LOCALLY PERIODIC HOMOGENIZATION
A. BENCHERIF-MADANI AND E. PARDOUX

ABSTRACT. In this paper, two linear second PDFEs are homoge-
nized. The coefficients are supposed to be locally periodic, Lipschitz
and bounded. Compared to our previous work [1], we provide a new
and simpler proof and weaken the hypotheses of the main theorem.
We use both probabilistic and analytic arguments.

1. INTRODUCTION

In this paper we deal with the problem of the homogenization prop-
erty of two singular second order PDE’s with locally periodic coeffi-
cients, namely first the elliptic PDE in the bounded smooth domain
D c R with a Dirichlet boundary condition :

Lfuf(x) + f (:c, g) u®(x) =0, 2 € D,
u®(z) = g(z), x € 0D,

(1.1)

where f is bounded from above (see (6.2)), f and g are continuous,
and second the following parabolic equation with a Cauchy type initial
condition

Ot (t,x) = Lous(t, z) + A° (:c, g) u(t, x),
u (0, z) = g(),

where X°(z,2) = e~ 'e(x, 2) + f(x,2), and g is continuous with at most
polynomial growth at infinity. The operator acting on x

(1.2)

d d
1 T\ a9 1 T T
(13) LF = 5 ijZZI aij('rv g)amzmy + ;(gbl<x7 g) + Ci<x7 g))a:vu
with the symmetric matrix a(z,y) = [a;;(z,y)], for z and y in RY is

supposed to be uniformly elliptic. That is 33 strictly positive s.t. for

Date: November 26, 2003.
1991 Mathematics Subject Classification. Primary 35B27, 60H30; Secondary
60J60, 60J35.
Key words and phrases. Homogenization, Parabolic PDE, Poisson equation, Dif-
fusion approximation.
1



2 A. BENCHERIF-MADANI AND E. PARDOUX
all z, y and ¢ in R?
(1.4) BIIEIP < (a(x,y)E, ©).

All the coefficients are periodic with respect to the second variable with
period one in each direction of RY.

We intend here to improve upon our earlier paper [1] by slightly
relaxing our assumptions, and giving a simpler proof, based on a more
efficient approximation of our coefficients.

1.1. Probabilistic approach. After the pioneer work of Freidlin [4],
the probabilistic approach to homogenization has been developed by
several authors, see in particular Bensoussan and al. [2], Olla [6], Par-
doux [7]. We refer to the introduction in [1] for an outline of Freidlin’s
approach. Let (0, F, F;, B;, P) a filtered probability space, where {B;}
is under P an F,-Brownian motion starting at zero. We define the R~
valued diffusion X; as the solution of the SDE

£ &€

t1 X: X t X
(1.5) Xf::c—l—/ (—b(Xj,—s)+c(X§,—s))ds+/ o(X:,—2)dB;,
0 € 5 £ 0 5

where the matrix o satisfies co*(x,y) = a(x,y). The following operator
will play an important role in our derivation :

d

(1.6) vy = ;Z a;;(z,y)0 —|—Zb x,Y)0y,.

L, is the infinitesimal generator of the following diffusion process
indexed by x, with transition densities p,(t,y, ')

¢ ¢
Y =y + / b(x, Y )ds + / o(x,Y")dBs,
0 0

which may rather be considered as a diffusion on the torus T4, i.e
t t
YE = y+/ b(x,Y;”)der/ o(x,Y")dBs,
0 0

with transition density p.(t,y,y") = > pcza P2t v,y + S ke, {e}
being the canonical basis of R?. In what follows we shall drop the dots
when no ambiguity arises. For each € R, this diffusion possesses a
unique invariant probability measure p(x,dy), with density p,(co,y).
We shall need the following crucial centering assumption on b :

(1.7) / b(z,y)u(x,dy) =0, for each x € R?,
Td
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under which we can solve the Poisson equation
(18) Lx,yb(xa y) - —b(l', y)a

where the solution b belongs to the space W2P(T9) and also satisfies
Jpa bz, y)p(z, dy) = 0, © € R™.

We now prove a Lemma which will be used several times below, and
is a variant of Lemma 9.17 from Gilbarg, Trudinger [5].

Lemma 1. Let p € (1,00). There exists a constant ¢ such that for all
z in R and all h(x, ) € W?P(TY), satisfying

/ h(x,y)u(z,dy) =0, for each v € R?
Td

Then
A, ) lw2w(ray < el Lo 2w, )| o (ray-

Proof. We drop the parameter x for notational simplicity. Let us sup-
pose that the result is not true. Then there would exist a sequence h,,
st. ||hallzerey = 1 and || Lhy||pp¢pay — 0. On the other hand, upon
decomposing the torus into two domains, we are able to apply Theorem
9.11 in Gilbarg, Trudinger [5], and we can find a constant ¢ obviously
independent of z, s.t. for all n

1Pallw2ecrey < e(l[Bnlloray + 1 Lhnll Locra))-

Hence the sequence h,, is bounded in W2P(T9), and we can extract
a subsequence, still noted h,, which converges weakly to some h in
W2P(T?). Note that h is also centered. By the Sobolev embedding
theorems, ||l rp(ray — ||R||p(rey = 1. On the other hand, Lh = 0 by
weak convergence. Since h is centered, this entails A = 0, which is a
contradiction. 0

1.2. Notations. Let ¢ denote any coefficient a, b, ¢, e, f. For the sake
of simplifying the notations, the process £(X¢, XZ/e) will be denoted
by &(s,s). There should be no confusion with &(z,y), since we use
different letters for space and time variables. Unimportant constants
will invariably be designated by ¢, the value of which may vary from line
to line while proofs are in process but when there are many constants
within a string of relations, we will use ¢, ¢, ...

1.3. Assumptions on the coefficients. Our standing assumptions
are, next to (1.4), in which f is fixed, and (1.7), (7.2) below,
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Condition 1. The coefficients are continuous and bounded, in parti-
cular there exists a constant k s.t. for any & =a, b, ¢, e and f,

1€(x, y)|| < k, Vo € RY y € T

Condition 2. Global Lipschitz condition : there exists a constant ky,
s.t. forany & =a, b and e
I€(z, y) = (" Yl < killz — 2| + lly = ¥'l]), Vo, 2" € RY, y,y' € T
Moreover 0,& exists and is continuous in x, uniformly with respect to
y € T, and the same is true for £ = b, where b; = b; — %Eﬂ Oy, aij is
uniformly Lipchitz with respect to x, 1 < i < d.

Note that our conditions imply the existence and uniqueness of a

global weak solution of equation (1.5), and that the operator L, , can
be rewritten as

1 -
(1.9) Lyy = 5div, (V) + BV,

2. A REGULARIZATION PROCEDURE

The key idea, which allows us to maintain minimal regularity as-
sumptions, is to use a regularization procedure, which we now describe.
Let ¢ be a standard mollifier, which satisfies :

(2.1) / rip(r)der =0, i=1,....d.
Rd

For any measurable and locally bounded h : R? x T¢ — R, we
define

(2.2) he(z,y) = ¢ /Rd h(z — ', y)p (%) dz’.

We also define the regularized second order operator
T
(23) L;,y = 5 Z z] SU y +Zb€ T y Yi
ij=1
where a® and b° are defined as in (2.2). It generates a diffusion {Y;"*, ¢ >
0} on the torus T¢, whose associated x—dependent invariant probability
measure on T? will be denoted i (x, dy).

We can define moreover the solution h¢ of the regularized Poisson
equation

(2.4) L3 e (2, y) + b (z,y) = 0,
where

(2.5) he(x,y) = h*(z,y) — he(2),
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and

(2.6 i) = | bl (o dy).
We also define

(27) he(xay) = h(f, y) - hs(l‘ay)7

and when h(z,-) is centered with respect to u(z,-) for all x € R,

he(z,y) = h(z,y) — b (z,y).

Lemma 2. Let h : RY x T? — R be jointly continuous, and such
that for some p > d and all v € R%, h(x,-) is in WHP(T?) and the
WLP(T?) norm of h(z,-) is bounded uniformly with respect to z. Then
the following identity holds

(2.8)
t ¢
/ he(s,s)ds = 5/ [0.h°b + O,h*c + Tr(95,h°a)](s, s)ds
0 0

te / t(ayﬁeo—xs,s)st
+ /0 (h#(s) + (Lss — LE)h= (s, 5))ds

¢ t

+ 52/ [Oxhsc + %Tr(aghaa)](s, s)ds + 52/ (Ozheo)(s, s)dBs
0 0

+£2(h°(0,0) — RE(¢, 1)).

Proof. Since h® is of class C'* in z, with z—derivatives uniformly bounded
on R¢ x T¢, we can show that h* € C?*(R? x T?) in a similar way as
in the proof of Lemma 3 below. It then suffices to compute A (t,t) —
EE(O, 0) with the help of It6’s formula. O

We deduce easily from Lemma 2 the

Corollary 1. Suppose in addition to the hypotheses of Lemma 2 that
h is centered, i.e. satisfies

/ h(x,y)u(z,dy) =0, for each v € R?
Td

Then we have

t t t
5_1/ h(s,s)ds = / Fi(s,s)ds + / G(s,s)dB, + R,
0 0 0
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where
Fu(w,y) = (9,hb + dyhe + Tr(92,ha)) ()
Gilw,y) = (9,40 ) (@)
and
R} = Ry + R + RS
mn which

t t
R = / [0,heb + Oyhec + Tr(02,hea)](s, s)ds — / Oyheo (s, s)dBs,
0 0

B2 = [ W)+ e+ (= LG5

and

R = ¢ ( D, hEc + Tr(82h€ (s, s)ds + /O t (aggi?sa) (s, 5)dB,
+hE(0

0) = Bt 1)

3. REWRITING OUR SDE

It follows from Corollary 1 applied to each component of b that

(3.1) X=X, + R,
where
. t t
(3.2) X, = x+/ F(s,s)ds+/ G(s,s)dBs,
0 0
with

- <&£b + (I +9,b)c + Tragyéa) (2,9),G = (I +8,D)0)(z,y),

and RS = R”°. The next section establishes all the technical results
needed in order to prove that R; — 0 in probability as ¢ — 0, uniformly
with respect tot < T.
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4. TECHNICAL FACTS
4.1. Regularity of the solution of the Poisson equation.

Lemma 3. Under the above conditions, there exists a constant ¢ > 0
s.t. for all x in RY and y in T¢

e + ot o« ]

Moreover 8;5, 8y/l; and Giy/l; are continuous in x, uniformly with respect
to y € T4

823(:6, y)” + )

0%6(:6, Y) H <ec

Proof. Let x be an arbitrary point in RY. It follows from the Sobolev
embedding theorem that the first part of the Lemma is a consequence
of the existence of a constant ¢ such that

41)  [[b(z, lwssera) + [0:0(2, )lwareey < ¢, Vo € R,
for some p > d. We note that from (1.8),
LOyb = —(8,L)b — 0,b,
and R R
Loyb = —(0,L)b — 0,b.
Hence (4.1) follows from
102 L)b(2 ) + D2 b(x, ) [ Lo (ray + 1Oy L)D(, ) + Oyb(z, ) || oy < €

and Lemma 1. The continuity in the last assertion of the Lemma
is easily established by varying the coefficient x in the corresponding
Poisson equation. 0]

A similar proof yields the

Lemma 4. There exists a constant ¢ > 0 such that for all x in R%, y
in T and € € (0, 1],

Eg(w,y)HH 8£‘5(9€,y)H+‘

0, (x.y)|+]

85/55(:70,3/)”+’

2 7€
Oy (x,y)H <ec.

4.2. An estimate of the invariant density. The following estimate
will be needed below. It follows from Proposition 2.1 in [7] and the
proof of Lemma 18 in [1] that the invariant measure u°(x,dy) has a
density pt (oo, y) which satisfies

Lemma 5. Under the above conditions, there is a constant ¢ > 0 s.t.
for any (g,2,y) € (0,1] x RY x T¢

p5 (00, y)| + [|0,p5(00, )| < e

Moreover pZ (00, y) is also bounded away from zero, uniformly in (e, x,y).
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4.3. Fine properties of the regularization procedure. The aim
of this subsection is to establish the

Proposition 1. There exists a mapping 6 from (0,1] x R? into R,
such that
sup  f(e,x) < o0

(e,2)€(0,1] xR
and

O(e,z) — 0, as e — 0,
uniformly for x in a compact subset of RY, and the following holds for
each (g,z,y) € (0,1] x R* x T¢

(4.2) U (Jlac(z,y)ll + oo, 9)]) < 6e, @),
(4.3) e F ()] < b(e, ),
(4.4) 10,5 (x,y)ll < 6(e, ),
(45) 9 y)| + 11020 (2, y) | + || 025 () | < (e, ).

The following Lemma contains the proof of (4.2) and prepares that
of the other estimates.

Lemma 6. For £ = a, b or e, the quantities

el (wy),  Oube(w,y),  and 03¢ (. y)
are bounded uniformly with respect to 0 < ¢ < 1, z € R%, y € T9,
and tend to zero as € — 0, uniformly for (x,y) in a compact subset of
R? x T,

Proof. We consider only the term £9%£¢(z, ), since it is the most deli-
cate one. We note that for 1 <i,5 < d, we have
/
|tz @) =] | onlo—a'pinge (5) da’
€

TiTyj

Rd

/Rd (a$z§(l‘ - ljay) - aﬂﬁzg(l‘vy)) 8951(‘0 (%) dl‘,
<d sup ||V.&(z—12'y) — V.&(x, ),

|z'|| <ce,yeTd

where c is the radius of the support of ¢ and

/
¢ =sup ad/ Or,p (i) dx' = sup/ |0, 0(x) | da.
j R € i JR4

The above quantity is bounded, and tends to zero as ¢ — 0 locally
uniformly in x, thanks to Condition 2. Note that the proof of each
of the two other estimates is similar and uses in an essential way the
relation (2.1). O
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We can now prove the
Lemma 7. (4.3)and (4.4) hold.

Proof. Note that
() = [0 = D)o dy)
Td

47! /Td b(z,y) (1 (z, dy) — p(z,dy)),

and consequently (4.3) follows from Lemma 3, Lemma 6 and the fol-
lowing computation

~

/ pi(oo,y)Li,ﬁ(x,y)dy = / P2(00,y) Ly yb(x, y)dy
Td Td
/dpi(oo,y)(Livy — Ly )bz, y)dy = /dpx(oo,y)Lx,yZ(x,y)dy
T T
_/ p‘;(oo,y)Lx,yZ(:c,y)dy
Td

= [ #2(00,1) = paloc, ) )

Now (4.4) follows from the arguments in the proof of Lemma 3, Lemma
4, (4.2) and (4.3). O

It remains to establish (4.5). The bounds on 8,b. and 8§yb: are
treated as in the proof of (4.4), i.e. by means of Lemma 1. Next, we
need to consider the quantities

9,b% (2, ) and 0% (z, ).
It follows from the equation for b* that for 1 <i,j <d,
LE 0n 7 + 00, L ) + 0y = 0,
and

Lz 82 jlg\e + 8$j L;’yaxlb/g + axiL;yaij/E + 8;% L;,ylg\e + 8%#] BE =0.

Ty~ xix

Hence from Lemma 1, there exists a constant ¢ independent of x such
that

’%b?(w,-)H <c (’

w2p(Td)

Oy, LS b (2, )

Ti—x,y

S e ')HWT‘”) ’

Lr(Td
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and

|

2 € /\5
8:v¢:ijm,yb (SL’, )

0§x5\5(:c,)H §c<1+ ’
v W2p(T49) Lr(T4)

8:%1,%, lv)a (x’ )

d

LP(Td)) '

Clearly, only the last term of the right hand side of the two above
inequalities needs some care. In fact, we need only to study

(o) = [ B o), dy)
Td
The result now follows from
Lemma 8. For any 1 < 1,7 < d the quantities
102,05 (00, M L2¢ray and €]|02,, 15 (00, )| L2(pe)

are bounded uniformly in (¢, z) € (0,1] x R* and the second one tends
to zero as € — 0, locally uniformly in x.

Proof. In order to keep as few terms as possible, inspired by Pardoux
[7] Proposition 2.2, we will work with p®(z, dy) as a reference measure.
The scalar product of functions relative to this measure will be denoted
by (-, ), while both the scalar product relative to Lebesgue measure
and the ordinary scalar product in R? are denoted, when no ambiguity
arises, by (+,-). It is easy to check that (see Pardoux [7], page 501)

Lemma 9. For any x in R? and v in H'(T?) we have

(Lo 0) = =5 [ (@90, 9,0, dy)

Td

Let pE(t, v, y) stand for the density of the law of Y;"* when the process
starts with the distribution v , which we drop when no ambiguity arises.
For 1 <4, j < d the derivatives 0,,p5(t,y) and Op,.,p5(t,y) are denoted
respectively by ¢4¢(¢,y) and r%7(t,y). We have the PDE with Cauchy
initial value p5(0) = v

(4.6) Oz (ty) = (L5,) P (t, y)

For fixed 1 < i,j < d, the ratios of pi(t,y), ¢i°(t,y) and r&<(¢,y)
to p(o0,y) are denoted respectively by us(t,y), v(t,y) and we(t,y).
Our bounds are derived by an iterative scheme. Applying Lemma 9
with ¢ = u(t,y), we deduce from (4.6) that

d
GG+ [ (@90, Vs, dy) =0
Td



LOCALLY PERIODIC HOMOGENIZATION 11

After choosing a suitable v (e.g. with constant density 1, which we
assume from now on) we obtain thanks to ellipticity that there exists
a constant ¢ > 0 s.t. for all (g, 2) in (0,1] x RY,

(4.7) sup ). + [ 19, ds < e
hS 0

Let us now turn to the first derivative. We obviously have for 1 <
i < d and Cauchy initial value ¢%*(0) = 0

G (ty) = (L5,)" o (ty) + (0u, L3, ) P5(t, y) -

The same procedure as above gives

d
GO, + [ (@020, Vi (e,
Td
= (00" 1), V5 (0)) + 20505 1), V25 (1),

It is then easy to see that there exist three positive constants ¢, ¢/ and

c’, ¢ sufficiently small thanks to an interpolated Young’s inequality,

s.t.

d 13 13 £ £ £
2 2Ol Ae Vi (0l < IV @l A< (2Ol H+ VL (BI)-

Now clearly
|ttty ~o.
Td

It then follows from the Poincaré inequality that there exist three
positive constants ¢, ¢ and ¢”, s.t. for all (¢, ) in (0,1] x R?

(4.8)

d
e+l Ol 4+ V0O < U@+ Vw2 (O1).

We will need the following variant of the Gronwall-Bellman Lemma

Lemma 10. Let f be a real function in L}, ([0,00)) and o € R.. If the
following differential inequality holds

W)+ avlt) < £0),
then
(1) < exp(—at)p(0) + / exp(—a(t — 5)) f(s)ds.

Proof. Tt suffices to write ¢(t) = exp(at)y(t) and to notice that ¢'(t) <
exp(at) f(t). O
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It follows from equation (4.8) and Lemma 10 that there are two
positive constants ¢ and « s.t.

t

2 —alt—s 2
EDIE, + o / e | V0 (s) 2, ds

t

s 2 2

< / e (2 ()12 + (17,5 (5) D) ds

t
< / =2 ([ (3)| 2155 (00) B o + | V15 () 21165 (00) [12,)ds

0

Now from Lemma 5 and equation (4.7), we conclude that there exists
a constant ¢ such that for all z € R?, ¢ > 0,

t
(49)  sup (Hvi(tﬂ\i,s + [ exp-alt = 9) IV, ds) <c
hS 0

Considering the second derivative, again we have for 1 < 4,57 < d
and Cauchy initial value r%7¢(0) = 0

Oy =(t,y) = (L3 ) (6, y) + (00, L3 ) @b (ty) + (0n, L3 ) 027 (£, )
+ (O L) D5 (8 y),

Tilj—xy

hence

d 2 € 2
A A e N ATACT
< (la @l + 11V, Ol + =l + [V, ll;

I
5 2 £ 2 Te 2 B 2
+ Haxixjai,jHoo Hvypx@)l‘g + 8337.'$jb - ”pm(t)H2)7

therefore we deduce from similar arguments as above, using (4.7) and
(4.9),

lws (O3 < C/o exp(—a(t — ))(lla; ()15 + [IV,45 () 15)ds

o[22, + || b

) [ explatt= D) 13 + Vs s

e(1+ ||o2ae % .

20

where ¢ is a constant independent of ¢, x and . This concludes the
proof of Lemma 8.
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5. CONVERGENCE IN LAW

Define again

(5.1) Fla,y) = (8:bb + (I +d,B)c + Tro2ba) (w,)
and
(5.2) G(z,y) = (I +0,b)o)(,y).

Note that F' and G are continuous and bounded. We can now state
the following Theorem, whose proof is carried out as in [1].

Theorem 1. The sequence of processes {XF, 0 <t <T;0<e <1} is
tight in C([0, T]; R%), and
sup ||R;|| — 0 in probability, ase — 0.
0<t<T
In order to identify the limit, we need in addition the following result,

namely a locally periodic ergodic theorem, which is an improvement
over Theorem 3 in [1]. We first define A(x,y) = GG*(z,y),

53) Fa) = | Floynte.dy)
and

(5.4 Aa) = [ Awuta.dy)

Observe that the continuity of F' and G has already been proved in [1].

Theorem 2. Let ¢ be a smooth function with compact support from
R into R, and h(z,y) be a bounded continuous function from R x T4
into R such that for all x € R?

/ Wz, y)u(z, dy) = 0.
Td
Then

t . Xg
() = [ (RO Z5)ds
0 £
converges to zero in LY (Q) for any t > 0.

Proof. Since H¢(t) is bounded, it suffices to prove convergence in prob-

ability. We use tightness in an essential way, as in Theorem 3 in [1]. We

first need to regularize h(z,y) with respect to both variables, i.e. we

define (our notation differs here from the one used above) for 0 < ¢ < 1
/ /

€ — Tr Yy
B () = 2 / e =y — o s, Sy,

R2d
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where 1) is a standard mollifier. Next, we solve the Poisson equation
L;yhe(xv y) + hE(:L,’ y) - 07

where A¢ is formally defined as in (2.5). However, L5 , stays the same
as in Section 2, i.e. a and b are regularized only in x, with a symmetric
kernel. We now write the analog of (2.8).

Let ¢ be an infinitely differentiable function with compact support
and define

—5€ € N € )(€
B(X;, X7) = p(XD)RF(X7, 20,
We have
b t t
/ (X )h(s, s)ds = / P(X)ha(s, s)ds + / P(X)RE(X5)ds
0 0 0

4 / (XN (Lo — L2 i) (s, 5)ds

t

el | o(X)(0:hb + 0,hec) (s, s)ds

o

+/0 Trgo'(yz)((?yﬁ}Gcr)(s,s)ds
4 / ro(0) (82, ) (5. 5)ds) + € / o(X5)(0,0) (5, 5)dB,

T
+eX( / () F) (s, 5)ds

o

v /O H(X°)(OuT0) (5, 5)ds

/0 Trg"(X2)(heA)(s, s)ds + /0 Tre' (X2)(0,hGo) (s, s)ds

~+

/0 Tro(X2)(82hea)(s, s)ds)

e / o () (G (s, 5)dB, + / (X2 (0,77 0) (s, 5)dBy)
T+ 2(@(X5, X5) - (X, X7)).

It remains to let € go to 0. In that respect, the only nontrivial
estimates are those of the terms

/0 O(X)[(Lys — L2 )BE] (s, 8)ds.
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and

t
52/ Tro(X)) <6§h5a> (s, s)ds.
0
Thanks to Lemma 1,
EHGSfL\EHLO"(RdXTd) < e,
and as € — 0,
€2||8§h8||L°°(K><Td) = 0(51_6)

9

where K is any compact subset of R?. It remains to use (4.2). O
We are now in the position to state our main result :

Theorem 3. There is only one limit point as € — 0 of the family
{X¢, e > 0}, namely X°, the solution of the SDE

t t
(5.5) X0 = x+/ F(Xg)ds+/ A (x%dB,,
0 0

where F(z) and A(z) are defined in (5.3) (see also (5.1), (5.2)).

Proof. The fact that any limit point of {X*¢} solves the martingale
problem associated to the SDE (5.5) follows from Theorem 1 and 2,
since both F(z,y) — F(x) and A(z,y) — A(x) satisfy the assumptions
of Theorem 2. Next, uniqueness in law of the solution of (5.5) follows
from Corollary 2 in [1]. O

6. CONVERGENCE OF THE SOLUTION OF THE ELLIPTIC EQUATION

We need to formulate additional assumptions. Let 7° denotes the
random time defined as

7 =inf{t > 0, X; ¢ D},
and a > 0 be such that for each x € D,

(6.1) sup E, exp(ar®) < oo,
e>0

where E, denotes expectation under the law of { X} such that X§ = «.
We assume that f is jointly continuous and for some 6 > 0, all z € R,
y € T,

(62) fle9) < (a = 0)"

The solution of equation (1.1) is given by the Feynman-Kac formula

o) =8 oz e ([ s6s.0005 )]
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Since the matrix A(x) is non degenerate,
7(X°) = inf{t >0, X? ¢ D}

is a.s. a continuous function of the trajectory X° Moreover from
Theorem 1 and 2

/0 t F(s,5)ds = /0 tC(Xg)ds,

where = means “converges in law towards”, and

Clr)= | flz,y)pu(z,dy).

Td

Consequently, by uniform integrability (see (6.1) and (6.2)), we have
the (below 7 = inf{t > 0, X; & D})

Theorem 4. Under Condition 1, Condition 2, (6.1) and (6.2), for all
r €D,

u(z) — B, {g(X?_)eXp (/ C(Xg)ds)] ,
0
which is the solution of the elliptic PDE

Lu(z) + C(x)u(x) =0, x € D,
u(x) = g(x), x € OD,

with

7. CONVERGENCE OF THE SOLUTION OF THE PARABOLIC
EQUATION

For us, the solution u* (¢, x) to equation (1.2) for all e > 0, where g(x),
it is reminded, is supposed to be continuous with at most polynomial
growth at infinity, is given by the Feynman—Kac formula

(7.1) us(t,z) = Eggg(Xf)eXp/0 A (s, 8)ds.

Clearly, e(x,y) must be centered, i.e. we assume that

(7.2) /Td e(z,y)pu(x,dy) =0, Vze R
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It follows from Condition 1, Condition 2 and (7.2) that Lemma 3,
Lemma 4 and Proposition 1 are true with b replaced by e. Hence, if
we set

t
Yf:/ A (s, 8)ds,
0
then
i =Y+ R

where

Y, = /Ot(f + F.)(s, s)ds + /Ot Ge(s,s)dBs,

and R;® converges to zero in probability (uniformly in¢ < T'), ase — 0.

Some care is needed to deal with the stochastic integral in the ar-
gument of the exponential in (7.1). The reader is referred to [1] for a
complete treatment. Let us define

Ae=G.G: and f(r.y) = (f+ Ft 5A)(w0)
We now state the final result :
Theorem 5. Under Conditions 1 and 2, for anyt < T and z in R,
u(t, z) — u(t,x),

as € — 0, and the limiting PDE is the following equation
1
Owu(t,z) = §ZA u(t, ) —i—ZE )0z, u(t, ) + C(z)u(t, x),

where
B(a) = [ (F 4+ 1+ 00)a0,2) .yl dy)
T
and

Clx) = | flz,y)px,dy).
Td
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