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The complete problem

Model of erosion and sedimentation process

He (X, t) — div[T(x, )A(X)VH (x, )] = 0,
Hi(x,t) > —F (x),
0 <u(x,t) <1,
(U, t) — 1) (He(x,t) + F(x)) = 0.

(x,t) € Q x (0,T), Q : bounded open set of RY (d > 1).
Initial and Boundary Conditions on H.
F>0a.e.
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The complete problem

Hi(x,t) — div[u(x, t)A(X)VH(x,t)] = 0,
Hi(x,t) > —F(x),
0 <u(x,t) <1,

(U(x,t) = 1) (He(x,t) + F(x)) = 0.
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The complete problem

He(x,t) — div[u(x, t)A(x)VH(x,t)] = 0,
div[u(x, t) A(X)VH(x,t)] > —F(x),
0 <U(x,t) <1,

(U(x,t) — 1) (div[u(x, )AX)VH(x, )] + F(x)) = 0.
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An intermediate problem

Let t given. Setting g(x) = A(X)VH(x,t). u(x) = u(x,t) is

solution of:
div(ug) + F > 0, in Q,
0<u<1 inQ,
(u—1) (div(ug)+F) =0, in Q.
u=T(9)

H¢ — div[T (AVH(-,t))A(X)VH] = 0.

T. Gallou ét Cortona 2005



Time discretization of the complete problem

Time step : k, t, = nk. Hy 1 = H(:, tha1), Upsr = U(, ther).

Hopr —Hno
% — div[un 1 AX)VHn 1 (X, 1)] = 0,
div[un+1AVH 1] +F >0,

OS Un+1 < 17

(Un1 — 1) (diV[uns1AVHn 1] + F(x)) = O.
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Time discretization of the complete problem

Time step : k, t, = nk. Hy 1 = H(:, tha1), Upsr = U(, ther).

H —H .
—HE " — dv[un+1A(X) VHaa (x, )] = 0,
div[un;1AVHq] +F >0,

OS Un+1 < 17

(Ut — 1) (div]uns i AVHR] + F(x)) = O.
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The intermediate problem

g : Q — RY, Lipschitz continuous, g - n = 0 on 99.
FelL>(Q),F>0a.e.

div(ug) + F > 0, in Q,
0<u<1 inQ,
(u—1) (div(ug)+F) =0, in Q.

u is not unique (example : g =0, F = 0 onw).
Hyperbolic Inequality.
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Associated evolution problem

g : Q — RY, Lipschitz continuous, g - n = 0 on 99.
FelL>(Q),F>0a.e.

uy —div(ug) — F <0, inQ x (0,00),
0<u<1,inQx(0,o00),
(u—1)ug — (u—1) (div(ug) + F) =0, in Q x (0, c0),

with initial condition u(x,0) = 1 for a.e.x € Q.
Hyperbolic Inequality.

T. Gallou ét Cortona 2005



Associated evolution problem

g : Q — RY, Lipschitz continuous, g - n = 0 on 99.
Fel>®(Q),F >0ae.

uy —div(ug) —F =0, in Q x (0, c0),
0<u<1 inQx(0,00),
(u—1)uy — (u—1) (div(ug) + F) =0, in Q2 x (0, ),

with initial condition u(x,0) = 1 for a.e.x € Q.
u may not exist (example : div(g) + F > 0 onw).
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The intermediate problem

g : Q — RY, Lipschitz continuous, g - n = 0 on 99.
Fel>(Q),F >0ae.

div(ug) + F > 0, in Q, (@D)
0<u<1, inQ, (2)
(u—1) (div(ug) +F) =0, in Q. (3)

Existence of u, uniqueness of ug.
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Weak solution of (1)-(3)

uel>(Q),0<u<1lae,
[ €eo-a60- Tet0)+
(€ (u(x))u(x) — E(U()))p(x)divg(x) + @
/(u(x))p(X)F (x))dx > 0,
for all ¢ € C1(R), convex s.t¢’(1) > 0, andyp € CH(Q,R,).

£(s) = s gives (1) and £(s) = (s — 1)? gives (3).
(If gu is Lipschitz continuous (4) is equivalent to (1)-(3).)
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Approximate solutions for (1)-(3) by viscosité. ..

eAu +div(ug) + F >0, in Q,
0<u<1 inQ,
(u—1) (eAu + div(ug) + F) =0, in Q.

e>0,e— 0.

T. Gallou ét Cortona 2005



Approximate solution of (1)-(3), mesh

sizg7) = sup{diam(K),K € 7}, my is the measure of K
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Approximation of div(ug) + F on K

Nk is the subset of 7 of all the control volumes having a
common interface with K.

Ok,L = g(X)-nKJ_d"}/(X), vK € T, VLGNK.
KL
or, if g = Vh,

gL =1k(he —hg), VK € T, VL € Nk.

Fk :/KF(x)dx.

Approximation of div(ug) + F on K with an upwind choice of u
on K|L:

Z (QZVLUL - gEVLUK) + I:K
LGNK
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Approximate solution of (1)-(3), scheme

For all K:

Z (g}—(i_vLuL - 9E7LUK) + I:K > 07
LENK

0 S uK S 17 (5)
(> (98 u— g LUk) + Fi)(uk — 1) =0.
LGNK
Definition of the approximate solution, u:

ur(x) =ug, Yx €K, VK € 7.
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difficulties. ..

@ Existence of u;, computation of u,
@ Estimates on ur,

@ Convergence of u to a solution of (4) (weak formulation of
(1)-(3)) as sizg7) — O.
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Existence of u;, computation of ur, 1

Initialization: u&o) =1 and pl(<0) =1, forallK € 7.

lterations: Let n € N*. Assume that ul' > and p{" ") are

known for all K € 7.
@ Computation of {p\"), K € T}:

pr(<n) =0if ZLGNK(Q}J{,LUFA) - QE,Lu&nil)) +Fx <0,
pe”) =p¢ Vit w5 0" — g ul ) + Fe > 0.

@ Computation of {ué”), K € 7} (linear system):
ZLENK (gzyLufn) - glz,Lul((n)) = _FKa if p}((n) — 0’
u® =1, if p” = 1.
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Existence of u;, computation of u, 2

@ There exists a unique family {(p{",u"), K € T, n € N}
solution of the preceding algorithm.

@ ForallK € T and all n € N, one has u{"” > 0.
© ForallK € 7, the sequence (u,&n))neN is nonincreasing.

© There exists n < card(7) such that, setting ux = u}({‘) for all

K € T, the family {ux, K € T} is such that u® = uy for all
K € 7 and p > n. This family is therefore a solution of (5)
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@ L>-estimate: ||ur| < 1,
© Weak-BV inequality:

Z |gK,L|(UK = U|_)2 <C.
(K,L)ee

Only weak-+ compactness in L.
The weak-BV estimate looks like a ||Vu||2 <

1
\/Sizg7T)

T. Gallou ét Cortona 2005



Nonlinear weak convergence, young measures

L>°(Q2)-estimate on us gives (up to subsequences of sequences
of approximate solutions) that there exists u € L>(Q2 x (0, 1))
such that uy — u, as sizg7') — 0 in the following sense:

[ etrtemiox — [ [ e e,
for all o € L1(Q) and all¢ € C(R,R).

That is:

£(ur) — /O (U, ))da, L®(Q) weakx.
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Weak solution of (1)-(3)

uel®(Q),0<u<1lae,
[ €e0-a60 - Te(0)+
(€ (u0))u(x) = E(u(x)))p(x)dlivg (x) +
€/(u())p(F () >0,

for all ¢ € C1(R), convex s.t¢’(1) > 0, andy € CH(Q,R,).
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Weak process solution of (1)-(3)

Assuming uy — u, as siz§7) — 0, in the nonlinear weak
sense, one proves (thanks to the weak BV estimate) that u is a
weak process solution:

uelL*(@x(0,1),0<u<lae,

/ | €t (a6 - vet0)+

(€' (u(x, a)u(x, ) = &(u(x, @)))e(x)divg (x )+
& (u(x, a))e(X)F(x))dxda > 0,

for all ¢ € C1(R), convex s.t£’(1) > 0, andy € CH(Q,R,).
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Uniqueness of the weak process solution

g = AVh, g Lipschitz continuous and g - n = 0 on 09.
IfuelL>*(Qx(0,1)),0<u<1a.e.is a weak process solution
of (1)-(3), then:

@ u(x, o) does not depends on « for a.e. x in {g # 0}.

@ X — g(x)u(x) is the unique solution of (4) (weak
formulation of (1)-(3)).

@ gus converges to gu in (LP(Q))Y for all p < oc.

The proof uses the doubling variables method of Krushkov.
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Conclusion for the intermediate problem

g = AVh, g Lipschitz continuous and g - n = 0 on 0f2.
FelL>*(Q),F>0a.e.

div(ug) + F >0, in Q,
0<u<1 inQ,
(u—1) (div(ug) +F) =0, in Q.

Existence of a weak solution u (in the sense of (4)) and
uniqueness of ug.
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Another weak formulation of (1)-(3)

g:Q — RY, g Lipschitz continuous and g - n = 0 on 99.
Fel>(Q),F >0ae.
C(g,F) is the set of functions v € L?(Q) such that:

0<v<l, ae.inQ

/(—Vg Vo + Fp)dx >0, Vo € CYHQ,R,).
Q

C(g,F) is a closed convex subset of L2(Q2), and 0 € C(g, F).
Then, uy — uin LP(Q), for all p < oo, as sizg7) — 0, and:

u= Pc(gyp)lg.

u is the “mild” solution of (1)-(3).
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Characterization of ur

g:Q — RY, g Lipschitz continuous and g - n = 0 on 99.
Fel>(Q),F >0ae.

C(g,F,T) is the set of functions v € L?(Q) such that v = vg
a.e. in K, withvg € R, for all K € 7 and:

0<vgx <1, forallK e T

Z (g}_(F’LVL - gE,LVK) + FK > 0.
LENK

C(g,F,7) is a closed convex subset of L2(Q2), and 0 € C(g, F).

ur = Pc(g,r,1)la-
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Open questions. ..

Solve the complete problem

He (X, t) — div[T(x, )A(X)VH (x, 1)] = 0,
He(x,t) > —F (x),
0 <u(x,t) <1,
(@, t) — 1) (He(x,t) + F(x)) = 0.

(x,t) € Q x (0,T), Q : bounded open set of RY (d > 1).

Initial and Boundary Conditions on H.

F>0a.e.

Solve the intermediate problem with less regularity on g = AVh.
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