Averaging for SDE-BSDE with null recurrent fast component
Application to homogenization in a non periodic media

K. Bahlali!, A. Elouaflin?, E. Pardoux?®

June 8, 2015

I Université de Toulon, B.P. 132, 83957 La Garde Cedex, France
e-mail: bahlaliQuniv-tln.fr
2 UFRML, Université d’Abidjan, 22 BP 582 Abidjan, Cote d’Ivoire
e-mail: elabouo@yahoo.fr
3 Aix-Marseille Université, CNRS, Centrale Marseille,
I12M, UMR 7373 13453 Marseille, France

e-mail: etienne.pardoux@univ-amu.fr

Abstract

We establish an averaging principle for a family of solutions (X¢,Y¢) := (X%¢ X% Y*®) of
a system of SDE-BSDE with a null recurrent fast component X! ¢. In contrast to the classical
periodic case, we can not rely on an invariant probability and the slow forward component
X?¢ cannot be approximated by a diffusion process. On the other hand, we assume that the
coefficients admit a limit in a Cesaro sense. In such a case, the limit coefficients may have
discontinuity. We show that we can approximate the triplet (X1'¢, X2¢ Y*) by a system of
SDE-BSDE (X!, X2,Y) where X := (X', X?) is a Markov diffusion which is the unique (in law)
weak solution of the averaged forward component and Y is the unique solution to the averaged
backward component. This is done with a backward component whose generator depends on the
variable z. As application, we establish an homogenization result for semilinear PDEs when the
coefficients can be neither periodic nor ergodic. We show that the averaged BDSE is related to
the averaged PDE via a probabilistic representation of the (unique) Sobolev Wdlfuo (R xRY)—
solution of the limit PDEs. Our approach combines PDE methods and probabilistic arguments
which are based on stability property and weak convergence of BSDEs in the S-topology.

Keys words: SDE, BSDEs and PDES with discontinuous coefficients, weak convergence of SDEs
and BSDFEs, homogenization, S-topology, Averaging in Cesaro sence, Sobolev Spaces, Sobolev solu-

tion to semilinear PDEs.
MSC 2000 subject classifications, 60H20, 60H30, 35J60, 60J35.

1 Introduction

The averaging of stochastic differential equations (SDE) as well as the homogenization of a partial
differential equation (PDE) is a process which consists in showing the convergence of the solution
of an equation with rapidly varying coefficients towards an equation with simpler (e.g. constant)
coefficients.

The two classical situations which were mainly studied are the cases of deterministic periodic
and random stationary coefficients. These two situations are based on the existence of an invariant
probability measure for some underlying process. The averaged coefficients are then determined as
a certain "means" with respect to this invariant probability measure.



There is a vast literature on the homogenization of PDEs with periodic coefficients, see for
example the monographs [5, 19, 31| and the references therein. There also exist numerous works
on averaging of stochastic differential equations with periodic structures and its connection with
homogenization of second order partial differential equations (PDEs). Closer to our concern here,
we can quote in particular [7, 8, 9, 12, 18, 20, 28, 33, 34] and the references therein.

In contrast to these two classical situations (deterministic periodic and random stationary coef-
ficients) which were mainly studied, we consider in this paper a different situation, building upon
earlier results of [23] and more recently those of [1, 2|]. We extend the results of [23] to systems of
SDE-BSDEs and those of [1, 2] to the case where the generator f of the BSDE component depends
upon the second unknown of the BSDE. As a consequence, we derive an homogenization result for
semilinear PDEs when the nonlinear part depends on the solution as well as on its gradient.

In [23], Khasminskii & Krylov consider the averaging of the following family of diffusions process
indexed by ¢,
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where X1%¢ is a one-dimensional null-recurrent fast component and X;”
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2% is a d-dimensional slow
component. The function ¢ = (1, ..., o) [resp. & = (ij)ij, resp. b = (b1, ...,bg)| is RF-valued
[resp. R¥**_valued, resp. Revalued]. W is a k-dimensional standard Brownian motion. They
define the averaged coefficients as limits in the Cesaro sense. With the additional assumption that
the presumed limiting SDE has a weakly unique (in law) solution, they prove that the process
(X+™, X2™) converges in distribution towards a Markov diffusion (X&', X>%). As a byproduct,
they obtain an homogenization property for the linear PDE associated to (X1 € X2™¢) when the
limit Cauchy problem, associated to the limit dlffuswn (Xs LA , X 2 "), is well posed in the Sobolev
space W " (Ry xR?) for each p > d+2. Here, W ( 4+ X ]Rd) is the Sobolev space of all functions
u(s, ) deﬁned on Ry x R? such that both u and all the generalized derivatives Dsu, D u, and D2 u
belong to LT (R4 x RY).
Later, the result of [23] was extended to systems of SDE-BSDE in [1, 2|. Furthermore, in [1, 2]
the uniqueness of the averaged SDE-BSDE as well as that of the averaged PDE were established
under appropriate conditions, building upon the results from [25]. However, in [1, 2| the backward

equation does not depend on the control variable. More precisely, the result of [23] was extended,
in [1, 2|, to the following SDE-BSDE.
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where MX"" is the martingale part of the process X := (X 1%¢ X2%:),
The system of SDE-BSDE (1.2) is connected to the semilinear PDE,
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where, £¢ is the infinitesimal generator associated to the Markov process X®¢ = (X 1®e X 2:8),

In the present paper we consider the situation where the coefficient f depends upon x, y and z.
This more general situation will force us to develop a new methodology. That is, the SDE-BSDE
in consideration is defined in [0, ¢] by,
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where MX"" is the martingale part of the process X := (X1%¢, X2%) ie.

s Xl,:r,s
MX" ;:/ o( ’“6 , X259 dW,, 0<s<t.
0

If we put for 4, 5=1, ..., d,

0 . %) 1 1
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(note that a is a (d+ 1) x (d + 1) matrix, whose rows and columns are indexed from i = 1 to i = d,
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while @ is a d X d matrix), and X*° := <§27m£> , then the SDE-BSDE (1.4) can be rewritten in
the form
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In this case, the nonlinear part of the PDE associated to the SDE-BSDE (1.5) depends on both
the solution and its gradient. More precisely, this PDE takes the form
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where £ is the infinitesimal generator associated to the Markov process X%¢ 1= (X1#¢ X2:2¢)
which is more precisely defined by
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p, ¢ and b are the coefficients which were defined above, f and H are real valued measurable
functions respectively defined on R¥! x R x R and R4+

We want to study the asymptotic behavior of the SDE-BSDE (1.5) when € — 0. Note that under
suitable conditions upon the coefficients, the function {v¥(¢, ) := Y§, t > 0, z = (21, 22) € R¥1}



solves the PDE (1.6), see e. g. Remark 2.6 in [32]. Therefore, we will also study the asymptotic
behavior of the PDE (1.6).

Asin [1, 2, 23], we consider here the averaged coefficients as limits in the Cesaro sense. Usually,
the averaged coefficients are computed as means with respected to the (unique) invariant probability
measure. In our situation, due to the fact that the fast component is null recurrent, we have no
invariant probability measure. Therefore the classical methods do not work. Furthermore, since the
variable Z° enters the generator of the backward component and is not relatively compact in any
reasonable topology, the identification of the limit of the finite variation process of the backward
component is rather hard to obtain. In particular the methods used in [1, 2] do not work.

In order to prove that the limit problem is well posed, we establish the existence and uniqueness
for the limiting SDE-BSDE as well as the unique solvability of the limiting PDE in the Sobolev
space W lOC(lR+ x RY), p>d+2. We use Krylov’s result [25] and standard arguments of BSDEs
to establish the existence and uniqueness of the limiting SDE-BSDE. The unique solvability of the
limiting PDE is more difficult to prove. Due to the lack of (Hélder’s) regularity of the diffusion
coefficient, the pointwise estimates of the gradient can not be obtained in our situation. To ovoid
these problems, we develop a method which consists in establishing an LP-local version of the
Calderon-Zygmund theorem. Our strategy is based on the W festirnate for solutions of linear
PDE with discontinuous coefﬁments proved in [14]. We use the Gagliardo Nirenberg interpolation
inequality in order establish a W ~estimates for solution of semilinear PDEs. We then obtain a
compactness characterization of a suitable approxnnating sequence of PDEs from which we derive
the existence of solutions in the space W l e~ The uniqueness is then deduced from the uniqueness
of the limiting SDE-BSDE and the Ito- Krylov formula.

We now pass to the averaging problem. The lack of a reasonable compactness of (Z¢) create
some difficulties in the identification of the limits. Note also that, since (Z¢) is not a semimartingale,
then the method developed in [1, 2, 23] do not directly apply. To avoid these difficulties, we give
an approach which combines PDE methods with probabilistic arguments. Indeed, building on the
PDEs, we construct a sequence of semimartingales (Z%™) that we substitute to (Z¢). This allows
us to use the method developed in [1, 2, 23]. Next, we show that the problems with (Z°") and
that with (Z¢) average to the same limit. The limits are obtained by combining a regularization
procedure, a stability property and weak convergence techniques already used in [1, 2, 12, 23|. Let
also note that, in a periodic media, some authors have studied the asymptotic behavior of the the
PDE (1.6). We refer to Gaudron and Pardoux [15] in the particular PDEs whose nonlinearity term
depends upon the gradient in a quadratic growth manner. The case where the nonlinearity depends
fully upon the gradient have been considered by Delarue [12], who developed some of the methods
which are needed in this paper.

The paper is organized as follows: In section 2, we give the formulation of the problem and state
the main results. Sections 3 and 4 are devoted to the proofs of the two main theorems.

2 Formulation of the Problem and the main results

2.1 Notations
For a given function g(x), we define, whenever they exist, the following limits
gt (x2) = limg, 400 — - f (t, z2)dt, g (x2) :=limy, oo a f g(t, x2)d

and g*(z):=g (5U2>1{a:1>0} +9 ($2)1{x1§0}-
Let p(x) := ago(z) L. The assumptions we shall make below will allow us to define the averaged



coefficients b, @ and f by:

(o) @) .

bz(x) = (i) y s ,d
aj(x) (paz])($§ ), 1,7=0,1,..,d (2.1)
+(z Z
f((E, Y, Z) = (pf)pjg(;:)ya )

It is worth noting that b, @ and f can be discontinuous at 1 = 0.

2.2 Assumptions

The following conditions will be used in this paper.
Assumption (A)

(A1) The functions b, G, ¢ are uniformly Lipschitz in (). Moreover, for each x; their derivatives
in x2 up to and including second order derivatives are bounded continuous functions of xs.

(A2) There exist positive constants A and C; such that for every = and &, we have

¢ aé > M|¢?

and
(i) ago(z) < Ch

(i) S0 [ (z) + b3 (2)] < C1(1+ |22/?)

Assumption (B) Limits in the Cesaro sense.

(B1) We assume that, as x; tends to oo,
1 ™

1 [ 1 [
— p(t, z2)dt (resp. / Dy, p(t, x2)dt, resp. / Dfmp(t, x9)dt) tends to
T 0 I 0 I 0

pE(x2) (vesp. Dg,p*(w2), resp. D2 p*(z3)) uniformly in zo.
We refer to p*(z2) as a limit in the Cesaro sense.

Here and below D,,g and D%Q g respectively denote the gradient vector and the matrix of
second derivatives in xy of g.

(B2) Fori=0,..,d, j=1, .., d, the coefficients pb;, D,,(pb;), D%Q (pby), paij,
Dy, (paij), D2, (pai;) have averages in the Cesaro sense.
(B3) For any function g € {p, pbj, Da,(pb;), D2,(pb;), paij, Da,(paij, D2, (pai;)}, there
exists a bounded function o such that
o Jo gty w)dt — g (z) = (1 + |22f*)a(2),
(2.2)

limg, |00 SUDP,, crd la(z)] = 0.



Assumption (C)

(C1) There exist K > 0 and p € N* such that for every (z,y,v/, 2, 2') € R x R? x RIXF x RIXk
(Z) |f(x,y,z)—f(;v,y’,z’)] SK(|y—y/|+|Z—Zl|)
(@) |f(z,y,2)] < K(L+ |z2|P + [y| + |2])

(iii) |H(x)] < K(1+ |o1]P + |22|) and H belongs to W2, (R**1)

,loc

(C2) pf has a limit in the Cesaro sense and there exists a bounded measurable function 8 such that

% 0331 p(tv IEg)f(t, x2, Y, Z)dt - (pf)i(xv Y, Z) = (]‘ + |1)2|2 + |y’2 + ‘Z|2)/8($7 Y, Z)
(2.3)

hm\xl\—wo SUD (25, y, z) R4 x Rx R1% (d+1) 6z, y, 2)| = 0,

where (pf)i(xv Y, Z) = (pf)Jr(x?a Y, Z)l{:t1>0} + (pf)i(x% Y, Z)l{:mgO}'

(C3) For every x1, pf has derivatives up to second order in 9, y, z and these derivatives are bounded
and satisfy (C2).

(C4) For every z, the derivatives of f in x9, y and z up to and including second order derivatives
are bounded continuous functions.
Assume that (A), (B), (C) are satisfied. It is well known that:

For every € > 0 and every (t,z), the system of SDE-BSDE (1.5) has a unique solution which we
denote by (X&°, Y™, Zb™%) <4<t such that,

o (Ybme zbtwe)is FX™ adapted, where FX"° denotes the filtration generated by the process
X%, More precisely, (X%, Yt&e  Z62¢) is adapted to the filtration FB generated by the Brownian
motion B.

e sup, E(supyc,< [Y,EE)2 4 fg |Z$’I’EU(XT)|2d7“) < 0.
e For every £ > 0, the semilinear PDE (1.6) has a unique solution v in C2.

e Note that, since a is uniformly elliptic, we also have sup.E fg |Zf~’$’€\2dr < 00. Moreover, we
have the relation
va(t’ x) _ Yot,ac,e‘

Let @, b and f be the averaged coefficients defined by (1.6). For a fixed (¢, z), let (X%, Y&, Zﬁ’m)se[ovﬂ
denote the solution of the following system of SDE-BSDE

X =+ [fo(XF)dr + [§ 6(XF)dW,, 0 < s <.

(2.4)
YP = H(XP) + [P F(XE, Y05, 200 dr — [ ZE5dMXT, 0<s<t,
where MX" is the martingale part of X<.
The PDE associated to the averaged SDE-BSDE (2.4) is given by

00 s 2) = (Lv)(s,2) + [(, v(s, 7), Vav(s, ), 530

—(s,x) = .

85 Y ) ) 9 ) €T b b p (2.5)

v(0,2) = H(x).



where L is the infinitesimal generator associated to the process X and given by,

2
L(z) = Z aij(m)ax‘?% + Z bi(z) aii’ (2.6)

Our aim is show that,
1) equations (2.4) and (2.5) have (in some sense) unique solutions (Y&, Z&®) and v.
2) (XP°, Y™, ZL™F) converges in law to (X2, Y™, ZL7),
3) v converges to v in a topology which will be specified below.

According to Khasminskii and Krylov [23] and Krylov [25], we deduce

Proposition 2.1. Assume that (A), (B) are satisfied. For each x € RYY, the forward com-
ponent X%¢ = (Xb®e X%%€) converges in law to the continuous process X% = (X1® XbLe)
in C([0,t]; RHY), equipped with the uniform topology. Moreover, X® is the unique (in law) weak
solution of the forward component of the system of equations (2.4).

2.3 The main results

Proposition 2.2. (Uniqueness of the averaged BSDE) Assume (A), (B), (C) be satisfied. Then,
for any (t,z) € Ry x R the backward component of the system of equations (2.4) has a unique
solution (Y% Z4%) such that,

(a) (Y, Z%) is FX—adapted and (Y3", [1 Z0° dAMX" )o<s<y is continuous.

(b)  E(supoces [V + [5 12070 (X7)Pdr) < co.

(¢c) Moreover, Yy'" is deterministic.
The uniqueness means that, if (Y'Y, ZY) and (Y2, Z?) are two solutions of the backward component

of (2.4) satisfying (a)—(b) then, E (SUPogsgt v — YS2’2 + f(f | Z}o(X,) — ZEU(XT)IQCZO =0

Proof. Thanks to Remark 3.5 of [33], it is enough to prove existence and uniqueness of solutions
for the BSDE

t t
Yo = H(XP) + / FOX7, Y00, Zp")dr — / ZptdW,, 0<s<t.
S S
Since f satisfies (C) and p is bounded, one can easily verify that f is uniformly Lipschitz in (y, 2),
i.e. satisfies (C1)(i). Existence and uniqueness of a solution follow from standard results for BSDEs,
see e. g. [32]. Finally, since (Y&'*) is FX" —adapted then Y’ is measurable with respect to a trivial

o—algebra and hence it is deterministic. [

The following theorem is closely related to the previous proposition. It shows that the averaged
PDE is uniquely solved. It will also be used in the averaging of the SDE-BSDE as well as in the
averaging of the PDE. However, this theorem is interesting in its own since it establishes existence,
uniqueness and W2 ([0, t] x R%)-regularity (for any p > d+2) of the solution for semilinear PDEs

p,loc
with discontinuous coefficients. It extends, in some sense, the result of [14] to semilinear PDEs.

Theorem 2.3. Assume that (A), (B), (C) are satisfied. Then, equation (2.5) has a unique solution

v such that v € W;’lic([(), t] x R?) for any p > d+2. Moreover, this solution satisfies v(t,z) = Yot’m.

The averaging of the backward component of equation (1.5) is given by the following theorem.

Theorem 2.4. [Averaging of the SDE-BSDE (1.5)] Assume that (A), (B), (C) hold. Then, the
sequence of processes (Yst’x’s, fst A dMX )o<s<t converges in law to (Yst’m, fst ZL" dMX Yo<s<t in
D([0,t]; R?), equipped with the S—topology. Here MX" is the martingale part of X* and (Yst’x, Zﬁ’x)
is the unique solution of the backward component of equation (2.4).



Remark 2.1. In [23], the proof is mainly based on the fact that X¢ is a semimartingale. Similarly,
in [1] the semimartingale property which enjoy X¢ and Y* plays an essential role, see remark 5.1
in [1]. If we try to follow [23] and [1], we need that Z° be a semimartingale also. Unfortunately
Z¢ is not a semimartingale. Our strategy then consists in replacing Z° by an “approximate” semi-
martingale. The task is to construct a continuous function v, which is smooth enough such that the
process (v(s, Xg), Vyu(s, Xg)) := (Ys, Zs) is a unique solution of the limit BSDE. To this end, by
a compactness argument, we consider the mollified coefficients (a", b", f, H") and the associated
solution v™. Note that since our diffusion coefficient a is discontinuous, then we can not obtain a
uniform bound for V,v". We show that the sequence (v™) can be estimated in Wp loe Uniformly
in n. We then deduce a compactness characterization of the approximate sequence from which we
derive the weak convergence towards the function v. Further, we substitute Z¢ by V v™(., X¢) in
the BSDE-equation (2.5).

Corollary 2.5. (Averaging of the PDE (1.6)) Assume (A), (B), (C) hold. Then, for every (t,x) €
Ry x R w8(t,z) = v(t,z), as e — 0.

3 Proof of Theorem 2.3

Let a;‘], b” f™, H"™ denote a regularizing sequence of aij, b;, f, H respectively. For each n > 1,

aps, b n f* H™ are infinitely differentiable bounded functions with bounded derivatives of every
order H™ converges uniformly on compacts sets towards H. Moreover az, b” f™ converge respec-

tively to @, b, f in LY for every p > d+2. We assume in addition that the assumptions (A1), (A2)
and (C1) are satisfied along the sequence, with constants which do not depend upon n.

Let us define
En = n
() Z 8:5 (9xj + Z 8xz

Z,j K3

Consider the sequence of PDEs on [0, ¢] x R4

%’—:(s, x) = L"(x)v"(s, ) + f(x, v"(s, x), V0" (s, z)) =0
(3.1)
V(0,2) = H'(2)

Note that, for each n, the PDE (3.1) admit a unique solution v™ which is twice continuously
differentiable in (s, x) and three times continuously differentiable in x, see e.g. [27], Theorem 5.1,
p. 320.

Using standard arguments of SDEs and BSDEs one can show that there exists a constant & not
depending on n such that, for every (s, z),

[ (s, x)| < k1(1 + |x|P). (3.2)

Moreover for each n, thanks to Theorem 7.1, chapter VII, in Ladyzhenskaya et al. [27], or Proposi-
tion 3.3 in Ma et al. [29] (see also the probabilistic approach of Delarue [12] Thm. 6.1, pp. 85-89),
there are constants k2 and k3 such that

sup (V" (s, z)| < ky and sup ‘D?Emv”(s, z)| < kY (3.3)
(s,7)€[0, t]xRa+1 (s,7)€0, t]xRa+1



3.1 Compactness of the sequence v,

We now give an a priori LP-bounds for the derivatives of v,,.
Proposition 3.1. For every p € [1, oo and R > 0 small enough, there exists a positive constant
C(Ch, K, p, R, t, k1) not depending on n, such that
t
L[ 10w p 49, + (D] dads < C(C, K. py Rt ko)
0 JB(0,R/2)

Replacing v by v — H, the PDE (2.5) is reduced to a similar PDE with a null terminal datum.
Therefore, we can and do assume, throughout the proof of Proposition 3.1, that H = 0.
To establish this Proposition, we need some preparation and lemmas. We first recall the

Gagliardo-Nirenberg interpolation inequality which plays an important role (Theorem 3, sect. 4,
Chap. 8 in Krylov |26], see also Theorem 7.28, Chapter VII, in Gilbarg & Trudinger [16]):

Lemma 3.2. (The Gagliardo-Nirenberg inequality). Let Q C R™ be a bounded open set. For any
p > 1, there exists a constant C = C(p,d, diameter(QY)) such that for every function 1 € WpQ(Q),

1920y < € {I¥llwaeey } {1y} (3.4)

It follows from this inequality that, for every r > 0 there exists ¢ = ¢(p, r, d) > 0 such that for
every € > 0,

t t
// Vv (s, z)Pdeds < 5// |D2, 0" (s, x)[Pdxds (3.5)
o JB(,r) o JB(,r)
t
ocpnare) [ [ sapdeds
o JB(0,7)

Since v™ is uniformly bounded on compact set, then according to the previous inequality and the
fact that v™ satisfies the PDE (3.1), it remains to show that for any small enough r > 0,

t
sup/ / |D2,0"(t, x)[Pdxdt < oo (3.6)
n Jo JB(0,r)

In order to establish the previous inequality, we use the strategy developed in the proof of
Theorem 9.11 in Gilbarg & Trudinger [16]. We rewrite the PDE (3.1) as follows

n _ 2, n
68%(3, x) = a?j(wl, O);ngj(s,x) + gn(s, z) =0, s€ (0, 1)
(3.7)
v™(0,2) =0

where

n n 9o —n, L OU"
gn(s, x) = [aij(aj) — agy (2, 0)] E (s,z) + b (x) =—
iOTj

+ M (s, ), Vo' (s, 2)
For R > 0 and s € [0, t], we set

e Qs t r:=][s, t] x B(0, R), where B(0, R) denotes the ball of radius R.



e meas(Qs ¢ r) denotes the Lebesgue measure of the set Qg Rr.

(1+0)
2

For o € (0, 1), we put o' := and consider € C§°(BRr) a cut—off function n : R4*1 — [0, 1]

satisfying the following properties,
n(z) =1, ifz€B(0,0R),
n(z) =0, ifl|z|>0'R,
Ven(z)] <4(1—0)"'R™"  if oR<|z| < 'R,
|DZn(x)] <16(1—-0)2R™? if oR<|z|<o'R

Clearly the function u" := nv"™ solves the PDE

B (s, ) = alf (w1, 0) g2t (s,2) + G5, @) = 0, s € (0, T)

2 n
aaa + 2a;5(z1 )g ;977 +1gn(s, )

Since a™ is bounded in z; and locally Lipschitz w1th respect to o, uniformly w.r.t. n, b
satisfies (A2) and f" satisfies (C1-ii), we deduce that G, is bounded on [0,%] x R4T!. Let D be
an arbitrary bounded subset of R4t!. Since a;;(.,0) and Gy, are bounded, and G, has a compact
support, then according to Theorem 2.5 from Doyoon & Krylov [14], there exists a positive constant
C =C(d, Cy, K) not depending on n such that for every n, we have

where, G, (s, x) 1= v"a;;(x1, 0)

u" e WEA0.0%x D) and " sz gy < CllCaliaod <o (3.8)
From the definition of the function 7, we see that

1025 110,00 < ID2™ 0@y 1 oo (3.9)

t

According to inequalities (3.8) and (3.9), it remains to estimate / / |Gr (s, x1,x2)|Pdzds.
B(0,0’R)

We have

/ / S , X1, $2)|pd$d5 < Ay + Ay + As (310)
B(0,0’R)

where

A= C / / (" P[aly (1, 0)P| D2, (x)Pdeds
B(0,0'R)

Ay = C(p) / / e, OF (V" [Van(e) s
0,0’'R

t
Ay = C(p) / / (gn(s, 2)Pdeds
0 JB(0,0'R)

The following lemma gives estimates for Ay, Ao and As.

Lemma 3.3. Let Q := Qo+r. For every p, there exist a positive constant C(p) such that for every
e >0,

t
(i) A < C(p)(1— o) PR / / (" Pdads
0 JB(0,0’R)
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() Ay < C(p)(1—0)PR7P

t
i) As < c<p>{TRd+1+RP+<RP+e> L[ D2 (s dads
0 JB(0,s'R)

t
+(1+ R (1 +5_1)/ / |U"|pd:nds}.
0 JBO,0'R)

Proof. C(p) denotes a constant which may vary from line to line.
Inequality (i) follows from the properties of n and the boundness of aj;(x1, 0).

t t
6/ / |D2_v"™|Pdxds + (1 + 81)/ / [v"|Pdzds
0 JB(,o'R) o JB(0,0'R)

We use the properties of 7, the boundedness of d%(ml, 0) and inequality (3.5) to get inequality (7).

We now show inequality (i73). We have

t
/ / |gn (s, z)|Pdxds < (I7" + I3 + 1)
0 JB(0,0'R)

with
t ann p
I = / / a(x) —a(xy, 0)[° s,x)| dxds
Eom [ 86 a5 O |G eon)
t _ o™ p
Iy = // v (z)f s,x)| dxds
2 0 B(O,J’R)} (@] 595@'( )

t
Iy = / / | [ (z, v"(s, z), Vau"(s, :c))‘p dxds
o JB@©,0'R)

Since a;; is uniformly Lipschitz in x5, we obtain

t
< sup(!m2|p)// ‘Dfmv”(s,xl,xg)‘pdwds
Q 0 JB(0,0’R)

Noticing that b" satisfies assumption (A2-ii) then using inequality (3.5), we obtain

¢
I3 < Cy (1 + sup |z2[P) 5/ / | D2, v"Pdxds
Q 0 JB(0,0'R)

¢
+ e (1+ 8_1)/ / |v"|Pdzds
0 JB@©,0'R)

Thanks to assumption (C) and inequality (3.5) we deduce

t
I3 < K | meas(Q) + sup(|z2|?) +/ / [v" (s, 21, x2)[Pdzds
Q 0 JB(0,0'R)

¢ t
+ E/ / |D2 0" (s, x1, x9)[Pdads + c1 (1 + 1) / / [v" |Pdxds
0 JB(0,0'R) 0 JB(0,0'R)

Combining (3.11), (3.12) and (3.13), we deduce the desired result. Lemma 3.3 is proved.

11

(3.11)

(3.12)

(3.13)



Lemma 3.4. (L estimate of D2 v"). For every p € [1, oo[ and R > 0 small enough, there
exists a positive constant C' = C'(Cy, k, p, R, t, k1) not depending on n, such that

/ / |D2 v"Pdads < 2R™*PC’
B(0,R/2)

Proof. Using inequalities (3.8), (3.9), (3.10) and Lemma 3.3, we show that
2pR2p/ / |D2, 0" (s, x)[Pdxds
B(0,0R)
t
< C(p){l +(1—=0)PRP(1+e )+ (1 -0)PR*[1+2(1+cY)] / / [v" (s, z)|Pdzds
B(0,0’'R

b (1— )R [5(1 7)) (14 )+ 25] / / D2 " (s, 2)[Pdads
B(0, o"R

+ K(1 — 0)* R* (meas(Q) + sup(|z2 ]p))}

Q

Using inequality (3.2) and the fact that |z| < R in the set @Q := Qo+ g, we show that there exists
a positive constant C(Cy, K, R, p, ki1,e,meas(Q)) such that

t
U)QPRQP/ / | D2, v"Pdxds
0 JB(0,0R)

S C(Ch K7 R7 D, klu g, meas(Q))

e(1 — o)’ R% / / |D2, 0" [Pdxds
B(0,0’R)
o) R% / / |D2,0"|" dxds
0 JB(0,0'R)

t
+ C(p)(1 + sup [z2|") [5(1 - U)ZPRQP/ / \Dfmv”]pdxds]
Q 0 JB(0,0'R)

t
o) R / / |D2 v"|Pdxds
0 JB(0,0'R)

_ 1 _ _
Let A:=1+sup|z2|P. We Choose ¢ := 1 {2??AC(p) [(1 — o) PR +2]} "and R be sufficiently
Q

+C(p)(1—0o)"RP

+ C(p) Sgp(\afglp)

+C(p) |e(1

small so that 2%?C(p)supq(|z2|P) < 1 then use the fact that 552 =1 — ¢’ to obtain

t
o) R / / |D2 v"|Pdzds < — o) R?P / / |D2 v"|Pdxds
0 JB(0,0R) (0,0’R)

+C<01,K p,R t k?l

Passing to the sup on ¢’ and o, we get

t
RQP{ sup (1—0)2p/ / ]Dixv"|pdxds}
0<o<1 0 JB(0,0R)

1
< —R* sup [ 2”// |D2, "\pdxds]
2 <ol B(0,0'R)

+C(01,K p,R t k‘l
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It follows that

R* <2C(Cy, K, p, R, t, ki)

sup (1 —o) 2p/ / |D2_v"|Pdxds
0<o<1 ,0R)

The proof is finished by taking o := 1/2. [

Proof of Proposition 3.1. Thanks to inequality (3.2), inequality (3.5) and Lemma 3.4, we
deduce that supy||V2v™||L, (0, xB(0, r/2)) 18 bounded. Since v™ satisfies the PDE (3.1), we deduce
that supnl|0sv™ |1, (0, x B(0, R/2)) 18 bounded also. Therefore, there exists a positive constant C' =
C(Ch, K, p, R, t, k1) such that

¢
SUP/ / [0 + |00 [P + |V 0" [P + | DZ,0"P] dads < C (3.14)
B(0, R/2

Proposition 3.1 is proved. u

Proof of Theorem 2.3. Inequalities (3.14) and (3.2) express that for every R > 0 small enough,
n
Slip v ”W;’Q([O,t}xB(O,R/Q)) < C(R, k1, t, p))

Since, any ball B(0, R') can be covered by a finite number of balls of radius R/2, and the proof of
Proposition 3.1 can be easily adapted to proving the same estimate in a ball of radius R/2 centered
around any point in R%*! we deduce that

n
sngv ||W;3’2(Qo,t,R/) < 0. (3.15)

Therefore v™ converges weakly to v in the space W, *([0, ] x Q), and v solves the PDE (2.5) a.e.
We now prove the uniqueness of solution in Wl’ Let (X2, Y4™, Z8%)o<s<t be a solution of
the FBSDE system

,loc®

X —a:+/ b(XI)dT’—F/ F(X5)dW,, 0<s<t; (3.16)
t
Yh® = H(XF) / F(XE VP Z8%)dr — / ZhrdMX", 0<s<t. (3.17)

For p > d + 2, take any solution v € W lo(, of the PDE (2.5). The It6-Krylov formula shows
that the process (v(t — s, X7), Vyu(t — s, X“”) 0 < s < t) is a solution of (3.17). Hence v(t,z) =
Yg’m = E(Yom) Since (3.17) has a unique solution, v(¢, x) is written as the expectation of a uniquely
characterized functional of (X7 )o<s<¢. But uniqueness in law holds for (3.16) (see Proposition 2.1),

consequently the law of X? is uniquely characterized, hence the solution v of (2.5) is unique in
1,2

e |

p,loc

As consequence of Theorem 2.3 and the Sobolev embedding Theorem, we have

Corollary 3.5. v converges uniformly to v on any compact subset of Ry x R,

4 Proof of Theorem 2.4.

In order to simplify the notation throughout the proof of Theorem 2.4, we will suppress the super-
script x (resp. (t,z)) from the processes (X%, Y42 Zb%) and (X%, Y€, Z6%2) | That is, we will
respectively replace (X, Yb% Z4%%) by (X, Y, Z) and (X%°, Y@ Z62€) by (X, Ve, Z°).

The following lemma, can be deduced from assumption (A).
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Lemma 4.1. For every p > 1 and t > 0, there exists constant C(p,t) such that for every e > 0,

E( sup [[X057 + X+ (X, + [XIP]) < Cp.t).
_s_

Proposition 4.2. Assume that (A), (B) are satisfied. Let a, b, a" and b" be defined as in section
3. Let X = (X', X?) denote the solution of the SDE

X, :x+/ b(X,,)dr—F/ (X, )dW,, 0<s<t.
0 0

Then, for everyp >1,
() E/ la"™ (X X;)Pdr, — 0 as n tends to oo.

() E/ |b"(X,) — b(X,)|[Pdr, — 0 as n tends to oo.
0

Proof. Proof of (j) and (jj). Let N >0 and put Dy := {z € R |z| < N}. For (g, g") €
{(a, a™), (b, b™)}, we have

/19 Xp)[Pdr < 2°( /’9 X)P U fsup, <, x.] < Ny T

+E/O ’gn(Xr) - g(Xr)|p]1{supSSr|Xs\>N}dr)

Since g and ¢" satisfy (A), (B), there exists a constant C' which is independent of n such that,

/!9 X)) |Pdr < 27( /!9 X )P L sup, ., | x,|< N}dT

C
+—E(sup |X4|*
NP (ogsgt‘ )

By Krylov’s estimate, there exists a positive constant K (¢, N,d) which is independent of n such
that

C
B [ 197X ~ 60X Pdr < K( N+ D " =l oot + B s X7,
Passing successively to the limit in n and N, we get the desired result. [ |
4.0.1 Tightness of the processes (Y, M€ := [ Z:dMX")
Recall that the process Y is defined by
t ¢ .
Yi=HOXD) + [ 1 X2 YE 2 - [ zzan (4.1)
S S

o1 1,e
where Xg'° = XE )

Proposition 4.3. There exists a positive constant C which does not depend on € such that

t
sup {E ( sup |YE|? —i—/ ]Z§]2d<MXE>S>} <C. (4.2)
€ 0

0<s<t
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Proof. Throughout this proof, K and C are positive constants which depend only on (s, t) and
may change from line to line. According to Lemma 4.1 we have, for every k > 1,

supE ( sup [|X81’€|2'C + |X§’E|2k}> < 400. (4.3)
€ 0<s<t

Using Ité’s formula, we get
veps [z, < meaE i [ e 17605 X2 0, 0par
S S S
s o0 [zl -2 [0, o),
S S
Since \J(X,}’E, Xz’a)\2 = Trace (aa* ()_(,}76, X,?’£>> > ¢ > 0, one has

1 _
20N 25| < CIVEP + 51 Z: Plo (X%, X9

It follows that

I . b
B (P4 [ 1ziPaar),) < B(maR) + ce ([ 17cee X2 0, 0bar)

t
+ KE (/ yYder).

According to Gronwall’s Lemma, there exists a constant which does not depend on e such that
B (e < O (IO + [ 1780 X2 0,0Pdr ) s e 0.1
We deduce that
e ( [1zpany, ) < e (mexap+ [ 15 x22 0.0 ) (1.0

Combining (4.4) and Burkhélder-Davis-Gundy’s inequality, we get
¢
(s V7)< 08 (1HOR + [ 17004 X35, 0. 0)Par).

0<s<t 0

Hence,
1/t . b
B (s EP 5 [ 1ZePacar), ) < ce (1HGAP + [ 18 X240, 0)Pdr )
0<s<t 0 0

In view of condition (Cl-ii and #i7) and inequality (4.3), the proof is complete. ]
Proposition 4.4. Let M: := [JZ:dM;". The sequence (Y¢, M?)_ is tight on the space
D ([0, ], RY) x D ([0, t], RY) endowed with the S-topology.

Proof. Since MF® is a martingale, then according to [30] or [21], the Meyer-Zheng tightness criteria
is fulfilled whenever

sup (CV(YE) +E ( sup |Ys|+ ]ME])) < +o0, (4.5)
€ 0<s<t
where C'V denotes the conditional variation and is defined in appendix A.
Clearly
t
cvivy) < ( [ 170xde, X2 ¥7, Z9)lds)
0
Combining condition (C'1) and Proposition 4.3, we derive (4.5). |
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4.0.2 A sequence of auxiliary processes, tightness and convergence.
For n € N*, we define a sequence of an auziliary process Z=™ by
Zom = Vo' (t—s, X5), se€l0, ] (4.6)

We rewrite the process Y€ in the form,

S

t
YE = H(X]) + / FOXLE, X252, VS, Z0m)dr 4 A" — A" — (M7 — M) (47)
S

where
S
ME ::/0 ZE dM;X
4.8
. ) (4.8)
Apmim [CIRORRE XBEYE, 20) - F(RDS, X24 YE 200
0
We define
S
Mo /0 Z5n(X1E, X29)dW,
(4.6) ° n € v1e 2,¢
= V0" (r, Xo)o(X1e, X29)dW,
0
s (Z5 — ZEM)o (X8, X29)
'th’” = / 1{|Z$7Zf’"|>0} ZZ gEn Xl,s X2,€ AW,
0 |(Zs = Zy ")o (X", X377
Li,n = <N5,n7 ME _Ma,n>s
_ [ (25 — 20 ")o (X, XPO)((ZF — 2 "o (X%, X2 o))
- {|Z7€—Zf.’”|>0} c e, n -1,e 2, r
0 (Zg = Zp ")o(Xr", Xi00)

Proposition 4.5. For every n € N*, the sequence (M>™, N=™, AS™ LS™)__ is tight on the space
(€ ([0, t], R)* endowed with the topology of uniform convergence.

Proof. We prove the tightness of (L>").~o. Since Zg'" = V,v"(t — s, X¢), then according to
inequalities (4.2), (3.3) and (4.3), we have for any n, p € N*:

t t
Max(supE/ | ZZ|dr, supIE/ |Z&™?dr, supE sup |XT2’€|pdr> < 0. (4.9)
€ 0 € 0 € 0<r<t
We successively use assumption (A2) and Schwarz’s inequality to show that for any n
s/
supE | sup [L5" —Ly"| ] <supE| sup / (Z5 — Z5 ™o (X)E, X29)|dr (4.10)
€ |s'—s]<d € |s'—s|<d Js

s/
SKsupE<Sup(1+|Xf’E!) sup / I(Zf-Zf’”)ldT>
£ s

r<t |s'—s|<é
t 1
< QVngupE(sup (1+X2°)) [/ (|1ZE)? + |22 ?)dr] 2)
€ r<t 0

< CV. (4.11)

Using inequality (4.9) then letting ¢ tends to 0, we deduce the tightness of (L*™)_., from
Theorem 7.3 in [6]. The tightness of (A%"™)cs0, (M5™).o, and (N®")_, can be established by

similar arguments. u
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Theorem 4.6. For every n, there exists a continuous process (M™, N L™ A™), a cad-lag process
(Y, M) such that along a subsequence of €, we have:
(ME™ NET LS AS™ Ve M) = (M, N, L, A", Y, M) on (C ([0, t], R))* x (D ([0, t], R))®
respectively endowed with the topology of the uniform convergence and the S-topology.

Moreover there exists a countable subset D of [0, t] such that for any k > 1, t1,...,t; € D¢,

(Y5, My, .. YL ME ) = (Yo, My, ..., Yy, My,),
where = denotes the convergence in law.

Proof. From Propositions 4.4 and 4.5, the family (M=", N=" L=" A5" Y* M?)_is tight on
(€ ([0, #], R))* x (D ([0, t], R))?, where the spaces are respectively endowed with the topology of the
uniform convergence and the S-topology. We deduce that along a subsequence (still denoted by &),
(MET, NED ST AS™ Ve M) converges in law on (C ([0, ], R))* x (D ([0, t], R))? to a process
(./\/l", N LA™ YT M”) The last statement follows from Theorem 3.1 in Jakubowski [21]. m

4.0.3 The first identification of the limits in ¢

In this subsection, we will determine the equation satisfied by the limit process (Y, M).

Proposition 4.7. Let (Y, M), be the process defined in Theorem 4.6 as a limit (as ¢ — 0) of
(Ye, M?). Then,
(1) For every s € [0, t] — D,

V= H(X;) + [ f(X), X2, Y, Voo™ (t — 1, X,))dr + AP — AP — (M, — M),
(4.12)
E (supg<s< [Ysl? + [ X512 + | XZ]?) < C.

(i6) Moreover, M is FI'-martingale, where FI' := 0{ Xy, Yp, My, MP, N, L7, A7, 0 < u < s} aug-
mented with the P-null sets.

To prove this proposition, we need some lemmas. The first one plays a similar role to that played
by the invariant measure in the periodic case. It was introduced in [23] for a forward SDE and later
adapted in [1] to systems of SDE-BSDE in which the generator of the backward component does
not depend on the variable Z. We do not provide a proof, since that of Lemma 4.7 in [1] can be
repeated word to word (also we have a new variable).

Lemma 4.8. Assume (A), (B) and (C2)-(C4). For (xa,y, z) € RY x R x R let VE(x,y, 2)
denote the solution of the PDE:
x1 x -

z1 D2 — f(L — eR
CLOO( c ) xQ) m1u(x7y7 Z) f( c » L2, Y, Z) (x’ Y, Z), 71 ’ (413)

u(07 x2,Y, Z) = D:c1u(07 x2,Y, Z) =0.

Then, for some bounded functions B1 and Po satisfying (2.3) we have
(i) Do VE(w,y, 2) = a1(1+ w2l + y* + [2[*)B1 (2, 22, y, 2),

and the same is true with D, V' replaced by Dy, Dy, Ve, Dy D,V and D, D, V*

(“) Vg(x7y7 Z) = l’%(l + ’$2|2 + |y|2 + |Z|2)52(%7 x2, Y, Z),
and the same 1is true with V< replaced by D., V<, D,V¢, D, V¢, D§2V€, D;Vs, D2ve, D.,,D,V* ,
D.,D.V¢ and D,D.,V*.
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Lemma 4.9. We have, for any fited n > 1,

sup
0<s<t

t Xl,e _
/ (f( :: ) X3787 Yvrsavffvn(t - Xra)) - f(X7}7€7 X%E’ Yf’ van(t - Xra)) dr
0

tends to zero in probability as ¢ — 0.

Proof. We set

B Xl,s
hXgS, X8, Y5, Z97) = [(—

) X527€7 }/ssv Zs&n) - fT(X;’E, Xs2’€v Yj) Z?n)v .

We shall show that for any 0 < s <t

lim
e—0

S
/ WX0e, XPEYE, Z0™)dr| =0
0

Let V¢ denote the solution of equation (4.13). Note that V¢ has first and second derivatives in
(7,9, z) which are possibly discontinuous only at 1 = 0. Then, as in [23], since ¢? is bounded away
from zero, we can use the [t6-Krylov formula to get

Vs()(sl,e7 X2,67}/s€’ Z:’") — VE(QI,Y()e, ZSJL)
S 1,5 _
+ [ X v 2y - ke, X2 YE 2 ar

s Xl,s
—|—/ Trace[d( ; ,Xfyﬁ)DgZVE(nge7 Xq?,s’}/rs’ Zﬁvn)}dT
0

i 1 2 » 1 2 Xr° oy
n
+/0 (D, V(X% X0 Y0, Z0)b(—_—, Xi%) = DyVE(XpS, Xo%, Vo) (==, X0, Yo ldr
s X},E X%’E
+/o [DaVE(XpS, X2EYE, Zo™)o( , X29) 4+ DyVE(XS, X222V, 20 ™) Zio (=, X2)|dW,
L [% 9 1 2 X o,
+2/0 DyVA(X, =, X5, Y, 20" Zroo™ (——, Xp°)(Z;) dr
1 [ X e
4y [ DDA X YE 2000 (BT X (2 ar
0
1 S
+2/ D.D.VE(X}e X2 Ve Zo™)d(XE, Z5™),
0
1 S
+2/ DyD.VE(X)25, X5, Y7, Zo™M)d(Y*®, Z5™),
0
1 S
5 | pEveRe xRy, ZEmagzen),
S
+/ D, V(X e X2 Ve, Z5™)d Z5" (4.14)
0

In view of Lemma 4.8 and Proposition 4.3,

lim V¥ (2, Y5, Z5™) = 0
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Using the fact that 1 = 1{\X§’E\<\/E} + 1{|X§’€\zﬁ} and Lemma 4.8, we obtain

1
Xs°
5

[VE(Xo®, X25,Y5, 207 < e |(U+ X2+ [YEP + 1207 P)|Ba(——, X2, Y, Z57)

Lyt gy 1 Xa TP [+ (X224 [YE)P + 257 )
Xl,e
S

Bo(——, X225, Y5, Z27)

Thanks to Lemma 4.8 and Proposition 4.3, we deduce that

0<s<t |z1>+/€ (22, 9,2)

1
B (s V(KD X248 z;m)g(H sup sup (L o, z>|>

Since o satisfies (2.3), the right hand side of the previous inequality tends to zero as e — 0.
Similarly, one can show that each term on the lines from the third to the last one in the above
identity tend to zero. Let us detail the arguments for the term on line six, and on the term on line
eight. Let us start with the term on line 6, which is one of the most delicate ones.

l,e

S X’]’"
| Dhveae X vE 2o Zioo (R xR (2 dr
0 9

l,e

S X7
<C sup |DIVE(X)E, X2E Y, ij’”)‘Trace/ Zioo* (i, X2%)(Z2) dr
0<r<s 0 g

1,e
Since {Trace fos Zﬁaa*(Xg ,Xf’s)(Zf)*dr, 0 < s <t} is the increasing process associated to a mar-
tingale which is uniformly L'(P)—integrable, its square root has a bounded expectation. Moreover,
arguing as for V¢, one can show that
sup ‘DgVE(Xﬁ’E,X,?’E, VS, Z2™)| tends in probability to 0 as e — 0.
0<r<s

We now consider the term on line 8. Since V,v"(s, x) € C%2, we use Ito’s formula to get

t Xl,a
Vat"(0, X7) = Vou' (¢, X5) + /0 Llr, == X;<)dr

t Xl,s
+/0 D2 v"(t — 7, X5)o( E , X29)dW, (4.15)
where
X;’s 2,e n € 2 .n € X;’s 2,e
F(Tv >Xr7 ) = _ar (VCL“U (t - Xr)) - Dx;vv (t - Xr)b( c 7Xr7 )
1 X°
50 (=T, X)oo" (S X )

According to inequalities (3.2) and (3.3), it follows that (4.15) is well-defined. Moreover, we have

1 S
2/ D,D,VE(X\e X2° Y, Z9™)d(XE, Z5™),
0

s Xl,a
< C sup |DyD. V(XS X232 YE, Z2™)| x/ | Trace oo*(——, X2€)D2 o™ (t — r, X%)|dr
0<r<s 0 3
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In view of condition (A2), (4.3) and the fact that | D2, v"| < k%, the LP(PP) norm of the increasing

1,e
process [, |Trace oo*(*x  XPVD2 v™(t — r, X2)|dr is bounded (by a constant not depending on

g), for each p > 1. Further, the same argument as above shows that

sup |DpD.VE(X)E, X25 VS, Z0™)| — 0, ase — 0
0<r<s

Similarly, one can show that
5 [ DDVECXEE PV, 2y, 2o, v g [ DRV e v Zmazen,
+/OS D, V(X e X2 Ve, Z5™)d Z5"
converges to zero in probability as ¢ tends to 0. The proof is complete. [ |
Lemma 4.10. For everyn € N*, the sequence of processes /0. f(xbe X2 ve Voot (t—r, X2))dr
converges in law (ase — 0) to the process /0. f(XE X2, Y,, Vo (t—r, X,.))dr on (C([0, t], R), |||]oc)-

Proof. It can be performed as in [1]-Lemma 4.9. |

Proof of Proposition 4.7 Passing to the limit in (4.7) and using Lemma 4.9 and Lemma 4.10,
we derive assertion (¢). Assertion (i7) can be proved by using the same argument as those of [34],
section 6. ]

Let ¢ = O’{XT, Y, My, M, NP LR AP 0 <u < s} be the filtration generated by
(X, Y, M, M™, N, L™, A™) and completed by the P-null sets. Combining the estimates in Proposi-
tion 4.3, inequality (4.3), Lemmas (A.3) and (A.4) in Appendix A, we show that M is FI'-martingale.

The following proposition summarizes Proposition 6.5.2 and Corollaries 6.5.3 and 6.5.4 in De-
larue [12]. We will sketch the proof for the convenience of the reader.

Proposition 4.11. For every n € N* and every s € [0, t| we have
G) W, M—M",=L"

(ii) The process A™ is of bounded variation, and, for every progressively measurable process
{Bs: 0<s <t} satisfying E (fg |6r\2dr> < 400 we have for any 0 < s < s <t,

|/ (Br, dAngC(/ W?dr)(Tmce{[M—/' ZﬁdM,;X]S,—[M—/' ZPAMX]s})  (4.16)
s s 0 0
Proof. We follow [12]. Assertion (7) is a consequence of Theorem 4.6. We prove assertion (i).

Thanks to (4.8) and assumption C, there exists C' > 0 (which value may change from line to
another) such that for every e >0, n € N* and s < ' <t :

- azm < [ 125 - zgmias

Using the definitions of M¢, M®" N©" and the fact that the diffusion coefficient a is uniformly
elliptic, we deduce that :

}Ai}" — Ai”‘ < Ctrace([/\/’g’”, M — M&™ g — [N®" M® — Ma’”]s)
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Using Theorem 4.6 and assertion (i), we show that for every n € N* and 0 < s < s <t

|AL — A%| < Ctrace([N", M — M"]y — [N, M — M"])
Hence, thanks to the Kunita-Watanabe inequalities, for every progressively measurable process [,
satisfying [E (f(f \Br|2dr> < 400

D=

‘/S (Br, dAT)| < C(/S |8 2d trace] "]r) 2 (trace{[M — /0. ZMdMX )y — [M — /0. ZferX]s})%

Since for every e > 0 and n € N*, the process (JAV®"|? — s) is a supermartingale, then for every
n € N* the process (|[N"|? — s) is also a supermartingale. Following the proof of Theorem 4.10 of
Chapter I in Kratzas & Shreve, we deduce that (|trace([N™]y|—[N™]s). This completes the proof
of assertion (7). [ ]

4.0.4 Identification of the limiting BSDE in n
For s € [0, t] we put
Y i=0"(t—s, Xs) and Z7:= Vo (t—s, Xs) (4.17)

Proposition 4.12. For every s € [0, t] — D,

lim_ <E(|Y;”—Ys!) +E{<[M-/O' ZndMX], — [M—/O' Z]fdMTX]S> }) —0. (4.18)

Proof. For R > 0,let Dg:= {r € R || < R} and 7g :=inf{r > s, |X,| > R}, inf{l} = cc.
Step 1: Estimate of E (|Y]:.. — Yirrg|?).

By Itd’s formula, we have

t n t
Y =0"(0, X;) — / [aal;(t -7, X))+ Lo™(t -, XT)] dr — / Voo (t — 7, X, )dMX

n ¢ avn TN, n
= (O,Xt)—/ |:8T(t_7’,Xr)+L’U (t—?”,Xr)} dT

t t
+/ (L™ = L)v™(t —r, X,)dr —/ ZrdMX

In view of (3.1), (4.12) and (4.17), we have

s

t
YP ¥, = 00, X)) — Y + / [FUX, Y, 20— F(X,, Y, 28] dr

t t t
+ / (L7 — L) o (t 1, X, )dr — / dAT + / (diT, — Z0dMX)

Using It6’s formula on [s A 7g, t A TR, it follows that

E (Y, — Vonenl?) +E { ([M - [z X, - - [ Z:?dMiﬂwR) } (4.19)

0 0
_ 2 t/\TR _ _ _ _

— E[0"(0, Xinrn) — Yinra|® + 2E/ YP -V, X Y Z0) - F(X,, Yy, Z0)dr

SAT
tATR _ B B " tATR B
+ 2E/ Y~ ¥, (L"—L)v"(t —r, X,))dr — 2E/ YY"~ Y, dAD).
SATR SATR
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On one hand, since f is uniformly Lipschitz in the y-variable [thanks again to Assumption (C)-(7)],

it follows (where the constant C' can change from line to line)

JF(er Y;"a Zy))dr

(4.20)

T

tATR _ _
QE/ <Yn - Y, fn(er Y;“n7 Zﬁ) -
s

tATR

tATR _
< CE/ |Y,,,”—n|2dr+]E/
SATR SATR
_ tINTR _
’ rATR T/\TR‘QdT +E/O ’fn(er Y;"nv Z;L) - f(XT’v Y;"n7 Z;L)‘Q

tATR
cz |
SATR
_ tATR B
B [ Vi~ Voneallr -8 [ P00 20 FOG Y 20)
0

NTR

(X, Y, Z0) = F(X, Y, 20

IN

<C

The same argument shows that

t/\TR _ _ _
2E/ Y —Y, (L"-L)v"(t—r

T
SATR

_ tATR
< 215;/ Y —Y},\TR]er—i—E/O |V 0™ (t — 7, X,.)|?[b"(

tATR
L E (/ D26 (t — 7, X,)[2[a"(X,) — a(Xr)Ier> .
0

X,))dr
b(X,)|2dr

For each n € N* and R > 0, we put
fn(Xh }/7“”7 Z;}) - JE(XW }/7“”7 Zf)|2d7‘

tATR
= 2
(S;LJ% ::]E‘”Un(t—t/\TR, Xt/\’TR)_}/t/\TR‘ +E/ ‘
S

tATR B B
+ ]E/ (V0" (t — 7, X)X, — b(X,.)|*dr
0

tATR
+E (/ |D2 o™ (t — 7, X,)|*la™(X,) — a(XT)2dr> )
0

In the other hand, we deduce from inequality (4.16), with the choice 8 := Y™ — Y, that for any

a >0,
tATR
(4.21)

tATR _ C’ _
[ o)< e ([ e - vipar)
SATR (6% SATR
+ Co’E <{[M — / ZMAMX |ineg — [M — / ZSdMTX]WRD ,
0 0

</ | rATR T/\TR‘ d’l">
—|—Ca2E <{[M—/ Z;lerX}t/\TR - [M—/ Z;LdM}X]s/\TR}> .
0 0

We choose a? such that Ca? < § then we use identity (4.19) to get

1 _ . _ .
B (Vihoy — Forral?) + 58] (107 = [ 2000 Vo = 01 = [ 2204210000 ) |
0 0

§6?7R+CIE/ Y s — MTR\ dr.

2E

| /\
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Therefore, Gronwall’s Lemma yields that

E (Y2, — Vonrgl?) + E { ({M _ /0 20 M Yoy — [V /O ZﬁdM,:’ﬂwR) }

< Ki(C,t)om". (4.22)

Step 2: lim lim 51”’R = 0.

R— +o0on— +00

We have 6" = I+ I + I, with
tATR _ _
I = IE/ Voo™ (t —r, X)) 2 [0"(X,) — b(X,.)[dr
0

tATR
+E / D20t — 7, X,)2a" (X)) — a(X,)dr,
0

tATR _
Iy = E/ [FM(Xe, Y, Z0) = F(X, Y2, 20 Par
0

t/\TR _

= E/ (X, v (t —r, X)), Vo' (t—r, X;)) — f( Xy, 0" (t — 7, X;), V0" (t —r, X7n))|2d7”7
0

Ig = E”Un(t—t/\TR, Xt/\TR) _}_/;5/\71%‘2'

Using Hoélder’s inequality, Krylov’s estimate, (3.15) and Proposition 4.2, one can show that I7* tends
to zero as m tends to infinity.

We show that I3 tends to 0 as n tends to co. Let M > 0 and put I} := I;L’l + I;L’Z, with

tATR _
BB [ Y 2 = TG Y2 2Pt zpicandr
0
and
9 tATR _ _ 5
n,
Iy" = E/O (X, Yo, Z0) = f( X, Y Z0) "1y 4 2 > iy
We have

tATR _ _
It < E/ sup (X, X2y, 2) = f(XG, X7y, 2)Pdr.
0 {lyl+lzl< M}

We put hn(x) = SUDP{|y|4|z|< M} ‘fn(l,’ Y, Z) - f(x7 Y, Z)‘
Thanks to Krylov’s estimate, there exists a positive constant N = N (¢, R, d) such that

tATR
n, 1 n n
BU<E [ )R < N e,
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Since f* and f satisfy (C1), Y* := v"(t — 5, X;) and Z7 := V0" (t — s, X5), we get
tANTR _
Ip? < E/O (LF(Xr, Y, Z + | F(Xe, Y ZD* Y pyvn 20 > andT

tATR
< QKE/O 1+ X, + Y+ |Zm)21{|yrn\+|zp|>M}d7"

tATR % tATR %
<o (B[ e xemieizta) (& [ i)
0 0

2K tATR 4 4 A 3 tATR 3
= (E [ as iz >dr) (E / <|1¢"|+|Zf>dr)
2 0 0

2K
M3

IN

2

IN

tATR
<IE/ (14 | X2+ [0 (t — 7, X)) |* + |V (t — 1, Xr)]4)dr>
0

2

(B [ (ot = X0 4 [Vt — 1, X))
= )

According to Krylov’s estimate, there exists a constant N = N(R,t,d) such that

1

tATR 2
(E/O (1+|XT4+\v”(t—r,XT)]4+\va”(t—r,Xr)\4)dr> <N<1+R+|v”||‘id+2([07ﬂxDR)

+ HVacUnHidH([o, t]xDR))

and
1

tATR 2
(E / <|v"<t—r,Xr>\+\vxv"<t—r,xr>\>dr) SN(\|v"HLd+z<[o,ﬂxDR>

N|=

+ [[Vav™|| para o, t}xDR)>

But, thanks to (3.15), v™ and Vo™ are bounded in each L? ([0, t] x R4*!) uniformly in n. We then

loc

deduce that there exists a positive constant K1 = K (¢, R, d) such that

K
sup I;°? < —
n M2
Therefore,
1
2
Iy < K(t,R,d) thHL‘H‘Q(DR)—i_M% (4.23)

Passing successively to the limit in n and M, we deduce that I3 tends to zero as n tends to infinity.

We shall show that I3 tends to 0 as n tends to co. We have
= 2
If? = E‘Un(tit/\TRa Xt/\TR) 7Y2’/\TR‘
= 2
= E[0"(t —t ATr, Xenrg) — 0(t =t ATr, Xearp)|? + E [0t — t ATr, Xinrg) — Yinrs|

Since as R tends to oo, v(t —t A TR, Xinrs) tends to v(0, X¢) = H(X:) and E_GMR tends to
Y; = H(X;), then we pass to the limit first in n and and next in R to deduce that I§ tends to zero

as n tends to infinity. Consequently lim  lim 5?’R =0.
R— 400 n— +00

Since TR tends increasingly to infinity as R tends to infinity, then for R large enough t A7 =1t
and hence  lim <IE (| - Y,|) +E { <[M — / ZMdMX ]y — [M — / Z;?def]s) }) = 0. ]
n—+o0o 0 0
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We now define
Ysi=v(t—s,Xs), Zs:=Vyu(t—s,Xy),
where v is the solution of the PDE (2.5). Note that although V,v(:,-) is only an element of
LY ([0,t] x R™1) (for any p > d + 2), since X is non degenerate diffusion, it follows from Krylov’s

loc

estimate (see [24]) that V,v(t — s, X;) is well defined as a random element of L?(0,t).
Proposition 4.13. For every s € [0, ],

n—-+00

t
lim <E(|§@”—Y;!)+E/ |Z§—Zs!2d<MX>s) =0

Proof. Since v belongs to W l oo then Ito-Krylov’s formula and the uniqueness of the backward
component of equation (2.4) show that for every s € [0, ],

Ys =v(t — s, X5) (4.24)
In another hand, since
Y, = H(Xy) + [! (X, Yy, Zo)dr — [L Z,d M
Y7 =00, X¢) — [3 (X, 0™t — 7, X)), Voo™ (t — 7, Xo))dr + [3 (L7 — L) o™(t — 7, X,.)dr
— [3 ZrdMX
Using Ito’s formula on [s A Tg, t A Tg] then arguing as in the proof of Proposition 4.12, it holds that
1 tATR ¥
BV 3o —Yorral? + 5B [ 122 = ZPar),
SATR

<E (|v"(t —t ATR, Xinrg) — YtATR|2)

tATR _ _
+E/ Y Yy, (X 07— 7, X,), 0" — 1, X)) — F(Xy, Yo, Z,))ds

SATR

tATR B B
—|—E/ | (L™ = L) v"(t — 7, X,)|dr

+CE/ ‘ rATR T/\TR’ dr

Since (Y*, Z]") = (v™(0, X3), V4v™(0, X})), it follows that

tATR
E| SATR ™ S/\TR|2 + E//\ |Z? - ZS|2d<MX>S
TR
< ]E(\v (t—tATR, Xinrg) — Yt/\TR|2)
t/\TR _
‘B Yo, P Y Z0) — (X, Y Z0)ds
SATR
t/\’TR _
LE / Yy, F(Xe Y, Z8) - F(Xy, Yo, Z0)ds
/\TR

tATR B B
+E/ <)/7‘n_yf‘ ) f(XT7 YH Z;L>_f(X7’7 }/7’7 Z’r’)>d3
SATR

tATR B _
+ / | (L™ = L)v™(t —r, X,)|2dr
S

+CE/ ‘ rATR 7”/\‘I'B:| dr
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Since f is uniformly Lipshitz in (y, z) with the same Lipshitz constants K as f, then for any a > 0
satisfying % < %, we have

n 2 1 K TR n 2 X
E|}/t9/\7—R_Y:9/\TR| + 5 - E E |Z7~ - Zr| d<M >r
s

ATR

<E (0"t —t AR, Xtrrn) — Yinral?)
tANTR _
B [P Y, 2 - RO Y ZPds
0

tATR B
—HE/ (L = D)v™(t — r, X,)|2dr
0
t
HCH K+ QB [ Vi, — Yinraldr
S

We set
6S’R =E (\U”(t —t ATR, Xinrg) — n/\TR|2)
tATR B _
e [P Y 20— 08 Y 2P
0

t/\TR _
+E/ | (L™ — L) v™(t —r, X,)|%dr
0

Arguing as for 6]"" we show that Rlim liI_If_l 552" = 0 and the conclusion follows as in the proof
— 400 n— +00

of Proposition 4.12. ™

Corollary 4.14. P{Vs € [0, t], Y, =v(t — s, X;)} = 1, which implies that (Ys)s<¢ is continuous.
Moreover Y¢ =Y.

Proof. Combining Propositions 4.12 and 4.13, we deduce that for all s € [0,¢] — D, Yy = Y, =
v(s, Xs) a.s. Hence Y has a continuous modification, which coincides a.s. with Y on [0,¢]. But Y
is calag, hence it is a.s. continuous and identical to Y.

Since Y was defined as the limit in law of an arbitrary converging subsequence of the sequence
Ye, Yy = v(s, X;), and the law of X is uniquely determined, the law of {v(s, X;), 0 < s < t} is
uniquely determined. Consequently, the whole sequence converges : Y¢ = Y. [ |

Proof of Corollary 2.5 From equations (4.7) and (4.12), we have
Y5 = H(XF) + A5™ + fo (X5, X725, YE, Z7")dr — My

Yo = H(X;) + A} + [i (X, Yy, Z0)dr — M,

By Corollary 4.14 and the continuity of the projection at the final time ¢t € D : y — y;, we deduce
from the above two identitites that Y{; converges towards Yy in distribution. Moreover, since Y, Yy
are deterministic, we deduce that lim.oY; = Yo = Yy. That is, by using the non simplified
notation,
t,x,e t,
Yim Yy

In other words, as € — 0,
v (t, ©) = v(t, x).

26



A Appendix: S-topology

The S-topology has been introduced by Jakubowski [21] as a topology defined on the Skorohod
space of cadlag functions: D([0, T); R). This topology is weaker than the Skorohod topology but
tightness criteria are easier to establish. These criteria are the same as the one used in Meyer-Zheng
[30].

Let N%%(z) denotes the number of up-crossing of the function z € D([0, T]; R) in a given level
a < b. We recall some facts about the S-topology.

Proposition A.1. (A criteria for S-tight). A sequence (Y¢)osq is S-tight if and only if it is relatively
compact on the S-topology.

Let (Y¥)es0 be a family of stochastic processes in D([0, T|; R). Then this family is tight for the
S-topology if and only if (||Y?|eo)es0 and (N%2(Y®))oso are tight for each a < b.

Let (2, F, P, (F;)i>0) be a stochastic basis. If (Y)o<i<7 is a process in D([0, T]; R) such that Y;
is integrable for any t, the conditional variation of Y is defined by

n—1

CV(Y) = sup ZEHE[Y;?Z-H - Ytz ‘ ftzm
0<t1<...<tn=T, partitionof [0,T] ;1

The process is call quasimartingale if CV(Y') < +00. When Y is a Fi-martingale, CV(Y) =0. A
variation of Doob inequality (cf. lemma 3, p.359 in Meyer and Zheng [30], where it is assumed that
Yr = 0) implies that

2
Pl sup [V} >k| < (CV(Y)+E| sup [V]| |,
te[0, T k t€[0, T
1
E[Navb(yﬂ < 4 (!a\JrC’V(Y)—HE sup || )
b—a tc[o, T

It follows that a sequence (Y¢).5 is S-tight if

sup |Y7|

sup (CV(Ya) +E
t€[0, T

e>0

><—|—oo.

Theorem A.2. Let (Y).>0 be a S-tight family of stochastic process in D([0, T]; R). Then there
exists a sequence (ex)ken decreasing to zero, some process Y € D([0, T|; R) and a countable subset
D € [0, T| such that for any n and any (t1, ..., t,) € [0, T]\D,

(YR, o Vo) P2 (v, v

t1

Remark A.1. The projection :mp y € (D([0, T]; R), S) — y(T)is continuous (see Remark 2.4, p.8
in Jakubowski, 1997), but y — y(¢) is not continuous for each 0 < ¢ < T.

Lemma A.3. Let (Y°, M¢) be a multidimensional process in D([0, T]; RP) (p € N*) converging
to (Y, M) in the S-topology. Let (FiX )0 (resp. (Fi<)i>0) be the minimal complete admissible
filtration for X¢ (resp.X). We assume that sup.-oE [supgc;<r |Mf|?] < Cp VT > 0, M€ is a
FX -martingale and M is a FX-adapted. Then M is a FX-martingale.

Lemma A.4. Lel (Y¢)->0 be a sequence of process converging weakly in D([0, T]; RP) to Y. We
assume that sup,-o E [supg<;<p [YE|?] < +00. Hence, for any t > 0, E [supgc;<r [Vi|?] < 400.
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