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Fisrt step for proving the convergence of approximate solutions for
the evolution compressible Navier-Stokes equations (which gives, in
particular, the existence of solutions, d =3, p=p?, v > %)



Stationary compressible Stokes equations

Q is a bounded open set of RY, d = 2 or 3, with a Lipschitz
continuous boundary, v > 1, f € L2(Q)9 and M >0

—Au+Vp=FfinQ, u=0on 02,
div(pu) =0 in Q, p>0 in Q, /p(x)dx:M,
Q
p=p’inQ

Functional spaces : u € H}(Q), p € L?(Q), p € L(Q)

(different spaces for p and p in the case of Navier-Stokes if d =3
and v < 3)



Aim

Prove the existence of a weak solution to the compressible Stokes

equations by the convergence of a sequence (up to a subsequence,
since, up to now, no uniqueness result is available for this problem)
of approximate solutions given by a numerical scheme as the mesh
size goes to 0



Simpler result: “continuity” with respect to the data

—Aup+ Vp,=1in Q, u, =0 on 0f,

div(ppup) =0 in Q, p, >0 in Q, / pn(x)dx = M,
Q

pn = p) in Q
f, — fin (L?(R2))¢ and M, — M. Then, up to a subsequence,
> u, — uin L2(Q)? and weakly in H}(Q)¢,
> p, — pin L9(Q) for any 1 < g < 2 and weakly in L2(Q),
> pp — pin L9(Q) for any 1 < g < 27 and weakly in L27(Q),
where (u, p, p) is a weak solution of the compressible Stokes
equations (with f and M as data)

The case v = 1 is also possible, but we obtain only weak
convergence of p, and p, in L?(Q) (strong conv. are not needed).



Preliminary lemma

p€LY(Q), p>0ae inQ ue (HQ), div(pu) = 0, then:
/ pdiv(u)dx =0
Q

/ p'div(u)dx =0
Q



Proof of the preliminary result

For simplicity : p € Cl(Q), p>aae. inQ, a>0,
1 < B <~. Take ¢ = pP~1 as test function in div(pu) = 0:

/pu-Vpﬂldx—(ﬁ—l)/pﬁlu-Vpdx—O.
Q Q

Then ;
ﬁ; u- Vpﬁdx =0,

B Ja
and finally

/ pPdiv(u)dx = 0.

Q

Two cases :
B=y

B =1+ 3 and k — oo (or ¢ = In(p))



Variant of the preliminary lemma, for numerical schemes

In the case of the approximation by a numerical scheme, we will
have a sequence (pp, up) satisfying an approximation of
div(pnun) = 0 and taking also into account the condition

fQ pndx = M,. We will use a weak version of the preceding
lemma, namely :

liminf [ pldiv u,dx <0,

n—oo Q

Iiminf/ pndiv updx < 0.
Q

n—oo



Estimate on u,

Taking u, as test function in —Au, + Vp, = f,:

/Vu,, :Vu, dx—/p,,div(un) dx:/ fn - up, dx.
Q Q Q

But p, = pj a.e. and div(pnup) = 0, then [, pydiv(u,) dx = 0.
This gives an estimate on up:

lunll(Hp)ye < G-



Estimate on p,, Netas Lemma

Let g € L2(Q) s.t. [, qdx = 0.
Then, there exists v € (H3(Q))9 s.t.

div(v) = g a.e. in Q,

IVli(rr@ye < Collglliz),

where C only depends on 2.



Estimate on p,

my = 1y Jo Padx, va € HY(Q)?, div(vi) = p — m.
Taking v, as test function in —Au, + Vp, = fp:

/Vu,, : Vv, dx—/p,,div(v,,) dx:/ fn - v, dx.
Q Q Q

Using [, div(v,)dx = 0:

/(p,1 — mn)zdx = /(f,, “vp — Vu, : Vv,)dx.
Q

Q

Since [|va|(a()ye < Callpn — malli2() and [lunll 41y < Ci, the
preceding inequality leads to:

”pn - mnHL2(Q) < Gs.

where Cz only depends on the L?>—bound of (f,)nen and on Q.



Estimates on p, and p,

lPn = mall2(@) < G-

1
/ pn dx = / pndx < sup{M,, p € N}.
Q Q

Then:
Pnlle2) < Cai

where C4 only depends on the L2—bound of (f,)aen, the bound of
(Mn)nEN: 7y and Q.

pn = pj a.e. in Q, then:

”PnHLQW <G= CV-



Weak-convergence on u,, pp, pn

Thanks to the estimates on up,, pp, pn, it is possible to assume (up
to a subsequence) that, as n — oc:

up — u in L?(Q)? and weakly in H3(Q)9,
pn — p weakly in LZ(Q),

pn — p weakly in [2(Q).



Passing to the limit on the equations, except EOS
Linear equation :
—Au+Vp=1finQ, u=0on 09,

Strong times weak convergence
div(pu) =0 in Q,
anlg\Sngak convergence of p, gives positivity of p and convergence of
| p>0 inQ,/Qp(x)dx:l\/l.
Question (if v > 1):

p=p"inQ7

Idea : prove fQ Pnpndx — fQ ppdx and deduce a.e. convergence
(of pn and p,) and p = p”.



V : V = divdiv + curl - curl

For all @, v in H}(Q)?,
/VD : Vvdx = / diV(D)diV(V)dx—i-/ curl(@) - curl(v)dx.
Q Q Q
Then, the weak form of —Au, + Vp, = f, gives for all v in H}(Q)¢

/div(un)diV(V)dx—l—/ curl(un)-curl(\'/)dx—/ padiv(V) dx:/ fn-V dx
Q Q Q Q

Choice of v 7 curl(v) =0, div(v) = pp. ..



Curl-free test function

Let B be a ball containing Q2 and w,, € H&(B), —Aw, = pn,

vh = Vw,

> vn € (HYQ),
> div(v,) = pp a.e. in Q,
> curl(v,) =0 a.e. in Q,
> |[Vall(Hr(a)ye < Collpnlli2(q), where G only depends on Q.
Then, up to a subsequence,
v, — v in L2(Q) and weakly in H1(Q),
curl(v) = 0, div(v) = p.
(Remark : [|val(t2(0))e < Collonllmi())



Proving [o(pn — div(un))pnpdx — [o(p — div(u))ppdx

Let p € CZ(R) (so that v, € HE(Q)9)). Taking v = vy

Jo div(up)div(vap)dx 4 [q curl( u,,) curl(vop)dx — [o Padiv(vaep) dx
= [ fn - (V) dx.

But, div(vap) = pn + Vi - Vi and curl(vap) = L(p)va, where
L(p) is a matrix involving the first order derivatives of . Then:

Ja(div(un) = pn)pnpdx = [ fa - (vap)dx
— Jo div(up)vn - Vpdx — [ curl(un) - L(0)Va + [q PnVa - Vpdx.

Weak convergence of u, in H}(2)¢, weak convergence of p, in
L?(2) and convergence of v, and f, in L?(Q)7:

limp—oo Jo(div(ua) — p,,)p,,godx = fQ (vp)dx
— Jodiv(u)v - Vdx — [ curl(u) - L(¢)v + [ pv - Vdx.



Proving [o(pn — div(un))pnpdx — [o(p — div(u))ppdx

But, since —Au+ Vp = f:

Jo div(u)div(ve)dx + [q curl( ) curl(vp)dx — [, pdiv(ve) dx
= o f - (vy)dx.

which gives (using div(v) = p and curl(v) = 0):

fQ(div(u) — p)ppdx = fQ f-(vp)dx
— Jo div(u)v - Vedx — [ curl(u) - L(p)v + [q pv - Vipdx.

Then:

lim /Q(p,, — div(up))pnpdx = /Q(p — div(v))ppdx.

n—oo



Proving [o(pn — div(un))pndx — [o(p — div(u))pdx

Lemma : F, — F in D'(Q), (F,)nen bounded in L9 for some
q>1. Then F, — F weakly in L.

With F, = (pn — div(un))pn, F = (p — div(u))p and since v > 1,
the lemma gives

[on = divun))ondx — [ (b - div(@)pab



Proving [o pnpadx — [ ppdx

/Q(Pn—div(un))l)ndXH/Q(p—div(u))pdx.

But since div(ppun) = 0, div(pu) = 0, the preliminary lemma
gives:

/ div(up)pndx =0, / div(u)pdx = 0;
Q Q

/ Pnpndx — / ppdx.
Q Q

Then:



a.e. convergence of p, and p,

Let Gy = (pn — p?)(pn — p) € L}(Q) and G, >0 a.e. in Q.

Futhermore G, = (pn — p7)(pn — p) = Pnpn — Pnp — P pn + p7p
and:

/Gndxz/p,,p,,dx—/p,,pdx—/p”p,,dx+/p”’pdx.
Q Q Q Q Q

Using the weak convergence in L?(Q) of p, and p, and
Ja Papndx — [q ppdx:

lim / Gpdx =0,
n—oo Q

Then (up to a subsequence), G, — 0 a.e. and then p, — p a.e.
(since y — y7 is an increasing function on R ). Finally:

pn— pin L9(Q) for all 1 < g < 27,
pn = ph — p? in L9(Q) for all 1 < g < 2,
and p = p7.



Additional difficulty for stat. comp. NS equations

Q is a bounded open set of RY, d = 2 or 3, with a Lipschitz
continuous boundary, v > 1, f € L2(Q)¢ and M > 0
—Au+div(pu®@u)+Vp=1Ffin Q, uv=0on 09,
div(pu) =0 in Q, p>0 in Q, / p(x)dx = M,
Q

p=p’in Q

d = 2 : no aditional difficulty

d = 3 : no additional difficulty if v > 3. But for v < 3, no
estimate on p in L?(9Q).



Estimates in the case of NS equations, % <v<3

Estimate on v : Taking u as test function in the momentum leads
to an estimate on u in (H3(Q)? since

/pu®u:Vudx:O.
Q

Then, we have also an estimate on v in L°(Q)? (using Sobolev
embedding).

Estimate on p in L9(2), with some 1 < g < 2 and g = 1 when
v = 3 (using Neas Lemma in some L instead of L?).

Estimate on p in L9(£2), with some % <g<6andg= % when
= 3 (since p = p7).

Remark : pu® u € L1(Q), since u € L5(Q)? and p € L2(Q) (and

i B

Lili2=0)



NS equations, v < 3, how to pass to the limit in the EOS

We prove
lim / prplydx = / pp’dx,
n—oo Q Q
with some convenient choice of 6 > 0 instead of 6§ = 1.

This gives, as for § = 1, the a.e. convergence (up to a
subsequence) of p, and pj,.



