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Back to Epidemics in a close population of size N

Some characteristics of epidemic data
ε = 1√

N
(small parameter present in the diffusion term).

nb of observations n s.t. n << N and ∆ ≥ 1 (1 to 7 days).
Framework (1) ε→ 0, ∆ fixed (n finite) more appropriate.
Choice of a statistical framework:
Depends more on the relative magnitudes of T ,∆,N than on their
accurate values.
Interest in studying estimation in both frameworks.
Data might change ⇒ Asymptotic framework ∆ = ∆n → 0 also
appropriate:
Available data can become more frequent.
Study over a long time period for recurrent outbreaks.
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Recap for the three epidemic models

• SIR diffusion approximation on R2:

bθ(s, i) =

(
−λsi

λsi − γi

)
and σθ(s, i) =

( √
λsi 0

−
√
λsi

√
γi

)
• SEIR with temporal transmission rate : diffusion on R3

b(θ; s, e, i) =

 −λ(t)si
λ(t)si − ρe
ρe − γi

 and σθ(t; x) =


√
λ(t)si 0 0

−
√
λ(t)si

√
ρe 0

0 −√ρe
√
γi


• SIRS model with seasonal forcing: λ(t) = λ0(1 + λ1sin(2π t

Tper
))

bθ(t; s, i) =

(
bθ,1(t; s, i)
bθ,2(t; s, i)

)
=

(
−λ(t)si + δ(1− s − i) + µ(1− s)

λ(t)si − (γ + µ)i

)
.

Σ =

(
λ(t)si + δ(1− s − i) + µ(1 + s) −λ(t)si

−λ(t)si λ(t)si + (γ + µ)i

)
.
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Discrete observations with fixed sampling interval ∆ on [0,T]

dX (t) = b(α,X (t))dt + εσ(β,X (t))dB(t),X (0) = x0: diffusion sur Rp.
Observations: X n := (X (tk); tk = k∆, 0 ≤ k ≤ n) with T = n∆.
No time -dependence in the drift and diffusion terms; X (0) = x0 known.

X (t) Markov process with transition probabilities :
pt(x , y) = P(X (t + s) = y/X (s) = x)

⇒ (X (tk), k ≥ 0) Markov chain with state space Rp and transition
kernel Q∆(x , dy) = p∆(x , y)dy
These transition kernels depend on b(α, x) and εσ(.)

→ p∆(x , y) = p∆,ε(α, β; x , y)

No analytic expression ⇒ untractable likelihood
impossible to use in practice.
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Discrete observations on a finite time interval

Use an estimation function (or contrast) derived from the Euler scheme:
Euler scheme associated with (X (t))
X (tk) ' X (tk−1) + ∆b(X (tk−1)) + ε

√
∆σ(X (tk−1)) ηk

with (ηk) ∼ N (0, 1) i.i.d random variables.
⇒ Markov chain model with explicit transition kernels

pε,∆(α, β; x , y)dy ∼ N (∆b(α; x)), ε2∆Σ(β; x)).

Contrast process:

Uε,∆ (α, β; (X (tk))) =
n∑

k=1

log(det(Vk(β))) +
1
ε2∆

tBk(α)V−1
k (β)Bk(α).

Bk(α) = X (tk)− X (tk−1)−∆b(α,X (tk−1)),
Vk(β) = Σ(β,X (tk−1)) = σ(β,X (tk−1)) tσ(β,X (tk−1))
Pb ∆ fixed: The Euler scheme is not a good approximation of (X (t)).
Pb 2:∆ = ∆n → 0: ε and ∆n are linked in this approach.
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Choosing estimating functions

Other approach
• Use another approximation for the sample paths of X (t)
• Base the estimation method on this approximation.
• Theorem (Ventsell &Freidlin,19??, Small pertubations of dynamical
systems)

Xε(t) = x(α; t) + εg(α, β; t) + εRε(t).

? x(α; .) satisfies ∂x
∂t (t) = b(α; x(t))dt; x(0) = x0

? g(α, β; t) =
∫ t
0 Φ(α; t, s)σ(β, x(α; s))dB(s):

? Φ(α; t, u) : ∂Φ
∂t (t, u) = ∇b(α; x(α; t))Φ(t, u); Φ(u, u) = Ip.

? supt≤T ‖ εRε(t) ‖→ 0 in probability as ε→ 0,
(Extension of Genon-Catalot (1990))
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Estimation functions

We have that X (tk) ∼ Y (tk) with Y (t) = x(α; t) + εg(α, β; t).
A noteworthy property of g

g(α, β; tk) = Φ(α; tk , tk−1)g(α, β; tk−1) +
√

∆ Zk

Zk =
∫ tk
tk−1

Φ(α; tk , s)σ(β; x(α; s))dB(s)

(Zk , k = 1, . . . , n) independent Rp Gaussian r.v. with covariance
Sk(α, β) =

∫ tk
tk−1

Φ(α; tk , s)Σ(β; x(α; s)) tΦ(α; tk , s)ds

Define the function Rp → R
p

x → Bk(α; x) = x(α; tk) + Φ(α; tk , tk−1)(x − x(α, tk−1)).

Zk = 1
ε
√

∆
(Y (tk)− Bk(α,Y (tk−1)).

(Y (tk), k ≥ 0) Markov chain with explicit transition kernel

pε,∆(α, β; x , y)dy ∼ Np(Bk(α; x), ε2∆Sk(α, β) ).
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Parametric inference for fixed sampling interval

Asymptotic framework
ε→ 0, and T , ∆ fixed : ⇒ finite nb n of observations;

Only parameters in the drift can be consistently estimated

Ex:Brownian motion with drift: dX (t) = αdt + εβdB(t); X (0) = 0.
(X (tk)− X (tk−1), k = 1, . . . n i.i.d N (α∆, ε2β2∆).
Explicit likelihood → Explicit M.L.E.
α̂ε = X (T )

T ), β̂2
ε = 1

∆ε2
∑n

i=1(Uk −∆α̂ε)
2.

Under Pεα0,β0
, α̂ε = α0 + εβ0

B(T )
T ,

β̂2
ε = β2

0( 1
n
∑n

i=1 U2
k −

1
n

B2(T )
T ) where (Uk) i.i.d. N (0, 1).

α̂ε → α0 and ε−1(α̂ε − α0) ∼ N (0, β2
0/T ).

β̂2
ε fixed random variable independent of ε,

Eα0,β0(β̂2
ε ) = β2

0(1− 1/n) 6= β2
0 : biased estimator.
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Inference for fixed sampling interval ∆

dX (t) = b(α,X (t))dt + εσ(β,X (t))dB(t),X (0) = x0: diffusion on Rp.

Parameter β in σ(β, x) cannot be consistently estimated.
Only α in the drift term b(α, x) can be estimated.
Diffusion approximations of epidemic models: β = α.

Two-stage approach in framework (1)
Estimation of parameter α assuming β unknown.
Use of β = α to improve the estimator.

First step (General case):
Estimation of α: Approximate Conditional Least Squares
Ũε(α, β,X (n)) =

1
ε2∆

n∑
k=1

t(X (tk)− Bk(α; X (tk−1))) (X (tk)− Bk(α; X (tk−1))).

where Bk(α; x) = x(α; tk) + Φ(α; tk , tk−1)(x − x(α, tk−1)).
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Diffusion approximation of epidemic models: β = α,ε = 1√
N

Sk(α, β) =
∫ tk
tk−1

Φ(α; tk , s)Σ(β; x(α; s)) tΦ(α; tk , s)ds

Contrast Process

Uε,∆(α; X (n)) = 1
2

n∑
k=1

log(det(Sk(α, α))) +

1
2ε2∆

n∑
k=1

t(X (tk)− Bk(α; X (tk−1)))S−1
k (α, α) (X (tk)− Bk(α; X (tk−1))).

α̂ε such that Uε,∆(α̂ε,X (n)) = inf {Uε,∆(α,X (n)), α ∈ Θ}.

Three conditions to check as ε→ 0
(1) ε2Uε,∆(α, β,X (n))→ K∆(α0, α) Pεα0

a.s. uniformly on Θ
K (α0, α) continuous deterministic + unique global minimum at α0
(2) ε∇αUε,∆(α0)→ N (0, J∆(α0)) in distribution under Pεα0

(3) There exists a non-singular matrix I∆(α0) such that
limδ→0limε→0sup{‖ ε2∇2

αUε(α)− I∆(α0) ‖, ‖ α− α0 ‖≤ δ} = 0 Pεα0
a.s.
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Checking conditions (1)-(3)

Condition (1): ensures consistency of α̂ε
Assumption: α, α′ ∈ Θ, α 6= α′ ⇒ x(α, tk) 6= x(α′, tk) for some k .

Condition (2): 1
ε
√

∆
(X (tk)− Bk(α0,X (tk−1))): approximately Gaussian

⇒ ε∇αUε,∆(α0)→ N (0, J∆(α0)) with
J∆(α0) = ∆

∑n
i=1

tDk(α0)Sk(α0)−1Dk(α0) where
Dk(α) = 1

∆ (∇αx(α, tk)− Φ(α; tk , tk−1)∇x(α, tk−1))

Condition (3) ε2∇2
αUε(α0)→ I∆(α0), with I∆(α0) = J∆(α0).

Assumption: J∆(α0) non singular.

Result: ε−1(α̂ε − α0)→ N (0, I−1
∆ (α0))

Remark: Approximate Conditional Least Squares
J∆(α0, β0) = ∆

∑n
i=1

tDk(α0)Sk(α0), β0)Dk(α0);
I∆(α0) = ∆

∑n
i=1

tDk(α0)Dk(α0)
ε−1(α̃ε − α0)→ N (0, I−1

∆ (α0)J∆(α0)I−1
∆ (α0))
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Inference for small sampling interval ∆ = ∆n →
dX (t) = b(α; t,X (t))dt + εσ(β; t,X (t))dB(t),X (0) = x0: diffusion on Rp.
Asymptotics: ε→ 0, ∆ = ∆n → 0 with T = n∆n fixed;
∆ = T/n ⇒ Notation (ε,∆) = (ε, n).

Bk(α; x) = x(α; tk) + Φ(α; tk , tk−1)(x − x(α, tk−1))

Sk(α, β) =
∫ tk
tk−1

Φ(α; tk , s)Σ(β; s, x(α; s)) tΦ(α; tk , s)ds

Since ∆n → 0,Sk(α, β) ∼ Σ(β, tk−1,Xtk−1). Sθk ∼ Σ(β,Xtk−1)⇒

Uε,n(α, β; X (n)) =
n∑

k=1

(
log(det(Σ(β,Xtk−1) +

1
ε2∆

t(X (tk)− Bk(α; X (tk−1)))Σ−1(β; X (tk−1)(X (tk)− Bk(α; X (tk−1))
)
.

Estimators:(α̂ε,n, β̂ε,n) such that

Uε,n
(
α̂ε,n, β̂ε,n; X (n)

)
= inf {Uε,n

(
α, β; (X (n))

)
, (α, β) ∈ Θ}
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Checking additional conditions

(a): ε2Uε,n(α, β; X (n))→ K (α0, α, β) a.s. under Pα0,β0 as ε→ 0, n→∞,
K (.): Deterministic continuous, unique minimum at α0 for all β
(b) Uniform convergence of (a) for all β.
(c) Uniform bound in Pθ0-probability for ε−1(α̂ε,n − α0).
(d): Additional condition

Ib(α, β) =
( ∫ T

0
t ∂b
∂αi

(α; t, x(α, t))Σ−1(β; t, x(α, t)) ∂b
∂αj

(α; t, x(α, t))dt
)

i ,j

Iσ(α, β) =
( ∫ T

0 Tr( ∂Σ
∂βk

Σ−1) ∂Σ
∂βl

)(β; t, x(α, t))dt
)

k,l

Theorem
Under Pεα0,β0(
ε−1(α̂ε,n − α0)√

n (β̂ε,n − β0)

)
−→

n→∞,ε→0
N
(
0,
(

I−1
b (α0, β

0) 0
0 I−1

σ (α0, β0)

))
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Additional conditions

The function K is equal to
K (α0, α, β) =

∫ T
0

tΓ(α0, α; t)Σ−1(β, x(α0, t))Γ(α0, α; t)dt with
Γ(α0, α; t) =
b(α0; t, x(α0, t))− b(α; t, x(α, t))−∇xb(α; t, x(α, t))(x(α0, t)− x(α, t)).

Additional condition on U:
Let V (α0, β0, β)(t) = Σ−1(β, t, x(α0, t))Σ(β0, tx(α0, t)) K ′(α0, β0, β) =
1
T

∫ T
0 Tr(V ((α0, β0, β)(t)))dt − 1

T

∫ T
0 logdetV (α0, β0, β)(t))dt − p.

| 1n (Uε,n(α̂ε,n, β)− Uε,n(α̂ε,n, β0))− K ′(α0, β0, β))| → 0 uniformly w.r.t. β.
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