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Abstract

A class of kinetic BGK models for Bose—Einstein statistics are considered for the stationary frame in a slab. Existence of
bounded measure solutions is proven for Planckian diffuse boundary conditions with a given total inflow. Compactness properties
are extracted from the L! part of the generalized Planckian distribution function and the boundary behavior.
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1. Introduction

The experiments realizing Bose—Einstein condensates in atomic vapors [1-3] ten years ago have renewed interest in
the theory of dilute quantum gases at low temperatures. Generalizing a work by Bose on photons [4], Einstein proved
that a non-interacting Bose gas at sufficiently low temperature undergoes a phase transition [5,6]. Part of the particles
falls into the ground state of zero momentum, to minimize the physical entropy. As pointed out by Volovik [7], ‘the
first quantization scheme for hydrodynamics was suggested by Landau in 1941 [8] when he developed the theory
of superfluidity in liquid He4. In his approach Landau separated liquid He4 into two parts: the ground state (which
we now call quantum vacuum) and quasi-particles — excitations above the ground state. The Landau approach was
essentially different from that of Tisza [9,10], who suggested separating the liquid Hes into the Bose condensate
and the non-condensate atoms. Tisza’s approach does make sense, especially for the dilute Bose gases where the
condensate fraction can be easily detected. However, it is important that the dynamics of the Bose condensate and
the exchange of energy and atoms between the condensated and non-condensated fractions belong to high energy
microscopic physics. On the other, hand the low-energy behavior of the superfluid liquids is governed by the Landau
hydrodynamic picture’.

So far, mathematical works in quantum kinetic theory have essentially focused on the time evolution of the
distribution function of bosons satisfying the kinetic equation introduced by Nordheim [11], and then by Uehling
and Uhlenbeck [12]. Results on the derivation of this equation from the interaction of a large system of bosons in
a weak coupling regime are given in Benedetto [13]. The difficulty in solving this equation comes from the fact
that the conservations of mass, momentum, and energy, and the physical entropy decrease, allow bounded measure
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solutions. Such solutions are even expected to describe Bose—Einstein condensation. It is then difficult to give a sense
to the collision term containing cubic terms in the distribution function. Mild solutions to the Uehling—Uhlenbeck
quantum equation are given by Lu [14] in a space homogeneous, isotropic in momentum space, for a collision kernel
with cut-off. Then distributional solutions for hard spheres are derived [15]. The definition of such solutions is made
possible by a Carleman representation [16], and the space homogeneous isotropic assumption. Existence results and
long- time behavior are also derived by Escobedo et al. [17] for space homogeneous and isotropic solutions, with
a truncation assumption on the physical kernel. The same equation, linearized around a power like steady state, is
studied in Escobedo [18].

Given the mathematical difficulty for solving the Uehling—Uhlenbeck equation in a space-dependent frame, it is
relevant to consider a relaxation model having similar properties. This has been done in the classical mechanics
frame when studying the BGK equation [19,20]. It is also used in numerical simulations [21] due to its simplicity as
compared to the Boltzmann equation. In quantum theory, Khalatnikov [22] suggested a relaxation model replacing
the Uehling—Uhlenbeck collision operator by the difference P — F, where P is a generalized Planckian distribution
function having the same momenta as F.

In this paper, we address the problem of solving a kinetic quantum BGK model in a space-dependent stationary
frame.

The rest of the paper is organized as follows. Section 2 is an introduction to quantum BGK models. In Section 3, a
first such model is introduced which, however, does not capture the zero-point energy aspect of the underlying physics.
The model is analyzed and a compactness result is proven. A variant of the model is introduced in Section 4, which
also captures the zero-point energy aspect, and an existence theorem is proven for that case.

The method can be used for the same equation with other boundary conditions. The paper also provides a
background for future developments, with work in progress for the Fermi—Dirac case and the stationary classical
(Boltzmann) BGK equation.

2. The model

A gas of bosons can be described by a modified Boltzmann equation which takes quantum effects into account. It
was introduced by L.W. Nordheim and by E.A. Uehling and G.E. Uhlenbeck, and writes

oF

E ~|—p *Vx F = Q(F(t7x7 ))(p)7

where F = F (¢, x, p) is the particle density in the momentum space at time ¢ and space x, and

0P = [ Wi o pa(Fapapar,
‘)\

q(F) = F(PYF(p)(1 + € F(p)(1 + €F(ps)) = F(P)F (p)(1 + € F(p))(1 + €F(p))),

W(p. s P, ) = w(p, pss P PSP + pu = p' = pDS(P* + i = p? = pd).
#, where £ is the Planck constant, m is the mass of a particle and g the statistical weight. In the
rest of this section, € will be taken as equal to 1. The differential cross-section w is given, depending on the kind of
interactions between particles under consideration. The collision operator Q induces the conservation with time of
mass, momentum and energy, and the decrease of the physical entropy [ H (F)(t, x, p)dxdp, where

Here, ¢ =

H(F):=FInF — (14 F)In(1 + F).

Moreover, for given mass, momentum, and energy, Bose—Einstein equilibrium distribution functions minimize the
entropy.

Lemma 2.1. Forany N, E > 0, P € R3, there is a Bose—Einstein distribution function

P(p) = +b 8%,

_ Py p+
ealp T ARERZ -1
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witha e Ry, b € R3 bt = max{b, 0}, b~ = max{—>b, 0}, which satisfies
1
r 0
p —_——
F = 2.1
/Rs | NP 5 (p)dp p2 2.1
wm PN 2mN

It is the unique solution of the entropy minimization problem
H(P) = min{H (F); F satisfies (2.1)}.

For a proof of Lemma 2.1, we refer to [17]

Similarly to the classical kinetic theory [23], a BGK type model can be introduced in the quantum case. It is the
following relaxation model,

oF

57 TP Vs F=P(F) -

2.2)
where P (F) is the Bose—FEinstein distribution function having the same momenta as F, introduced in Lemma 2.1. It

displays the right physical properties, i.e. the conservation of mass, momentum, and energy, together with the decrease
of the entropy. Indeed, multiplying (2.2) by In 1+F and integrating on [0, 7] X Ri X R; gives

/H(F)(O x, p)dxdp — /H(F)(t x, p)dxdp _f /(P(F) F)ln

dxdpds

zf /(ﬁ(F)—F) <ln1+F—ln1+P(F)>dxdpds
0

F P(F)

>0,
since In L+P(F) is a linear combination of 1, p and p

In this paper, we consider stationary solutions to (2.2) in the slab, i.e. distribution functions F(x, p) satisfying

oF - 3
pla—ZP(F)—F, xe[-11], peR’, (2.3)
X
and Planckian diffuse reflexion boundary conditions
F(=1,p)=P_(p) IPyIF (=1, phdp’,  p1 >0,
<0
pi< 2.4)
F(1, p) = P+(p) PyF(, phdp’,  p1<0.
pi>0
Here, P_(p) = p2+ and P.(p) = 7 +1 ——— are given Planckian distribution functions, chosen so that
ell_ V. M v
/ p1P-(p)dp =f |p1lPy(p)dp = 1.
p1>0 p1<0
Moreover, F is required to have a fixed total inflow (e.g. equal to one)
[ plF(—l,p)dp+/ Ip1lF(1, p)dp = 1. (2.5)
p1>0 p1<0
The model is further simplified by considering F(x, p) such that

P(x) = /pF(x, pdp=0, xe[-1,1].
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The property P; = 0 is justified by the integration of (2.3) with respect to py, and the boundary conditions (2.4).
The property P; = 0,2 < i < 3 is justified by the following remark. Introduce the functions K (x, p1) =
[ p2F(x, p)dpadps and L(x, p1) := [ p3F(x, p)dp2dp3. They should be solutions to
Pry2
P 8_K _ P le—n(a(pl—ﬁl) +b+)
ox Na n

n>1

K(-1,p1)=0, p; >0, K1,p)=0, p1 <0,

_P
-b"—=6 pr —K,
N pPi=§

and a similar system for L. Since

P> (x) =/K(x,p1)dpl, resp. P3(x) = /L(X,Pl)dpl,

a trivial solution to these systems is K = L = 0. Choosing it leads to P, = P3 = 0.
Then the Bose—Einstein distribution P (F) having the same mass N and energy E as F' is defined by

P(F)(p) = Ry.£(p) + b 8,0,

where
1
Ry E(p) = 5 5 ,
é;L:]qu)SE 5 p2+bt B
N N
BTy =— and b~ =0, if— <1, (2.6)
ES E3
\ N
bt =0 and b~ =N—E3, if-— > 1.

E3
Here, the function 8 is given on R™ by

d
J e"z*'zfl

(f eqﬁil dq) :

It is proven in [14] that 8 is a decreasing function from B(0) to 0. For the sake of simplicity, 8(0) will be taken as
equal to 1 when suitable in the rest of the paper.

B(s) =

3. Analysis of the model

We consider solutions F to (2.3)—(2.5), which can be written
F(x, p) = F(x, p) + n(x)8p—0.

where F is a finite measure with zero measure at p = 0 and n a finite measure in the variable x. The purpose of this
section is to identify n and give a priori bounds on F. In particular, it is shown that F is an L' function, and that n has
an arbitrary mass.

Proposition 3.1. The F part of F satisfies
F .

_ _3

. _Ry:-F, N<ES3,
P1 ax N.E =
Feelp =r) [ IpIFCLYA. pi=0,

Py<0
(3.1)
F(1, p) = PL(p) piF(1, phdp’, p1 <0,
pi>0

/ PlF(—LP)dP"‘/ Ip1lF(1, p)dp = 1,
P10 p1<0
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where N (x) = i F(x, p)dp and E(x) = i p*F(x, p)dp, whereas the n(x)8p—o part of F is given by

nzxﬁzég(max{N,E%}—E%), (3.2)

for any L' function N.
Proof of Proposition 3.1. Since p1 F = plﬁ , Eq. (2.3) writes

0 _ _
a(mF) =Ry g—F+ (b —n)dp=o. (3.3)

Let ¢; be a test function in C Y([—1,1]). Let a sequence ((pi) of C! functions with compact support in R3 satisfy
¢3(p) = 1for |p1| < § — = and @3 (p) = O for |pi| = 5. Let ¢/ (x. p) = ¢1(x)¢3 (p). Multiply (3.3) by ¢/ and
integrate on [—1, 1] x R3. First,

9 . _ .
—(P1F), @7 ) = —(p1F, 9] ()93 (P)) = j 400 0,
ox

since F is of zero measure at p = 0. Analogously,

lim | (Ry.g — F)¢’/dxdp = 0.
Jj—>+00
Then,
(0™ —n)8po, @') = (b™ —n, ¢1).
And so,
(b™ —n, @) =0, ¢ eCl(-1,1].

It is then a classical argument to conclude that b~ — n = 0. Consequently, F gives
— 3
= — E5 -
F=F+ XNzE% (N — E5)8)—0,
with F of zero measure at p = 0. Integrating the previous equation with respect to p implies that
N=N ifN <ES3,
and
— 3 3
N=E5 ifN=>ES5.

Since E = E, this shows that N < E% Finally, b;’E = 15;\51 P Indeed, either N < E%, then ,3(5+) =

N

3

3 — 3 _ _ ES

B(b*).Or N > E5, then b* = 0 and N = ES5, so that b* = 0. This proves that Ry g = Ry . so that F should

be solution to the closed system (3.1). Then the sets {N > E %} and {N = E %} are equal. Indeed, it has just been

seen that {N > E%} C {1\_/ = E%}. Reciprocally, N < E% implies that N=N < E% so that N #+ E% And so,
F=Fty, 3maxiN, ES}— ES)sp—g. O

E\La|2'

Remark. Solving (3.1) provides the location in space of the Dirac part of F' at p = 0, namely

- _ 3
{x e [-1, 1l N(x) = E5 (x)}.
This does not capture the zero point energy aspect of the Dirac part coming from the Heisenberg uncertainty relation.
In Section 4, a variant of the model is introduced that includes a zero point energy aspect. Also, the restriction of N
= =3 . .
to the set {N = E'5} remains undetermined.
_ _3
The condition N < E5 reflects a phase transition in terms of a critical energy.
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Proposition 3.2. Let ‘(Aj ) be a given sequence of L' ([—1, 1)) functions. Let (B/) be a bounded sequence in
L'([-1,1)), and (a]), B (resp. (y)), (n?)) be uniformly equi-integrable sequences in L'((0, +00)) (resp.
L'((—00, 0))). Let (GY) (resp. (H7)) be solutions to
G/ ;

PIWZ RAj,B/'dPZdPB_G ) xe[_]31]7 pleRs

G/(~=1,p)=a/(p1), p1>0,

G'(1,p) =vy'(p1), p1<0,
(resp.

OH/ s o i
Piy == (p3 + P3)R4j pidp2dps — HY,  x €[—1,1], p1 €R,

HI(—=1,p) =B (p1), p1>0,
H/(1, p1)=n’(p1), p1<0.
1

Then (G7) (resp. (H7)) is weakly compact in L. ([=1, 1] x R), and for every Y in L°>°(R) with compact support,
(¥ (p)GI (x, pr)dpy) (resp. ([ ¥ (p)HI (x, p1)dp1)) is relatively compact in L'([—1, 1]).

Proof of Proposition 3.2. Denote by

S/ (x, p1) = / Ry4i pidp2dps, T/ (x, p1) = /(P% + P%)RA./,Bjdpzdpz,

. u?du 5 ; _2
a’(x) = (/ m) (B’ (x))73,

pti=0 ifAl > (B3,  BBT) = else.

.3
(BJ)5

Notice that

) . 1 , 4
§/0ep) < B @)F Y ~e O, aax e [-1 157 () < 1, aa p €R,
n

n>1

) . . 34
ST (x, p1) < C(Bf(x))%, aa.xe[—1,1;b(x) > 1, aa. p; € R, 34

Ti(x, p1) < c(B/(x))5, aa.xe[-1,1], p; eR.
Indeed,
(. p1) = o 3 L@ pient),
’ 2al n
n>1

Hence, the first equation of (3.4) holds. Then

1 —_nbti _ 1

2a/ C 2ai(e?t — 1)

n>1

IA

S7(x, p1)
(B (x))3

2 ] )

Z(I‘:uzﬁ—i,;_l>5(eb+1_l)

For x such that b1/ (x) > 1, it holds that

2

2
2 5 . 3 . .
d 50
(/ fb—u) @ -z (/ uze_uzd“) ez e
T
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Hence,
. . 2 .
S/ (x, p1) <c(B/(x))5, aaxel[-1,1]; b (x) > 1, aa. p; € R.

Analogously,

T, pr) =) e "@ritt™ / (p3 + pDe " PP d pydps

n>1

= Z e—n@ pi+bth € bt
2<a/>2 n2° = (ad)?
(Bf(x))se-”*’ (Bf(x))ée—s’”

B - (fu%”du)

(SR

4
u2du 5
(f )

< c(B/(x))3.

Then, multiplying the equation satisfied by G/ (resp. H/) by (G/)¥ (resp. (H/)#) and integrating it over (—1, 1) x
[—u, u], for a fixed positive p leads to

/ (G (x. prydrdp; = / ST(G)E (x, pr)dxdpy
Ip1l<u |p1l<p

4 .5 1 .5
<< (8))*(x, pr)dxdp; + (G?)3(x, p1)dxdpy,
5 Ip1l<wp 5 Ipil<p
and analogously for H/. Hence,
.5 ]
/ (G} (x. prydedpy 5/ (83 (x, prydxdpy
Ip1l<u Ip1l<p
< f (BT (1) bdvdpy + f (B (1))
|p1l<pm,bti(x)>1 bti(x)<l1
/(Z ena/(x)p1> dpidx
n>1
5
=<

by
e faiar [ (T het) an <
n>]

since

5 3
1,2\ dg 1\* dg
i) < | e
/(’;n ) lgil<1 V191 ,;ng lg11>1 (eqlz—l)%

Similarly,

/ (Hf)%(x,pl)dxdpls/ (T (x, pr)drdpy < c.
Ipil<p |p1l<p

And so, (G/) and (H ’) are locally equi-integrable with respect to the variable p;. Moreover, (GY) and (P15 aGJ

(resp. (H 7y and ( p1 )) are bounded in Lloc([—l, 1] x R). The use of an averaging lemma [24] ends the proof of
Proposition 3.2. D
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4. An existence theorem for a kinetic quantum BGK equation.

In this section, we consider the slab [—%, %], and denote by Ir (resp. OF) the total influx (resp. outflux) of a
distribution function F at the boundaries, i.e.

U U
Ir =/ mF(—E,p) dp+/ ImIF(z,p) dp,
p1>0 p1<0

Or =/ IpllF(—g,p) dp+/ plF(g,p) dp.
p1<0 p1>0

We move the Dirac part in the Planckian distribution function in Sections 2 and 3 from p = 0to p = j:(rll, 0, 0). For
any positive r, denote by P"

1

P (p) = + 557 (pi=rpr=ps=0 + 3p1=rpr=ps=0) .

eap*+bt _ |

with a, bT and b~ defined as in (2.6). Hence,

/Pf(p)<1,p2)dp= (NE+r(N —Edx . @.1)

3
>E5

Theorem 4.1. For some ny and any n > nq, and for n small enough, there is a distribution function F €
M2, 11 x R3) is a solution to

pi— =P" —-F, xe¢

oF 1
3 1 i [
X NFaEF—’Tz(NF_(EF)S)X

n 77] 3
A A | GR 9
. 22007
Np=(Ep)S
Ul _ ’ n ’

F 5P =P_(p) |pi|F —5P dp’, p1>0,
0

pi<
Ui _ ’ n ’
F 5 P)= +(p) i F 2P dp’, p1 <0,
pi>0
Ip =1.

Remark. Theorem 4.1 states the existence of a solution to the quantum BGK equation with Planckian diffuse
boundary conditions and total inflow equal to one. This fixed total inflow is a driving mechanism in the proof of
the theorem.

Proof of Theorem 4.1. The proof of Theorem 4.1 requires two preliminary lemmas.
Lemma 4.1. Let (o, y) € L'([—1, 1]) x L®([—1, 1]) be given, such that

oy < a(x), Ve S y(x) <M,

where

_n N
oy = min {f P_(p)e dp,f Pi(p)en dp},
p1>0 p1<0

_n n
Y+ = min {/ p*Pe n dp,/ p*Pyen dp} ,
p1>0 p1<0

and M > 0 is given. Then there is a distribution function F and a positive number X\ such that

—F, xe[—ﬁ,ﬁ],peﬂ@,
2°2
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n n
F (—E,p) = P_(p) A (—E,p’) dp’, p1>0,

p}<0
Ui _ / n /
F 5P = Pi(p) nr 5P dp’, p1 <0,
p1>0
OrF =1.
Moreover,
e S A< AT,

with L (resp A*) only depending on o, [ a(x)dx, yx and M.

Proof of Lemma 4.1. Let 1 > 0 be given. Let Fy = 0. Define (£});>1 by induction as the solutions to

Wl

0F A

L _pn — F,
P l

n
S
a,A 3y

P
A
U _ ’ n ’
F 5P = P_(p) |p1lFi-1 5P dp’, p1>0,
py<0

n n
Fy (—, p) = P+(p)/ PiFi— (—, p’) dp’, p1<0.
2 . 2
P 0

It defines a monotone Cauchy sequence in L', since G; := F; — F;_; satisfies
G
— = -G,
P1 ax l
n n /
Gz(——,p =P_(p / |p1|G11 ,p>dp, p1>0,
2 <0 2

Gi(5:0) =Pr) |,

1=

n
P1Gi- (—, P/) dp’, p1 <0,
0 2

with
_n
/ 711G __’p>dp/=f pie " P—(P)dP/ piGi- 1 /) dp/,
py<0 2 p1>0 1>0
" /
/ plGl /> dp’ = / [prlen P+(P)dP/ 1Pi1Gi-1 (—5, p ) dp’,
p1>0 p1<0 ) <0

hence being convergent series. And so, (F;) converges in L' to some Fj, solution to

1
oF; 23
pl_:Pn 5 _F),’
0x A, A3y
n L/ /
P, 5 P)= P_(p) |p}1F 3P dp’, p1>0,
<0

n
F, (—, p) = P+(p)/ PiF (—, p’) dp’, p1<O.
2 p|>0 2
Let
- 1 n
i =/ p1P_(p)e 7 dp/ |p1|Fy, (——,p) dp
p1>0 p1<0 2

= U
+/ |p1lP(pler dp/ pi1Ey (—,p) dp,
p1<0 p1>0 2
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and
nn
e300
{y 22 3 = }
i1, is a continuous strictly increasing function of A, since it holds for the first iterate Og, and the scheme is monotone
Then the total outflow of F) is given by
ik AN
e T +e 7
3 dpdy
)51 373 b !

—M;x—i-/ /
3/ p1>0 (f

+A/(enkij(”_%) L 0ty — yhyay,
Y
with b independent of A. Hence, it is a continuous and strictly monotone function of A, such that Op, < 1 and

limy — 400 OF, = +00. Consequently, O, = 1 for a unique A. Moreover

o o
Y = = = —,
y§ 5
so that b < b* for some b*. Then
2
2 3 2 5 2 5 2
_ 2 q-dq -2 -2 q-dq 2,2 q-dq -3
a=A 3 </eq2+b+—l> y S5e A3 <,/Cq2+b*—l> M~5,173 (feqz—l Vs
The property Of, = 1 implies that
: iz
e 7
1dpdy <.

|50 e2()pPHb*

n
_2 7
p1>0 40P — ] Py ety

Hence,
5 —(y%ﬁfi‘;id"l)gr%%y
Vx € e
A dgdy < 1.
fqiﬂ /-/ql>0 e’ 0" — 1 14 =
ed”—1
And so, A is bounded from above by a constant A* only depending on y, and M. Analogously,
. 1 — iy
1 — min p1P_(p)dp, |p1IPy(p)dpy | <
p1>0 p1<0 2
2 1
< ———dpdy + A/(ot — y35)(x)dx
/’27 /Pl>0 e’ — 1 Y

<A (y*g -I—/oz(x)dx) .

And so, 1 is bounded from below by a constant A, only depending on | «(x)dx and y;
) oy < (a1 + a2)(x), /Otl(x)dx =1,

ajtar=y

Let
1
A= a1,az,y+;(a1 +oay—y3)x

ax(x) <M, y(x) < M}
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where the constant M will be fixed during the proof of Lemma 4.2. Let 7 be the map that maps (o, a2, ¥ + =5 (a1 +
az—y%)x 3) € Ainto
ajtar>y S

(@1(x), @2 (x), y1(x)) = </ F(x,p)dp,f F(x,p)dp,/ﬁF(x,p)dp),
Ip1l<s p1|>8

where § will be fixed during the proof of Lemma 4.2, and F is the solution of
oF
po—=P" — F,
dx Mo +an), 13 Y

F(=gp)=r-w | wiIF(=3.0)dr >0

n n

F (—,p> = P+(p)/ P\ F (—, p’) dp’, p1 <0,
2 p|>0 2

Or =1,

=[T-

as defined in Lemma 4.1. O

Lemma 4.2. There are constants § and M such that T maps A into itself.

Proof of Lemma 4.2. Consider constants § strictly smaller than ’3

. Then
1
- LER n n
/al(x)dx = / P (x,p)dxdp—i—/ plF(—E,p> dp —f p1F<§,p> dp
Ipil<s  ra3y p1]<é Ip11<s
dxd
< / — P Lo
Ipil<s €4XPT — 1
with
¢ = / p1P_(p)dp + / PP (p)dp.
O<p1<$é 8<p1<0
Moreover,
dxd d
| = [aiw s
Ipil<s €4P° — ] lq11<vams ed 0T — 1
3
5 _
d 5 d
SWM;(/#) / R A
ed b — 1 i< ([ M5y, T et — 1
Hence

/&1(X)dx <cs+ cm)»*M%E(;,

4.2)
with ¢s and ¢s tending to zero when § tends to zero. Then

1
/ B dr < f PPF(x. p)dp.

The control of [ p?F (x, p)dp is done by studying [ p?F (x, p)dp and [(p3 + p3)F (x, p)dp separately. First

1
X 23
/plF(x,p)dpzf P

s (x, p)dxdp — F(x, p)dxdp,
% A, A3 y %

4.3)
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! o e
2

so that

‘/plF(x p)dp| <

Then,

n
fpfF(x,p)dp =/ 2,19 dp — /n/mF(y, p)dydp
2

n

n A
S/ple (—E,p)dp—i-n/ P (x, pydxdp.

Ao A3y

W=

N\z

Moreover,

n n
fp%F (—z,p) dp 5[ p%P_(P)dP-i-/ |P1|F(—§,P) dp+/
p1>0 —1<p1<0

0
Ip1IPF (——, p) dp.
pi<—1 2

Multiplying the equation satisfied by F by p? and integrating it leads to

1

L
/ \p1Ip*F (——,p) dp < cz+/ / s dxdp,
p1<0 2

A, A3y
for some constant ¢;. And so,

1
3 3

2 A2
/ple(x,p)dpSQ—i-/n (p +n)P " 5 dxdp,

-3 Ao\ 3 Y
for some constant c3. Then,

[ 77wt [

1 3
s dxdp =2 ; <V+n—2(061+0t2—)/5)> (x)dx
2

o)
= A3\ 20M +

Wl
[N}

and
Popoas !
f P o5 dxdp =2 (1 + o) (x)dx < A(1 +nM).
-3 r A3y -3
And so,
2 1 *y 2 *y 2 *
PIFG. p)dp = 3+ — ()3 +1 (2(,\ VIM +AF(1+ nM)) . (4.4)
Let

H(x, p1) = /(Pz + pHF (x, p)dpadps,

13
T(x, p1) —/(p2+p3)77 K (x, p)dp2dps3.
14
Then

oH
pi—=Tkx,p1)—H
0x

and (cf. Proposition 3.2)

T(py) = caGiya)s, aaxe (-2 2. 2) p1€R.
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Hence,

/ H(x, p1)dp;
p1>0

IA

x 1 =
cs +/ / —e T (y, pr)dydp;
p1>0

n
2

= 65+/ n/ —e e T(y p1)dydp; +/nf —en T(y p1)dydp;
2YP 2

1>€ P1

IA

4
cs+ — / / T(y, pr)dydpi + car3 Me.
3 Jpi>
And so,
/I !
H(x, pr)dp1 <c+ —(A*)3M + 2c4(A")3 M5e. 4.5)
€

Taking (4.4-4.5) into account, Lemma 4.2 is proven by first choosing § €]0, 1[ such that ¢s < % So then

(?»)6

M = 10(C3 + ¢6), and then n > 19. thus

€< 20L ()\*)*’ and finally n €]0, 1[ such that

52 1
03 (1424 69751 +1) 20007 M3G

n < min (]

End of the proof of Theorem 4.1. The map 7 maps the closed, bounded, and convex set A into itself. Its continuity
for the L' topology follows from the continuity of the map that maps (ct, &2, y) into A1 such that O F,, = 1 and the
continuity of Ay into (&1, &, y1). The continuity of A; with respect to («1, a2, ) follows by the strict monotonicity
of Op, and its continuity with respect to A. The map 7 is compact for the L' topology. Indeed, let (oz’i, ozé, yHbea
sequence in A. First,

=B + B +u + i + e,

where

y=x

S m
dydp,
(X) /0<p1 <€ / 1 p1 (e“(Y)I’2+h+(y) -1 yap

ePI
dydp,
W = /p1>e /—7 p1 (4P +bT () — 1) yep
A n
() —/ P—(pye dp/ |p1|F(—5,p)dp
p1>0 p1<0

n
27% n
+/ Pi(p)e M dp/ plF(E,p)dp,
r1<0 p1>0

and‘ﬁ" (resp. ji') defined analogously to B (resp. u') for —e < p; < 0 (resp. p; < —e). For € small enough,
J B'(x)dx can be made arbitrarily small, uniformly with respect to i, since

w

‘ 24 B d
[oom = ([ 40) Twd [ A
ed b —1 0<qi <) 3 ([ L5y, Teed” — 1
ed”™ —1

The sequence (1) is bounded in wl1([=1,1]), and hence compact in L. Consequently, the sequence (&’i)
is compact in L'. Analogously, (&é) and (f p%F i(x, p)dp) are compact in L'. Then the L' compactness of
(f|p1|<>»(p2 + p3)F’ (x, p)dp) for any A > O follows from Proposition 3.2. Finally, (f|p1|>?»(p2 + p3)Fl (x, p)dp) is
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compact in L. Indeed, for any / €]0, 11, it holds that

1
_n

2

x+1 d
< 2L pYFi (—— ) | —e 7 / / , Y
< n/l)l>k(p2+p3) 5 p)d—e Mdp+ - [ B3+ D) oo ) &¥9P

n
n 2, 2 2 dy L
— - . 1—e 71)d
+,\/(p2+p3) /_g ooy —p ) (L e

<cl.

/ (p§+p§) (Fi(erl, p) — Fi(x,p)) dp|dx
P1>A

A similar treatment of the integral over p; < —A can be carried out.

A fixed point of 7 is a solution F to Theorem 4.1, since the integration w.r.t. (x, p) € —%, %) x IR3 of the equation
satisfied by F, and the Planckian diffuse reflection boundary conditions satisfied by F, imply that A = 1. Moreover,
it follows from the integration of (4.2) on (=%, 3) x R3that Ir = O =1. O

Remark. Using analogous techniques as in the proofs of Lemma 4.2 and Theorem 4.1, the limit when n — +o00 can
be performed in Theorem 4.1 for the L' part of the distribution function. If the solution F" to Theorem 4.1 is split
into

F"(x,p) = F"(x, p) + a"(x)8, _o+B" ()8

=1, p2=p3 pr1=—1,pr=p3=0°

it can be proven that (F™) is weakly compactin L, Oc((—%, %) x R3), and that its limit F is solution to

OF _ _ nn 3
_=R-F xe[-22] peR’,
Py * 2107
r n _ Iy Ui / /
Fl—z.p)=P-(p) Ipi|/F(—=,p )dp, p1>0,
2 ' 2
P 0

= (1 = (1
F <§’ p) = P+(p)/ piF (—,p/> dp’, p1<0,
>0

for some function R of type (2.6) satisfying i Rdxdp = f Fdxdp. However, the effect on the L! part of the P% from
the Dirac part of F”, might still be present in the limit R. The Heisenberg uncertainty relation is also captured in that
way.
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