Discrete Relative Entropy for the Compressible
Stokes System

Thierry Gallou#t, David Maltese and Antonin Novotng

Abstract In this paper, we propose a discretization for the nonsieady compressible
Stokes Problem. This scheme is based on Crouzeix-Raviar approximation spaces,
The discretization of the momentum balance is obtained by the usual finite element
lechnigue, The discrete mass balance is obiined by a finite volume scheme, with an
upwinding of the density. The time discretization will be implicit in time. We prove
the existence of a discrete solution. We prove that our scheme satisfies a discrete
version of the relative entropy. As a consequence, we obtain an error estimaie for
this system. This preliminary work will be used in arder 1o obtain a4 eror estimste

for the compressible Navier-Siokes system and has 1o the author's knowledge nat
been studied previously.

1 Introduction

Let 22 an open bounded domain with lipsehitz boundary subset of B, d = 2.3, We
consider the following system

e +divipe) =0, r {0, T), x e 2 (L)
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supplemented with the following initial conditions and boundary conditio
Pf g i

2, 1)

POLEY, B, ) = b, mipg =0, [3)

We suppose that the pressure satisfies p = CrREL) M CHRLY p0) = 0 ang

e &8 = oo > 0 for ¥ =

2. Moreover if ¥ ¢ (3. 2] we suppose alsp

thar lim inf, £18) — Po = 0, with o = 0)
L

2 Weak solutions, Relative F

niropies

In this part, we give the definition of (finie EneTEy ) weak solutions for gur Avilem
We give the definition of the rel Alve entropy. In the following we denote Hip) =
# 17 S di. Let us denale O ([0, T = 52 B the spuce of all smooh funelons

on [0, T'] x 12 compactly supporied in [0, T] x £2.

Definition 1 ey 0. fp) & LY(2) = Hy (620 such thar gy, > a.ein 527, We shall
say that (p, 4} is 3 Ilnitt--:-n-_-rg_-.' weik solution io the problem {13-(3) emtanating from
the initial data [gp, i) if

g € L0, T: L¥ro2y) M Cw([0, T1. L¥ (2N fEQppind T x0o

w e L0, T; Hl(@) n Cuifo. T1. Lo

and :

— The continuity equation (1) is satisfied in the follow Ing weak sense

I||I T, i, hdx }f Quigdd, -] - f Ifl 2, x)deeir, ) dx de
oS0 Ly Ir 52

Ftop
' JlII fr on - Ve dx dre. {4)
L ]

Y7 & [LT], ¥p & C®0, T] = .
— The momentum equation (2) is satisfied in the follow ing weak se

NS

."I g - (0, -} dx

o,
,I'I ’I{ M a4 pig)div, ¥
I'n ]

PVem Wl — (L A) dive wdiv, o dxdr,

5

YTe[LT], Yo e O30, T] x 2. BY

Lliscrens Relniive Entrogry fior the e

— The follow ing encrgy ineguality is |

T
5 0"+ Highdx + | j
I e A Jr

- ‘- '}
= ‘||II =lag|” =1
Sz

i

aerT e Ik T

2.1 Relative Entropy Inegualin

The method of relative entropy has hey
equanons of different types, Relative a
vide a kind of distance between Wi &
Iypically enjoys some exira repularity

Definition 2 We define th relative et

£ !&l HI._'I'. f_'|| = IIIII

-

where E(p, r) = Hip) -
by K. as

R = [ Vel - W (U —ghdx 4 ||'r|'-"

JIF

- J’{ dive I pig) — piribds 4
S 5 1

Hirlip=r1-

Theorem 1 ey (e, i) be a weak wofutia
emandaiing frean the initial condition o
inegualivy:

Eiflp. ] .'r.f.'I_IIH'-}l( ||{ i) [ Vel -
S0 S

< .:':'|:||'_I"_ ), I|||:

42T € [0 T] where r CHI0. T =8

Proof Ses [,
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= The following energy inequalily is satisfied

1 - e !
[—'H|‘+'Hf|j'ltf1+f jr;:Il‘F.nr”j+|',n-'-.'—.]r¢!i»._ a)" dx di
Jg 2 Jo Jg

1
= }( Elﬂ'u'j'l Hign) dx, (&)
Jo

aer e, T]

2.1 Relative Entrapy fnequality, Weak-Strong Unigueness

The method of relative Entropy has been successfull
equations of differen: types, Relative
vide & kind of distance between tw

typacally enjovs some

¥ applied to partial differential
entropies are non-negative quaniities that pro-
o solutions of the same problem, one of which
extra regularity properties (see [2] for meore details)

Definition 2 We define the relative entropy of (o, u) with reapect 1o (r, £7) by

Eflg. wl, [r, U]y = JII:-‘. %M - OJ* 4+ E{p, ridx (7
where E{p, r) = Mip)=H'irigp- Fl—Hir). We also define a remainder, denoted
by R, as

"= . Vol 0 Wl — ) 4 L';[.- = eHH )+ Voo ol — o) s
- J":: div: U(plo) — p(r})da +J|’? B (U — a) dx . (&)
Ji f

i) e @ viegk solution of (1)=(3) in the sense af the definition |
Emanaring from the initial condition { o, wy

o). Then (o, u) sarisfy the relative energy
imequality:

r 'l
Elle, a], [r, L’I]fﬂ+f f uliVe(w — 8P + (e + Addive (e — ) dx di
b Jg

= Edlgo. wgl. [ri0), (0] pf Rilo, ], [r. UTir) di
8]
9}
aet e[, T] where r e C™([0, T x 17, B*yand I
Proaf See [2]

€ C¥([0, T] x 2, &Y
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Remark | For the choice of r = T and U7 = (), the relative epergy inequality (%)
reduces to the standard energy egquality.

Moreover, the relative energy inequality can be used o show that suitahle weak
solutions comply with the weak-strong uniqueness principle, meaning, & weak and
sirong solution emanating from the same initial data coincide as long as the latber
exists. This can be seen by taking the strong solution as the test functions r, 7 in the
relative entropy inequality {(see [2]).

3 The Numerical Scheme

Mow suppose that 2 is & bounded open set of BY. polygonal if d = 2 and polyhedral
ifd = 3. Let T be a decomposition of the domain §2 in simplices, which we call
hereafier a tnangulation of 2, regardless of the space dimension. By £(K), we
dende the set of the edges (d = 2) or faces (d = 3 & of the elements £ € T;
for short, each edge or face will be called an edpge hereafter. The set of all edees
of the mesh is denoted by £; the set of edges included in the boundary of 2 is
denoted by E. and the ser of internal edges (Le &Y L) 15 denoted by Eine. The
decomposition T 15 assumed to be regular in the usual sense of the finite element
literature, and, in particular, T satisfies the following properties: 7= Uprk: il
ELeT . hen KL =8 KNLisavertex or £ N L 15 a common edge of £
and L, which is denoted by K|L.For K € T and o € £(K), we define Dy , as the
cone with basis o and with vertex the mass center of K. Por each internal edge of
the mesh o = K |L, ngy stands for the unit normal vector of o, onented form £ @0
Lisothat ngy = —npx ). By |K | and |o | we denote the (4 and ¢ — | dimensional)
measure, respectively, of an element & and of an edge o, and hg and &, stand for the
diameter of K and o, respectively. We measure the regularity of the mesh through
the parameter # defined by

e
i |||I'{;—r'. EeT) (10
1 K

where £ stands for the diameter of the largest ball included in K. The space dis-
cretization relies on the Crouzeix-Raviart element. The reference element is the unit
d-simplex and the discrete functional space is the space Py of affine polynomaals,
The degrees of freedom are determined by the following set of edge functicnals:

£l .y F 1 ;
[Fo,o € E(K)). Falv) = — j vdy
al| fa

The mapping from the reference element to the actual one is the standard affine
mapping. Finally, the continuity of the average valuve of a discrete function v across
each edge of the mesh, £ (v), is reguired, thus the discrete space V, is defined as
follows:

Lnscrete Relative Entropy for the Campresaible Sio

Vi={veld@), YK eT, vy e Py}

= FeluiL). Yo € Emy, Fr(v) = 00).

The space of approximation for the vel
functions each component of which belongs
the densily are approximated by the space [

Li=(ge L),y =

We will alsodenote L, = (g e Ly, gx = 0,
0, YK € T].

It is well-know that this discretization is
define, for | =i = dandw e 1, dy ;4 @8
to the derivative of & with respesct to the ¢ th s
notation allows us to define the discrete orad
vecior-valued discrete functions and :Ih:.l_m-n
functions, demnoted by divi,. We denote I -1
which is defined for sealar as well as for veey

“if R= ZJ_”‘-":'IIH
i

We denode by {w; o, o € dini, | =i = d)
We denaie by w, the wsual Crouzeiz-Ravian
i-e. the scalar function of Vy such that F, (i,

Similarly, each degree of freedom far the
ther set of density degrees of freedom is deno
thie tollowing inlerpalation CHPETEEDE oy 2 _H'!: {1

ORI

& B

This operator namrally extends 1o vectoey
notation ry. for bath the scalar and vecior cise
Let us eonsider a partition 0 = ;0 = ¢!
IF?. T']. which, for the sake of simplicity, we su)
e step Af = " =" farp =1,,.., N. Le
Following [6] we consider the following ny
Find (0™ 1< © By, (N cren ¢ 1.";'.-, 1

n
R i -,
|i|. — oS i n
Ar 2. lolfu;
el a=|L

pL=0vEeT
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Vi =fve L), vK e T. v e ByiK) and Yo € S0 = KL, Falug)
= Faluyr), Yo € Eqy, Fa{vl = ().

The space of approximation for the welocity is the space Wy of vector-valued
functions each component of which belongs to ¥y © Wy = (¥ _':I*r The pressure and
the density are approximated by the space Ly, of piecewise constam functions:

Ly = |g € L*(52), gix = constant, YK € T},

We will alsodencte L = {g € La, g =0, ¥K  T}and f.,'.l"_ ={g € Ly. g =
0 YE e T).

It 15 well-know that this discretization is nonconforming in N (527", We then
define, for 1 < i = o and & € V. 84 as the function of L2(42) which is equal
10 the derivative of & with respect to the ith space variable almest everywhere. This
notation allows us to define the discrete gradient, denoted by ¥y for both scalar and
vecior-valued discrete functions and the discrete divergence of vector-valued discrete
functions, denoted by divy, We denote || - [[1s the broken Sobolev H! semi-norm,
which 15 defined for scalar as well s for vector-valved functions by

i}y = E JQIWIQ*II=L Vv dx.

KeT

We denote by {u) -, & € &y, | =i = d] the set of velocity degrees of freedom
We denote by g, the usual Crouzeix-Raviart shape function associated 0 o € Sing,
L& the scalar function of ¥y, such that Fo{p,) = 1 and F (g ) = 0, ¥o" £ o,

Similarly, each degree of freedom for the density is associaied io a cell K, and
the set of density degrees of freedom 15 densted by (pg, K & T1 We define by ry
the fellowing interpolation operator ry - H,J (£2) — Vj by

rRiv) = z Falvhgs.

T EEy

This operator noturally extends 1o vector-valued functions and we keep the same
notation #p for both the scalar and vector case.

Let us consider a partition 0 = ¢* < 1! = .. = ¥ = T of the time interval
[0, 7], which, for the sake of simplicity, we suppose uniform. Let Ar be the constant
lime step Af =" — ! form =1,_._ N Let [p'", o'y e Ly = W,

Following [6] we consider the following numerical scheme :

Fired (@"Vnxh © Ly, (8" V1zws © Wi such thar¥n = 1...., N

=1
% =0 b :
[t s m"‘ i E I-:r|{|.r:',-n“} i Iﬂl{lr,',-ﬂf:r}
eeli{KLa=K|I

p:;! =U.1I"KET
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Do p ; f
,. [T —|r.'_|'l-i—.'.' Z IIII Vil War da 4l + &) z I|I divin™ ) divipre; 1 ds
) o perh
L |II ph divigeeiide =0. %0 & &y, 1 =i = d (12)
EcT '

with pf. = p-.’,r-i-';.r!' = max(a, 0}, a™ = — min{a. ¥y

As usual, to the L||--.:n._'r|.' UNKRAWTES, We ESsociale MECEWIsE consianl {u mboms on
time intervals and on primal or dual meshes, so the density 0 4; 5, the pressure pa; g
and the velocity & 4 p are defined almaost everywhere on (0, T} = 12 by

".
O plt, x) = E Z @ L=t Ly pan kil £} = E Z o L=t g,

o=l KeT n=1 KeT
"
Bap pll, x) = 2 z o lym-1 il .
n=l KeT

3.1 Existence, Positivity and Stabilities Properties

Theorem 2 (Existence and positivity) Ler (o, u™) & L w o x Wy, Then the problem
(1) (12) admits at least a sofution (0" ey © Ly (0" N znsw © W

Proof See [5]

Theorem 3 (Encrgy estimate) Let (po, wp) € L¥{02) = H,.:HI'. R, such tha
o = daex e 52,

Ler g} = o [, oodx and u® = ry(ug).

Ler (0% ") € L™ = Wy,n = 1, .., N be a solution of (11), (12} ermananing
frovre the feitieed et (v, 1™ Then we have the following balance discrere mnerg)

)
- = 1 1 . A
i > KM + max 3 S| Dalw], )+ par Y (et

z =kl . ¥ - &
KeT mefi w=ll

W
(= ) Ar E || dovy @ ||7 2,0, = old. B, go. &n).
k=0

FProaf See [3].

Discrete Relnive Estropy for the Compressible Siod
11.1 Discrete Relative Entropy Incqualit

The following result is crocial for the rest of
balance version of (49,

Theorem 4 Lot (gp, wg) € L7032 « B8
and Higy) & L(52),
Lar L:": = 7 f g todx and n® = Ll TR
Letip" u" e Ly x Wy n=1,.., Nbe
the inirial dara (p", 8™y Let (r, U & CYi[0
that r(r, x) > 0%, x) € [0, T] = £ ane

5 ! T .
-'I- = T _|Ix r (", xydx Then we have the fo

:KI r M n— n-
F 2 o (Eleking) — B i)
EsT "

+ ]l — 15 g+ G )] divga® —
~ |y _

= l "_'-‘l-".“« — uf WU -
Ar L T I,

[y

+ (i + i) Jf divy, L7 divy (L7 — u¥)dx
Jo
K], , s e
F E Eir} = P Hrg) = Wirg™
KeT

W :
where At 30 [R™Y = ofpg, g, r, By

“The tollowing result is the main result of o
previows. We give an error estimate for our 8

Theorem 5 Ler (gg, ng) € LY (52) = K2
and Hipah & L1320,
Let ;';':- = —lé- _|'|."- oo dx and 8% = ry (o).
Let (g". w"d e Ly = Wom=1,.._N,
frinm the fnitial data (o®. u"y, Let ir, I & €
e a strong solution of (142 such that ¥
Up = (U, rf = g fe ", 01dx. T
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11.1 Discrete Relative Entropy Inequality

The following result is crucial for the rest of the articke. It can be seen s a discrete
balance version of (9),

Theorem 4 Ler {0y, wg) € L7(42) x H(52, BY), such that Sulx) = 0aex e 2
and HMign) € L2

Ler g} = 7 Ji vodx and 4® = ry{mp)

Ler (g M) E Ly Wy,m= 1, ... N ba a selusion af (4] (12) emanating from
the inivial deata (p%, 8%), Let (r, U) € C(I0, T] x TV 11 CHIO, T] x 57, BY) such
that r{t, x) = 0,¥(r,x) € [0, T] x 7 and Uit)ag = 0. Ler Ur = ry(U{E")),
rg = 17 Jg O, £) dx Then we have the following inequaliny

1 I'i'}".\l ¥ o2 H—| rA=132
Z .__"_.."_1.." {{“I!-'I _E'I-ﬂ'] . L _f"lirr -:'J

g iy
- Z i E(ghirt) = E(p™! l._;l—'-]J
ar \= Wiy Eg Iry
EgT
+ull” = O}, + (u + 2l diva® — B,

Dﬂl ™ ¥ H=] [l ]
irely d FeT &

+ [ = }_}Jfr dlivy L divg (L7 = u")dx + Z -J.in.fc;r"'n"]?{'iri-i
2 KeT

K , | i ;
+ EZT Idl:l-r_ri. — P MM ek ) —Hiry "1 - f,—_; pldiv Ui de 4+ R™ (13

A

where At 30 [R*) < c{gg. wg, r, U) AL

The following result is the main result of our article and it is a consequenee of the
previous. We give an error estimate for our system.

Theorem 5 Ler (gg, mg) & L F{02) x ”.:! (82, BY), such thar oolx) =Daex € 2
and Hign) € L'(12),

Let g = _ulFl [y o dx and u® = ry, (0g),

Let (0" ™) & Ly x Wym = 1, ... N be a solution af (1) (12} emanating
fram the initial data (g%, u"), Ler v, U) & CHJ0, T) = T4 0 C30, T] x 7, RY)
be a strong solution of (1)+3) suck that ¥(1.x) e [0, 7] = 0, rit. x) = O Let
UE = m (U (1), Fg = T_g:_-: Jg Fir®, 2) dx . Then we fave the following inequality
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> sl v -t - uty)

A & Em
K
+ z l I|Ir1'-_'|.r.- (3 —E[P"_II-':-_IT'}
+;:I|n" — U1 + (e + )| divplu" — UT) f.l-:::l

Vpirt)
= DAk - ,g_:.i.]f pir ~ - (u" — Uy dx
il

KeT

1 ;'( {F‘ ~ p'irg Mgk — i) — prg) ) div U dx

KeT™
+ Rr"" (14
wihere AIE,I_ [FE¥| = L"-.H. oo, B! 4+ Ary with () = T_ﬁ;-r ¥ = E
and E(y) = n_l'r - Il for y |:;. 5]._ aid we olvain the following esrimurion

3 ¥ N A
|lowse e = ‘[-'I”IT-‘_ 1 + ”I.-'\'.'ir ! ."”|| =0, T, LY L2 1 =L I'F'-:j. &n. lﬂ_l]”]‘l:'r'l + At

% S R e

FProof We begin with a algebraic inequality whose straightforsard proof is lefi o
the reader

Lemmal et = a = & < ac. Then there exists ¢ = efa, b) = 0 such that for all
o € [0, ool and r & [, b] there holds

hl’ll.ll-'.l = I:':-!'.'-!J:IICI.H el + l|'.'|F| |.| 2h) * (2= F] Jr{ |§"'_|_||) ':lj}

We return to (14). We set & = min, ¢, 7 r and b = max, 777 We write
E ,|r lr_fr'“ —.p LJR-:Il:ll'.l —-rg) = ]'?uk-}}dn-{._.' dx
xeT 8

= Z J{ {,l:-” — plirE % —rpl— p[r“ﬁ-l]jdl'.'{.'}'l' dx
Ji ‘

Ko £l /2,20

+ f{F - p'lrg Mok —r}}i—p[r;}}divwh
K. eR, |-.J ‘2,25

INow using the behavior of p ag g goes to infinity and (15) we obiain

|2, n’r "~ plr Mok ~r)—pir)) div Up dx | < etr. U) 3 IKIE(RRIRS
ol KaT

Dhscrete Relaiive Entropy for the Carmpressshle S

We write
] o v i
foar-ﬂ@-}}" il 4
KeT E
E ; e
~T o [
T

o =§
T f"ﬁ--n}ﬂj |
L K el ] K
'E“
25 Z {rg - o} :. ‘Dr
fo B

Using (15) and Poincare's inequality we ohyais

'Z"&'ﬂ:}r?‘""]

."'q . |

S cln8) 3 |KIE() )
EeT

‘i'
Z irg — %) P"

-'"p;"lg-.fn'él
= elr, 4) Z IIEIE[.”E- Ir:..:..
KeT

Now we have

E S L
= |K|Ef a8
it 2 KiEti, 3

g =2k

'Tl'ﬂzn,

v
'Z”-ﬁn F’*’Jm..

=2k
£ 3wt (3
.I"F =2h "
f[r.] Z ‘-."'_ﬁ"I{‘? il "IIEI'"—L'
Prmlh

+ cir) Z |j.:|"-r‘-_,;||w- —up
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We wrile

Yo"
E (ri J')II( P " b dx
] WV pir®)
= E {rg —ﬁ’.‘ﬂ[ i “r o [ L-'::-dl
N od oy r
1-x-\.-

i # Voir") i ;
- z ire —,rijf -'r:_l_. - (m” —L'j_',"ll.lx
o K

a% el 2h)

Vpirt)y
- E ry _""'.l:':'f 'r:E:I " — L dw

||I = Zh

Using (15) and Poincare's incquality we abiain ¥8 = 0,

Vplr) .
| E (rk —p','_.Jj: _lr,..-f ~ - {a" = U dx |
oE =
<cirnd) 3 IKIEG@E I + 86" — UME .
KeT

B n " I"":.l:”-'rl'\I ]
2, rk-ep) f( e —Uylda|
[y F

..:.:--FI'} 2ir]

<clr.8) D [KIEW@Irg) +d)la” = U1 4.
KeT

Mow we have

Z IKIpkY ¢ 3 IKIEGR Y. 3 1Kl <e ¥ IKIEG] I

EeT o=k KaT

Then,

n " ¥pir” A
E 1?";; I|'.|_;l':| ,|Ir [ (M r I-rﬁ_:"i’l
J K R

oy =2
= 1”} Z m'—"l‘t-ﬂﬁf r.”_il 3 e f“HII L|Illl|d1
o =2k
eirs Z IEIOE 3 la" = UR |30k
op =2k

Fetrd 3 1K1Y ol ln® = B

.l_lc' w2l
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< Cir, ) E K|E(oy|rg) + 8 e — L7 f_,.

since 4 = & We obaain fina Iy
o, 1 | L2y [} [ H [} 2
l: T Ar [IIII" IIII' Vel II|| III
[ £ .

Jima | ‘
e i rr (E(o}Irp) — ECo} ' Ir ")
KeT

= efr, [T, .'-c||r Z Dy (), — U, P 4+ Z K| E(pj|rE 1} e
(i I KeT d
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A Mixed Explicit Implicit
for Cartesian Embedded ]

Sandra May and Marsha Berger

Abstract We present a mixed explicit impli

linear advection equationMay. Sandres on
The schemse represents a new approach for o
standard finite volome schemes are not sial
uses implicit time stepping on cut cells for
explicit ime stepping is emploved, This kee
i extend existing schemes from Cartesian n
meshes. The coupling is done by faor bour
result. We present numericel resulis in ong
order convergence in the L' norm and bepw
in the L™ norm.

1 Cut Cells and the Small Cell Pro

Cartesian embedded boundary methods, als
been used increasingly in recent years to sim
cated geometry. They are an allernative toun
methods cut the object out of & Cartesian bacl
around the object, the so-called cot cells. M
standard methods can be used. Special meth
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