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The complete problem

Model of erosion and sedimentation process

Hq(x, t) — div[a(x, HAX)VH(x, £)] = 0,
Hi(x,t) = —F(x),
0<ux,t) <1,

(U(x, ) — 1) (He(x, t) + F(x)) = 0.

(x,1) € Qx (0,T), Q: bounded open set of RY (d > 1).
Initial and Boundary Conditions on H.
F>0a.e..
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The complete problem

Hi(x, t) — div[u(x, H)A(x)VH(x, )] = 0,
Hi(x,t) > —F(x),
0<u(x,t)<1,

(u(x,t) — 1) (Hi(x,t) + F(x)) = 0.
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The complete problem

Hi(x, t) — div[u(x, t)A(X)VH(x, t)] = 0,
div[u(x, )A(x)VH(x, t)] > —F(x),
0<u(x,t)<1,

(U(x, 1) — 1) (div[a(x, HAX)VH(x, 1)] + F(x)) = 0.
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Time discretization of the complete problem

Time step : k, th = nk. Hyo1 = H(, tha1), Uns1 = U(-, that).

diV[Un+1/\VHn+1] ar F > 0,
0 S UIH—1 S 17

(Upit — 1) (div[tps 1AV Hp 1] + F(x)) = 0.
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Time discretization of the complete problem

Time step : k, th = nk. Hyo1 = H(, tha1), Uns1 = U(-, that).

diV[Un+1/\VHn] ol F > 07
0 < Un+1 < 17

(Upet — 1) (div]uns 1AV Hp] + F(x)) = 0.
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Intermediate problem

g : Q — RY, Lipschitz continuous, g - n = 0 on 99.
Fel~(Q),F>0a.e.

div(ug) + F > 0, in Q,
0<u<1,inQ,
(u—1) (div(ug) + F) =0, in Q.

u is not unique (example : g =0, F = 0 on w).
Hyperbolic Inequality.
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Associated evolution problem

g : Q — RY, Lipschitz continuous, g - n = 0 on 99.
Fel~(Q),F>0a.e.

ut —div(ug) — F <0, in Q x (0, 00),
0<u<1,inQ x (0,),
(u—1)us— (u—1) (div(ug) + F) =0, in Q x (0, c0),

W|th |n|t|a| Cond|t|0n U(X,O) = 1 f()r ae. X € Q
Hyperbolic Inequality.
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Associated evolution problem

g : Q — RY, Lipschitz continuous, g - n = 0 on 9.
Fel>(Q),F>0ae.

ut —div(ug) — F =0, in Q x (0, c0),
0<u<1,inQ x(0,00),
(u—1)ut — (u—1) (div(ug) + F) =0, in Q x (0, 00),

with initial condition u(x,0) = 1 for a.e. x € Q.
u may not exist (example : div(g) + F > 0 on w).
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The intermediate problem

g : Q — RY, Lipschitz continuous, g - n = 0 on 99.
Fel>(Q),F>0ae.

div(ug) + F > 0, in Q, (1)
0<u<1,inQ, (2)
(u—1) (div(ug) + F) =0, in Q. (3)

Existence of u, uniqueness of ug, computation of ug.
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Weak solution of (1)-(3)

uel>®(Q),0<u< ae,
| w0900 Te)+
(€ (U())u(x) — E(u(x)))p(x)divg(x) + @)
€/(u(x))p(X)F(x))ax > 0,
for all ¢ € C'(R), convex s.t. (1) > 0, and ¢ € C'(Q,R}).

£(s) = s gives (1) and £(s) = (s — 1)? gives (3).
(If gu is Lipschitz continuous (4) is equivalent to (1)-(3).)
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Approximate solution of (1)-(3), mesh

size(7) = sup{diam(K), K € 7}, mk is the measure of K
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Approximation of div(ug) + F on K

Nk is the subset of 7 of all the control volumes having a
common interface with K.

Ik.L = g(x) - nk1dv(x), VK € T, VL € Nk.
KL

or, if g= Vh,
kL = Trki(hL — hk), VK € T, VL € Nk.

FK:/KF(x)dx.

Approximation of div(ug) + F on K with an upwind choice of u
on K|L:

Z (QI7LUL - g;?,I_UK) + FK
LENK
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Approximate solution of (1)-(3), scheme

For all K:

Z (QIVLUL - Q/ZLUK) + FK > 07
LeNk

0<uk <1, ()
(> (gF LuL — gk Luk) + Fi)(uk — 1) = 0.
LGNK
Definition of the approximate solution, uz:

ur(x) =uk, Vx e K, VK € T.
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difficulties. ..

@ Existence of u;, computation of ur,
@ Estimates on ur,

@ Convergence of u7 to a solution of (4) (weak formulation of
(1)-(3)) as size(7) — 0.
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Existence of u;, computation of ur, 1

Initialization: uf?) =1and pﬁ?) =1,forall K e 7.

lterations: Let n € N*. Assume that vy~ and p{/ ")

known for all K € 7.
@ Computation of {p\, K € T}:

are

. 1 1
pﬁ(n) =0,if Y cpn (gKLuin gKLuﬁ(n ))+ Fk <0,

1 1
pﬁ() = p£<n 1)7 if ZLGNK(QK LUEH ) - 9k, LUKn )) + Fx = 0.

© Computation of {u%’), K € T} (linear system):

ZLENK(QRLUYI) - QK,LUEQ)) = —Fk, if P§<n) =0,
U =1, ifp{) =1.
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Existence of uy, computation of ur, 2

@ There exists a unique family {(p”, u”), K € T, n € N}
. Pk Uk
solution of the preceding algorithm.

@ ForallK € Tand all n € N, one has u{ > 0.
© Forall K € 7, the sequence (uf(”))neN is nonincreasing.

© There exists n < card(7) such that, setting ux = uf(") for all

K € 7T, the family {uk, K € 7} is such that uf(p) = u for all
K € T and p > n. This family is therefore a solution of (5)
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Link with variational inequalities

Upwinding on u is related to add a diffusion term
(9=1(91,---,99)"):

d
size(T) > Dj(|gi|Dju) + div(ug) + F > 0, in Q,
i=1
0<u<1,inQ,

d

(u—1) (size(T) )  Di(|gi|Dju) + div(ug) + F) =0, in Q.
i=1

which is a variational inequality (with a transport term).

The preceding algorithm works for many variational inequalities
(see Herbin ,SINUM, 2003, for obstacle and Signorini
problems).
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Q L[>-estimate: ||ur| e <1,
© Weak-BV inequality:

> lgkel(uk —u)?> < C.
(K.L)e€

Only weak-x compactness in L.
The weak-BV estimate looks like >°2_, ||g;D;u ;2 <

(with g = (91, - - ., 9a)").

]
size(T)
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Nonlinear weak convergence, young measures

L>°(Q)-estimate on u; gives (up to subsequences of sequences
of approximate solutions) that there exists v € L>(Q2 x (0,1))
such that vy — v, as size(7') — 0 in the following sense:

/Q£(uf[( dx—>/ /5 u(x, a))e(x)dxda,

forall p € L'(Q) and all ¢ € C(R,R).
That is:

£(ur) — /O £(u(-, ))da, L(Q) weak-.
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Weak solution of (1)-(3)

uel>®(Q),0<u<ae,
| (0900 Tel0)+
(€ (O))u(x) = E(uC)))p(X)divg(X) +
(U0 (X)F(x))dx > 0,

for all ¢ € C'(R), convex s.t. (1) > 0, and ¢ € C'(Q,R,).
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Weak process solution of (1)-(3)

Assuming us; — u, as size(7) — 0, in the nonlinear weak
sense, one proves (thanks to the weak BV estimate) that v is a
weak process solution:

ueLl®(Qx(0,1),0<u<1ae,

// u(x, 2))(=g(x) - V(X)) +

(€' (u(x, a))u(x, ) = &(u(x, @)))p(x)divg(x)+
& (u(x, a))e(x)F(x))dxda > 0,

for all ¢ € C'(R), convex s.t. /(1) > 0, and ¢ € C'(Q,R,).
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Uniqueness of the weak process solution

g = AV h, g Lipschitz continuous and g - n = 0 on 012.
If ue L>*(2x(0,1)),0<u<1ae.,is aweak process solution
of (1)-(3), then:

@ u(x,«) does not depends on « for a.e. x in {g # 0}.

@ x — g(x)u(x) is the unique solution of (4) (weak
formulation of (1)-(3)).

@ gus converges to gu in (LP(Q)) for all p < oo.

The proof uses the doubling variables method of Krushkov.
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Conclusion for the intermediate problem

g = AV h, g Lipschitz continuous and g - n = 0 on 0f2.
Fel>(Q),F>0a.e.

div(ug) + F > 0, in Q,
0<u<1,inQ,
(u—1) (div(ug) + F) =0, in Q.

Existence of a weak solution v (in the sense of (4)) and
uniqueness of ug. Computation of an approximate solution.
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Another weak formulation of (1)-(3)

g: Q — RY, g Lipschitz continuous and g - n = 0 on 99.
Fel>(Q),F>0ae.
C(g, F) is the set of functions v € L?() such that:

0<v<1 ae inQ

/(—vg-Vgo—l— Fo)dx >0, Yo € C'(Q,R,).
Q

C(g, F) is a closed convex subset of L?(Q), and 0 € C(g, F).
Then, ur — uin LP(Q), for all p < oo, as size(7) — 0, and:

u= PC(g,F)1Q'

u is the “mild” solution of (1)-(3).
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Characterization of ur

g:Q — RY, g Lipschitz continuous and g - n = 0 on 9.
Fel~(Q),F>0a.e.

C(g, F,T) is the set of functions v € L?(Q) such that v = vk
a.e. in K, with v € R, for all K € 7 and:

0< v <1, foral K e T

S (G Ve — G k) + Fic > 0.
LeNk

C(g, F,T) is a closed convex subset of L?(Q), and
0eC(g,F,T).

ur = Peg.rmla-
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Open questions. ..

Existence, uniqueness, convergence of the numerical scheme
for the complete problem

He(x, 1) — div[T(x, HAX)VH(x, )] = 0,
Hi(x, t) > —F(x),
0 <u(x,t) <1,
(U(x, ) — 1) (Hi(x, t) + F(x)) = 0.

(x,1) € Q x (0, T), Q : bounded open set of RY (d > 1).

Initial and Boundary Conditions on H.

F>0a.e.

Solve the intermediate problem with less regularity on g = AVh.
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