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Compressible (Isentropic) Navier-Stokes Equations (CNS)

Q is a bounded open connected set of R3, with a Lipschitz
continuous boundary, T >0, v > 3/2, f € L%(]0, T[, L?(Q2)3)

Otp + div(pu) =0 mass
O(pu) +div(pu @ u) —Au+Vp="f momentum
p=p’ EOS

Dirichlet boundary condition : u =0
Initial condition on p and u (or on pu)



Stationary compressible Navier Stokes equations (SCNS)

Q is a bounded open set of R3, with a Lipschitz continuous
boundary, v > 3/2, f € [2(Q)3 and M > 0

div(pu) =0 mass
divijpu@ u) — Au+Vp="f momentum
p=p7 EOS

Dirichlet boundary condition : v =10

p >0, [op(x)dx =M

Functional spaces : u € H}(Q)3, p € L9(Q), p € L9(Q)
If v >3 theng=2

If 3 <y<3:q=230"0

Y

v = % pell pe L3/2 pu®u € Ll since u € (L6)3

/



Questions

In both cases (CNS and SCNS), existence of a weak solution is
known (but no uniqueness)

We use a space discretization with the MAC scheme and an
implicit discretization in time (for the evolution case)
Questions :

1. Is it possible to prove convergence (up to the subsequence) of
the approximate solution to the exact (weak) solution as the
mesh size goes to 0 (and also the time step in the evolution
case) ?

2. In case of uniqueness of the exact solution, is it possible to
obtain error estimates ?



Results and open problems

1. For SCNS, we prove convergence (up to the subsequence) of
the approximate solution to the exact (weak) solution as the
mesh size goes to 0 for v > 3. Open problem for 3/2 < v <3
This convergence proof also gives existence of a weak solution

2. For CNS, the convergence is probably true, but we do not
have a complete proof

3. For CNS, if the exact solution is regular, we obtain an error
estimate (and this gives uniqueness) for v > 3/2

4. For SCNS (and a regular solution), we are not able to obtain
error estimate



Error estimate for CNS

For CNS the proof of error estimate (comparison of an exact
“strong” solution and an approximate solution) is very close to the
weak-strong uniqueness principle (comparison of a “strong”
solution and a weak solution)

Prodi, Serrin for Incompressible NS (~ 1960)
Germain for Isentropic CNS (2011), Feireisl-Novotny (other EOS)

The proof uses the so-called “relative entropy” (introduced
Dafermos for Euler Equations) or “modulated energy”

relative energy



Weak-strong uniqueness principle, simple case

Stokes Equations, vy =2, f =0

Q is a bounded open connected set of R3, with a Lipschitz
continuous boundary, T >0, v =2, f € L2(]0, T[, L3(Q)%)

Otp + div(pu) = 0, mass
Otu — Au+ Vp =0, momentum
p=p>. EOS

Dirichlet boundary condition : u =0
Initial condition on p and u (po and wp)



Weak-strong uniqueness, simple case, Energy Equalities

Stokes Equations, vy =2, f =0
o, p, p : strong solution
u, p, p . “suitable” weak solution

Energy Equalities (formally taking u as test function in the
momentum equation for u)

1

> [ 1u(T) / |vup = paive) = 5 [ fuf?
2 Ja

1 =12 2
5 L1+ [ [ ovar - paiva) = 5 [ juol
2 Ja



Weak-strong uniqueness, simple case, Relative Energy

Stokes Equations, v =2, f = 0. Relative Energy
using Energy Equalities gives

Er(p.ulpa) = 5 [ 1u(T) =TI + [ (o(T) = AT =

—/Qu(T)~L7(T) _/0 /Q(yqu ~ pdivu+ Va2 - pdiv)

+/Q|uo|2+/ﬂ(,0(7)—ﬁ(T))2

L= = [ A+ [ Rz [ A



Weak-strong uniqueness, simple case, p*(T), °(T)
Stokes Equations, vy =2, f =0
Using Mass Equations (formally p as test function in the equation
for p) gives

1 2 1 2 T
5 | P (T) =5 | po— pu-Vp=0
Q Q 0o Ja
But, since p? = p,
T 1 (7T 1 (7T
/ /pu~Vp:/ /u~V(p2):/ /pdivu
o Ja 2 Jo Ja 2 Jo Ja
T
/p2(T)=—/ /pdivu+/,05
Q 0 Ja Q

/S?,32(T)——/(;T/S),3diva+/S2p3



Weak-strong uniqueness, simple case, p(T)p(T)

Stokes Equations, vy =2, f =0
Using Mass Equations (taking p as test function in the equation
for p and p as test function in the equation for p) gives

/OT/Q(atﬁ)er/OT/Qdiv(pg)p_o
/OT/Q(atp)ﬁ—/oT/qu.vﬁ:O

Adding the two equations leads to

/Qm)p(r)Q/ngf/oTl/ﬂpu.vﬁ_/oT/Qdiv(M)p



Weak-strong uniqueness, simple case, u(T) - a(T)

Stokes Equations, vy =2, f =0
Using Momentum Equations (taking & as test function in the
equation for u and u as test function in the equation for i) gives

! (Oru)a + ' (Vu:Vi— pdiv(a)) =0
0 Q 0 Q

! (0:0)u + ' (Vu:Vi— pdiv(u)) =0
o Ja 0o Ja

Adding the two equations leads to

/;217(7_)'“(7_):/Q|uo|2+/0T/S;(—2Vu:VLH—pdiv(E)—HBdiv(u))



Weak-strong uniqueness, simple case, Relative Energy(2)

Stokes Equations, v =2, f = 0. Relative Energy
using Energy Equalities gives

Er(p, ulj, 3) /|n—u|2/k()xnfz
— /Q u(T)-a / / (|Vul® = pdivu + |Vi|* — pdivi)

+ [l + [ (T = AT



Weak-strong uniqueness, simple case, Relative Energy(3)

Replacing the red quantities using the previous slides and using the
EOS lead to

Er(p.ulpa) = 5 [ 1u(T) = aT)P + [ (o(T) = AT =
/ |19u =V~ (o= pdiv(a) + 25~ )@ - 0)- V7)
div @ e L®(]0, T[xQ), V5 € L=(]0, T[x)

P(8) = Eprulpi0) = 5 [ () = (0P + [ (o() = 7(0)?

Then previous equality (for any 0 < t < T) gives

t
o))< C [ plo)ds
0
This gives (Gronwall Inequality) ¢(t) < ¢(0)e~* and then ¢ =0



Error estimate for CNS

We mimic the previous proof of uniqueness at the discrete level to
obtain error estimate, (p, u) is now the solution of a numerical
scheme

Ei(p, ulp, @) < C(h* + kY?) for 0< t < T

h is the mesh size, k is the time step
2y—-3 1

a = min( ,2)

v >3/2

For y =2 and CNS, a = 1/2, E; is the L2-norm of (p—p) + the
L2-norm of (u — i) weighted by p (and we have p > 0)



Error estimate for SCNS

No error estimate for SCNS

No weak-strong uniqueness principle

No Gronwall inequality

Question : What can play the role of Gronwall Inequality for
stationary problems 7



Uniqueness for stationary problems, a simple example

¢ € C(R,R), Lipschitz continuous, w € L*(),
f e L2(]0, T[,L%(R2)), uo € L2(Q)
(No hypothesis on div(w))

Oru + div(wep(u)) — Au=f
u(-,t) =0 on 90
u(+,0) = up

Uniqueness easily follows from Gronwall Inequality



Uniqueness for stationary problems, a simple example

¢ € C(R,R), Lipschitz continuous, w € L>(Q),
feLl?(Q)
(No hypothesis on div(w), no coercivity)

div(wp(u)) — Au="f
u(-,t) =0 on 00

Uniqueness can be proven taking T.(u — @) (¢ > 0) as test
function and letting e — 0

T-(s) = max(—e, min(s,¢)) for s € R



Convergence for SCNS

For the stationary compressible Navier-Stokes equations discretized
with a MAC scheme, we prove convergence of the approximate
solution (up to a subsequence) to a weak solution, in the case

~ > 3, following the idea of P.L. Lions for proving existence of a
solution.



Steps for proving the convergence result

1. Estimates on the approximate solution (un, pn, pn)

2. Compactness result (convergence of the approximate solution,
up to a subsequence)

3. Passage to the limit in the approximate equations

Main difficulty: Passage to the limit in the EOS (p = p?) since the
EOS is a non linear function and Step 2 only leads to weak
convergences of p, and p,.



Convergence of u,, p,, pn

Thanks to the estimates on up,, pp, pp, it is possible to assume (up
to a subsequence) that, as n — oc:

u, — uin [2(Q)3, v e HY(Q)®
pn — p weakly in L2(Q)
pn — p weakly in L27(Q)

Bound on uy, : ||uslln, < C,
| - l|#, is a so-called “discrete Hi-norm” (but depending on n)



Passage to the limit in the mass equation

v € C(R3)
/pnun-Vv+R:0
Q

pn — p weakly in L27(Q), with 2y > 3, u, — uin L9(Q)3 for all
q < 6. Then p,u, — pu weakly in L}(Q)3. This gives
fQ pu-Vv =0.

L'-weak convergence of p, gives positivity of p and convergence of
mass:

p>0 in Q, /p(x)dx:M.
Q



Passage to the limit in the momentum equation
v € CX(Q)3,

/ Vpun: Vv dx—/ PnlnQupy : Vv dx—/ padiv(v)dx+R :/ f,-v dx
Q Q Q Q

Vaun, — Vu weakly in L2(Q)3

pn — p weakly in L27(Q), with 2y > 2%
up — uin L9(Q)3 for all g < 6 (and 5+ £ + £ =1). Then
Pnlin @ U, — pu® u weakly in L1(Q)3*3,

ol

pn — p weakly in L2(Q)
fn — f weakly in L2(Q)3

Then, as n — oo,

/Vu:Vvdx—/pu®u:Vvdx—/pdiv(v)dx:/f-vdx
Q Q Q Q



First conclusion

(p, u, p) is solution of the momentum equation and of the mass
equation ( + positivity of p and total mass). It remains to prove

p=rp’.



Passage to the limit in EOS

Question: p=pY in Q7
pn and p, converge only weakly...and v >1

Idea :

Prove [ pnpn — Jq pp (it is sufficient to prove

liminf [, pnpn < [ pp) and deduce a.e. convergence (of p, and
pn) and p = p7

(For v < 3, use pnpf)

Proof in the continuous setting



V .V =divdiv + curl - curl
For all &, 7 in H3(Q2)3,
/Q Vi T = /Q () () - /Q (@) cdl 7).

Then, for all 7 in H}(2)3, the momentum equation is

/Q div(uy)div(7) + /Q curl(uy) - curl(7) — /Q (it ® 1) 8 s
—/Qp,,div(v):/ﬂfn-v.

Choice of v ? ¥ = ¥, with curl(v,) = 0, div(v,) = p, and v,
bounded in H}(Q)3 (unfortunately, 0 is impossible).

Then, up to a subsequence,

V, — v in L2(Q)3 and weakly in H}(2)3,

curl(v) =0, div(v) = p.



Proof using v, (1)

/Q div(up)div(7,) + /Q curl(uy) - curl(7,) — / sl ()

Q
:/pnun®un:V\7,,—|—/f,,-\7,,.
Q Q

But, div(v,) = pn and curl(v,) = 0. Then:

/(div(un) — Pn)pn = / Pnlin @ Up 2 Vp —|—/ fn - Vp.
Q Q Q

If we prove that [ pptn ® up: Vy — [ pu® u: Vv then:

lim /(div(u,,) — Pn)Pn = / pu U : Vv+/ f-v.
n—o0 Q Q Q



Proof using v, (2)
But, since —Au + div(pu ® u) + Vp = f:

/Q div(u)div(v) + /Q curl(u) - curl(v) — /Q pdiv(v)

:/pu®u:Vv+/f-v,
Q Q

which gives (using div(v) = p and curl(v) = 0):

/(le /pu®u:Vv+/f'v.Then:
Q Q

Jim. /Q (pn ~ div(un)pn = [ (o= div(u))p.

Finally, thanks to the mass equations, fQ pndiv(u,) = 0 and
Jq pdiv(u) = 0. Then,

lim /pnpnz/pp-
n—o00 Q Q



Proof using v, (3)

It remains to prove [ pptn @ Up 1 Vp = [qpu®@ u: Vv,

We remark that (since div(pnu,) = 0)

/ Pnln Q@ Up : Vv, = /(p,,u,7 -V)up - Vp,
Q Q

and the sequence ((pnUn - V)un)nen is bounded in L7(22)3 with

1_1,1, 1 6 cince ~
;—2+6+27,andr>5smce,>3.

Then, up to a subsequence (ppu, - V)u, — G weakly in L"(Q)3.
and (since ¥, — v in L"(Q)3 for all r < 6),

/(pnun-V)un-Vn%/G-V
Q Q

But, G = (pu - V)u, since for a fixed w € H}(Q)3,

/(pnun-V)un-W:/pnu,,@u,,:VW—>/pu®u:VW.
Q Q Q



Error in the preceding proof

In the preceding proof, we used v, such that curl(v,) =0,
div(¥,) = pn and ¥, bounded in H}(Q)3.

Unfortunately, it is impossible to have v, € H}(Q)* but only
v, € HY(Q)3.



Curl-free test function
Let w, € H&(Q), —Aw, = pn,
One has w, € H2 () since, for ¢ € C°(Q), one has

loc

A(wyp) € L2(Q) and

8 3
Z/Qaiﬁj(wnw)aiaj(wn@)z Z/Qa,-a,-(w,,go)ajaj(wngo)

ij=1 ij=1

— [(Bw)? = ¢, <o
Q

Then, taking v, = Vw,
> Vi € (Hioe(D))°,
» div(v,) = pp a.e. in Q,
» curl(v,) =0 a.e. in Q,

» Hi

ioc (£2)-estimate on v, with respect to ||pn||2(q)-

Then, up to a subsequence, as n — oo, v, — Vv in LfOC(Q) and
weakly in Hi (Q), curl(v) = 0, div(v) = p.

loc



Proof of fQ(pn — div(up))pnp — fQ(P — div(u))pp

Let ¢ € C2°(Q) (so that vyp € HE(Q)3)). Taking v = v,

/Q div(up)div(vae) + /Q curl(u,) - curl(vyp) — /Q Padiv(vaep)

:/pnu,,®u,,:V(v,,go)+/ fn - (Vo).
Q Q

Using a proof similar to that given if ¢ = 1 (with additionnal terms
involving ), we obtain :

im /Q (Pn — div(un))pngp = /Q (p— div(u))pyp,

n—o0



Proof of [(pn — div(us))pn = Jo(p — div(u))p

Lemma : F, — F in D'(Q), (Fn)nen bounded in L9 for some
g > 1. Then F, — F weakly in L.

With F, = (pn, — div(up))pn, F = (p — div(u))p and since
pn — div(u,) is bounded in L2(Q) and p, is bounded in L"(Q) with
some r > 2, the lemma gives

(Pn — div(un))pn — [ (p — div(u))p.
/ J



Proving [q papn = Jq PP

/Q(Pn — div(up))pn — /Q(p — div(u))p.

But thanks to the mass equations, the preliminary lemma gives:

/Qdiv(u,,)p,, o, /Qdiv(u),o _y

Jim_ /Q PnPn = /Q pp-

(Discrete case [ div(up)pn < ChY, limsup, oo [ Pnpn = |q PP)

Then:



a.e. convergence of p, and p,

Let G, = (ph — p")(pn — p) € Ll(Q) and G, >0 a.e. in Q.
Futhermore G, = (pn — pY)(pn — P) = Pnpn — Pap — P pn + p7p

and:
/n—/pnpn /Pnp /pp+/pp

Using the weak convergence in L?(Q) of p, and p, and
limp_o0 fQ Pnpn = fQ pp-

I / G, =0,
n—o00 0

Then (up to a subsequence), G, — 0 a.e. and then p, — p a.e.
(since y + y7 is an increasing function on R, ). Finally:

pn — pin L9(Q) for all 1 < g < 27,
pn = ph — p? in L9(Q) for all 1 < g < 2,
and p = p7.



Passage to the limit in the EOS with the Mac scheme

Miracle with the Mac scheme:

1. There exists a discrete counterpart of

/ Vu: Vvdx = /(div(u)div(v) + curl(u) - curl(v))dx
Q Q

2. Wy € Hy, —Apw, = pp,
Estimate on a “discrete local H2-norm” of w,, in term of the
L?-norm of p,,.
If v < 3, we have to work with the LP-norm, p > 2, of the
second dicrete derivatives of wj,



Convergence for SCNS

Open problem : convergence of approximate solutions (given by
the MAC scheme) if 3 < v <3



Convergence for CNS

Q : bounded open connected set of R3
T>0,v>3/2 fecl?]o,T[,L3R))

Ontp+ divn(pnun) = 0,
an,t(pnun) F divn(pnun & Un) - Anun ar vnpn — fny
Pn = Py

» Estimates on up, pn, Pn
u, bounded in L2(]0, T, H,) and then in L2(]0, T[, L9(Q))
pn bounded in L2(]0, T[, L7(R)))

» Passing to the limit on p,u, and pyu, ® u,
» Passing to the limit on p, = p}.

For nonlinear terms, weak convergences are not sufficient



SCNS, Mass equation, other method

u, — uin L9(Q)3 for some q < 6, p, — p weakly in L (Q)

(4" =4q/(q—1)>6/5)
Then pou, — pu in L1(Q)3

Other method :

u, — u weakly in H}(Q)3
pn — pin H1(Q) (compact imbedding of L9 in H™1)

/pnun-90=<pn,un-90>H1,Hg = {p,u-P)p14p Z/pu-so
Q Q

for regular ¢

For the discrete setting, we also have to replace the H3(£2)-norm
by the so-called discrete—H&—norm which depends on n



Mass equation, in the evolution case, CNS

Otp + div(pu) =0

Estimates on uj, in L2(H3(Q)3) and p, in L2(L9(Q)) (¢’ > 6/5).
Only weak compactness on u,

But d:p, is bounded in L2(W~11(Q)). Then

pn compact in L2(H71(Q)) (Aubin-Lions-Simon compactness
results, since L9 compact in H_l)

u, — u weakly in L2(H3(Q)?)
pn = pin L2(H7H(Q))

T T T
/ /pnun-sDZ/ (Pns Un - @) -1 1 —>=/ /puwp
0 Q 0 0 Q



SCNS, Momentum equation, other method for pu ® u

Uy — uin L9(Q)3 for all g < 6
Pnlin — pu weakly in L9 (Q)3, with ¢’ > 5,

Then ppu, ® up — pu ® u weakly in Ll(Q)dXd.

Other method :
u, — u weakly in H}(Q)3
pntn — pu in H71(Q)3 (compact imbedding of L9 in H™1)
Then
/ Pnln Q@ Up : Vvdx — / pu® u:Vvdx
Q Q

The generalization for the evolution case is possible



Convergence for CNS

It remains to pass to the limit on the EOS (p, = p)



