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A Cauchy Inequality for the Boltzmann Equation
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The distance to a set of Maxwellians is determined for a family of functions with bounded mass, energy and
a small entropy production term. Functions with small masses are close to the null Maxwellian. Functions
with masses bounded from below by a constant are approached by functions proportional to the gain term
of the Boltzmann operator, taking advantage of its regularity. For these regularizations, the integrands of
the entropy production term are small everywhere. Hence classical arguments can be used to obtain the
closedness to the set of Maxwellians. Copyright ( 2000 John Wiley & Sons, Ltd.

1. Introduction

In kinetic theory for rare"ed gas dynamics, described by the Boltzmann equation,
the entropy production term is

!PR3

Q( f, f ) log f (v) dv

"PR3]R3]S2

BI ( Dv!v
*
D,u) ( f f
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where Q( f, f ) is the collision operator and B3 a collision kernel. Here, f, f
*
, f @ and

f @
*

denote, respectively,

f :"f (v), f
*
:"f (v

*
), f @ :"f (v@), f @

*
:" f (v@

*
),

where v and v
*

are the precollisional velocities, and v@ and v@
*

the postcollisional
velocities, given by

v@"v!(v!v
*
, u)u, v@

*
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*
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*
, u)u.

The entropy production term is equal to zero if and only if f is a Maxwellian. In
some circumstances, like the asymptotics for in"nite times or hydrodynamic limits
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of solutions to the Boltzmann equation, (1.1) is known to be small, so that its
integrand

D f f
*
!f @ f @

*
D

is small outside of an arbitrarily small set in (v, v
*
, u). The purpose of this paper is to

show that f will then be close to a Maxwellian outside of an arbitrarily small set. Since
previous results on functional stability in several variables [6] cannot be applied
straightforwardly, a speci"c study is required and performed here. More precisely, for
a family F of functions f satisfying

P f (1#Dv Da#Dlog f D) dv)c
1

(1.2)

for some constant a'1, as well as the smallness of the associated entropy production
terms, its uniform closedness with respect to a family of Maxwellians is established.
This result has already been stated and proven in the frame of non-standard analysis
[1]. In the present paper, it is proven by approaching the distribution function f by
a function proportional to the gain term of the Boltzmann operator and taking
advantage of the regularity of the gain term [7]. It implies previous results on lower
bounds of the entropy dissipation term

P PDvD(R

Dlog f!m D dv)cPQ( f, f ) log f (v) dv

for some negative constant c [5, 10]. There, the supplementary condition on f to be
far from vacuum, i.e.

f (v)*A
R
, Dv D)R

is required. Maxwellian lower bounds for solutions to the homogeneous Boltzmann
equation are proven in [4, 8]. However, the condition of being far from vacuum is
di$cult to obtain in a non-homogeneous context, as soon as in"nite times or
hydrodynamic limits are involved. Indeed, in the evolutionary setting, the estimate for
a lower bound on the distribution function obtained from the initial data vanishes for
in"nite times, whereas in the setting of hydrodynamic limits, the lower bound on
f obtained from the boundary conditions vanishes with the mean free path.

This result is used in the study of the Milne problem and the hydrodynamic limit of
solutions to the stationary Boltzmann equation when the mean free path tends to
zero [3].

2. Extension and regularization

Recall a result from [7].

Lemma 2.1. ¸et r
*

and s
*

be numbers smaller than 1
4

to be chosen later. ¸et B (r, h) be
a function in C=

0
((0,R)](0,n/2)) such that

B (r, h)"0, if r)
r
*
2

or cos h)
s
*
2

or cos h*1!
s
*
2

,
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B (r , h)"1, if r*r
*

and cos h3[s
*
, 1!s

*
],

B (r, h)3[0, 1] else.

Here h is de,ned by cos h"D (v!v
*
, u) D/ Dv!v

*
D .

¹here is a constant c such that for any functions f3¸2 and g3¸1,
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For any function g, de"ne
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Let e'0 be given. Let Fe be a family of functions satisfying (1.2) as well as : f (v) dv'e.
For any function f in the family Fe , denote by

g
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1
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Lemma 2.2. ¸et K3N* be given. ¹here is a number r
*

small enough and positive
constants (i

k
(e))

0)k)K, such that

l(g
k
) (v)*i

k
(e), v3<e , k)K. (2.2)

Proof. By the de"nition of B,
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Then, by (1.2),
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so that, for e small enough,

PDvD)1/e, e5)f)e1@e2
f (v) dv'

e
2
.

Hence,
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*

small enough. Moreover, by the Cauchy}Schwartz inequality, l(g
0
) is bounded

in ¸=. Hence g
1

is well de"ned, and
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, u, k), <@

*
(v

*
, u, k)), it follows that
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for r
*

and s
*

small enough. The proof of (2.2) for k3[2, K] is analogous, once noticing
that the family of (g

k
) f3F is weakly compact in ¸1, by Lemma 2.1.

Theorem 2.3. ¸et e'0, K*5 and a(d) a function such that limd?0
a(d)"0 be given.

¹here are functions (d
k
)0)k)K and (e

k
)5)k)K with

lim
dP0

d
k
(d)"0, lim

dP0
e
k
(d)"0
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such that for every function f satisfying (1.2) and

P f (v) dv'e, and D f f
*
!f @f @

*
D(a(d), (2.3)

outside of a set of measure a(d) in Se@6, the functions (g
k
) de,ned by (2.1) belong to Hk(<e@6)

and satisfy
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Dg
k
g
k*
!g@

k
g@
k*
D)e

k
(d), (v, v

*
,u)3Se@6 . (2.4)

Remark. The second inequality in (2.3) implies that

DJ( f f
*
)!J( f @f @

*
) D)J[a(d)] (2.5)

outside of a set of measure a(d) in Se@6. Indeed, either

J( f f
*
)#J( f @f @

*
)(J[a(d)],

and then DJ( f f
*
)!J( f @f @

*
) D(J[a(d)] holds. Or

J( f f
*
)#J( f @f @

*
)*J[a(d)] ,

and then

DJ( f f
*
)!J( f @f @

*
) D"

f f
*
!f @f @

*
J( f f

*
) ( f f

*
)#J( f @f @

*
)
)J[a(d)].

Proof of ¹heorem 2.3. For any function f in the family, it follows from (1.2) and the
Cauchy}Schwartz inequality that
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0
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1

is a function tending to zero when d tends to zero. Indeed,
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and so,
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The term X
3

can be handled analogously. Hence,
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By (2.9), the second term of the right-hand side is bounded from above by
c
10

(i~2
0

e~3#i~4
0

e~6)1@2a
1
(d)1@4. By (2.9), the third term of the right-hand side is

bounded from above by a function tending to zero when d tends to zero. Hence,
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1
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1
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1
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0
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1
(d) instead of Jd. When repeated k times,
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k
)1)k)K, such that

g
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k
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D)a
k
(d),

outside of a set of measure a
k
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k
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Moreover, Eg
k
E
Hk is bounded from above by a polynomial expression in E f E

L1 and
EgE

L1 , and so by a constant depending on e and independent of the family of functions
f. Hence, by a Sobolev imbedding, there is for k*5 a constant j

k
(e) such that
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that tend to zero when d tends to zero.

Lemma 2.4. ¹here are an integer k*8 and a positive constant m
k
such that for every

function f satisfying (1.2), the associated function g
k

de,ned by (2.1) satis,es

g
k
(v)*m

k
, v3<e@6 .

Proof. By Lemma 2.2 and Theorem 2.3, the function g
8

belongs to H8 and satis"es

2nPDv!v
*
D*r

*

g
8
(v

*
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*
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8
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and so, by the Lipschitz regularity of g
8
, there are a vector v

0
, a number R'0 and

a constant c
11

(e) such that

g
8
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(e), Dv!v

0
D)R.
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1
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8
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*
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*
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*
du
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*
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!v

0
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*
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*
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0
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The end of the proof of Lemma 2.4 will use the following lemma.

Lemma 2.5. ¹here is a constant c
13

and, for each v satisfying

Dv!v
0
D3DR,

J10

3
RD ,

a subset S(v) of

M(v
*
,u)3R3]S2; Dv!v

*
D*r

*
, cos h3[s

*
, 1!s

*
]N
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13
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0
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0
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*
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End of the proof of ¸emma 2.4. By Lemma 2.5,
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*
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*
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8
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0
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Repeating the same procedure from g
9
, a "nite number of iterations leads to some

k*8 and positive constant m
k
, such that

g
k
(v)*m

k
, v3<e@6 .

Proof of ¸emma 2.5. Take v
0
"0 for the sake of clarity. Denote by

e :"1!
R2

v2
.
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Note that e3]0, 1
9
]. In an orthonormal basis with v/DvD as third vector, let v!v

*
and

u be respectively parametrized by

v!v
*
"A(cos a cosb, sin a cos b, sinb), A*0,

u"(cos j cos k, sin j cosk, sink).

Consider those v
*

and u such that

(b, k)3C0,
n
2 C

2
, b#k3C0,

n
2 C.

Then,

v@2"Dv!(v!v
*
,u)uD2)R2
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(v!v
*
, u)2!2DvD (sink) (v!v

*
,u)#v2!R2)0,

i.e.
sin2k'e

and

A(cos(a!j) cosb cosk#sinb sink)"(v!v
*
,u)
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Moreover,

v@2
*
"Dv!(v!v

*
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*
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(v!v
*
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*
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which follows from the su$cient condition

A2!2 DvD (sinb )A#v2!R2#v2 sin2k)0.

This last inequality holds if and only if
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(2.10)
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Hence the inequalities v@2)R2 and v@2
*
)R2, with Dv!v

*
D*r

*
, cos h3[s

*
,1!s

*
]
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2
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n
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2
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*
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There is a subset S(v) of positive measure satisfying
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n
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1
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n
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*
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*
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*
s
*
(

R

2J2
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*
(

R
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3
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which is true for r

*
and s

*
small enough.

3. A functional inequality

Theorem 3.1. ¸et a family F of functions from R3 with values in R, satisfying (1.2) and
such that f'0 almost everywhere. Given e'0, there are d3]0, e

6
[ and a function a(d)

tending to zero when d tends to zero, such that if

D f (v) f (v
*
)!f (v@) f (v@

*
)(a (d)

in Sd outside of a subset of measure bounded by a(d), then there is a Maxwellian M
f

such
that D f DvD!M

f
(v)D(e outside of a subset of <e of measure bounded by e.

Proof. The theorem follows from Section 2 together with arguments that can be found
in [2]. Let e3]0, 1[ and d'0 be given. Either

P<e f (v) dv(e2

Cauchy Inequality for Boltzmann Equation 571

Math. Meth. Appl. Sci., 23, 561}574 (2000)Copyright ( 2000 John Wiley & Sons, Ltd.



and then M
f
"0 is suitable. Or :

Ve
f (v) dv'e2. Then, let g

k
be the function associated

to f in Theorem 2.3 and Lemma 2.4, that satis"es

D (Jf!g
k
) (v)D)d

k
(d),

outside of a subset of <e@6 of measure d
k
(d),

Dg
k
g
k*
!g@

k
g@
k*

D)e
k
(d), (v, v

*
,u)3Se@6

and

g
k
(v)*m

k
, v3<e@6 .

De"ne

SI :"M(v, v
*
, u)"(v@!(v@!v@

*
, u)u, v@

*
#(v@!v@

*
,u)u,u),

(v, v
*
, u)3Se@6 and (v@, v@

*
, u)3Se@6N.

De"ne u :"log g
k
. Then

Du(v)#u(v
*
)!u(v@)!u(v@

*
) D(c

14
e
k
(d), (v, v

*
,u)3SI .

Taking v"0, v
*
";#<, v@";, v@

*
"<, with (;, <)3<e@2]<e@2 and (;,<)"0, it

holds that

Du(0)#u(;#<)!u(;)!u(<) D(c
14

e
k
(d).

De"ne

G(;) :"u(;)!u(0), K(;) :"1
2
(G(;)#G(!;)),

B(;) :"1
2
(G(;)!G(!;))

and by

Me@2 :"M(;,<)3<e@2]<e@2 ; (;, <)"0N.

Study of K. For any (;, <)3Me@2,

DG(;#<)!G(;)!G(<) D(c
14

e
k
(d),

DG(!;!<)!G(!;)!G(!<) D(c
14

e
k
(d),

DG(!;#<)!G (!;)!G(<) D(c
14

e
k
(d),

DG(;!<)!G(;)!G(!<) D(c
14

e
k
(d),
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so that

KK(p
1
)!KA

p
1
#p

2
2 B!KA

p
1
!p

2
2 B K(c

14
e
k
(d),

KK(p
2
)!KA

p
1
#p

2
2 B!KA

p
1
!p

2
2 B K(c

14
e
k
(d)

for any (p
1
, p

2
) such that p2

1
"p2

2
. Hence,

DK(p
1
)!K(p

2
) D(2c

14
e
k
(d), p2

1
"p2

2
.

Hence there is a function KM de"ned on (0, 1/e2) such that

K(p)"KM (p2)#KI (p)

with DKI (p) D(2c
14

e
k
(d), for all p3<e , and so,

DKM (;2#<2)!K1 (;2)!KM (<2) D(7c
14

e
k
(d), (;,<)3Me@2.

It follows from [9] that there is a constant d such that for every x3[0, 1/e2],

DKM (x)!dxD(c
15

e
k
(d).

Hence,

DK(p)!dp2 D)DK(p)!KM (p2) D#DKM (p2)!dp2 D

(c
16

e
k
(d), p3<e .

Study of B. Let (e
1
, e

2
, e

3
) be an orthonormal basis of R3. Then, for any

(;, <)"(u
1
e
1
#u

2
e
2
#u

3
e
3
, v

1
e
1
#v

2
e
2
#v

3
e
3
)3Me@2,

DB((u
1
#v

1
)e

1
)!B(u

1
e
1
)!B (v

1
e
1
)

!M!B((u
2
#v

2
)e

2
)!B((u

3
#v

3
)e

3
)#B (u

2
e
2
)#B(v

2
e
2
)#B(u

3
e
3
)

#B (v
3
e
3
)ND(7c

14
e
k
(d)

and

DB((u
1
#v

1
)e

1
)!B(u

1
e
1
)!B (v

1
e
1
)

#M!B((u
2
#v

2
)e

2
)!B((u

3
#v

3
)e

3
)#B (u

2
e
2
)#B(v

2
e
2
)#B(u

3
e
3
)

#B (v
3
e
3
)ND(7c

14
e
k
(d).

Hence,

DB((u
1
#v

1
)e

1
)!B(u

1
e
1
)!B (v

1
e
1
)(14c

14
e
k
(d), (;, <)3Me@2.
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De"ne b
1
(x) :"B(xe

1
), x3[!1/e, 1/e]. Then

Db
1
(x#y)!b

1
(x)!b

1
(y)D(14c

14
e
k
(d), (x,y)3C!

1

e
,
1

e D
2
, x#y3C!

1

e
,
1

eD.

It follows from [9] that there is a constant b3
1

such that

Db
1
(x)!b3

1
x D(c

17
e
k
(d), x3C!

1

e
,
1

eD .

Analogous results are obtained for B(u
2
e
2
) and B(u

3
e
3
), and so, there is a constant

vector b3 such that

DB(;)!(b3 ,;) D(c
18

e
k
(d), ;3<e@4 .

Finally, there are constants a :"u (m
0
)!(b3 , m

0
)!dm2

0
, b1 :"b3 !2dm

0
and d such that

Du(v)!Ma#(b1 , v)#dv2ND(c
19

e
k
(d), v3<e .

Choosing d small enough so that c
19

e
k
(d)(e and d

k
(d)(e, ends the proof of

Theorem 3.1.
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