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Abstract

We establish an averaging principle for a family of solutions (X%, Y¢) := (X2, X% ¥®) of a
system of decoupled forward backward stochastic differential equations (SDE-BSDE for short) with a null
recurrent fast component X 1.2 In contrast to the classical periodic case, we can not rely on an invariant
probability and the slow forward component X 2. cannot be approximated by a diffusion process. On
the other hand, we assume that the coefficients admit a limit in a Cesaro sense. In such a case, the limit
coefficients may have discontinuity. We show that the triplet (X Le x2e ye) converges in law to the
solution (Xl, Xz, Y) of a system of SDE-BSDE, where X := (Xl, Xz) is a Markov diffusion which is
the unique (in law) weak solution of the averaged forward component and Y is the unique solution to the
averaged backward component. This is done with a backward component whose generator depends on the
variable z. As application, we establish an homogenization result for semilinear PDEs when the coefficients
can be neither periodic nor ergodic. We show that the averaged BDSE is related to the averaged PDE via a
probabilistic representation of the (unique) Sobolev W;fl,l oc B+ % R¥)—solution of the limit PDEs. Our
approach combines PDE methods and probabilistic arguments which are based on stability property and
weak convergence of BSDEs in the S-topology.
© 2016 Elsevier B.V. All rights reserved.

MSC: 60H20; 60H30; 35J60; 60J35

Keywords: SDE; BSDEs and PDES with discontinuous coefficients; Weak convergence of SDEs and BSDEs;
Homogenization; S-topology; Averaging in Cesaro sense; Sobolev spaces; Sobolev solution to semilinear PDEs

* Corresponding author.
E-mail addresses: bahlali@univ-tIn.fr (K. Bahlali), elabouo @yahoo.fr (A. Elouaflin),
etienne.pardoux @univ-amu.fr (E. Pardoux).

http://dx.doi.org/10.1016/j.spa.2016.08.001
0304-4149/© 2016 Elsevier B.V. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.spa.2016.08.001&domain=pdf
http://www.elsevier.com/locate/spa
http://dx.doi.org/10.1016/j.spa.2016.08.001
http://www.elsevier.com/locate/spa
mailto:bahlali@univ-tln.fr
mailto:elabouo@yahoo.fr
mailto:etienne.pardoux@univ-amu.fr
http://dx.doi.org/10.1016/j.spa.2016.08.001

1322 K. Bahlali et al. / Stochastic Processes and their Applications 127 (2017) 1321-1353
1. Introduction

The averaging of stochastic differential equations (SDE) as well as the homogenization of a
partial differential equation (PDE for short) is a process which consists in showing the conver-
gence of the solution of an equation with rapidly varying coefficients towards an equation with
simpler (e.g. constant) coefficients.

The two classical situations which were mainly studied are the cases of deterministic periodic
and random stationary coefficients. These two situations are based on the existence of an invariant
probability measure for some underlying process. The averaged coefficients are given as integrals
with respect to this invariant probability measure.

There is a vast literature on the homogenization of PDEs with periodic coefficients, see for
example the monographs [5,13,19,29] and the references therein. There also exist numerous
works on averaging of stochastic differential equations with periodic structures and its connection
with homogenization of second order partial differential equations. Closer to our concern
here, we can quote in particular [4,9,8,7,10-12,17,26,31,32,34] and the references therein.
A particularly interesting problem of homogenization with interface was recently considered
in [16].

In contrast to these two classical situations (deterministic periodic and random stationary co-
efficients) which were mainly studied, we consider in this paper a different situation, building
upon earlier results of [20] and more recently those of [3,2]. We extend the results of [20] to
systems of SDE-BSDEs and those of [3,2] to the case where the generator f of the BSDE
component depends upon the second unknown of the BSDE. As a consequence, we derive an
homogenization result for semilinear PDEs when the nonlinear part depends on the solution as
well as on its gradient.

In [20], Khasminskii and Krylov consider the averaging of the following family of diffusions
process indexed by ¢,

1,x,e ' Xfl’x’g 2,x,&
xe = x4 [ ¢ L X258 ) dw,,
0 &
s Xl,x,s t Xl,x,s
x2+f b =——. x;** dr—i—/ & =——. x7¢ ) dw,,
0 € 0 &

2,x,& -

(1.1
X%,x,s

where X 1%:¢ is a one-dimensional null-recurrent fast component and X;"*** is a d-dimensional
slow component. The function ¢ = (¢, ..., @) (resp. 6 = (6;;);,j, resp. b = (bl, .. bd))
is R¥-valued (resp. R?*X-valued, resp. R?-valued) and W is a k-dimensional standard Browman
motion. They define the averaged coefficients as limits in the Cesaro sense. With the additional
assumption that the presumed limiting SDE has a weakly unique (in law) solution, they prove that
the process (X!*¢, X>*¢) converges in distribution towards a Markov diffusion (X}, X>%).
As a byproduct, they obtain an homogenization property for the linear PDE assocnated to

(Xsl’x’e, 2 *#) when the limit Cauchy problem, associated to the limit d1ffus1on (X Xf’x),
is well posed in the Sobolev space W p loc (R4 x R?) for each p > d +2. Here, W loc (R+ x RY)

is the Sobolev space of all functions u(s, x) defined on Ry x R such that both u and all the
generalized derivatives Dsu, Dy u, and D)% 1 belong to Ll’; J(Ry x RY).

Later, the result of [20] was extended to systems of SDE-BSDE in [3,2]. Furthermore, in [3,2]
the uniqueness of the averaged SDE-BSDE as well as that of the averaged PDE were established
under appropriate conditions, building upon the results from [23]. However, in [3,2] the backward
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equation does not depend on the control variable. More precisely, the result of [20] was extended,
in [3,2], to the following SDE-BSDE.

Xl,x,e y Xrl,x,s 2,x,&
K = Xl + 0 ‘/) P ’ Xr der

s Xl,x,s s lexvg
X0 = x2+/0 b rg L X7 dr+_/0 d rs L XPRE) AW, 1.2)

X6 ! X 2 ! X%e
YiRe = H(XD )+/ T R AR fa I —/ Zixe g X,
N

N

where MX" is the martingale part of the process X*¢ := (X1%& x2%¢),
The system of SDE-BSDE (1.2) is connected to the semilinear PDE,

8 &
— 0 = LD+ (a0 0), 0ss=n
s £

V90, x) = Hx); x=(x",x*) eR xR,

(1.3)

where Lf is the infinitesimal generator associated to the Markov process X*° =
(Xl,x,s XZ,X,S).

In the present paper we consider the situation where the coefficient f depends upon x, y and z.
This more general situation will force us to develop a new methodology. That is, the SDE-BSDE
in consideration is defined in [0, #] by,

1,x,¢ y Xrl’x’s 2,x,&
XMe— x4 | g , X25E ) dw,,
s A B
s Xl,X,E s Xl,x,s
x3ve =x2+/ b ~——, x2*¢ dr+/ & | =—, x2*¢ ) dw, (1.4)
0 € 0 &

1,x,e

! X ! X,€
H(Xf’a) _|_/ f< rg , X%x,s’ Y,”X’s, Z;,x,s) dr _/ Z;,x,s erX ’
$ s

t,x,€
Yy

where MX" is the martingale part of the process X*¢ := (X% X2%5€) je.

- s x}eE
MSX”::/U L X2%E)dW,, 0<s<t,
0 &
with

= (3. (¥
o = (0)ij, o= <&>.

If weputfori, j =1, ...,d,

O 1 £ 2 ~ 1 ~ ~k 1 *
b=|\;]) aoo::i;(pi’ a:= 5(00 ), a:= 5(50)

(note that @ is a (d + 1) x (d + 1) matrix, whose rows and columns are indexed from i = 0
1,x,e
toi = d, while a is a d x d matrix), and X*¢ = (f(z“)’ then the SDE-BSDE (1.4) can be
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rewritten in the form

s XI,X,S s Xl,x,a
x+/ b( U Xf’x’s dr—i—/ o =L —, sz,x,g aw,,
0 & 0 &
(1.5)

e cofxr ! -
YIOe = H(XP )+f F\ S xpee vz N dr —/ Zh5e aMX
N N

X,€
X

In this case, the nonlinear part of the PDE associated to the SDE-BSDE (1.5) depends on both
the solution and its gradient. More precisely, this PDE takes the form

&€

ai(s, x) = (L) (s, x)+ f (ﬂ x2, V°(s, x), Vyvi(s, x)>,
as e
v¥(0, x) = H(x),

(1.6)

where the infinitesimal generator £? is more precisely defined by
2 d 2
X1 d X1 0
LE=a (—,x)—+ a‘(—,x)
0 ™ 92x, ; 0\ 2 dx10x2;

d 2 d
X1 d X1 d
e () S (2 )
1.12.::1 Y \e 2 0x2;0x2; ;l e 2 0X2;

agp, a and b are the coefficients which were defined above, f and H are real valued measurable
functions respectively defined on R?*! x R x RY*! and RY*!,

We want to study the asymptotic behavior of the SDE-BSDE (1.5) when ¢ — 0. Note that,
under suitable conditions upon the coefficients, the function {v®(¢, x) = Y5, ¢t > 0, x =
(x1,x2) € Rd+1} solves the PDE (1.6) (see e.g. Remark 2.6 in [30]). Therefore, we will also
study the asymptotic behavior of the PDE (1.6).

As in [3,2,20], we consider here the averaged coefficients as limits in the Cesaro sense.
Usually, the averaged coefficients are computed as means with respect to the (unique) invariant
probability measure. In our situation, due to the fact that the fast component is null recurrent, we
have no invariant probability measure. Therefore the classical methods do not work. Furthermore,
since the coefficient of the backward component depends upon the process Z¢ which is not
relatively compact in any reasonable topology, the identification of the limit of the finite variation
process of the backward component is rather hard to obtain. In particular the methods used in
[3,2] do not work.

In order to prove that the limit problem is well posed, we establish the existence and unique-
ness for the limiting SDE-BSDE as well as the unique solvability of the limiting PDE in the
Sobolev space W;ﬁoc(ﬂh x R?), p > d + 2. We use Krylov’s result [23] and standard ar-
guments of BSDE:s to establish the existence and uniqueness of the limiting SDE-BSDE. The
unique solvability of the limiting PDE is more difficult to prove. Due to the lack of (Holder’s)
regularity of the diffusion coefficient, the pointwise estimates of the gradient cannot be obtained
in our situation. To ovoid these problems, we develop a method which consists in establishing
an LP-local version of the Calderén—Zygmund theorem. Our strategy is based on the wh 120 o
estimate for solutions of linear PDE with discontinuous coefficients proved in [21]. We use the
Gagliardo—Nirenberg interpolation inequality in order to establish a W[],’ 2 _estimate for solution

, loc
of semilinear PDEs. We then obtain a compactness characterization of a suitable approximating
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sequence of PDEs from which we derive the existence of solutions in the space W;: [200. The
uniqueness is then deduced from the uniqueness of the limiting SDE-BSDE and the It6—Krylov
formula.

We now pass to the averaging problem. The lack of a reasonable compactness of (Z¢) creates
some difficulties in the identification of the limits. Note also that, since (Z¢) is not a semimartin-
gale, then the method developed in [3,2,20] cannot be directly applied. To avoid these difficulties,
we give an approach which combines PDE methods with probabilistic arguments. We construct
a sequence of semimartingales (Z®") with the help of a sequence of PDEs, which we substi-
tute to (Z%). This allows us to use the method developed in [3,2,20]. Next, we show that the
problems with (Z%") and that with (Z¢) average to the same limit. The limits are obtained by
combining a regularization procedure, a stability property and weak convergence techniques al-
ready used in [3,2,10,20]. Let us also note that, in a periodic media, some authors have studied
the asymptotic behavior of the PDE (1.6). We refer to Gaudron and Pardoux [14] in the particu-
lar PDEs whose nonlinearity term depends upon the gradient in a quadratic growth manner. The
case where the nonlinearity depends fully upon the gradient has been considered by Delarue [10],
who developed some of the methods which are needed in this paper.

The paper is organized as follows: In Section 2, we give the formulation of the problem and
state the main results. Sections 3 and 4 are devoted to the proofs of the two main theorems.

2. Formulation of the problem and the main results
2.1. Notations

For a given function g, we define, whenever they exist, the following limits

1 [ 1
g+(x2) = lim — g(t, xo)dt, g (x) = lim — g(t, xp)dt
x1—>+00 X1 Jo X1—>=00 X1 Jo
and  g*(x) = g" () 1 (x;>0) + & (¥2) 1 (x, <0}
Let p(x) = aoo(x_)’]. The_assumptions we shall make below will allow us to define the
averaged coefficients b, a and f by:
_ b)*
B =Wy
pr(x)
_ (paij)*x) .
ix)y =———, i,j=0,1,...,d 2.1
aij(x) ) i, J 2.1
+
fx, v, 2) = M, for fixed y and z.
pEX)

It should be noted that b, a and f can be discontinuous at x; = 0.
2.2. Assumptions
The following conditions will be used in this paper.
Assumption (A). (A1) The functions l;, o and ¢ are uniformly Lipschitz in x. Moreover, for

each x; their derivatives in x, up to and including second order derivatives are bounded
continuous functions of x;.
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(A2) There exist positive constants A and C; such that for every x and &, we have

g*at > M ||E|%,
and
(i) ago(x) < Cq,

d
(i) D i (1) + b20)] < C1 (1 + [P,
i=1

Assumption (B) (Limits in the Cesaro Sense).

(B1) We assume that, as x; tends to =00,

1 4 1 [ 1 [
_/ o(t, xp)dt (resp. —/ Dy, p(t, x2)dt, resp.—/ Dﬁzp(t, xz)dt)
x1 Jo x1 Jo X1 Jo

tends topi(xg) (resp. Dy, ,ojE (x2), resp.D)%2 pi(xg)) uniformly in x;.

We refer to p*(x2) as a limit in the Cesaro sense.
Here and below D, g and D)%Zg respectively denote the gradient vector and the matrix of
second derivatives in x, of g.

(B2) Fori =0, ...,d, j=1, ..., d, the functions pb;, Dy,(0b;), sz(,obj), paij, Dy, (pa;j)
and D)%z (pa;j) have averages in the Cesaro sense.

(B3) For any function g € {p, pb;, Dy,(pb}), D%z(,obj), paij, Dx,(pa;j), D%z(p&,-j)}, there
exists a bounded function « such that

1 XI + 2
—/ g(t, xp)dt — g~ (x) = (1 + [x2|)a(x),
x1 Jo

lim sup |x(x)| =0.
\xl|—>00x2€Rd

(2.2)

Assumption (C). (C1) There exist K > 0 and p € N* such that for every (x,y,y’,z,7) €
RdJrl X RZ % Rlxk x Rlxk
@ 1fx, 3.2 — f, Y. D <K(y—=YI+1z-2D
(D) [f(x, ¥, D) < K+ [x2l? + |y] + Iz])

(i) |H (x)| < K(1 + |x1|? + |x2|?) and H belongs to Wﬁ (RI*1,

, loc

(C2) pf has a limit in the Cesaro sense and there exists a bounded measurable function 8 such
that

1o
)6_1/0 p(ta x2)f(t, X2, Y, Z)dt - (lof):t(-x’ Y, Z)

= (1 + x> + [y + 2B, y, 2) (2.3)
lim sup |B(x, ¥, 2)] =0.
|x1[—00 (x2, 2)€RI xR x Rd+1
(C3) For every x1, pf has derivatives up to second order in x», y, z and these derivatives are
bounded and satisfy (C2).
(C4) For every x1, the derivatives of f in x7, y and z up to and including second order derivatives
are bounded continuous functions.



K. Bahlali et al. / Stochastic Processes and their Applications 127 (2017) 1321-1353 1327

Assume that (A), (B), (C) are satisfied. It is well known, see e.g. Theorems 3.17 and 5.17
in [33] that for every ¢ > 0 and every (¢, x), the system of SDE-BSDE (1.5) has a unique
solution which we denote by (X3, ¥{"°, Z1"%)g<s<, such that,

o (YIX8, Z0%#) is FX" adapted, where FX** denotes the filtration generated by the process
X*¢. More precisely, (X*¢, Y©%¢  Z%¢) is adapted to the filtration F" generated by the
Brownian motion W.

o sup, E(supg_,, [/ 12 + [ 120" 0 (X,)Pdr) < oo.

e For every ¢ > 0, the semilinear PDE (1.6) has a unique solution v* in C12.

e Note that, since a is uniformly elliptic, we also have sup, E fot |ZL%%2dr < oo. Moreover,
we have the relation

Ve(t, x) = Yé’x’s.
Let a, b and f be the averaged coefficients defined by (2.1). For a fixed (¢, x), let
(XF, Yo, Z5%)se10.0 denote the solution of the following system of SDE-BSDE

s

N R
X§=x+/ 15(Xf)dr+f G(X)dW,, 0<s<t.
0 0

2.4)
t t
Y} = H(X)) +/ FXE YRr, z0Ydr —/ ZbdMX, 0<s<t,
N s
where MX" is the martingale part of X*.
The PDE associated to the averaged SDE-BSDE (2.4) is given by

av - -

(s, x) = (Lv)(s, x) + fx, v(s, x), Vyv(s, x)), 0=<s=t,

as 2.5)

v(0,x) = H(x)
where L is the infinitesimal generator associated to the process X* and given by,
Lx) =) aj(x) a2 + Y bi(x) 9 (2.6)
o 0] Y 8xi axj' 7 ' 8xi ’ )

Our aim is to show that,
(1) Egs. (2.4) and (2.5) have (in some sense) unique solutions (Yst’x, Zé’x) and v.
() (X35, Y95, Z9™*) converges in law to (X7, Yi*, Z¢™),
(3) v® converges to v in a topology which will be specified below.

According to Khasminskii and Krylov [20] and Krylov [23], we have

Proposition 2.1. Assume that the Assumptions (A) and (B) are satisfied. Then, for each x €
Rt the forward component X*¢ = (X% ¢, X%*¢) converges in law to the continuous
process X* = (X'*, X'*) in C([0, t]; RV, equipped with the uniform topology. Moreover,
X* is the unique (in law) weak solution of the forward component of the system of Egs. (2.4).

2.3. The main results

Proposition 2.2 (Uniqueness of the Averaged BSDE). Assume that the Assumptions (A), (B)
and (C) are satisfied. Then, for any (t, x) € Ry x R4t the backward component of the system
of Egs. (2.4) has a unique solution (Y"*, Z"*) such that,
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(@) (Y*, Z5%) is FX-adapted and (Y}, f; Zy* dMX )o<s<, is continuous.
(b) E(supge<; 1Y PP + [5 121 0 (XF)[*dr) < oo.
(c) Moreover, Y, LY s deterministic.

0

The uniqueness means that, if (YL, ZY and (Y2, Z%) are two solutions of the backward compo-
nent of (2.4) satisfying (a)—(b) then, E (Sup0§s§z lv) — YSZ|2 + [y |2t (X)) — Z20 (X’)iz dr)
=0.

Proof. Thanks to Remark 3.5 of [31], it is enough to prove existence and uniqueness of solutions
for the BSDE

t t
Yhx = H(Xj‘)—}—/ FXE Ybr, zb%dr —/ ZLYdW,., 0<s<rt.
N N
Since f satisfies (C) and p is bounded, one can easily verify that f is uniformly Lipschitz in
(v, 2),1.e. satisfies (C1)(i). Existence and uniqueness of a solution follow from standard results
for BSDEs, see e.g. [30]. Finally, since (¥;") is .7-'YXX -adapted then Yé’x is measurable with
respect to a trivial o -algebra and hence it is deterministic.

The following theorem is closely related to the previous proposition. It shows that the averaged
PDE is uniquely solved. It will also be used in the averaging of the SDE-BSDE as well as in
the averaging of the PDE. However, this theorem is interesting in its own since it establishes
existence, uniqueness and WIIQ:IZOC([O, t] x Rd)—regularity (for any p > d + 2) of the solution for
semilinear PDEs with discontinuous coefficients. It extends, in some sense, the result of [21] to
semilinear PDEs.

Theorem 2.3. Assume that the Assumptions (A), (B) and (C) are satisfied. Then Eq. (2.5) has a
unique solution v such that v € W;’z ([0, 1] x RY) for any p > d + 2. Moreover, this solution

,loc
. _ yhx
satisfies v(t, x) = Y.

The averaging of the backward component of Eq. (1.5) is given by the following theorem.

Theorem 2.4 (Averaging of the SDE-BSDE (1.5)). Assume that the Assumptions (A), (B) and
(C) are satisfied. Then, as ¢ — 0, the sequence of processes (Yi™*°, f; Z05C dAMX ) o<s<
converges in law to (YI", f; Z* dMX )o<s<, in D([0, t1]; R?), equipped with the S-topology.
Here MX" is the martingale part of X* and (Y!™*, ZL™) is the unique solution of the backward
component of Eq. (2.4).

Remark 2.1. In [20], the proof is mainly based on the fact that X° is a semimartingale. Similarly,
in [3] the semimartingale property of X° and Y* plays an essential role, see Remark 5.1 in
[3]. If we try to follow [20,3], we need that Z¢ be a semimartingale also. Unfortunately Z°¢ is
not a semimartingale. Our strategy then consists in replacing Z® by an “approximate” semi-
martingale. The task is to construct a continuous function v, which is smooth enough such that
the process (v(s, Xs), Vyv(s, X5)) = (Y5, Zg) is a unique solution of the limit BSDE. To
this end, by a compactness argument, we consider the mollified coefficients (a”, 15”, f nH™)
and the associated solution v". Note that since our diffusion coefficient a is discontinuous, then
we cannot obtain a uniform bound for V,v". We show that the sequence (v") can be estimated
in W;:lzoc uniformly in n. We then deduce a compactness characterization of the approximate
sequence from which we derive the weak convergence towards the function v. Further, we
substitute Z° by Vv (., X?) in the BSDE-Eq. (2.5).
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Corollary 2.5 (Averaging of the PDE (1.6)). Assume that the Assumptions (A), (B) and (C) are
satisfied. Then, for every (t,x) € Ry x R+ v&(t, x) > v(t,x), as e = 0.

3. Proof of Theorem 2.3

Let Zzl’.“l., l;l’.’, f ", H" denote aregularizing sequence of g;;, b;, f , H respectively. We explain
how we define H". The others regularized coefficients can be defined similarly. For k € N*, let
Y : RY — R be a sequence of functions defined by

inf(k, |x])
—x
x|
Clearly, [yx(x)| < inf(k, |x]).
Let p, : R? — R, be a sequence of smooth functions with compact support such that

on approximate the Dirac measure at 0 and satisfy f on(x)dx = 1. We now define H" by the
following convolution

Yi(x) =

H"(x) = (H o y,) * pp(x) = / H(yn(x = y)pn(y)dy.

One can show that for every n > 1, the functions &;’j, 5;‘, f", H" are infinitely differentiable
bounded functions with bounded derivatives of every order. H" converges uniformly on
compacts sets towards H. El” b, f" converge respectively to a, b, f in L{; . for every p >
d + 2. In addition, the Asﬂumptlons (A) and (C1) are satisfied by a”
n.

Let us define

L"(x) = Zau () 5—— + Zb”(x)—

Consider the sequence of PDEs on [0, ¢] x RI+L

n rn n : :
ij b, f", H" uniformly in

= L"(x)v" (s, x) + f"(x, v"(s, x), Vev''(s, x)) =0
"0, x) = H"(x).

3.1

Note that, for each n, the PDE (3.1) admits a unique solution v" which is twice continuously
differentiable in (s, x) and three times continuously differentiable in x, see e.g. [25, Theorem
5.1, p. 320].

Using standard arguments of SDEs and BSDEs (see e.g. [1,33]), one can show that there exists
a constant k1 not depending on n such that, for every (s, x),

[V (s, 0| < ki (14 |x]P). (3.2

Moreover for each n, thanks to Theorem 7.1, chapter VII, in Ladyzhenskaya et al. [25], or
Proposition 3.3 in Ma et al. [27] (see also the probabilistic approach of Delarue [10, Thm. 6.1,
pp. 85-89]), there are constants k2 and k. such that

sup |V v"(s, x)| <k; and sup
(s, x)€[0, ] xRd+!1 (s, x)€[0, ] xRd+!1

D2 s, x)’ <kl (33)
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3.1. Compactness of the sequence vy
We now give an a priori L”-bounds for the derivatives of vy,.

Proposition 3.1. For every p € [1, ool and R > 0 small enough, there exists a positive constant
C(Cy, K, p, R, t, k1) not depending on n, such that

t
/ / [|3sv"|p VP + |D§xu"|l’] dxds < C(Cy, K, p, R, t, k1).
0 JBO,R/2)

Replacing v by v — H, the PDE (2.5) is transformed into a similar semilinear PDE with a
zero terminal condition. Therefore, we can assume, throughout the proof of Proposition 3.1, that
H=0.

To establish this Proposition, we need some preparation and lemmas. We first recall the
Gagliardo—Nirenberg interpolation inequality which plays an important role (Theorem 3, sect.
4, Chap. 8 in Krylov [24], see also Theorem 7.28, Chapter VII, in Gilbarg and Trudinger [15]):

Lemma 3.2 (The Gagliardo—Nirenberg Inequality). Let 2 C R4t be a bounded open set. For
any p > 1, there exists a constant C = C(p,d,diameter({2)) such that for every function
Ve Wy),

1

190 ey = € [0z | {19 lr@} (3:4)

It follows from this inequality that, for every r > 0 there exists ¢ = c(p, r, d) > 0 such that
for every ¢ > 0,

t t
// |va"(s,x)|pdxds§8// |Dfxv”(s,x)|pdxds
0 JB(,r) 0 JB(O,r)
t
+c(p, r, d)(1 —i—s_l)/ f [v" (s, x)|Pdxds. 3.5)
0 JB©,r)

Since v" is uniformly bounded on compact set, then according to the previous inequality and the
fact that v” satisfies the PDE (3.1), it remains to show that for any small enough r > 0,

t
sup// |D)2mv"(t,x)|pdxdt<oo. (3.6)
n Jo JB@O.r

In order to establish the previous inequality, we use the strategy developed in the proof of
Theorem 9.11 in Gilbarg and Trudinger [15]. We rewrite the PDE (3.1) as follows

0 Xy =am . 0) i (5, %) + gu(s, x) =0, s €0, 1),
as Y 0x;0x; 3.7
v"*(0,x) =0,
where
2.n
(s, ) = [ 00 = @y, 0] T 60

ov (s, %)+ f"(x, v'(s, x), V' (s, x)).
Bxi

+ b} (x)
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For R > Oand s € [0, t], we set

e Qs r=1s, t] x B(0, R), where B(0, R) denotes the ball of radius R.
e meas((Q; s, g) denotes the Lebesgue measure of the set Qg s r.

For @ € (0, 1), we put &' = @ and consider n € C3°(B(0, R)) a cut-off function
n : R [0, 1] satisfying the following properties,

n(x) =1, ifx € B(0, aR),

n(x) = 0, if |x| > 'R,

IVin(x)] <41 —a) 'R7! ifaR < |x| <R,

D2 n(x)| < 1601 —a) 2R~ ifaR <|x| <a'R.
Clearly the function u" := nv" solves the PDE

au" _ 3%u"
oy (80 1) = aj;(x1, 0)

u" (0, x) = 0,

(s,x) +Gu(s, x) =0, s5s€(0,T7)
0x;0x;

_ 92 _ n
where G,,(s, x) = v"al"(x1, 0)% +2a0 (x1, 0)%37”1_ + ngn (s, X).

Since a" is bounded in x; and locally Lipschitz with respect to x, uniformly w.r.t. n, b"
satisfies (A2) and f_” satisfies (C1) — (ii), we deduce that G,, is bounded on [0, 7] x R4+!. Let
D be an arbitrary bounded subset of R4+ Since &i”.(., 0) and G,, are bounded, and G, has a
compact support, then according to Theorem 2.5 from D. Kim and N.V. Krylov [21], there exists
a positive constant C = C(d, C1, K) not depending on n such that for every n, we have

u" e W;’z([O, t] x D) and ”un“W]','z([O,z]xD) < ClGullLr(0,11x D)- (3.8)
From the definition of the function 1, we see that
1D " 1200 ar) < 1 Daxtt" 1P (04 , - (3.9

According to inequalities (3.8) and (3.9), it remains to estimate fot fB(O 'Ry |Gn(s, x1, x2)|Pdxds.
We have

t
/ / |G (s, x1, x2)|Pdxds < Ay + Ax + A3, (3.10)
0 JB,«'R)
where

t
Ay :=C<p)/f V" 171l (x1, 0)|| D2, n(x)|Pduxds,
0 JB(0,a'R)

'
Ay = C(p)/ / |ag; (xi, O [Vxu" |7 | Vin(x)|Pdxds,
0 JBWO o«'R)

t
Az = C(P)/ / |gn (s, x)|Pdxds.
0 JBO,«'R)

The following lemma gives estimates for A, A> and A3.
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Lemma 3.3. Let Q := Qo r. For every p, there exists a positive constant C(p) such that for
every ¢ > (),

t
(i) A1 < C(p)(1 —a) PR / / W Pdxds,
0 B(0,a'R)

t
(i) Ay < C(p)(1 —a) PR™P [e/ / |D? v"Pdxds
0 JB(0,a’'R)

t
+(1+8_1)/ / Iv”l”dde]
0 JB(0,a'R)

t
p
(iii) A3 < C(p){TR‘”‘ —i—Rp—i-(Rp—I—S)/ / ‘D)%xv"(s,xl,xz) dxds
0 JB(,a'R)

t
+ (l—l—Rl’)(l—i—e_l)/ / |v"|pdxds}.
0 JB0,o'R)

Proof. Along the proof, C(p) should denote a constant which may vary from line to line.
Inequality (i) follows from the properties of 7 and the boundness of a;’; (x1, 0).

We use the properties of 7, the boundedness of &{’j (x1, 0) and inequality (3.5) to get inequality
(i1). We now show inequality (iii). We have

1
/ / |gn(s, x)|Pdxds < (If + 15 + 1),
0 JB(@,a'R)

with
2 P
= /t/ an () — @ (x1. 0)‘1’ OV o) duds
0o JBo,wr) ! Y R 3x; 0
! - " P
1y :=// |b?(x)|p —(s,x)| dxds
0 JBO,o'R) ox;
t
Iy :=/ / |f"(x, V(s x), Vv" (s, x))’pdxds.
0 JBWO, 'R

Since &;’j is uniformly Lipschitz in x7, we obtain

t
P
Ist"// D20 (5,51, x02)| dxds. (3.11)
0 JBWO,«'R)

Noticing that 5" satisfies assumption (A2)-(ii), then using inequality (3.5), we obtain

t
I3 < Ci(1+RP) [8/ / |D2 v"|Pdxds
0 JB(0,a'R)

t
+c1(1+s—1)// |v"|f”dxds] (3.12)
0 JB(0,a'R)

Thanks to Assumption (C) and inequality (3.5) we deduce

t
1<k (meas(Q) bR [ s ) s
0 JB(0,a’'R)

t t
+s/ / |D2 V" (s, x1, x2)|Pdxds + ¢ (1 +s*1)/ f |u"|f’dxds>.
0 JB(0,a'R) 0 JB(0,a'R)
(3.13)
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Combining (3.11)—(3.13), we deduce the desired result. Lemma 3.3 is proved. W

Lemma 3.4 (L? Estimate of D2 v'™"). For every p € [1, ool and R > 0 small enough, there

loc

exists a positive constant C' = C/(Cl, k, p, R, t, k1) not depending on n, such that

t
/ / |D2 v"|Pdxds < 2R’ C’.
0 JB(0, R/2)

Proof. Using inequalities (3.8), (3.9), (3.10) and Lemma 3.3, we show that

t
(1 —a)zl’Rz”/ / |D§xv"(s,x)|pdxds
0 JB(@,aR)

< C(p){l + (1 —a)’RPA+e H+ (1 —a)?PR?P[1+2(1+& 1]
t
x / / [V (s, x)|Pdxds + (1 — a)*P R?P
0 JB(0,a'R)
X [8(1 —a) PRTP + RP(1+¢) + 28]

t
x / / |D2,V" (s, x)|Pdxds + K (1 — a)*? R*? (meas(Q) + RP)}.
B(0,a’R)

Using inequality (3.2), this shows that there exists a positive constant C(Cy, K, R, p, k1, ¢,
meas(Q)) such that

t
(1 —a)’*PR?? / / |D2 v"|Pdxds
0 JB(0,aR)

< C(Cy, K, R, p, ki, &, meas(Q))

t
+ C(p)(1 —a) PRP [8(1 —oz)Zl’Rzl’/ / |Dfxv”|"’dxdsi|
B(0,a'R)

t
+ C(p)R? [(1 —a)2PR2P/ / ‘Dfxv"
B, «'R)

+ C(p) + Sup 1x2]7) [8(1 _ a)szzp/ /
B

P
dxds:|

v” |pdxdsi|
o, a’R)

+ C(p) [8(1 —a)2PR2Pf / v”|pdxdsi|.
B(0, a/R)

Let A := 1+ R?. We Choose ¢ := % {221’/_1C(p) [(1 —a) PRTP + 2]}_1 and R be sufficiently
small so that 227 C(p)RP < % then use the fact that 1%"‘ = 1 — o’ to obtain

t
(1—0:)21"R2PfO /B«) R)|D§xv"|1’dxds
, o

l t
< - [(1 — o)?PR?P [ f |D§xv"|pdxds}
2 0 JB© o'R)

+ C(C1, K, p, R, t, ky).
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Taking the supremum on «’ and o, we get

t
sz’[ sup (1 —ot)2p/ / |D§xv”|pdxds:|
O<a<l1 0 JB(0,aR)

1 t
< —R* sup [(1 —0/)21’/ / |D§xv"|l’dxds] +C(C1, K, p, R, 1, k).
2 0 JBO.o«'R)

O<a’/<1

It follows that

t
RZP[ sup (1 —a)21’/ f |D)2[xv”|pdxdsi| <2C(Ci, K, p, R, t, k1).
0 JB(0,xR)

O<a<l1

The result follows by choosing = 1/2. N

Proof of Proposition 3.1. Thanks to inequality (3.2), inequality (3.5) and Lemma 3.4, we de-
duce that sup,, ||V v" || Lr ([0, /1x B(0, R/2)) is bounded. Since v" satisfies the PDE (3.1), we deduce
that sup,, |95v" | Lr ([0, /1% B0, R/2)) is bounded also. Therefore, there exists a positive constant
C =C(Cy, K, p, R, t, k1) such that

t
sup/ / [Iv”lp + 19,0 P + [V 1P + |D§xv”|p] dxds < C. (3.14)
n Jo JB©, R/2)

Proposition 3.1 is proved. W
Proof of Theorem 2.3. Inequalities (3.14) and (3.2) express that for every R > 0 small enough,

Slip ”vn ”Wplz([o’ l]XB(O, R/2)) S C(R, kls tv P)

Since, any ball B(0, R’) can be covered by a finite number of balls of radius R /2, and the proof
of Proposition 3.1 can be easily adapted to proving the same estimate in a ball of radius R/2
centered around any point in R*! we deduce that

n
Slnlp lv ”W,}‘Z(QO,,,R/) < 00. (3.15)
Therefore v converges weakly to v in the space W,l’ 2([O, t] x Q), and v solves the PDE (2.5)
a.e.
We now prove the uniqueness of solution in W;:IZOC' Let (X7, Yyt Z;’X)Ogsgt be a solution
of the FBSDE system

N

N
x;=x+/ E(X;‘)dr+/ &(X5dW,, 0<s<t; (3.16)
0 0

t t
YHY = H(X)) +/ fXE, YE*, Z8%dr —/ ZMdMX, 0<s<t. (3.17)
N N

For p > d + 2, take any solution v € le 1200 of the PDE (2.5). The It6—Krylov formula shows

that the process (v(t — s, X7), Vxv(t — s, X7), 0 < s < t) is a solution of (3.17). Hence
v(t,x) = Y(;’X = IE(Y(';’X). Since (3.17) has a unique solution, v(f, x) is written as the expectation
of a uniquely characterized functional of (X7 )o<s<;. But uniqueness in law holds for (3.16) (see
Proposition 2.1), consequently the law of X~ is uniquely characterized, hence the solution v of

. . X 1,2
(2.5) is unique in Wp’ oo 1

As consequence of Theorem 2.3 and the Sobolev embedding Theorem, we have
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Corollary 3.5. v" converges uniformly to v on any compact subset of Ry x R4+,
4. Proof of Theorem 2.4

In order to simplify the notation throughout the proof of Theorem 2.4, we will suppress
the superscript x (resp. (¢, x)) from the processes (X*, Y©¥, Z'¥) and (X%, Y':58, Z1%€),
That is, we will respectively replace (X*, Y"*, Z"¥) by (X, Y, Z) and (X*¢, Y1:%:8 Z1:%:8)
by (X¢, Y¢, Z%).

The following lemma, can be deduced from Assumption (A).

Lemma 4.1. For every p > 1 and t > 0, there exists a constant C(p,t) such that for every
g >0,

B sup [1xX1617 +1x2517 + X117 + X217 ]) = Cp.o).

0<s<t

Proposition 4.2. Assume that the Assumptions (A) and (B) are satisfied. Let a, b, a" and b" be
defined as in Section 3. Let X = (XY, X?) denote the solution of the SDE

s N
X, =x+/ E(X,)dr+f G(X,)dW,, 0<s<t.
0 0

Then, for every p > 1,

G) Efé [a®(X,) —a(X;)|Pdr, —> 0 as n tends to oo.
(i) E [y 16" (X)) — b(X,)|Pdr, —> 0 as n tends to cc.

Proof. Let us prove (j) and (jj). Let N > 0 and put Dy = {x € Rt x| < N}. For
(g, &Y € {(a, a"), (b, b")}, we have

t t
E /0 18" (X)) = g(X)|Pdr < 27 (E /0 18" (X) = (X1 Lisup x, <mydr

t
+E/() |gn(Xr) - g(Xr)|p1{§u9|X.Y|>N}dr)‘

Since g and g" satisfy (A), (B), there exists a constant C which is independent of n such that,
t
E/ 18" (Xr) — g(X,)|Pdr
0

! C
=27(E [ 18"(X) = (X" Lisp x, 1 <vidr + 2 5ECsup 1X,27)).
0 s<r

0<s<t

By Krylov’s estimate, there exists a positive constant K (¢, N, d) which is independent of n such
that

t
E /0 18" (X)) — g(X,)|Pdr

C
= KN, d+DIg" = gl llenpy) + 15 ECsup |1 X [*P).

O<s<t

Passing successively to the limit in » and N, we get the desired result. W
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4.1. Tightness of the processes (Y¢, M® = [ ZferXE)
Recall that the process Y? is defined by
r t .
Y& = H(X®) + / f(xhe x>e ve z8dr — / ZEdMX, (4.1)
S S

Xl,s

.
where X © = 2.

Proposition 4.3. There exists a positive constant C which does not depend on € such that

t
sup {E (Osup e +/O |Z§|2d(MXS)S>} <C. (4.2)

<s<t

Proof. Throughout this proof, K and C are positive constants which depend only on (s, ¢) and
may change from line to line. According to Lemma 4.1 we have, for every k > 1,

supE < sup [|X}.~8|2" n |X§~8|2’<]) < +o0. 4.3)
& 0<s<t
Using It6’s formula, we get
t t t
VP [1ZiPa M), < IHOOP + & [ v Par+ [C1pGE X2 0 0)dr
s 5 S
t t
v2c [wniziiar -2 e, ziam).
S N
Since o (X} ¢, X>®)|? = Trace (acr* ()_(,1’8, X,2’8>> > ¢ > 0, one has
1 _
2CIE11Z]| < CIY P + 512 Plo (X, X2 P,
It follows that
1 [ .
E(|Y§|2+—/ ZEPa( MY >r)
2 Js
t
<E(IHX)I?) + CE (/ [FXR XEE 0, 0>|2dr)
N

t
+KE (/ |Y;“|2dr> )
S

According to Gronwall’s Lemma, there exists a constant C which does not depend on ¢ such
that

t
E(|xf|2)SCE(|H(Xf>|2+fO f (X X2EL 0, 0)|2dr>, Vs € [0, 1].

We deduce that

t t
E(/ |Zf|2d<MX8>r)sCE(|H(Xf)|2+/ FRLE, X220, 0)|2dr). (4.4)
K 0
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Combining (4.4) and Burkholder—Davis—Gundy’s inequality, we get

t
E( sup |Y§|2> <CE (|H<Xf)|2+f |fXPe X0, 0>|2dr).
0

0<s<t

Hence

1! e
E( sup |Yf|2+—/ |z Pd(MX >r)
0<s<t 2 0
t -
<CE (IH(Xf)|2+/ FAC.EAND GAN) 0>|2dr).
0

In view of conditions (C1)-(ii), (C1)-(iii) and inequality (4.3), the proof is complete.

1337

Proposition 4.4. Let M} = fos ZE erXS. The sequence (Y¢, M?®),. is tight in D ([O, t], Rz)

endowed with the S-topblogy.

Proof. Since M? is a martingale, then according to [28] or [18], the Meyer—Zheng tightness

criteria is fulfilled whenever

sup (CV(YS) +E < sup |Y&| 4+ |M§|)> < 400,
&€

0<s<t

where CV denotes the conditional variation and is defined in the Appendix.
Clearly

t
CV(Y®) <E (/ |FREe, X29, ve, Z§>|ds) .
0
Combining condition (C1) and Proposition 4.3, we derive (4.5). W
4.2. A sequence of auxiliary processes, tightness and convergence

For n € N*, we define a sequence of auxiliary processes Z*" by
Z?’n =V 't — s, X?), s € [0, t],

where v" is the solution of the PDE (3.1).
We rewrite the process Y¢ in the form

t
Vo= B+ [ FREC XPE Y 2 AT = AT (= M,

N

where
N xe
ME = /0 78 dMX’,
s
A" = / [FRYe xPevE, ZD = fRe X2 vE, zem .
0

We define

s
ME" :=/O ZEa (X1 e, X2 6)dw,

(4.5)

(4.6)

4.7

(4.8)
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s
v XL XEOaw,,
0
A - f " (28 = Z0"o(XP°, X70)
= e—72">0 %
s ) {1ze-z2"1> }|(Zf_Zf’")a(Xrl’£, X7l
Lem o e, e — p)

_ [, [(Zf = 20" Xy ©, XPOWZE = 20 "o Xy ©, XPO)
- {\Zf—Zf "\>0} e e, n vl e 2,¢ -
0 |(Zr - Zr )U(Xr ’ Xr )|

rs

Proposition 4.5. For every n € N*, the sequence (M ", N&" AS" L&) _ is tight on the
space (C ([0, 1], R)* endowed with the topology of uniform convergence.

Proof. We prove the tightness of (L% ").~. Since Z;" := V,v"(t — s, X¢), then according to
inequalities (4.2), (3.3) and (4.3), we have for any n, p € N*:

t t
MaX(SupEf IZf|2d<MXS>r,sup1Ef 1Z&"Pd(MX"),, supE sup |X3’8|P)
& 0 € 0 e 0<r<t

< o0. 4.9)

We successively use Assumption (A2) and Schwarz’s inequality to show that for any n

S/
supIE( sup [L5" — L§’"|) < supE( sup / (28 — Z8Mo (XL e, X28)dr
| | K

& s'—s|<8 € s'—s|<8
(4.10)
s/
< K supE (sup(1 + [X>*]) sup / (Z — ZE™)ldr
£ r=t |s'—s|<8 /s
t 1
< 28K sup]E<sup(1 +1x29)) [/ (zeP + |Zf’”|2)dr]2)
& r<t 0
< C,V/5. “4.11)

Using inequality (4.9) and then letting § tends to 0, we deduce the tightness of (L"), ¢ from
Theorem 7.3 in [6]. The tightness of (A% ™).~ can be established by a similar argument. The
tightness of (M%), is simpler, since

/

K
<J\/8”1>5’_<N8’n>s:/ 1{‘Z’€_Zf,n|>0}dr§s/—s.
K

The proof of tightness of (M#"),_ is also easy, once we note that for n fixed, | Z;"| < k5 from
(33). N

Remark 4.1. Working a bit harder than what we have just done, and exploiting a well-known
estimate due to Krylov [22], one could show that the tightness in Proposition 4.5 is in fact uniform
in n. We shall not need this stronger result.

In the next statement, = denotes the convergence in law.

Theorem 4.6. There exists a cadlag process (I?, M ) and for every n, a continuous process (./\/l" ,
N, A"), such that along a subsequence of €, we have: (YS", Men, MEn Tt N[Ens 1| Bt
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APty = (Y, M, MP, NP LAY in (C ([0, £], R)* x (D ([0, 1], R)? respectively
endowed with the topology of the uniform convergence and the S-topology.
Moreover there exists a countable subset D of [0, t] such that forany k > 1, t1, ..., t € DS,

Y MY M) = (Y, My, ..., Yo, My,).

7

Proof. From Proposition 4.4, {(Y*, M?), 0 < & < 1} is tight. Consequently there ex-
ists a cadlag process (Y, M) and a subsequence ¢ such that (Y*, M) = (¥, M)
in D([0, ]; R?) equipped with the S-topology. Combining now Propositions 4.4 and 4.5,
we deduce that for each fixed n, the family (Y‘S/, ME', MEn NEn L AS/’”) is
8/
tight in (C ([0, ¢], ]R))4 x (D ([0, t], ]R))z, where the spaces are respectively endowed with
the topology of uniform convergence and the S-topology. We deduce that along a subse-
quence &, (YE;', Mén, MEnn NEwsn | LEnsn, AE;V") converges in law in (C ([0, ], R)* x
(D ([0, 1], IR))2 to a process (I?, M, M* N L", A"). The last statement follows from The-
orem 3.1 in Jakubowski [18]. W

Remark 4.2. It should be clear from the above proof that the process (Y . M ) does not depend
upon n. So far, (Y . M ) is just the limit of a converging subsequence. Later, it will be
characterized as the unique solution of a BSDE (see Proposition 4.13 and Corollary 4.14).

4.3. The first identification of the limits in €
In this subsection, we will determine the equation satisfied by the limit process (¥, M).

Proposition 4.7. Let (Y, M) be the process defined in Theorem 4.6 as a limit, as ¢ — 0, of
(Ye, M?). Then
(i) Foreverys € [0, t]\ D,

t
Yy = H(X,) +/ f(X,], X,2 Y., Vo't —r, X)dr + A} — AT — (M, — M),
o7 (4.12)
E| sup |V,]>+|X]1* +X]*) = C.
0<s<t
(il) Moreover, M is Fi-martingale, where F} = o{X,, Y,, M,, MENE L, AT, 0 < u
< s} augmented with the P-null sets.

To prove this proposition, we need some lemmas. The first one plays a similar role to that
played by the invariant measure in the periodic case. It was introduced in [20] for a forward
SDE and later adapted in [3] to systems of SDE-BSDE in which the generator of the backward
component does not depend on the variable Z. We do not provide a proof, since that of Lemma
4.7 in [3] can be repeated word for word.

Lemma 4.8. Assume that the Assumptions (A), (B) and (C2)—(C4) hold. For (x3, y, z) €
RY x R x R+ [er v© (x, y, 2) denote the solution of the PDE:

X1 2 _ ﬂ 7
aopo (;5 xz) Dxlu(xa Y, Z) - f ( £ , X2, Y, Z) f(xa Y, Z)» X1 € R, (413)
M(O, x2» )’» Z) = DX]M(Oa x27 y, Z) = O

Then, for some bounded functions B1 and B> satisfying the second line of (2.3), we have
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(i) Dy, Vi(x,y,2) = x1(1 + Ix2|? + |y> + Izlz)ﬁl(%’, X2, ¥, 2), and the same is true with
Dy, V¢ replaced by Dy, Dy, V¥, Dy D,V?® and D, D, V?;

(i) Ve(x,y, z) = x%(l + xl? + Iy? + |z|2),32();—1, X2, ¥, z), and the same is true with
VE replaced by Dy,V*, D,V¢, D, V¥, D} V¢, D;V¢, DIV¥, Dy,DyV*, Dy,D.V* and
DyD,V-.

Lemma 4.9. For any fixed n > 1,

Ky Xl,é‘
/ (f( ; ) sz.,ﬁ" Yfavxvn(t_n Xf))
0

—f(xle x2e vE v -, Xf)))dr

sup
0<s<t

—0

in probability, as ¢ —> 0.

Proof. We set

l,¢

- X _
h(Xy0, X700, Y, Z?’”)zf( s XPE Y Zﬁ’")—f(X}’s, XPO Y, Z9M.

We shall show that lim; .0 supo<.<, | i h(X} ", X%, ¥¢, Zf")dr| = 0 in probabiliy.
Let V¢ denote the solution of Eq. (4.13). Note that V¢ has first and second derivatives in

(x, ¥, z) which are possibly discontinuous only at x; = 0. Then, as in [20], since <p2 is bounded
away from zero, we can use the [t6—Krylov formula to get

VEX)E XDO Y], Z0M) = Vo, Y5 25"
s Xl,s ~
[ (P e vz ) = Fohe xp e vz 2 |
l,¢

s X
+ /0 Trace |:a( ; : Xf’s> D VE(X}e, XPe Y, va")} dr

1,e

s _(x
+/ [DXZVS(X}vS,X}E,Yf, Zf’”)b( ; ,X3'8>—DyV‘E(Xr1’£,X3’£,Yf)
0

Xl,e s Xl,e
x f ;,X%s,yf dr—i—/o D, VE(XLE, X3¢ vE, 728 M)a ;,XZ»S

l.e
X ’
+ Dy VE(X 1 X2EYE, Zf'")Zfa( : ,X%E)} dw,

&
L[ Le y2 Xt
& s€ s€ e &, & * € £k
+ 5/0 DIVEX!E XPE XS, Zi M Zioo | = X0 | (20 dr

1 K Xl,s
+ E/ D DyVE(X\e, X2, YE, Zf’")aa*( ; ,X%8> (ZE)*dr
0

1 N
- 5/0 DD VE(X\e X238 YE, Z8Md(XE, Z5M),



K. Bahlali et al. / Stochastic Processes and their Applications 127 (2017) 1321-1353 1341

l N
+ 5/ DyD,VE(X\e, X238 YE, Z8Md(YE, 757,
0
l N
- 5/ D2VE(XLE, X2E YE, Z8M)d(Z5 "),
0
s
+ / D VE(X!1e, X>¢ YE, 78Md 75", (4.14)
0
In view of Lemma 4.8 and Proposition 4.3,
lim V(x,Y§, Zy") =0.
e—0
Using the fact that 1 = 1{‘le1,£‘<\/§} + l{lxsl_slz\/g} and Lemma 4.8, we obtain
VeSS, XD Y, Z0 M)

< e+ |XP PP 120"

e
X‘7
p2 (; CXDEYS Zfr")

1,e
X
P2 (8 XD Y zf:")

Thanks to Lemmas 4.1, 4.8, Proposition 4.3 and inequalities (3.3), we deduce that there exists a
constant K, (which depends upon n through k%) such that

1/2)
1 1/2
X 2
,32 (_5 X, y7 Z)‘) .
£

Since B, satisfies (2.3), the right hand side of the previous inequality tends to zero as ¢ —> 0.
Similarly, one can show that each term on the lines from the third to the last one in the above
identity tend to zero. Let us detail the arguments for the term on line six, and on the term on line
eight. Let us start with the term on line 6, which is one of the most delicate ones.

XP P4 X2+ YR+ 120" :

T Lixtes g

E( sup [VE(X1e, x2e ye, z&m)

O<s<t

<K,|le+ sup sup
[x1]=E (x2, ¥,2)

1,e

s X
/Dﬁvf(xrl»g,xf»g,yf, zf»")zfoa*< Z ,X}»E) (Z8)*dr
0 &

1
g 3 * XV’E 2,6 &\ ¥
< C sup Trace | Z. oo , X2t ) (Z) dr.
0 &

0<r<s

DIVE(X)PE XPEYE, Z8™)

l,e
Since {Trace Zfao*(%, X2€)(ZE)*dr, 0 < s < 1t} is the increasing process associated to
a martingale which is uniformly L'(P)-integrable, its square root has a bounded expectation.
Moreover, arguing as for V¢, one can show that

sup
0<r<s

DiVS(Xrl'g, X2€,YE, Z&™")|  tends in probability to 0 as & — 0.

We now consider the term on line 8. Since Vv (s, x) € C'2, we use Itd’s formula to get
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t AXlﬁ
Vv (0, XE) = Vo' (e, X§) +/ I (r, L x%¢ ) ar
0 I

l,e

t X
+/ D2 V" (t —r, Xf)a( ; ,Xf’8> dw,, (4.15)
0

Xl,s Xl,a
r <r, : ,X,2’8> = =3, (Vov"(t —r, X5)) — D20 (t — 1, xf)b( L ,Xf’8>
& &

1 3 n e * Xr]’g 2.e
+ ESX’X,XU (t—r X)oo - X0

According to inequalities (3.2) and (3.3), it follows that (4.15) is well-defined. Moreover, we
have

1 )
5 f DD VE(X)E XPEYE, Z0Md(XF, 257,
0

<C sup |D,D,VE(XLe x%e ye zem)

0<r<s

N
X/
0

In view of condition (A2), (4.3) and the fact that |D§xv”| < k3, the L? () norm of the increasing

1,e

X
Trace oo™ ( ; ,Xf’8> D?xv"(t —r, X0)|dr.

. l.e
process f(; |Trace oco* (%, X%’S)D)%x V" (t —r, X?)|dr is bounded (by a constant not depending
on ¢), for each p > 1. Further, the same argument as above shows that

DD, VE(XLe, X2, vE, z25m)

sup — 0, ase — 0.

0<r<s

Similarly, one can show that
‘l s
5/0 DyD,VE(X\e, X238 YE, ZEMd(YE, Z5M),

1 N
- 5/ DIVE(X\E X228 YE, Z89Md(Z5 "),
0

N
+ / D VE(XLe X238 ye, 75Md 78" — 0
0
in probability, as € tends to 0. The proof is complete. W

Lemma 4.10. For every n € N¥, the sequence of processes fo f(X,l‘g, X,z’e, YE, Vo't —
r, X2))dr converges in law (as ¢ — 0) to the process f() f(X}, Xf, Y., Vv (t —r, X,))dr for
the topology of uniform convergence in [0, t].

Proof. The main difficulty comes from the fact that f is discontinuous at x; = 0. We shall give
a sketch of the proof by following that of Lemma 4.9 in [3].

According to Proposition 2.1, the sequence of processes (X !¢, X%#) converges in law (as
& — 0) to the process (X', X?) for the topology of uniform convergence in [0, #]. For k > 1,
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define a function 6 € C (R, [0, 1]) such that  (x) = 0 for |x| < 5, and 6 (x) = 1 for |x| > 7.
For every k, n > 1, we have

t
f FOXLe, X2 Y2, G (c - r, X5))ds
0
t
= f FXPE XPEYE, Vo (t =, X0)0k(X ) )ds
0

t
+ /0 f(X;,é" X?,é" Ysev van(t -r Xf))
x [1 — 6 (X18))ds
= U + U2,

t t
/ FXL X2, ¥, V(e — r, X,))ds = / FXL X2 v, Voo (e — r, X))0(XDds
0 0

t
+ f FXY X2, %, Vo' (t —r, X)) — 6(X)1ds
0
= U} + U}

Note that the mapping
t
o' X2y — / FG x}, ys, Vv (t — s, x{, x))0(x})ds ,
0

is continuous from C ([0, t]) x D([0, t]) equipped with the product of the sup-norm and the S
topologies into R. Hence, using Proposition 4.4, we deduce that Uk1 t = Uk1 as ¢ — 0, for
each fixed k > 1. In the other hand, we use assumptions (C1)-(ii) and (C1)-(iii) and Lemma 4.1
to show that there exists a positive constant ¢ such that for every ¢ and k,

ﬁ.

This allows us to deduce the desired result by passing to the limits firstin € and nextink. W

E|U,3'g|s% and E|U}| <

Proof of Proposition 4.7. Passing to the limit in (4.7) and using Lemmas 4.9 and 4.10, we derive
assertion (i). Assertion (ii) can be proved by using the same argument as those of [32, section
6. N

Let "' == o {X,, Y,, M,, M, N, L', A", 0 <r <s} be the filtration generated by
(X, Y, M, M", N", L", A") and completed by the P-null sets. Combining the estimates in
Proposition 4.3, inequality (4.3), Lemmas A.3 and A.4 in the Appendix, we show that M is
F}-martingale.

The following proposition summarizes Proposition 6.5.2 and Corollaries 6.5.3 and 6.5.4 in
Delarue [10]. We will sketch the proof for the convenience of the reader.

Proposition 4.11. For every n € N* and every s € [0, t] we have

(i) My = f(; Z'd MrX , in the sense that the two processes are indistinguishable.
@) (N", M —M"], =LL
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(iii) The process A" is of bounded variation, and for every progressively measurable process
{Bs : 0 < s <t} satisfying E (f(; |ﬂr|2dr) < 400 we have forany 0 < s < s’ <1,

s 2 s’
f<ﬂr,dA:’> §C</ |ﬂr|2dr)
M- 'z"dMX} —[M— 'z"dMX} })
X (trace”: /(; r - ; /0 r r .

(4.16)

Proof. We first prove assertion (i). It is plain that we could add both X¢ and MX" in the
list of processes which converge jointly in Theorem 4.6 along the subsequence ¢,. Hence
(MX™, Menmy = (MX, M™). It is easy to explicit the matrix-valued increasing process as-
sociated to the d + 2 dimensional martingale (MX™ |, M#") and take the limit in that increasing
process as &, — 0 with n fixed, yielding the fact that

(D= [ s o
M) o \@zhraxs laxnzrir)
from which we deduce that (f; Z'd M — M™); = 0, hence the result.

Assertion (ii) is a consequence of Theorem 4.6. We now prove assertion (iii) and we fol-
low [10]. Thanks to (4.8) and Assumption (C), there exists C > 0 (which value may change
from line to another) such that for every ¢ > 0,n € N*ands <s' <1:

/

s
|AS" — AS"] < C/ |ZE — Z8"|ds.

s

Using the definitions of M®, M*®"  N'®" and the fact that the diffusion coefficient a is uniformly
elliptic, we deduce that:

|AS" — AD"| < Ctrace(IN®", M® — M®"]y — [N®", M® — M*"]y).
Using Theorem 4.6 and assertion (i), we show that foreveryn € N*and0 <s <s' <t
|A?, — A?! < Ctrace([N™", M—M"y —[N", M — M),

Hence, thanks to the Kunita—Watanabe inequalities, for every progressively measurable process
B, satisfying E (fot |,3,|2dr) < 400, we have

1

s 2
<C (/ Iﬂrlzdtrace[/\f”]r>
X (trace{[]&l—/ ZferX] - |:1\7I—/ ZferX] }) .
0 s/ 0 s

| 2

f (B, dA)

Since for every ¢ > 0 and n € N*, the process (JAV®"|* — s) is a supermartingale, then
for every n € N* the process (IN"'|?> — s) is also a supermartingale. We then deduce that
|trace([A"]y — [N"];)| < s’ — s. This completes the proof of assertion (iii). M
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4.4. Identification of the limiting BSDE in n
For s € [0, t] we put

Y =0t —s, Xg) and ZJ =V o't —s, Xy). 4.17)

Proposition 4.12. For every s € [0, t]\ D,

i (20— v+ ([ - [ zamx] - [ir- [ zzawy] )})

—0. (4.18)

Proof. For R > 0, let D = {x € IR‘H‘l, x| < R} and tg = inf{r > s, |X,| > R},
inf{d} = oc. _
Step 1: Estimate of E (Y7, — Yenep]?).

By It6’s formula, we have

.
Y? =0"(0, X;) —
s v ( ‘) /;_8}’

n

(t—r, X))+ Lv"(t —r, X,)] dr

13
—/ V" (t —r, X, )dMX
S

t ‘8 n _
=0"(0, X;) —/ 8v t—r X))+ L@ —r, Xr)] dr
s L or

1 t
+ / (L" — L) v"(t —r, Xr)dr—/ zrdMX.
s s
In view of (3.1), (4.12) and (4.17), we have
t
Y — ¥, =v"0, X)) - Y, +f [ /"X, Y Z0) = f(X,, Yy, Z))]dr
o _ ’ t t _
+ / (L — L) v"(t —r, X,)dr —/ dA” +/ (ant, - zpam).
N N N

Using It6’s formula on [s A tg, t A Tg], it follows that

E(|YY’I/\1'R_YYAIR|2)+E{(I:M_/OZ;ldM;?(iI _|:M_/(;Z;ldM3(i| )}
INTR SATR

=K |Un(0, Xt/\TR) - )7’/\71?‘2

INTR _ _ _ _
+ ZIE/ (Y' =Y, f"X Y ZH— f(Xp, Y, ZD))dr
K

ATR
INTR _ _ _ INTR _
+ 2]E/ (Y =Y., (L"—=L)v'(t—r, X,))dr — ZIE/ (Y=Y, dA}).
SATR SATR

(4.19)

Let C be a constant which can change from line to line. First, since f is uniformly Lipschitz in
the y-variable, it follows that

INTR _ _ _ _
B A L O R L 1
s

ATR
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IATR _ IATR
B[ o dParsE [ UGG 2 - FO v ZP
N

ATR SATR

INTR _ ) INTR  _ _ )
< CE/ |Y" rarg — Yrarel dr+IE/ "Xy, Y, Z0) — f(Xr, Y, Z))]
s 0

ATR

_ IATR
< CE/ 1Y) o = Yrncpl?dr —}—E/ (X, Y, ZM) — f(X,, Y™, ZM)2.
0
(4.20)

The same argument shows that

INTR _ _ _
ZIE/ (v} =Y., (L"—L)v"(t—r, X,))dr
SATR

_ INTR _ _
<E f YL oy — YeneglPdr +E f V" (¢ =1, X0)PIB" (X)) — b(X,)2dr
0

INTR
+E ( / |D2 vt —r, X,)[2@"(X,) — a(xr>|2dr) .
0

For each n € N* and R > 0, we put

R .
SR =B 0" — 1 A TR, Xingg) = Finey|”

IATR _ _
+E / Xy, Y Z0) = F(X,. YD, Z0)Pdr
Sl/\TR _ _
+E f Vo (t — 1, X)IP16" (X)) — b(X,)|dr
0

INTR
+E ( f \D2 V(1 —r, X,)Pla"(X,) — a<xr>|2dr).
0

Next we deduce from inequality (4.16), with the choice g := Y" — Y, that for any o > 0,

IATR _ C INTR _
/ (Y] =Y., dA})| < SE (/ |yn — Yr|2dr)
SATR (24 SATR
+ Co’E [1\71 - / zfdM,X] - [1\71 - / ZfdM,X]
0 IATR 0 SATR
=< —2 </ |y FATR r/\rR| dr>
+ Co’E [1\71 - / zfdM,X] - [1\71 - / Z;’dM,X] . @.21)
0 IATR 0 SATR

We choose a? such that Ca? < % then we use identity (4.19) to get

_ 1 _ . ) )
(| g — Ysargl ) + -E M — zZhdmX — M- 70 amX
SATR 2 0 r r - o r r nex

nR+CE/ 1Y) e — M,R| dr.

2E
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Therefore, Gronwall’s Lemma yields that

E (1Y = Foncel’) +E [M - / ZfdM,X] - [M - / z;’dM,X]
0 INTR 0 SATR
< Ki(C, 1))~ (4.22)

Step 2: Let us prove that limg_ 400 limy,— 100 5;"R =0.
We have 8% = I!' + I + I}, with

INTR _ _
I =E / IVt = r, X)PIB"(X,) — b(X,)*dr
0
INTR
+E f D3 V" (¢ — 1, X)PPla"(X,) — a(X,)|dr,
0
INTR _
Bk [ v 2 - X ¥ 2P
0

IATR _ -
= E/ |fn(Xr7 vn(t -1, X)), van(t -1 X)) — f(X, Un(t —r, X)),
0
Vo't = r, Xp))|dr,
= 2
13” =FE |vn(t — I N TR, erR) - Yt/\rR| .

Using Holder’s inequality, Krylov’s estimate, (3.15) and Proposition 4.2, one can show that
I{ tends to zero as n tends to infinity.

We show that /7 tends to 0 as n tends to oo. Let M > 0 and put I := Ig’l + I;’z, with

INTR
1 ; 7
L 2=]E/0 | (Xr, Y0, Z0) = F(Xp, Y2 ZD P gye iz <mydr
and
w2 INTR _ )
1y 1=]E/0 "X, Y Z0) — f(Xes Y ZD)" 1 gyn 420> mydr.
We have

IATR

y 2 2

I s]E/O s P Xy 9 = P Xy
yl+lz|I=M

We put 2" (x) := Supyjy|4j;j<m) |f_"(x, y, 2) — f(x, v, z)|.
Thanks to Krylov’s estimate, there exists a positive constant N = N (¢, R, d) such that

1 INTR
<R / W (X,)Pdr < N|Ji"
0

I7
2 Ld+2(DR)’

Since f" and f satisfy (C1), Y := v" (¢ — 5, X;) and Z" := V,.0"(t — s, X,), we get
2 INTR _ _ )
1" < E/ (f" X, Y2 ZDI+ 1 (X, Y ZHD 1gyn 4 ze)>mydr
0

INTR
< sz (U 1%+ 1Y)+ 12D Ly 1z oy
0
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l—

1

IATR 4 2 INTR
<2K (E/ (41X, ]+ 1Y + 127D dr) (E/ l{y,n|+|z;1|>M}dr)
0 0

1
2K tIATR 2 IATR 2
<= (E/ (1+|Xr|4+|Y:’|4+|Zf|4>dr> (E/ <|Y,”|+|zf|)dr)
M2 0 0

2K
M2

1

INATR 2
(E/ (41X 2+ 0" =1, X))+ V" (e =, x,)|4>dr>
0

IA

1

2

INTR
X <]E/ (W't —r, X))+ | V" (¢ =, Xr)|)dr>
0

According to Krylov’s estimate, there exists a constant N = N (R, ¢, d) such that

1
2

INTR
(E/ (1+|Xr|“+|v”(r—r,xr>|4+|vxv"(r—r,Xr>|4)dr)
0

1
2

n4 n 4
= N<1 + R + ||'U ”L‘H'Z([O, t1xDRg) + ”V)Cv ”Ld+2([0, l]XDR)> )

and
1

2

INTR
(E/ (W't —r, X)) + V" (1 — 7, Xr)|)dr>
0

< N<||v"||Ld+2([(), t1xDRg) + ||van||Ld+2([0, t]XDR)) .

But, thanks to (3.15), v" and Vv" are bounded in each L] ([0, ] x R?*1) uniformly in n. We
then deduce that there exists a positive constant K1 = K (¢, R, d) such that

K

1"

sup12"’2 <
n M2

Therefore,

I
I; <K@t R.d) [Ilh”llim(m) " F} ' (4.23)
2

Passing successively to the limitin n and M, we deduce that I} tends to zero as n tends to infinity.
We shall show that /3’ tends to 0 as n tends to co. We have

= 2
I =E "t —t Atr, Xinrg) — Yinrg|
2
=E[v"(t — 1t AR, Xingg) — vt — 1 A TR, Xing)|
= 2
+E|v(t —tATR, Xinrg) — Yer| .

S_ince as R tends to oo, v(f — t A TR, Xsarg) tends to v(0, X;) = H(X;) and )_’,MR tends to
Y; = H(X;), then we pass to the limit first in » and next in R to deduce that I;’ tends to zero as
n tends to infinity. Consequently img_s 1 o0 lim,,_s 4o 8'11’R =0.

Since T tends increasingly to infinity as R tends to infinity, then for R large enoughtAtg = ¢
and hence lim,—, 40 (E (1Y — Y,|)+E{(IM — [; Z'dMX], — [M— [; Z!dMX],)})=0. W
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We now define
Yy = vt —s, Xy), Zs = Vu(t —s, Xs),

where v is the solution of the PDE (2.5). Note that although V,v(,-) is only an element of
loc([O ] x R4+ (for any p > d + 2), since X is non degenerate diffusion, it follows from
Krylov’s estimate (see [22]) that V v(t — s, X;) is well defined as a random element of L?(0, 1).

Proposition 4.13. For every s € [0, t],

n——+o00

t
lim (E(lYS" ~ %) +IE/ |z — ZS|2d(MX)S) =0.
S

Proof. Since v belongs to W;) IZUC, then It6—Krylov’s formula and the uniqueness of the backward
component of Eq. (2.4) show that for every s € [0, ¢],

Yo =v(t — s, Xy). 4.24)

In another hand, since
Y, = H(X,) +/l f(Xy, Yr, Z)dr — /t Z,dM*
s s
Y ="(0, X;) — /O[ (X, V"t —r, X)), Vu'"(t —r, X,))dr
+ /O[ (L" — L)v"(t —r, X,)dr — /Ot zZrdmX,

then using It6’s formula on [s A tg, f A Tg] and arguing as in the proof of Proposition 4.12, it
holds that:

INTR

1
E' SATR YS/\TR|2 + EE/ |Z;l - Zs|2d(MX>s
s

SATR
2
<E (lv”(r —t ATR, Xinrg) — Yinegl )

INTR _ _
+ E/ (an - Yr, fn(er Un(t - T, Xr)» vn(t - Xr)) - f(er Yr» Zr)>ds
S

ATR
INTR _

+E/ |(L" = L)v"(t — 1, X)) dr—i—CE/ Y ep — Yrncg I 2dr.
0

Since (Y, Z") = (v"(0, X;), V,v"(0, X,)), it follows that

2 1 IATR 2 X
E' SATR YSAIR' + EE/ |Z:l — Zs|"d(M™ )
s

SATR

E (lvn(t —IN TR, XIA‘[R) - Yl‘/\TR|2>

INTR
+/ ¥" = Yy, F' Xy, YO, 20— Xy, Y2, Z0)ds

ATR

INTR _ _
FE [ O ¥ 2D - FX Y Zds
s

ATR
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INTR _ _
+Ef <an_Yra f(X;, Y, Z:})_f(xr» Y., Z,))ds

SATR

INTR _ _ 2 t
+ / |(L" = L)v"(t —r, Xp)| dr + CIE/ Y ep — Yrncg2dr.
N N

Since f is uniformly Lipschitz in (y, z) with the same Lipschitz constants K as f, then for any

o > 0 satisfying § < 5, we have

5 1 K INTR 5 ¥
EIY{rrg = Yonml +<——;)Ef |Z) — Z,17d(M™),
K

2 ATR

<E (|Un(f —tANTR, Xineg) — Yl/\tR|2)
INTR _
+ IEI/ (X, Y, Z") — f(X,, Y", Z")|*ds
0

IATR t
= = 2
+ IE/ [(L" — L)v*(t —r, X)|"dr + (C+ K +a)E/ 1Y eh — apldr.
0 s
We set

R =B (10" =1 Ak, Xiney) = Yine )

INTR _
+ E/ /" Xp, Y] 20 = F(X, Y, Z))Pds
0

INTR _ )
+Ef |(L" = L) v"(t —r, X,)| dr.
0

Arguing as for S’f’R, we show that limg_, 400 lim,—, 4 5; *R — 0 and the conclusion follows as
in the proof of Proposition 4.12. W

Corollary 4.14. IP{VS e[0,¢], Y, = v(t — s, XS)} = 1, which implies that ()_,_y)sft is
continuous. Moreover Y¢ = Y.

Proof. Combining Propositions 4.12 and 4.13, we deduce that for all s € [0, ] — D, Y, =Y, =
v(s, Xs) a.s. Hence Y has a continuous modification, which coincides a.s. with Y on [O, t]. But
Y is calag, hence it is a.s. continuous and identical to Y.

Since Y was defined as the limit in law of an arbitrary converging subsequence of the sequence
Y¢, Y, = v(s, X,), and the law of X is uniquely determined, the law of {v(s, X;), 0 < s <1} is
uniquely determined. Consequently, the whole sequence converges: Y* =Y. N

Proof of Corollary 2.5. From Egs. (4.7) and (4.12), we have
Y§ = H(X])+ A]" + /Ot FXE, XPE Y, Z8™Mydr — Mf
Yo = H(X,) + A" + /Ot f(X,, Yp, ZMdr — M.
By Corollary 4.14 and the continuity of the projection at the final time ¢ € D: y +— y;, we

deduce from the above two identities that Y converges towards Yy in distribution. Moreover,
since YOE , Yp are deterministic, we deduce that lim,_, Yg = Yp = Yp. That is, by using the non
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simplified notation,
1,x,€ t,x
Y() — Y0 .
In other words, as € — 0,

Vi, x) = v, x). A
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Appendix. S-topology

The S-topology has been introduced by Jakubowski [18] as a topology defined on the
Skorohod space of cadlag functions: D([0, T]; R). This topology is weaker than the Skorohod
topology but tightness criteria are easier to establish. These criteria are the same as the one used
in Meyer—Zheng [28].

Let N%?(z) denotes the number of up-crossing of the function z € D([0, T]; R) in a given
level a < b. We recall some facts about the S-topology.

Proposition A.1 (A Criteria for S-Tight). A sequence (Y®)¢~q is S-tight if and only if it is
relatively compact on the S-topology.

Let (Y®)c~q be a family of stochastic processes in D([0, T]; R). Then this family is tight for
the S-topology if and only if (||Y¢ |lso)e=0 and (N2 (Y¢))s=q are tight for each a < b.

Let (£2, F, P, (F;)s=0) be a stochastic basis. If (Y)o<,<7 is a process in D([0, T1; R) such that
Y; is integrable for any ¢, the conditional variation of Y is defined by

n—1

CV(Y) = sup > EIE[Y,,, — Y, | F, 1.

0<ty<---<ty=T, partition of [0, T] ;=1

The process is call quasimartingale if CV(Y) < +o00. When Y is a F;-martingale, CV(Y) = 0.
A variation of Doob inequality (cf. lemma 3, p.359 in Meyer and Zheng [28], where it is assumed
that Y7 = 0) implies that

2
P| sup [Y|>k|=<—-|CVX)+E| sup |Y;|]|],
1€l0, T k 1€[0, T

1
E [N“‘b(Y)] < P— (Ial +CVY)+E |: sup ] |Yt|:|> .

tel0, T

It follows that a sequence (Y¢)~¢ is S-tight if

sup [CV(Y®)+E| sup |Y/]]|] < +o0.
>0 t€[0, T]
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Theorem A.2. Let (Y¢).~¢ be a S-tight family of stochastic process in D([0, T]; R). Then there
exists a sequence (&;)reN decreasing to zero, some process Y € D([0, T1; R) and a countable
subset D € [0, T] such that for any n and any (t1, ..., t,) € [0, T]1\ D,

Dist
Yk, LY = (Y, L Y.

Remark A.1. The projection : 77 y € (D([0, T]; R), S) — y(T)is continuous (see Remark
2.4,p.8in [18]), but y = y(¢) is not continuous foreach0 <t < T.

Lemma A.3. Let (Y%, M?) be a multidimensional process in D([0, T]; RP)(p € N¥)
converging to (Y, M) in the S-topology. Let (.7-?‘8),20 (resp. (}"tX )i>0) be the minimal complete
admissible filtration for X¢ (resp. X). We assume that sup,_oE [supoftsT |Mf|2] < Cr, for
everyT >0, M isa F X* -martingale and M is FX-adapted. Then M is a FX -martingale.

Lemma A4, Let (Y®).~0 be a sequence of process converging weakly in D([0, T]; RP) to Y.
We assume that sup, o E [supy, <7 |Y{|*] < +oo. Hence, for anyt > 0, E [supy<, <7 |Y;|*] <
+00.
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