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Some results on linear elliptic (or parabolic) equations with
Stampacchia’s methods

Using these methods for the study of numerical schemes
(properties of the approximate solutions, convergence of
schemes...)
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Positivity

Q bounded open set of RY with a Lipschitz continuous
boundary.

A Q — My (R) sym. pos. def., uniformly (A.£ > a&.€ with
some « > 0), with coefficients in L>(2).

f € L2(Q).

—div(AVu) =1, in Q,

u =20, onoQ2.

f<Oae =u<O0a.e.
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Positivity, proof

u € H3(Q), /AVu - Vvdx = / fvdx for all v € H}(Q).
Q Q

f <O.

Taking u™ as test function (possible since u™* ¢ H(}(Q)) :

04||Wu+’||2</AVu+-Vu+:/AVu-Vu+:/fu+ <o0.
Q Q Q

Then, Vut =0a.e.andut =0a.e..,u <0a.e..

Property used : Vu™ = 1,-0Vu = 1,50Vu a.e..
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Nonlinear tool (Stampacchia)

¢ : R — R, Lipschitz continuous function such that ¢(0) = 0.
u € H3(Q). Then, ¢(u) € H}(Q2) and

V(u) = ¢'(u)Vu a.e.

Example : ¢(s) =s™, Vu™ = 1,.0Vu = 1,50VU a.e.

Indeed, it is possible to use only regular function ¢ (C*
functions).
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Bounded solutions (Stampacchia)

—div(AVu) =1, in Q,
u=0, onof2.

f € H-1(Q). Existence and uniqueness of u solution to :

u e H(Q), / AVuU - Vvdx = <f7v>H,1(Q)’Hé(Q) Y € H3(Q).
Q

Question: u € L>*(Q) (d > 2) ?

Answer :
~ Yes ifitexists p > 5 d such that f € LP(Q) (and
(V) n-1).Hi(@) = Jo vdx).

~ Yes if it eX|sts p > d such that f € W—1P(Q).
NB: LP/2(Q) c W—1P(Q) forp > d.
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Bounded solutions, proof (1)

Letp > d s.t. f € W-LP(Q). Then, it exists F € (LP(Q))¢ s.t.
f = divF. One has:

u € H3(Q), /AVu - Vvdx = / F - Vvdx for all v € H}(Q).
Q Q

Letk € RY. Take v =9(u) = (u—k) —(u+k) (pis
nondecreasing). One has Vi(u) = 15, Vu a.e.with
Ax = {|u] > k} and:

/ AVuU - Vudx :/ F - Vudx.
Ax Ag

Then, with Cauchy-Schwarz and Hoélder inequalites (p/2 and its
conjugate):

i

1
all[Vulllza) < Callfllw-1omegAg)2 p.
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Bounded solutions, proof (2)

Using Sobolev imbedding (W,(2) < L9/(@-1(Q)) and
Cauchy-Schwarz again:

Collf||
megAy) < WmeiAk)ﬁ, for0 <k < h,

withy=d/(d — 1) and g = g—1 > 1 (since p > d).

Since 3 > 1, this gives (W|th a little tricky computation)
megA,) = 0 sih > Cz||f||y-1,. Then:

[Ullso < Callfllw-2p-

A further developpement of this proof leads to u € C(Q2) and
finally to the Holder continuity of u.
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Existence of a solution for f “measure”

—div(AVu) =1, in Q,
u=0, onof2.

f is a measure on Q (f € (C(Q))").
First method: duality method (Stampacchia, 1965)

Second method: passing to the limit on approximate solutions
Main difficulty: obtain estimates on u only depending of the
L' —norm of f (with f € L?).
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Existence of a solution for f “measure”, proof (1)

u € H3(Q), /AVu - Vvdx = / fvdx for all v € H}(Q).
Q Q

For 6 > 1, one defines ¢ :

s 1
©(s) :/0 mdt; seR.

Taking v = ¢(u) € H}(R) leads to:

‘V|I|2
/SZ (1 ‘u‘)e X= GH Hl,

with Cg =[5 ¢y dt < oo.
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Existence de solution with f “mesure”, proof (1)

u e H3(Q), /AVu - Vvdx = / fvdx for all v € H}(Q).
Q Q

For 6 > 1, one defines ¢ :

s 1
©(s) :/0 mdt; seR.

taking v = ¢(u) € H3() leads to:

Vul?
/\w )|?dx = /(| | ~dx < Cy|f|1,

+[ul)?
with ¢(s) = [5 /¢'(t)dt.
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Existence of a solution for f “measure”, proof (2)

Using Holder Inequality, Sobolev imbedding and 6 close 1, one
obtains, for q < 595

/Q|Vu|qu < Cqllf|L2-

Passing to the limit on a sequence of approximate solutions
(corresponding to regular second members converging towards
f), one obtains existence of a solution (in the disctribution
sense) if f is a measure.

This solution belongs to W,9(Q) for all g < %5
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Convection-diffusion without coercivity

— divAVu + div(wu) =f in Q,
u = 00no1,

withw € C(Q)9 and f € L?(Q) (or f measure on Q).
Existence and uniqueness of a solution (J. Droniou).

Main step: a priori estimates on meas({|u| > k}) (this measure
goesto 0 as k — o0).

(then, one obtains an HJ () —estimate and existence follows
with a topological degree argument. Uniqueness is a
consequence of an existence result for the dual problem.)
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Convection-diffusion without coercivity, proof (1)

u € Hg(9),

AVuU - Vvdx — /

uw - Vvdx = / fvdx, forallv € H3(Q).
Q Q

Q

Taking v = ¢(u) with ¢(s) = [ m 6 =2):
[Vul? |w||u||Vul
o [ YT gx < ff 4+ [ WUV
e <+ [ o

< ||fl|x + ||w / dx,
Il + 1wl | 350

With [[W||oe = SUPycq [W(X)] < oo.
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Convection-diffusion without coercivity, proof (2)

and, with Young Inequality:

Vul?
Vin(1+ |u 2dx:/dnga,f W lso)-
19 in( + ul)Pax = [ ERa < Sl I, W)

\Vln(1+\u\)! = !V¢( )l

= Jo V@' )dt = J§ 7 d

Since In(1 + |u|) € H3(2), one deduces an estimate on
In(1 + |u]) in L?(Q2) and then an estimate on meas({|u| > k}).
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Stampacchia methods with FV schemes

Finite Volumes schemes with the so-called “admissible meshes
for A”.

1. positivity

2. Bounded solutions, Holder continuous solutions: Thomas
Rey thesis

3. “Measure” data: G-Herbin

4. Convection-diffusion without coercivity (and with measure
data) : Droniou-G-Herbin

“Non admissible” meshes ?
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Stampacchia methods with FE schemes

M is a mesh of Q, with triangles (d = 2) or tetrahedra (d = 3).

H = {u e C(Q); u, €P}.
Ho = {u € H; u = 0 on 0Q}.

Upr € Ho,

/AVUM - Vvdx (—/ upmw - Vvdx) = T(v), forallv € Ho.
Q Q

T(v) = [, fvdx (examples 1, 2, 4)
T(v) = |, vdf (examples 3, 4)

Difficulty : u € Hy # u™,9(u), »(u) € Ho.
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Choice of the test function

Idea: take as test function the interpolate of the test function of
the “continuous” case.

If v.e C(Q), My(v) € Hand Myy(v) = v at the vertices of the
mesh.

Denoting by V the set of vertices of the mesh:
Mam(V) = > key V(K)ok, Where ¢ is the basis function
associated to K.
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re-writing the scheme (1)

Ur € Ho,
/AVUM - Vvdx = / fvdx, forallv € Hyg.
Q Q

With upyg = D kep Uk dk and v = 37, ), v ¢, this gives

D> (—Trukv = /deX,

KevLey

with TK,L = — fQ AV¢K 0 V¢de.
or, since > o, Tk, =0,

Z Z(_TK,L)(UK)(VL —Vk) = /fvdx,

KeyLey
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re-writing the scheme (2)

and, finally,

Z TK L(UK — U|_ VK — V|_ /deX

(K .L)e(V

Taking v = M p(u) leads to:

> Trluk —u)(e(uk) - /deX

(K,L)e(v)?
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positivity (1)

f <0a.e.
p(s) =s".
> Tr(uk —u)(e(uk) — /deX
(K,L)e(V)?
yields:
Z TKL(K_UL UK—UL /deX
(K,L)e(V)?

If Tk,L > 0, one has:

> Tkilud —uf)P < >0 Tenluk —u)(ud —u),

(K.LDeW)? (K.LDeW)?
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positivity (2)

S Tealug —uh)(ug - up) < / fvdx < 0,
(K,L)e(v)?

then:

/AvnMLﬁ VMputdx = > Teu(ud —uf)> =0,
g (K,L)e(V)?

from which one deduces ut = 0.
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nondecreasing function ¢

Let p € C(R, ]R) Lipschitz continuous and nondecreasing.

Define ¢ by ¢(s) = [; /¢/(t)dt.

Fora,b € R, one has (thanks to Cauchy-Schwarz Inequality) :

(#(a) — ¢(b))? < (a—b)(¢(a) — ¢(b)).
then, IF T | > O (for all (K, L)), one has:

> Twule(uk) — ¢(uL))? <

(K,.LDeW)?

o Trn(uk —un)(e(ux) — (uL).

(K,L)e(V)?2

/Q AVIMe(U) - Vvd(u) = > Ter(@(ux) — d(up))?.

(K,.LeW)?
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“measure” data

For 6§ > 1, define ¢:
S 1
s) = ——dt; s e R.
o) = [ i
Taking v = My p(u) € Ho:
/ [VMA(u)2dx < Collfl,

with ¢(s \/ t)dt.
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convection-diffusion without coercivity

Take v = Myp(u) with o(s) = [; m 0 =2).

If the mesh size is small enough (or using an “upwinding” for
convection part), one obtains an H}(Q2)—estimate on

M In(1 + |ul) € H3(2), then, an estimate on In(1 + |u[) in
L?(Q) and finally, as in the “continuous” case, an estimate on
meas({|u| > k}).
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Conclusion

If Tk, > 0, for all K, L, the methods of Stampacchia can be
used for the study of numerical schemes (EF and VF)...

They gives the desired properties on the approximate solution
in Examples 1 and 2 (positivity, L°>—bound), Estimates and
Convergence of the approximate solution in Examples 3 and 4
(measure data and convection-diffusion without viscosity).
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Further work ?

Without the condition Tk | > 0, it seems not easy to use the
methods of Stampacchia. ..

Without changing the mesh (EF of VF with “non admissible”
meshes), a possible solution is perhaps to discretize this elliptic
linear problem with a nonlinear scheme taking some Tk | (u)
depending on the approximate solution, that is under the form:

Z TrL(U)(ug —up)(vk —vi) =T(v),

(K.LeW)y?

and with Tx  (u) > 0, for all K, L.
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