EQ, xlgl,
s

plx) =4

—— if Q 1.
(2_x1)a nmrecll x>

We have p € L4(Q) (thanks to ag < 1) and u € (H}(Q))? (thanks to 2« > 1). Since
puy does not depends on 1, if is easy to see (integrating by parts) that (A.1) holds.
Taking now ¢ € C°(R?) with, for instance ¢ = 0 outside (—1,1) x (—1/2, 1/2)41
one has:

d
[ru-vodz==[  T[0-lheo.m)d,
Q =330 2
where y = (x2,...,24). It is possible to choose ¢ such that ¢(0,y) > 0 for all
y € (=1/2, 1/2)4=1. This gives:

/pu-Vgpdm<0,
Q

and proves that (2.2b) is not true.

Appendix A. Discrete Laplace operators and H' norms. The discrete
Laplace operator A” is such that, Vo* € S, A®v* € 5§ and:

for2<i<N, for2<j<M-1,

hY h® |
T Y ([ AT,T _ _J (T T T3 T
hi_ihi (=A%0%); 15 =55 (W ;= v )+ 5= (01— vl 50)
2 h? 2 2 h? 2 2
4 J+3
hY h? 4
J T _ 2 T _
T Wiy —vigg) t o Wingy —ving o)
_ -1
for2<i< N
>0 > )
y h?
hE L RY (_vam)‘ L = ﬁ (Uac T )+ i-3 (Uw _ " )
i—11 i—g5,1 — h¥ i—3,1 i+3,1 nY i—1,1 i—1,2
2
Yy h?
+ hl (ac —w )_|_2 i—3 (’Uw )
hf—l i—1.1 i—2.1 hlll i—1,1/
h@l h* 1
x Yy _AT,T _ "M T =3 T
hiféhM ( A%y )7_%1\/1 = he ( i—1,M v7,+1,]V[)+2 hy (szé,]v[)
i M
hiy hi_y
x 2 xr
+hw (”%%,M_Uz é,M)+hy ) (Uze%,M_”l %,Mfl)
i—1 M-1
2
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The operator AY is such that, Yo¥ € SY, AVyY € SY and:

for2<i<N-—-1, for2<j <M,

hY 4 he
hZhY —A%Y) = —2 (Y | Y — (Y =Y
P i—3 ( )W*% @ ( ij—% 1+1,J*%)+ hY ( i,j—3% er%)
hy it+5 J
b D G =)
e, Veamd Vi) T e Wieg T ey
-2
for2<j <M,
h;’_l 7
hihY —AY"), .1 = z (¥ | =Y. — (vY oY
1 J—% ( )1,3—5 h§ ( 17]—% 27]_1) hjy ( 1j—% 1,j+%)
5
"o i
9 I73 (v vy Y
+ 7 LJ*%)_'_ hY ( 1L,j—3 1,%%)’
1 7j—1
h? 1 z
Thy —AYy® =9 2 Yy Y _
/ v — vy v
N1 ( )Nj—§ h'I‘N ( N,j—l) hjy ( Nj—% Nj-{—%)
h?—l Yy Yy 7\7 Y Yy
v —v . v —vY
+h3]v\] . ( N,j—1% N 1,j—1)+ h]y_l ( Nj—3 NJ_%)
-3

(A.2)

Using Equations (A.1) and (A.2) and reordering the summations in Equations
(3.5), we obtain for the discrete H} inner products the following expression:

Yo¥ € S, Yw® € 57,

y
T wr)? = — (v L — U ) (w: L — W .
( ) ) he ( i+3,j l*%,]) ( i+3,j l*%,])
(2
1<i<N,
1<j<M
xr
+ hi_E (,Um — " ) (w’l‘ —w® )
E, Ry \VVimgat1 T Vi i—3.+1 i—5.]
. Jta
2<i<N, 2
1<j<M -1
h* h*
+ g 2 i~y v® w? + E 2 i v w?
By Timg.l Tiegl hY i—%3,M Vi—i M*
- 1 : M
2<i<N 2<i<N
Vol e SY, YuwY € S§,
h?—l y y y y
Y Y)Y = — E _J73 _ _
VY w = = vl v’ w! w? .
(v, w?) h? (7,+1,J—% w—%)( i+1,5—3% w—%)
1<i<N-1, 2
2<j<M
X ) )
h? i,j+3% hj—% Lit3 hj—%
1<i<N,
1<j<M
y y
-3 .y y hj*l y y
2 2
+ Z 25 1L,j—% w1717§+ Z 2 he vN,jfé wN,Jfé'
, 1 , N
2<i<M 2<i<M
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