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Abstract

The goal of this paper is to give formulas for the expectation and variance
of the height and length of the ancestral recombinaison graph (ARG). The
first formula is known, see e. g. [6], the others seem to be new. We obtain
in particular (see Theorem 4.1 below) a very simple formula which expresses
the expectation of the length of the ARG as a linear combination of the ex-
pectations of both the length of the coalescent tree, and the height of the
ARG.
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1. Introduction and Preliminaries

Consider a sample of size n from a population of fixed size N. If the
genealogy of the population is described by Canning’s model [1] (which gen-
eralizes the Wright-Fisher model) or by Moran’s model [7], and time is scaled

Email addresses: pardoux@cmi.univ-mrs.fr (Etienne Pardoux),
majid.salamat@gmail.com (Majid Salamat)

Preprint submitted to Statistics and Probability letters January 22, 2009



by a factor 1/N, then under very mild assumptions on the model, the ge-
nealogy of the above sample, looking backward in time, is described in the
limit N — oo by Kingman’s n—coalescent [5].

If we forget about the exact genealogy (i. e. about who is the brother,
cousin of whom 7), Kingman’s n—coalescent is a death process {X;, ¢ > 0},
which is the number of lineages ancestral to the sample which are alive at
time t, starting from Xy, = n, and ending at state 1 at the random time
Ty = inf{t > 0, X; = 1}, when the Most Recent Common Ancestor is found.
Each death happens at a time when two lineages ancestral to the sample
find a common ancestor. The waiting time Sy in state k is exponential with
parameter k(k — 1)/2, the Sy being independent for different k. Clearly
Ty =5+ Sp-1+ -+ 5.

Let us now account for recombinations. At rate /2 along each branch of
Kingman’s coalescent tree, a recombination takes place between an individual
from the sample and an individual from outside the sample. Now X; is a birth
and death process, since at each recombination, the genome of an individual
splits into two genomes of two different individuals. Kingman’s coalescent
tree is replaced by the Ancestral Recombination Graph, abbreviated ARG.

Births happen at rate 6.X;/2, while deaths happen at rate X;(X; —1)/2.
Because the death rate is a quadratic function of X, while the birth rate is
linear, one easily shows that 77 = inf{¢t > 0, X; = 1} is finite a. s. We refer
to [4], [2], [3] and [10] for more complete introductions and descriptions of
Kingman’s coalescent and the ARG.

Now we define the height of the ARG as H = T} = inf{¢, X; = 0} and
the lenght of the ARG as L = fOTl X,dt.

The aim of this paper is to compute the first two moments of the height
and length of the ARG. While the formula for the expectation of the height
of the ARG is not new (see [10], and [6] where the replacement of Kingman’s
coalescent by a graph models selection rather than recombination), we believe
that our three other formulas are new. We in particular obtain a very simple
formula which expresses the expectation of the length of the ARG as a linear
combination of that of Kingman’s coalescent, and of the expectation of the
height of the ARG.

Let us make precise the fact that we do not specify any model for the
splitting of the ancestral genome during a recombination event. Consequently
we do not restrict the ARG to those branches which effectively contain ge-
netic material ancestral to the sample. In other words, T} is the time when
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Figure 1: ARG

the so—called Ultimate Ancestor (ancestor of all branches of the ARG) is
found, which may very well differ from the MRCA of all the genetic material
ancestral to the sample.

The fours sections of this paper gives formulas for respectively the expec-
tation and variance of the height of the ARG, the expectation and variance
of the length of the ARG.

We write H,, (resp. L) for the height (resp. the length) of the ARG with
n leaves.

2. THE EXPECTATION OF THE HEIGHT OF ARG

Let us first recall that (also this result is not new, we provide a proof
which is the model for some other proofs in this paper)

Theorem 2.1. The expectation of the height of the ARG for a sample of n
individuals is given by

n—1 0

1 1 e 0
Eo(H,) =2(1—— 2 _— htl —t)dt.
9( ) ( n) + ; /{7(/{} + 1) fr+1 /0 exp( )



Proof. Define, U,, = Ey(H,,). Let us write a recursion formula for the U,’s.

The mean waiting time of X, in state n is 71(%9—1)’ the next state is n + 1
with probability #, n — 1 with probability n%ﬁl. Consequently
2 0 n—1
+ U1+ ————Un1

_n(n—|—9—1) n+6—1 """ i1

If we define W,, = U,, — U,,_1, we obtain the following relation

m—1
em
W,=mn-2)!2 Witm
(n ( — ! (n+m—2)1" """ )

% <Ok (n—2)lgm
_ — lim —— W
( kzki>+ml—>oo n+m—2)!W+

On the other hand, we have

Wn+m = Un+m — Un+m—1 == EG(Hn+m) - EO(Hn+m—1) = EQ(Tn-i-m—l)

where T},.,,—1 is the time take by the Birth and Death process to reach
the value n + m — 1, starting from n + m. Let R,,, be the number of
recombinations which occur before the process reaches n +m — 1, starting
at state n + m. So for k£ > 1 we have

0 k
0(R+ ) ak(n—i—m—l)

where aj is the number of distinct sequences of £ — 1 recombinations and
k — 1 coalescences which respect the constraint that there are always at least
n alive lineages. It is the “Catalan number” (see [9])

1 2k 4k
a, = —— ~
TR\ k K32\ /7
Conditionally upon {R,,, = k}, k > 0, there are k births and k£ + 1 deaths

until the process reaches the value n — 1. Bounding the expectation of the
time between two consecutive of those events we obtain

2(2k + 1)

o(Ttm1 [ Fnt ) (n+m)(n+m—1)




Moreover Py(R,, = 0) < 1. Finally

E@(Tn-‘rm—l) - ZEG(Tn+m—1 |Rn - k) ]P)O(Rn—‘rm - k)
k=0

c s 40 F d
= (n—i—m)(n—i—m—l)kz:()(n—i—m—l) = (n+m)(n+m-—1)

It is now easy to deduce that U, .1 —U,, = 2 (Z,: fl)! Z;’in 41 ?—J, and consequently

n—1 n—1 00 .

97

Un = (Uk+1 —Uk =2 E 9k+1 E F
k=1 k=1 j=k+1

We finally deduce the following formula for Ey(H,) = U,,.

n—1 oo n—1 00
1 1 (k+1)! 6
) =2 1— =) +2 -
I I (R ER) SR Lo pi

k=1 3:0 l=k+2

and the result finally follows from the following identity, which is easily
checked by successive integrations by parts

0 k+1 6[
69/ t* exp(—t)dt = (k + 1)! (e - E) :
0 = ¢

O
Corollary 2.2. For small 8 > 0
1 (n—1)(n+2) (n—1)(n*+4n+6) , 3
Eo(H,) =2(1 — — 0 0°).
o(Hn) =2(1 = 2) + = 0 dnin+ ez @ OO
Corollary 2.3. Asn —
, 2 [Per—1
r}LHOlOEQ(Hn> = 5/0 - dx.
Proof.
lim Ey( =2 d
Jim_ Eo( szk+1 (k+j+1) ezj J / z 0

7j=1 k=1



where the second equality follows from

- 1
= L Vi> L 2.1
Z;k vy g4 7= (2.1)
See the Appendix for a proof. O

As Kingman’s coalescent, the ARG ”comes down from infinity”, i.e. we
can define an ARG with infinitely many leaves. We hope to discuss some
questions related to that property in another publication.

3. VARIANCE OF THE HEIGHT OF THE ARG

Definition 3.1. For all p, ¢ € N, we define the hypergeometric function , 7,
as a mapping from R x R? x R into R as follows

Fy (lar, -+, ap), [br, -+, bg Z ap)r %

8 =0 7" Q)

T

where for all a € R and r € N,
(@), =ala+1)---(a+r—1).
For more on this subject see [8].

Theorem 3.2. The variance of the height of the ARG s given by

sF ([Lp,p+0—1],[p+0,p+1,p+1],0)
Vary(H 24 0D —1)
A(p — 2)10*
_l’_
;; p+k=3)p+k+0-2)((p+k—-1)2—-1)2(p+k—1)?
2
(p+k+0-2)e (7 ..
x<ﬂp+k—n+0+ G Otpe dt

Proof.
Hn = Sn + Hn—IH{C'oalescence} + Hn—i—l]I{Recombination}



where 5, is the time until the first jump, starting with n individuals. It is
easy to show that S, is independent of H,,_1Itcoatescence} +Hnt11{ Recombination} s
hence

Var9<Hn) = Var@(sn) + Var@(anl]I{Coalescence} + HnJrlH{Recombmation})

Since moreover H,,_; and the event {Coalescence} are independent, as well
as H,+1 and the event { Recombination},

4 0
Vary(H,) — Varg(H,_1) :(n By T— + o (Varg(H,+1) — Varg(H,,))
0
+ m(EQ(Hn—i—l) - ]EG(Hn—l)>2-
But we have
—2(n—2)!2n+j)
i ; (n+j+1)

If we now define Y,, := Vary(H,,) — Varyg(H,,_1), we have

2
4 0 6 = 2(n—2)!(2n 4+ j)
Y, = Y. - J
" (n+9—1)n2(n—1)+n—1 "H—i_n—i-@—l(; (n+j+1) f

Hence

4 0
(n+6—1)n2(n—1) oz 1Yn+1 4

0 * o(n - 2l2n+5) ;)
A”_n+9—1<; (n+j+1) 9)‘

It is easy to deduce the following recursion formula for Y,

Y, =

where

4(n — 2)19k1

Y:
" ;(n+9+k—2)(n+k—1)2(n+k:—2)!

Zm: (n=20" L (=2

Yoim.
(n+k—3)! (n+m—2)" "

k=1



We have the identity (see the Appendix below)

40 m+0-1e 7 .\
A, = M4+t ety
m+e—nuﬂ—n%2("+ M 4 ¢
(3.1)
from which we deduce that
2
166 = 9
A, < — | < 160e%.
"Tn2n—-1)2(n+0-1) (;ﬂ) = 160e

Hence ) 2, A’“;fgk converges for all #. Now, by letting m tends to oo, we

have the following

v, — - 4(n — 2)19k1
k=

“(n+0+k=2)(n+k—1)>2n+k—2)

= (n —2)l0+1 . (n=2)gm
—— Ak lim —————Y, 1.
+;(n~l—k’—3)! +k1+mlgéo(n+m—2)! *

It is easy to check that
n+0+k—-2)n+k—-12(n+k—2)

1
sFy ([Lnyn+60—1],[n+60,n+1,n+1],0)
(n+60—1)n%*(n—1) '

o]
k=

=4

We need to show that

(n —2)o™

m—oo (n 4+ m — 2

With the notation introduced in section 2, we have that H, ., = Thim_1 +
H, .1, and from the strong Markov property, T,.,,_1 and H,,,,_ 1 are
independent, consequently

Varg(Hn+m) — Varg(Hn+m71) = VarG(Tnerfl) < ]EG(Tr?erfl)'

By an argument similar to that in the proof of theorem 2, one can show that

C/

(n+m)?(n+m— 1)’

Eo(T2

n+m71) S

(3.2)
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Consequently

. n— 2)10m
o m%”(ﬂw ~ Varg(Hm1)) = 0.

The theorem follows. O

4. EXPECTATION OF THE LENGTH OF THE ARG

Theorem 4.1. The expectation of the length of the ancestral recombinaison
graph is given by
Eo(L,) = Eo(Ly,) + 0 Eo(H,).

Proof. We define, V,, = Ey(L,). The following recursion formula for V,,
follows by considering the possible states after the first transition
2 0 n—1

V, = V., —V,_.
ntl—1 nro_1 T g1

It is easy to show that K, := Ey(L,)+ 6 Ey(H,) satisfies the same recursion.

So we have
(n—=1)(Va = Vie1) =24 0(Vagr — Vo).

If we define Z,, = V,, — V,,_1, we obtain the following relation

m Qk—l om
=2 i
Hence
- Qk_l om
fn =2 I Znsm.
;(n—l)n...(n—i—k_z) +m1_I)noo(n_1)n...(n+m_2> +

On the other hand, we have

Zner = Vn+m — vn+m71 = EG(Lner) - E@(Lnerfl) = E€<Ln+mfl)

Again by conditioning upon the value of R,,,,,, we can show that

C/

Bo(Lnim-1) < G m =1y




It is now easy to deduce that

lim 0™ (n —2)!

i Znm =0, V0 2 0.
mﬂoo(n—i—m—Z) -

We can easily obtain the following relation

e ekfl
pm
I Eo(Lpsm) — Eo( Ly
+m1—r>réo<n—1)n(n_|_m_2)( 0( n+m> 0( n+m 1))
9m+1
+ lim (Eo(Hpim) — Eo(Hpim-1)),

m—oo (n—1)n---(n+m—2)
Again the two limits on the right vanish. The result follows. O]

Recalling that (in case # = 0, the ARG reduces to Kingman’s coalescent)

Eo(Ly) = 2 (1 ot %)

we deduce from the last Theorem
Corollary 4.2. For large n,

e —1

X

dx.

5 0
lim Ey(L,) ~ 2In(n) + —/
0

n—oo 9
We note that the additional length produced by the recombinations is
bounded in mean, as n — oo.
5. VARIANCE OF THE LENGTH OF THE ARG

Theorem 5.1. The variance of the length of the ancestral recombinaison
graph is given by

Varg(Ly,) = Z 4

p=2

2F2([1,p+(9—1][p+9p > (p—2) ekl
(p+6-1)(p- +Z p+k—=3)

where

40
S T LT <

Qn
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Proof. We have for n > 2, with the same notation as in section 3,

Ln = nSn + Ln—l]I{Coalescence} + Ln+1H{Recombination}-

It is easy to show that S, is independent of L,,_1Ifcoatescence} +Lint11{ Recombination} s
hence

Vary(L,) — Varg(L, 1) :(n 4 —41)(n Y + - f . [Varg(L,1) — Varg(L,)]
+ i {BalLar) ~ Eo(L )]

But we have

Define D,, := Vary(L, ) — Varg(L,_1), hence

4 0
Dn: Zn Bna
M+ 0-Dn-1 n-1m7
where
2
4n — 2 > —2)!1(2 —1
nt+6d—-1\nn-1) <= n+j)
Then

Ms

—2)1gF1 — +§: (n —2)19k1 (n —2)lo™

n k-1t —Zn+m-
n+9+k—2)(n+k (n+k—31 """ (n+m —2)!

k=1 =1

So we have the following whose proof is similar to that of (3.1)

2

46
n?(n—12%n+6—1

1 0—1)e [?
B, = 2n — 1+ (2n6 + 0% + (n+6-1)e / t"tle~tdt)
) n+1 on 0
(5.1)
It is easy to show that > ;- B’“”a converges for all 6.
It is not hard to show that

- 4(n — 2)19k1 R (Ln+0—1],[n+6,n],0)
n+0+k—2)(n+k—-2) (n=1)(n+6-1)

k=1

11



Similarly as in section 3, L, m = Xyim + Lytm—1, Where
Xoim < (n+m+ Roym)Tnim—
with again X,,,, and L,.,, 1 independent, so that
Varg(Lnim) — Varg(Lyim—1) = Varg(X,sm) < 2(n+m)’Eo(T7, 1) + 2Be(R2, T 1)
We deduce from (3.2) that for m large enough say (m + n > 80)
(2 VBT ) S o=
and also

E (R721+m n+m— 1 Z kQ]E@ +m 1 |Rn+m = k) ]P)G(Rn-i-m = k)

Co - 9 46 k Cy
= (n+m)(n+m-—1) ;<k+1) (n—i—m—l) = (n+m)(n+m—1)

Consequently for all § > 0, as m — oo,

(n—2)l0™

———— Dyt — O.

(n4+m—2)1" """ -
Therefore we obtain the following relation

F ([L,n+60—1],[n+6,n],0 = (n—2) le
L) — Varg(L, 1) = 42 i Bkt

Varg(Ln) arg(Ln-1) n+6—1)(n-1) +k:1 n+k—3)! e
The Theorem follows. O]

A. Proof of (2.1).

We define .
— k(k (k+3j)
It is easy to show that C; — Cj11 = C; — (]H 3 +73Cj41, s0
1
Vi > 0.

Ci1 = ,
GG T
On the other hand,

= pi1 —1 -1,
Z i :e hence ij‘ /e

Jj=1

12



B. Proof of (3.1).

jzok(k+1)---(k+j+1)
B 1 n 1 { 0 n 62 n 63 N
Ck(k+1)  k(k+1) [k+2  (k+2)(k+3)  (k+2)(k+3)(k+4)
1 1 6 ) 0k+j+2
— + ¢ I ) an—
k(k+1)  k(k+1)0+1! — JUk+7+2)
1 1 e? o
= t*H exp(—t)dt.
Kk +1) | k(k+ 1) 0Fe /0 ep (1)
The second identity follows from
1 a2 as aj+1

— = + ot
(k+2)(k+3)---(k+j+1) k+2 k+3 k+j+1

(=)'

TG By using the above

where the coefficients are given by a; =
relation we obtain

2
49 - 2k e j -
Ay = ——— 07 0| .
g k+0—1(zo(k;—1)k---(k:+j+1) +jzo(k—1)k---(k+j+1) >

Jj=

The first term in the right can be written as

2% — 67 2 L
— 1 tk+1 7fdt
k—1j§0k(k+1)...<k+j+1) k2—1< +9k+1/0 c )

and also

> 9‘7 - 2 1+6_9/0tk+1etdt
— (k- Dk (k+j+1)  k(k2-1) gk+1 J, ‘

j=0

Differentiating with respect to # and multipling by § and combinig this iden-
tity with that we obtained, we deduce (3.1)

j67 B 0 (9—k—1)ef’/9 a1t
(k—l)k---(k+j+1)_k(k2—1)(1+ gz Tedt)

13
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