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Non linear diffusion equation

Q is an open bounded connected polygonal subset of RY,
d>1.

—div(a(x, Vu)) =fin Q,
u=00n01,

00 =0\Q.
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Hypotheses on a and f

p>1a6>0beclP(Q),
@ a : O xRY - RYisa Caratheodory function,
@ a(x,&) € > al¢lP, forall ¢ ¢ RY and a.e. x € Q,
@ |a(x, &) < b(x)+ pl¢P~1, forall ¢ € RY and a.e. x € Q.

o (a(x,&) —a(x,x))- (€—x) >0, forall &,y € RY, ¢ # x, and
a.e. x € Q.

Main example: a(x, &) = |£|P~2¢.

f e LP(Q).
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Weak formulation

Existence and uniqueness of a solution:
ueWw;P(Q),

/ a(x, Vu(x)) - Vv(x dx_/f x)dx, W € Wy P(Q).
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Discretization of this nonlinear diffusion problem with two
constraints:

@ “General” meshes (not adapted to the Finite Element
method)

@ One discrete unknown per cell
A good scheme will, at least, leads to:

@ Existence and unigueness of the approximate solution

@ Convergence result of the approximate solution to the
exact solution when the mesh size goes to 0.
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Example of mesh
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Main steps for proving a convergence result

@ Estimates on the approximate solutions

@ Compactness results on the family of approximate
solutions

@ Regularity of the limit of approximate solutions
(u e WyP(Q)

@ Prove that the limit of approximate solutions satisfies
—div(a(x,Vu)) = f

To prove these results, one uses some “discrete functional
analysis” tools, mimicking classical functional analysis
(Sobolev, Kolmogorov, Minty trick, Leray-Lions trick. . .)
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First approximate problem (1)

T is a mesh of Q.
H7 is the set of functions u : Q — R such that u is constant on
K, for all K € T; this constant is denoted by u.

First idea:

For u € Hr, define Vu (convenient approximation of the
gradient on u)

Approximate problem :

/a(x,vf[u)-vf[v dx = /fv dx, W € Hr.
Q
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Definition of the approximate solution on edges

For K € 7, one chooses xx € 7 (K is “xk star shaped”).
For o, interior edge (interface) of 7, X, is the center of o.

One chooses a decomposition of X, : Xo = > \1c7 am,oXM-

Then, if u € H7, one sets:

Myu = Z aMm,sUm-
MeT

If o is an edge on the boundary, one sets ,u = 0.
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Decomposition of x,,

Xo = D MeT aM o XM
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Definition of the approximate gradient

ForK € 7T,
1
miK Z mo-nK’O-(Xo- - XK)t = Id

o€k

For u € H7, the value of the approximate gradient, Vru is, on
K:
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First approximate problem (2)

7T is a mesh of Q.
H7 is the set of functions u : Q — R such that u is constant on
K, for all K € T; this constant is denoted by uy .

One defines lMN,u for o € £ and V7u on Q.

First approximate problem :
/a(x,vyu)-vf[v dx = /fv dx, W € Hr.
Q

But, no existence, no uniqueness, no coercivity on Hr ...

Vru=04Au=0
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Stabilization using consistency estimate, R7u

ueHr, KeT,o e &, the value of R7u is on the cone Dy ,:

1
Rk oU = d—(ﬂgu —ug — ViU - (Xe — Xk))-
K,o

If u is a regular function ux = u(xk ), Rk -u — 0 as the mesh
size goes to O.
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Approximate problem

H7 is the set of functions u : Q — R such that u is constant on
K, for all K € T; this constant is denoted by uk .

uec HT,
/ a(x,Vzu)-Vrvdx + b(u,v) = /fv dx, Yv € Hr.
Q
b(u,v):/ IR7ulP"2RruR7Vv dx
Q

main properties:
@ Coercivity of the discrete operator, existence of a solution
and estimate
@ Monotony of b, uniqueness of the solution
@ b(u,u) >0
@ Convenient bound on u, and v such that v = 1(xx ) with
regular (v = Pr) gives b(u,v) — 0 as the sizg§7) — 0
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Discrete W,® norms on Hr

ue€ Hy.

_ p
_ Z Z mO'dKa-|rI udp uK| )

KeT oeék

Forp =1, [ullsy,7,n > |

||u||l,T = Z mO'DO'u7

el

where D,u = |ux — u, | if o is between K and L and
D,u = |ux — O] if o is an edge of K on the boundary of €.

T. Gallou ét Madrid 2007



Coercivity, estimate on the approximate solution

Foru € H,

Cllullfpn < /Qa(x,vf[u)-vf[u dx + b(u,u).

Then, if u is solution of the approximate problem, taking v = u,
CllulE o < [ fudk < [yl

Estimate on u follows if |[uf|.» < C||ul[1p.n---
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Discrete Sobolev embedding (1)

u e HT
p=1,1" = 34, then [ju]j i+ < |JullrT = 3, ce MsDou.
Proof by induction on d.

® d =1, |[uffe < |ullz,7 = > seg Dol

@ d=2x=(x:,X) € R?

u(x1,%2)* < (O X1.0(X2)Do)(D  x2,0(X2)Dolt)
o€l o€

X1.0(X2) =1if {(y,x2),y € R} No # 0, and 0 otherwise.
Integrating leads to [[uf| 2 < > e MsDou = [|u|17.
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Discrete Sobolev embedding (2)

d =3, X = (Xg,X2,X3) € R3,

/\u(x)]gdxl dx, < (/|u(x)\dx1 dxz)é(/ u(x)[2dxy dx,)Z

‘U(X)’ < Z XU(Xl? XZ)Doua
o€l

with x, (X1,%2) = Lif {(X1,%2,y),y € R} Mo # 0 (and O
elsewhere).

([ u00Pax d)? < 3 la(xe)Dsu

o€l
where 1,(x3) = A2({(X1, X2), (X1,X2,X3) € c}). Then

/yu(x)|§o|xl dxz < (Y myDot)z > 1,(xs)Dou.

oe€ el
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Discrete Sobolev embedding (3)

ueHs
@ l<p<d pr=g" IO,then |ull = < C|lullp,7,n, Wwhere C
depends on some n > 0 such that n < Z’i—" g%for all 0.

Proof using p = 1 with |u|¢, al1* = p*.
@ p>d,q< oo then |[ullla < Cllu
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Estimate on the approximate solution

CllulE o < [ fudk < [yl

Using sobolev embedding ||u||e < Clu[1,p,n, then

ulle < C,
Jullzpn <C,

[Vzull < C.
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Compactness of the family of approximate solutions

IfueHz, & e RY.

/Rd ju(x +&) —ux){dx < [¢][jull,7-

(In general, no similar result for p > 1, except particular
meshes).

Then, since the family of approximate solutions is bounded for
the norm | - |1 p 0, it is bounded for the norm || - |1~ and then,
by the Kolmogorov compacness theorem, the family of
approximate solution is relatively compact in L1.

Since, the family of approximate solution is bounded in LY for
some q > p, itis also relatively compact in LP.
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Regularity of the limit (1)

ur — uin LP(Q) or LP(RY) as the mesh size goes to 0. (Indeed,
this is true for subsequences of sequences of approximate
solutions).

Since Vrur is bounded in (LP)9, one also has (up to
subsequences),

Vrur — g, weakly in(LP(€))? or (LP(RY))?.

But, for ¢» € (C®(RY))?, let P7+) € Hy define by P71 = 1) (xk )
on K.

/ Vrur - Pqﬂb dx = —/ UTdiVTPTQb dx
Rd Rd
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Regularity of the limit (2)

ur — uin LP(RY), |Ju||f,q < C.

Vrur — g, weakly in (LP(RY))d
/ Vrur - Prydx —>/ g - dx.
Rd Rd
The consistency of the definition of V1 gives

/ UTdiVTPTT,Z) dx — UdiV?[) dx.
Rd Rd

Then, f]Rd g ¢dX = = f]Rd UdiVl/J dx, and g= Vu.

This proves that u € WP (Q).
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— div(a(x, Vu)) = f, Minty trick (1)

a(Vruz) is bounded in LP'(Q). Then one can assume
a(Vrur) — h, weakly in(LP)?.

Let ¢ € C°(9Q),
/ a(Vrur) - VrPrydx +b(ur,Pry) = / f Prydx.
Q Q

Thanks to estimate on uz (for || - |1,p,7) and Vzuz in LP), the
regularity of ¢ gives b(ur, Pr) — 0. Then

/Qh-Vzbdx:/wadx.

By density, this is also true if ¢ € Wol’p(Q). It remains to prove
Joh-Vydx = [oa(Vu) - Vi dx.
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— div(a(x, Vu)) = f, Minty trick (2)

Let ¢ € C(Q),

/Q(a(VTUT) —a(VrP1y)) - (Vrur — V7Pr¢)dx > 0.

/ a(Vrur)-Vyurdx < / a(Vrur)-Vyur+b(ur,ur) = / fus dx
Q Q Q
Iimsup/ a(Vrur) - Vzurdx g/fu dx :/h-Vu dx.
Q Q Q
Then, taking the limsup of the first inequality leads to
/(h _ a(Veh)) - (Vu — Vi) dx > 0.
Q

This last inequality is also true, by density, if ¢ € Wol’p(Q).
Then, Taking ¢» = u =ty leads to — div(a(x, Vu)) = f
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— div(a(x, Vu)) = f, Minty trick (3)

/ (h—a(Ve)) - (Vu — V) dx >0,
Q

for all ¢y € Wy P. Let p € CX(Q) and t € R Take ¢ = u + ty:

/(h —a(Vu +tVy)) - Vedx >0,
Q

this gives, ast — 0,

/(h _ a(Vu))- Vedx > 0.
Q

Changing ¢ in — ¢:

(/Qfsﬁdx :)/Qh'VQOdX:/Qa(VU)-VgodX.
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Strong convergence of the gradient, Leray lions trick

Vrur — Vu weakly in LP.

limsup [a(Vzur) - Vzurdx < [fudx = [ a( -Vudx.

Then lim sup/(a(VTUT) —a(Vu)) - (Vrur —Vu)dx <0
Q
Since (a(Vrur) —a(Vu)) - (Vzur —Vu) >0 a.e,,
(a(Vrur) —a(vVu)) - (Vzur — Vu) — 0in LY,

and therefore a.e. for a subsequence. Then, Leray-Lions trick
shows that Vs-ur — Vu a.e., at least for the same
subsequence.

Finally, strong convergence of the gradient follows.
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Numerical example,two grids, p=1.3
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Numerical example,two grids, p=1.6
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Numerical example,two grids, p=2

00
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Numerical example,two grids, p=3
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Numerical example,two grids, p=6

L)

T. Gallou ét Madrid 2007




